INTRODUCTION TO ALGEBRAIC TOPOLOGY
ANSWERS TO TUTORIAL 5

JIE WU

Problem 1. Let S' be identified with I/0I = [0,1]/{0,1}. Show that S* is a
co-H-group under the comultiplication p' defined by

, o, * 0<t<1/2
p(t) = { (*,(27; _)1) 1/2<t g/l.

and a homotopy inverse v defined by v(t) =1 —t.

Hint.

Homotopy identity. We need to show that (¢,id) o ' ~id ~ (id, ¢) o p/'.
By the definition,

. , 0 for 0<t<1/2
(C’ld)o“(t>{2t—1 for 1/2<t<1

and
. , 2t for 0<t<1/2
(ld’c>0“(t){ 1 for 1/2<t<1

To see (c,id) o yi' =~ id we construct a (pointed) homotopy F': S' x I — S by

0 0<t<(1—s)/2
Ft,S = —s Ay
(Z,5) {1%3(’5—17) (1-s)/2<t<1.
To see (id, ¢) o p’ ~ id we construct a homotopy
2 14s
=1 0<t <3
— 1+s - = 2
F<t’s)_{ 1 Lis <4 <1,

Homotopy coassociative We need to show that (u' Vid) o g/ ~ (idvp') o p'.
Again write down these two maps:

(4t, *, *) 0<t<1/4

(W Vvid) oy (t) = (x4t — 1,%) 1/4<t<1/2
(%, %,2t — 1) 1/2<t<1

(2t *, %) 0<t<1/2

(idvu')o ' (t) = ¢ (x4t — 2,%) 1/2<t<3/4

(%, %, 4t — 3) 3/4<t<1.
1



2 JIE WU

Construct a (pointed) homotopy as follows:

(T35t %, %) 0<t< s
F(t,s)={ (%4t — (1 +5), %) ?sts%
(%, 555 (t = =52) b oy,

1
Homotopy Inverse. We need to show that (id,v) oy and (v,id) o ¢/ are null

homotopic. Note

(id,v) o i(t) = { 2 3t2t (i/% tggt g%
men={43 V5517
We construct the following (pointed) homotopies F,G: S x I — St
Ft,s) = { 2s 2—St25t (1)/§ tggt ;/%
Glts) = { ditloze 1 /% 5 ;/12

Then Fy =Gy = ¢, F; = (id,v) o ¢/ and Gy = (v,id) o 1.

O

Problem 2. Let p; and ps be two multiplications on Y such that Y is an H-space

under yy and po. Show that
Quy ~ Qua: QY xY) — QY.
Hint. By Theorem 3.3.13, we have

[ = o [BX,Y X Y] = [X, QY xY)] - [X,Y] = [X, QY]

for any X. Choose X = Q(Y xY). Then
[Q] = pa(ldaxn]) = pax(lidar)]) = [Qua].

O

Problem 3. Let A and p be paths in X from z to y. Suppose that X is simply

connected. Then \ ~ p.
Hint. [\ x u='] = [e,] because m (X, z) = 0. It follows that
(] = feallp] = s p ™l = N[l = [A]
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Problem 4. Let X and Y be locally compact Hausdorff pointed spaces. Show that
(X VY) is a weak retract of (X xY).

Hint. Let j: X VY — X x Y be the inclusion. Show that
Yt [B(X xY),Z] = [E(X VYY), Z] = [EX, Z] x [XY, Z]

is onto for any Z.
(The result will follow by taking Z = £(X VY).)
Let 74: X - X VY and i5: Y — X VY be the inclusions. Then

Yij oYXt = (Ej0%i)": [E(X xY), 7] — XX, 7]
is onto because for any f: XX — Z we have
[f] = [foidsx] = [f o ¥px 0 Xj o Xiy] = (X7 0 Xiy)*([f o Xpx],
where px: X XY — X is the coordinate projection. Similarly
Yiso X" [B(X xY), Z] — [XY, Z]

is onto. Now let ([f],[g]) € [2(X VYY), Z] = [2X, Z] x [EY, Z] be any element. The
arguments above show that there exist elements [f'],[¢'] € [Z(X x Y), Z] such that

S = {11 257D

I
—~
\.l—‘
S
~

Thus

Note:

(1) By expecting the proof, we have a stronger statement:
Let j: X VY — X XY be the inclusion and let Z be any H-space. Then
7 [ X XY, Z] - [X VY, Z] is onto (an epimorphism).

(2) A similar result for loops is
Q(X xY) is defomable into QX VY).

Problem 5. Suppose that X is a locally compact Hausdorff space. Show that XX
is a retract of XQXX.

Hint. Let e: XQXX — XX be the evaluation map and let £: X — QXX be the
inclusion, that is E(z)(t) = t Ax for x € X. The map E is continuous because
E = a(idsx), where a: Map, (XX, ¥X) — Map,(X,QX) is the association map.
TheneoZE:ing. O
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Problem 6. Let Y be a locally compact Hausdorff space. Suppose that X and Y are
co-H-spaces. Show that X AY is a homotopy associative and homotopy commutative
co-H-space.

Hint. By Theorem 3.1.10, [X AY, Z] = [X, Map, (Y, Z)] for any pointed space Z. By
Theorem 3.3.7, Map, (Y, Z) is an H-space. According to Theorem 3.3.13, [ X, Map, (Y, Z)]
is associative and commutative under the multiplication induced by either the comul-
tiplication on X or the comultiplication on Y. Thus

(X ANY, Z] is associative and commutative under the multiplication induced by
either the comultiplication on X or the comultiplication on'Y for any Z.

By choosing particular space Z = (X AY) V (X AY), show that
Wy Nidy ~idx Apy: X AY - (X AY)V(XAY).
Let p'xyny = ity Nidy ~idx Apy. Let f; be the composite
(XAY)V(XAY) 2o XAY Lt (XAY)V (X AY)
for © = 1,2, where p; is the i-th coordinate projection and j; is the i-coordinate
inclusion. By checking the definition of the multiplication on homotopy classes,
[Wxay] = [ o pi][j2 © po]
and
[T o piz] = [j2 0 p2][j1 o pi]
in the commutative monoid [Z, Z V Z] and hence [y y] = [T"0 1, 2 Ay] or py .y 18

homotopy commutative.
Similarly show that p'y .y is coassociative by considering the case

Z=(XANY)V(XAY)V(XAY).



