Question 1:
Let {e1,...,en} be the basis for V and {e],..., e’ } be the dual basis.
Let w= fi A--- A f,, where f; = filef + 4 flme:;@
Thus, w = det(fi;)ef A--- Aej,.
Then, o (w)(ut, ..., up) = w(Ta(uy),...,Ta(uy)) for uy, ..., u, € V.
Since Tae = «, we have:

a(W)(ur, .y um) = wla(u),. .., ( ))

= det(fi;)(e] A+ er)(a(ur), ..., a(un))

= det(fi;) det(a )det(U), where U = (ug -+ Um)
oF (W) (ugy e yty) = det(a)w(ug, ..., up)

Question 2:
e p1 NN =0 iff {b1,..., b} is linearly dependent.

(=) Suppose ¢1 A -+ A ¢ = 0. Assume to the contrary {¢1,...,¢dx} is
linear independent. Then, the space A' spanned by {¢1,..., ¢} is of
dimension k. By proposition (7.9.) the dimension of space A*, spanned
by {¢1 A+ A i}, is (2) = 1. A contradiction that ¢1 A--- A ¢y = 0.
Therefore, {¢1,..., ¢} is linear dependent.

(<) If {¢1,...,¢r} is linearly dependent then there is ¢; such that ¢; is a
linear combination of {¢1,...,¢i—1, ®it1,...,0r}. Therefore,
¢1/\"'/\¢k:¢1/\"‘/\(2j#a]‘¢j)/\‘“/\¢k:O+"'+0:0-

e PN NP =11 N AU iff ¢ = Zjaiﬂ/}j anddet(aij) =1.

(=) Foreach v;, i Ap1A- g = PiAP1A- - - ¢ = 0. Thus, {9, ¢1, ..., P}
is linear dependent. Since {¢1,...,¢x} is linear indepedent 1); is a
linear combination of {¢1, ..., ¢r}. Denote

Vi = apdr+ -+ iR P

Then,
GLA AN = YA APy (1)
— /\(ai1¢1 + ot aipdr) (2)
= det(aij) o ARERNAN(IA (3)

So, det(ai;) = 1.



(<) As the equations 1, 2, 3 shown above.

Question 3:
1. Sign of permutation from (123) to (123) is positive.
2. Sign of permutation from (123) to (132) is negative.
3. Sign of permutation from (123) to (231) is positive.
So the Hodge star mapping in R? is the following:
1. dz' A dz? to da?.
2. dzt Adx? to —dz?.
3. dx? Adz? to dxt.

So #(ajadr! Adx? +ayzdzt Aded + agzdx?® Ndx?) = ajada® — arzde® 4 agzdx!.
For premutation of four elements:

1. Sign of permutation from (1234) to (1234) is positive.

2. Sign of permutation from (1234) to (1324) is negative.

3. Sign of permutation from (1234) to (2314) is positive.
So the Hodge star mapping in R* is the following:

1. dx' Adx? to da® A dat.

2. dx' Adad to —da? A dat.

3. dx? A da® to dol A dat.

So *(ajada’ A dx? + ajzda’ A da® 4 agzda® A dx?) = ajada® A da* — agzda® A
dz* + agzdz A daz?.

Question 4:

Let {e1,...,emn} be the standard basis for R™ and {e7,..., e}, } be the dual
basis.

o If f: U — R then 971(df) = grad f = 37", FLe;.



Let X(p) = >, Xi(p)ei be vector field such that 9(X) = df and ¢ =
>t vie; € R™ be vector variable.

U1
7 = b= (2L 3_f’
KXo = v = (5] ah]))

Um

ZXl(p),U’L = ¢ axz Ui

=1 =1 p

0
Xi(p) = 8—3];’ for each i =1,...,m.

So, X = grad f.

o X(x)= Z?:1 a'(z)e; and Y (x) = Z§:1 bi(x)e; be vector fields on U C R3.
Calculate 971 % d¥(X) and 971 * (9(X) AI(Y)).

The following is the step-by-step computation. The answer is on number
(1v) and (vii)

(i) 9(X)(2) = X0y ai@)ef and 9(Y)(z) = Yo7y bi(w)e}.
(id) d9(X) =330, 35 Geles nep) =

(522 — Sa)(ef Aeh) + (522 — G)(ef Aeh) + (522 — 522)(e5 A eb).

(11) +d0(X) = (322 — 981 (e5) — (322 — o) (ef) + (2 — 222)(¢5).

() 071w dd(X) = (92 — 922ye) 4 (G0 Ja)e, 4 (D22 _ Dai)oy
() I(X)AD(Y) =
(ale — CLle)(éi< VAN 6;) + (a1b3 — agbl)(e”{ AN 6;;) + (CLng — a3b2)(€§ AN 6;)

(Ui) *(19(X)/\19(Y)) = (albg—agbl)(e:’;)—(albg—agbl)(e§)+(a2b3—a3b2)(e*{).
(Uii) 19_1*(19(X)/\19(Y)) = (a2b3—a3b2)61—(albg—a3b1)62+(a152—a251)63.

Question 5:

w = a(z,y,z)dx + b(z,y, 2)dy + c(x,y, z)dz with dw = 0. Show that w = df
where f = fol {za(tx, ty, tz) + yb(tx, ty, tz) + zc(tx, ty, tz) }dt.

e We compute dw.

ob  Oa Oc  0Ob Oc  Oa
dw = (— — —)(dz N dy) + (8_y — a)(dy Ndz) + (% — &)(dx Adz).



Since dw = 0 then
O _ou 0c_ob o _da
or Oy = Oy 0z ' 0x Oz

e Lemma: 2 [a(tz,ty,tz)dt = [ t220m2) gy

Proof.

fo t(x + h), ty, tz)dt — fo (tz, ty, tz)dt

o 1
3_/ a(tx,ty,tz)dt = lim
T Jo

h—0 h
1 —
_ oy [ W@t Rty tz) —alte, ty tz)
h—0 0 h
1 J—
_ / hmta(tas—t—th,ty,tz) a(tx,ty,tz)dt
0 h—0 th
1
_ / 8@(7533 ty, yz)dt
0 8$

Simmilarly, for b(tx,ty,tz) and c(tz, ty,tz).
e We compute 0, f = %.

of

B 1
5 = %8‘7‘"/0 x-a(te,ty, tz) + y - b(tx, ty,tz) + z - c(tx, ty, tz)dt

1

1
= %(/0 x-a(tm,ty,tz)dt)—i—%(/o y-b(t$,ty,tz)dt)—|—
1
82(/ z-c(tx,ty,tz)dt)
T NJo
1 o 1
= /Oa(tx,ty,tz)dt+x 3:U</ (tm,ty,tz)dt)+
0 L 3} !
- — b(tx, ty,tz)dt - — tx,ty, tz)dt
Y am(/o (tz,ty, t2) )+Z (93:</0 c(tz, ty, tz) >

Applying the lemma above,

1 1
or _ /a(tx,ty,tz)dt—i—x/ g otz ty,tz) ),
a.f 0 0 81’

1 1
y/ ' 8b(tm,ty,tz)dt N z/ . Gc(tx,ty,tz)dt
0 6[E 0 8.’15



Applying the relations between partial derivatives of a, b and ¢ above.

1 1
of _ /a(m,ty,tz)dtﬂ/ p. daltnty,tz) ,,
8$ 0 0 81’

1 to, ty, t 1 to, ty, t
y/ ;. Oaltz, ty, Z)dt—l—z/ ;. Oaltz,ty,t2)
0 dy 0 0z

1
= /a(ta:,ty,tz)dt—l—
0

1 da(tx, ty,t daltx, ty,t da(tx, ty,t
/wt‘ a(t, ty, Z)+yt- altz, ty,tz) . OGaltz,ty, tz)
0

Ox oy 0z dt

O _ aley,2)
a$ = am,y,z

Slmllarly, y = b(z,y, z) and % = c(z,9, 2).

So df = a(x,y, z)dx + b(z,y, z)dy + c(x,y, z)dz = w.

Question 6:

M is a compact 3-dim smooth submanifold with-boundary of R? and

f: M — R3 is the inclusion. Let dw = (xdy /\ dz —|— ydz ANdx + zdx A dy).
e Show that d(w/r3) =0 on R3, wherer =22 +y* + 22

3 3
dw/r®) = de Ndy N dz + Mdy Ndz A dx +
ox y
3
Mdz Adx N\ dy
0z
B o(x/3r3)  O(y/3r3)  0(z/3r%)
— ( 5 + ay + 5, )dm/\dy/\dz
— (174*3 22070 4 17~ — %0+ 1773 — z2r*5)dx Ndy N dz
3 3 3
= (r3 —=r¥%)dz ANdy N dz
dw/r3) = 0

o Show that [4,, " f*(w) = vol (M) and there is a 2-form 1 on S? such that
dn =0 but n # do for any 1-form ¢.

By Stoke’s theorem(9.6) faM CfH(w) = [y d( = [y [fdw. Since
dw = dx N dy A dz, faM *f* = [yl dac/\dy/\dz)
By definition of f, f*dw = wf y(Tf(u1), Tf(u2), T f(uz)) = wp(ur, uz, us).
So, [y frdz Ndy Ndz = [, dxdydz = vol (M).

Let M = D3 and = 1* f*w. Because 7 is a 2-form then dn is 3-form.
That is, dn = * f*dw. Since dn is a 3-form on S? and S? is of dimension 2,



so dn = 0. Suppose 1 = d¢ where ¢ is a 1-form on S?. Then by applying
corollary 9.7., [q» d¢ = 0, therefore contradicts [, n = vol (D?).



