INTRODUCTION TO ALGEBRAIC TOPOLOGY
TUTORIAL 7

JIE WU

Problem 1. Construct a space X such that m(X) is
i) the cyclic group Z/n.
ii) generated by z,y with the relation 22 = 7.
iii) generated by z,y,z with the relations x = [y, z],y = [z,2] and z = [z,¥],
where [a,b] = a~'bab is called the commutator of elements a, b.

(Justify your answers.)

Problem 2. Let p: X — X be a covering projection. Show that
i) p is an open map.
ii) If X is Hausdorff, then so is X.
iit) If X is an m-manifold, then so is X
iv) If X is Hausdorff and X is an m-manifold, then X is an m-manifold.
v) If ¢: Y — Y is also a covering projection, then so is p X q: XxY > XxY.

Problem 3.[Pull-back] Let p: X — X be a covering projection and let f: Y — X
be a map. Let

) Y ={(y.5) €Y x X|f(y) = p(0)}
and let ¢: Y — Y be defined by ¢(y, ) = y. Show that ¢ is a covering projection.

Problem 4. Show that

i) Composition defines a group multiplication in the set Homeo(Y") of all home-
omorphisms of a space Y to itself.

ii) Group actions G XY — Y correspond one-to-one with group homomorphisms
G — Homeo(Y).

Problem 5. Let a,b: C — C be the homeomorphisms of the complex plane C
defined by a(z) = z+4 and b(z) = z+1/2+i. Show that ba = a~'b and deduce that
G = {a™b*|/m,n € Ze=0or 1}

is a group of homeomorphisms of C. Furthermore, prove that the action of G is

properly discontinuous and that the orbit space C/G is Hausdorff.
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Problem 6.[Continuation of Problem 5] Find a ‘half-open rectangle’ containing ex-
actly one point from each orbit of G' and hence show that C/G is a Klein bottle.



