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Problem 2. Let M be a path-connected manifold with dim(A/) > 2. Show that the
configuration space F'(M,n) is path-connected. Deduce that there is an epimorphism
of groups ¢: ¥ (B(M,n)) —= %, with Ker(¢)) = m(F(M,n)), where %, is the
symmetric group.

Hint. First show that M \ {any finite points} is path-connected. (You need the
condition that dim(M) > 2.)

Now you can prove the statement by induction on n. The statement is obvious for
n = 1. Suppose that the statement holds for < n. Let (a1, -+ ,a,) and (by,... ,b,)
be two points in F(M,n). Let a,, be a point in a small neighbourhood of a,, such
that 1) al, #a; for 1 <i<n—1and 2)a), #0b; for 1 <i<n-—1.

i) The subspace
{(ar, a9, ;an1)} x (M \{as,az, - ,an1}) C F(M,n)

is homeomorphic to M \ {a,aq, -+ ,a, 1} and it is path-connected. Thus
there is a path
/\(1) = (ala crt, Op1, /\(1))

in F(M,n) from (ay,--- ,a,) to (a1, ,a, 1,a.,).
ii) The subspace

F(M\A{a,},n—1) x{a,} € F(M,n)

is homeomorphic to F'(M \ {a,,}) and hence it is path-connected by induction.
Thus there is a path

A2 = ()\f),... A2 )

» =17 Yn
in F(M,n) from (ay,- - ,ap-1,a,) to (by,--- ,by_1,al).
iii) The subspace
{(b1, 02, -+ b 1)} X (M N\ {by, b, ,bp1}) € F(M,n)
is homeomorphic to M\ {by, by, - - - , b, 1} and it is path-connected. Thus there
is a path

/\(3) = (bla e 7bn717 )\513))
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in F(M,n) from (by,--- ,bp_1,a,) to (by, -+ by 1,by,).
It follows that the product A" A % \®) is a path in F(M,n) from (a,--- ,a,) to
(bi,- -+ ,by). O

Problem 4. Let ¢ be a primitive (complex) k-th root of the identity 1. Let Z/k
acts on C" by - (21, -+, 2n) = (Cz1,- -+ ,(2pn) for z; € C. Show that for k,n > 2
no Z/k-map f: C* — C can be norm-preserving, that is if f((z) = (f(z) for all
z= (21, ,2,) € C", then for some z € C" |f(2)| # ||z

Deduce that for n > 2 any map h: C* — C has some z € C" such that z # 0 and

k—1
> Ch(¢ ) =0,
i=0

Hint. i) Assume that there are such an f: C" — C. Then f induces a Z/k-map

f: 81 — G Use the arguments in proof of Borsuk-Ulam Theorem to find a

contradiction.
ii) Assume that S70 CPh(¢F~72) # 0 for all z # 0 in C”. Let

_ X Ch(dh )
O = e G
for z € S?"~ 1. Check that f is a Z/k-map.) O




