INTRODUCTION TO ALGEBRAIC TOPOLOGY
TUTORIAL 6
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1. Show that the map f: S' — S, 2z — 2" is of degree n.
2. Show that 7,(S1) =0 for n > 1.

3. Let A and p be paths in X from x to y. Suppose that X is simply connected.
Then A\ ~ pu.

4. Let T be a torus. Show that (7" \ {z}) is a free group of rank 2 for any = € T

5. Let X be a space. The unreduced suspension ¥,X is the quotient space of I x X
obtained by identifying 0 x X to a point and 1 x X to a (different) point. Suppose
that X is path-connected. Show that >, X is simply connected.

6. Show that CP™ is simply connected for each n > 1.

7. Let T, = T#T# - - - #7T be the g-fold connected sum of the torus 7. Show that
m1(Ty) is the quotient group of the free group F(cy,dy,co,ds, -+ , ¢4, dy) by the one
relation:

crdye;tdy  eadocy Myt - - - cgdgcgldgl =1.

8. Let X be a quotient of the rectangle obtained by identifying opposite edges.
Compute the fundamental group of X in all possible cases.

Hint. Let the edges of the rectangle be labeled by ay, as, a3 and a4, where (a;, az) and
(ag, ay) are two pairs of opposite edges. There are two possibilities of the identification
of a; and as, that is a; is identified with a3 with the same direction OR with the
opposite direction. Thus there are four possibilities for the identification and so four
possible quotient spaces. Two of them are the torus, one is the projective plane and
the other case is called the Klein bottle. 0

9. Compute the fundamental group of the space X.
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i) X = S?]] I/ ~, where the equivalent relation ~ is generated by (1,0,0) ~ 0
and (—1,0,0) ~ 1. That is X is the space obtained by adding extra line to
the sphere from north to south.

ii)
X = {2 = (21,79, 73) € R¥|||z|| = 1} U {(£,0,0) € R}|1 <t < 2}
U{z = (21,29, 23) € R¥|||z|| = 2} U {(£,0,0) e R*| -2 <t < —1}.



