2003/2004 Semester 11 MAS5210 Differentiable Manifolds
Homework 6

Question 1.
Let « be a linear map of the m-dimensional vector space V into itself, and let
w e A™(V*). Calculate a*(w).

Question 2.

Show that, for 1-forms {¢1,...,¢r}, 1 A -+ A ¢ = 0 if and only if {¢q,...,dr}
are linearly dependent. If they are linearly independent, prove that ¢; A--- A ¢p =
wl AN wk if and only if ¢Z = Z aijwj with det(&i]’) =1.

J

[Hint for the second part: if ¢1 A -+ A g = U1 A -+ by # 0, then, from the
first part, 1, ...,y are linearly independent. Moreover from ¢; A ¥y A --- Ay =

Gi NDpL N N =0, {p;, 1, ...} are linearly dependent. ]

Question 3.

The Hodge star isomorphism x from QF(R™) to Q™ *(R™) is defined by mapping
the basic k-form dz'* A --- A dx™ to e,dx/t A --- A daxim—+ where iy < i < -+ < iy,
J1<J2 < < Jmks (i1,09, - 0k, J1,- -+, Jm—k) is the permutation o of (1,2,...,m)
and €, is the sign of 0. Let

w = appdz' A dr* + apzda’ A da® + agsda® A da® € Q*(R?).

Calculate *w. What is xw if w € Q*(R*)?
[Answer: for the first part: *w = agzdz! — ai3dz® + ayodx®, and for the second part,
xw = (agzdrt — ajsdz® + aypdr®) A dxt.

Question 4.

We may use the standard inner product on R™ to define an isomorphism between
R™ and its dual and hence a 1-1 correspondence between vector fields and 1-forms,
where the vector field X on U C R™ corresponds to the 1-form w = ¥(X) defined by

wp(Y) = (X(p),Y), for each Y € T,(R™).
i) Show that, if f: U — R, then the vector field 9~1(df) is

gradf = ; 8_:@-6“

where ¢; is the standard basis of R™.
3
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ii) If X(z) and Y (z) are vector fields Y a’(z)e; and > b'(z)e; on U C R3,
i=1 i=1
calculate 91« d¥(X) and 9~ * (9 (X) A9(Y)), where x* is defined in Problem
3.

Question 5.
Let
w = a(z,y,z)dr + b(z,y, 2)dy + c(,y, 2)dz
1



2

be 1-form on R3 such that dw = 0. Show that w = df where

1
flx,y,2) = / {za(tx, ty,tz) + yb(tx, ty,tz) + zc(tx, ty, tz) hdt.
0
[Hint:
d
olwy.2) = [ Gtaltzty,t2) )
o di

1 1
= / t{xoa(tx, ty,tz) + yosa(tx, ty, tz) + z0sa(tx, ty, tz) }dt + / a(tz,ty,tz)dt.
0 0

Figure out the partial derivatives of f and use dw = 0 to find the relations between
the partial derivatives of a, b and c.]

Question 6.

Let M be a compact 3-dimensional smooth submanifold-with-boundary of R3,
f: M — R3? be the inclusion and

1
w= g{xdy ANdz+ydz A\ dx + zdx A dy}.

i) Show that d(w/r?) = 0 on R? \ {0}, where r? = 2% + 2 + 22.
ii) Show that

/6 P ) = vol(a),

and deduce that there is a 2-form 1 on S? such that dn = 0 but n # d¢ for

any 1-form ¢.
| ere = [ arw -] ra

[Hint for part (ii):
by Stokes” Theorem. Check that dw = dxAdyAdz. For the rest part, let M = D3 and
choose n = +* f*w. Check that dn = 0. Show that n # d¢ for any 1-form ¢ by finding
a contradiction that, if so, then [, 7 = 0 by Stokes’ Theorem but [, n = vol(5?).]



