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'HSDUWPHQW RI 0DWKHPDWLFV

0$���� $GYDQFHG &DOFXOXV ,,

��������� 6SHFLDO 6HPHVWHU /HFWXUH 1RWHV 3DUW ,

&KDSWHU �� 6HTXHQFHV

���� 6HTXHQFHV

$ VHTXHQFH LV DQ RUGHUHG OLVW RI QXPEHUV� )RU H[DPSOH�

7KH RUGHU RI WKH VHTXHQFH LV LPSRUWDQW� )RU H[DPSOH�

LV GLoHUHQW IURP � �� $Q LQpQLWH VHTXHQFH LV D OLVW ZKLFK GRHV QRW HQG� )RU H[DPSOH�

:H GHQRWH E\ IDQJ WKH VHTXHQFH
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�

���� /LPLWV RI 6HTXHQFHV

'HpQLWLRQ ������ 7KH OLPLW RI IDQJ LV $� DQG LV ZULWWHQ DV

OLP
Q� �

DQ  $�

LI IRU DQ\ s ! �� WKHUH LV D QDWXUDO QXPEHU 1 VXFK WKDW IRU HYHU\ Q ! 1 � ZH KDYH

MDQ b$M � s�

5HPDUN� �� 6RPH VHTXHQFHV GR QRW VDWLVI\ WKH DERYH� :H FDOO VXFK VHTXHQFHV

GLYHUJHQW�

�� 6HTXHQFHV ZKLFK VDWLVI\ WKH DERYH GHpQLWLRQ� L�H� $ H[LVWV DQG LV pQLWH� DUH FDOOHG

FRQYHUJHQW VHTXHQFHV�

([DPSOH ������

7KHRUHP ������ ,I IDQJ KDV D OLPLW� WKHQ WKH OLPLW LV XQLTXH�

3URRI�

7KHRUHP ����� >6TXHH]H RU 6DQGZLFK 7KHRUHP@�*LYHQ � VHTXHQFHV

IDQJ� IEQJ� IFQJ VXFK WKDW

�L� DQ x EQ x FQ IRU HYHU\ Q DQG

�LL� OLP
Q� �

DQ  $  OLP
Q � �

FQ�

WKHQ OLP
Q � �

EQ  $�

3URRI� 2PLWWHG�

5HPDUN� 7KH DERYH WKHRUHP LV VWLOO DSSOLFDEOH LI WKH LQHTXDOLW\

DQ x EQ x FQ

LV WUXH ?HYHQWXDOO\��

([DPSOH ������



�

���� 6HTXHQFHV ZKLFK WHQG WR �

'HpQLWLRQ ������ IDQJ WHQGV WR �� LI IRU HDFK SRVLWLYH QXPEHU N� WKHUH LV DQ 1

VXFK WKDW

DQ ! N IRU DOO Q ! 1�

5HPDUN� )RU VXFK VHTXHQFHV� ZH ZULWH DV DQ � �� DV Q�� RU

OLP
Q � �

DQ  ���

([DPSOH ������

7KHRUHP ����� >5HFLSURFDO 5XOH@� &RQVLGHU D VHTXHQFH IDQJ�
�L� ,I DQ ! � IRU DOO Q DQG OLP

Q� �

�

DQ
 �� WKHQ

OLP
Q � �

DQ  h��

�LL� ,I OLP
Q � �

DQ  h�� WKHQ OLP
Q � �

�

DQ
 ��

([DPSOH ������



�

���� 7HFKQLTXHV )RU &RPSXWLQJ /LPLWV

7KHRUHP ������ /HW I EH D FRQWLQXRXV IXQFWLRQ� 7KHQ

OLP
Q� �

I�DQ�  I� OLP
Q� �

DQ��

3URRI� 2PLWWHG�

([DPSOH ������

7KHRUHP ����� >/
+RSLWDO
V 5XOH@� 6XSSRVH DQ  I�Q�� EQ  J�Q�� ,I OLP
Q� �

I�Q�

J�Q�
LV RI WKH IRUP �

�
RU �

�
� WKHQ

OLP
Q � �

I�Q�

J�Q�
 OLP

Q � �

I ��Q�

J��Q�
�

([DPSOH ������

7KHRUHP ������ ,I OLP
Q� �

DQ DQG OLP
Q � �

EQ H[LVW� WKHQ

OLP
Q � �

�DQ � EQ�  OLP
Q � �

DQ � OLP
Q� �

EQ�

OLP
Q� �

NDQ  N OLP
Q � �

DQ�

OLP
Q � �

DQEQ  OLP
Q � �

DQ OLP
Q � �

EQ�

OLP
Q � �

DQ

EQ
 
OLP
Q� �

DQ

OLP
Q � �

EQ
� SURYLGHG EQ � �� OLP

Q � �

EQ � ��

3URRI� RPLWWHG�

([DPSOH ������



�

6RPH 6WDQGDUG /LPLWV

�� OLP
Q� �

�

QS
 � IRU DQ\ p[HG S ! ��

�� OLP
Q� �

FQ  � IRU DQ\ p[HG F ZKHUH MFM � ��
�� OLP

Q� �

F
�

Q  � IRU DQ\ p[HG F ! ��

�� OLP
Q� �

Q
S
Q  ��

�� OLP
Q� �

QS

FQ
 � IRU DQ\ p[HG S DQG F ! ��

�� OLP
Q� �

FQ

Q�
 � IRU DQ\ p[HG F�

�� OLP
Q� �

�� �
[

Q
�Q  H[ IRU DQ\ p[HG [�

6WUDWHJ\� 2QH FDQ pQG WKH OLPLWV RI PDQ\ VHTXHQFHV IURP WKRVH RI WKH VWDQGDUG

VHTXHQFHV�

([DPSOH ������



�

���� %RXQGHG 6HWV DQG 6HTXHQFHV

'HpQLWLRQ ������ $ VHW RI UHDO QXPEHUV 6 LV ERXQGHG DERYH LI WKHUH H[LVWV D pQLWH

UHDO QXPEHU 0 VXFK WKDW

[ x0 �[ � 6�

0 LV FDOOHG DQ XSSHU ERXQG RI 6�

'HpQLWLRQ ������ $ VHW RI UHDO QXPEHUV 6 LV ERXQGHG EHORZ LI WKHUH H[LVWV D pQLWH

UHDO QXPEHU P VXFK WKDW

P x [ �[ � 6�

P LV FDOOHG D ORZHU ERXQG RI 6�

'HpQLWLRQ ������ $ VHW ZKLFK LV ERWK ERXQGHG DERYH DQG EHORZ LV FDOOHG D ERXQGHG

VHW�

5HPDUN�

�� 8SSHU ERXQGV DQG ORZHU ERXQGV DUH QRW XQLTXH�

�� 6RPH VHWV RQO\ KDYH XSSHU ERXQGV EXW QRW ORZHU ERXQGV�

�� 6RPH VHWV KDYH RQO\ ORZHU ERXQGV EXW QRW XSSHU ERXQGV�

�� $ VHW ZKLFK LV QRW ERXQGHG LV FDOOHG DQ XQERXQGHG VHW�

([DPSOH ������

7KHRUHP ������ (YHU\ FRQYHUJHQW VHTXHQFH LV ERXQGHG�

3URRI�

&RUROODU\ ����� >7HVW IRU GLYHUJHQFH@�

,I IDQJ LV XQERXQGHG� WKHQ IDQJ GLYHUJHV�

5HPDUN�

�� 7KH FRQYHUVH PD\ QRW EH WUXH� L�H�� GLYHUJHQW VHTXHQFH QHHG QRW EH XQERXQGHG�

�� 7KH LQYHUVH PD\ QRW EH WUXH� L�H�� D ERXQGHG VHTXHQFH PD\ QRW EH FRQYHUJHQW�

([DPSOH ������



�

���� ,QpQXP� 6XSUHPXP

5HFDOO WKDW DQ\ pQLWH VHW RI UHDO QXPEHUV KDV D JUHDWHVW HOHPHQW �PD[LPXP� DQG D

OHDVW HOHPHQW �PLQLPXP��

([DPSOH ������

Ib���� ���� b���� ���� �J
+RZHYHU� WKLV SURSHUW\ GRHV QRW QHFHVVDULO\ KROG IRU LQpQLWH VHWV�

([DPSOH ������

'HpQLWLRQ ������ $ UHDO QXPEHU 0 �� h�� LV FDOOHG WKH OHDVW XSSHU ERXQG RU

VXSUHPXP RI D VHW ( LI

�L� 0 LV DQ XSSHU ERXQG RI (� L�H�� [ x0 IRU HYHU\ [ � (� DQG

�LL� LI 0 � � 0 � WKHQ 0 � LV QRW DQ XSSHU ERXQG RI ( �L�H�� WKHUH LV DQ [ � ( VXFK

WKDW 0 � � [��

:H ZULWH 0  VXS(�

5HPDUN�

�L� VXS( LV XQLTXH ZKHQHYHU LW H[LVWV�

�LL� 7KH PDLQ GLoHUHQFH EHWZHHQ VXS( DQG PD[( LV WKDW VXS( PD\ QRW EH DQ

HOHPHQW RI (� ZKHUHDV PD[( PXVW EH DQ HOHPHQW RI ( LI LW GRHV H[LVW��

�LLL� ,I ( KDV D PD[LPXP� WKHQ VXS(  PD[(�

([DPSOH ������

'HpQLWLRQ ������ $ UHDO QXPEHU P �� h�� LV FDOOHG WKH JUHDWHVW ORZHU ERXQG RU

LQpPXP RI D VHW ( LI

�L� P LV D ORZHU ERXQG RI (� L�H�� P x [ IRU HYHU\ [ � (� DQG

�LL� LI P� ! P� WKHQ P� LV QRW D ORZHU ERXQG RI ( �L�H�� WKHUH H[LVWV DQ [ � ( VXFK

WKDW [ � P���

:H ZULWH P  LQI (�

5HPDUN�

�L� LQI ( LV XQLTXH ZKHQHYHU LW H[LVWV�

�LL� 7KH PDLQ GLoHUHQFH EHWZHHQ LQI ( DQG PLQ( LV WKDW LQI ( PD\ QRW EH DQ

HOHPHQW RI (� ZKHUHDV PLQ( PXVW EH DQ HOHPHQW RI ( LI LW GRHV H[LVW�

�LLL� ,I ( KDV D PLQLPXP� WKHQ LQI (  PLQ(�



�

([DPSOH ������

$Q LPSRUWDQW SURSHUW\ RI WKH VHW RI UHDO QXPEHUV LV WKH IROORZLQJ

����� �&RPSOHWHQHVV $[LRP RI 5��

�L� ,I ( LV ERXQGHG DERYH� WKHQ VXS( H[LVWV�

�LL� ,I ( LV ERXQGHG EHORZ� WKHQ LQI ( H[LVWV�

5HFDOO WKDW D VHW ( LV ERXQGHG LI DQG RQO\ LI LW LV ERXQGHG DERYH DQG ERXQGHG EHORZ�

7KXV WKH &RPSOHWHQHVV $[LRP OHDGV WR

&RUROODU\ ������ ,I ( LV ERXQGHG� WKHQ ERWK VXS( DQG LQI ( H[LVW�



�

��� 0RQRWRQH 6HTXHQFHV

'HpQLWLRQ ������ IDQJ LV FDOOHG PRQRWRQH LQFUHDVLQJ �GHFUHDVLQJ� LI

DQ x �y� DQ � � IRU HYHU\ Q�

([DPSOH ������

3URSRVLWLRQ ������ $ PRQRWRQH LQFUHDVLQJ �GHFUHDVLQJ� VHTXHQFH LV ERXQGHG EHORZ

�DERYH��

3URRI�

7KHRUHP ����� >0RQRWRQH &RQYHUJHQFH 7KHRUHP@� $ ERXQGHG PRQRWRQH VH�

TXHQFH IDQJ LV FRQYHUJHQW� DQG WKH OLPLW LV

OLP
Q � �

DQ  VXS
Q

DQ LI WKH VHTXHQFH LV PRQRWRQH LQFUHDVLQJ�

OLP
Q � �

DQ  LQI
Q
DQ LI WKH VHTXHQFH LV PRQRWRQH GHFUHDVLQJ�

([DPSOH ������

&RUROODU\ ������ ,I IDQJ LV PRQRWRQH LQFUHDVLQJ �GHFUHDVLQJ�� WKHQ HLWKHU

�L� IDQJ LV FRQYHUJHQW RU

�LL� OLP
Q� �

DQ  ���b���
3URRI�



��

���� 6XEVHTXHQFHV

([DPSOH�

�� )LQG WKH IROORZLQJ VXEVHTXHQFHV RI IDQJ  I��b�� ��b�� ��b�� c c c J�
ID�Qb�J  
ID�QJ  �

,Q JHQHUDO� VXEVHTXHQFHV RI IDQJ DUH RI WKH IRUP IDQNJ� N  �� �� �� ���� ZLWK

Q� � Q� � Q� � c c c �

7KHRUHP ������ 6XSSRVH OLP
Q� �

DQ  $� 7KHQ HYHU\ VXEVHTXHQFH RI IDQJ DOVR FRQ�

YHUJHV WR $� LH

OLP
N � �

DQN  $�

7KHRUHP ������ 6XSSRVH WKDW IDQJ KDV � VXEVHTXHQFHV ZKLFK FRQYHUJHV WR GLoHUHQW

OLPLWV� 7KHQ IDQJ LV GLYHUJHQW�

([DPSOH ������



��

���� 7KH OLP VXS DQG OLP LQI RI D VHTXHQFH

5HIHUHQFH� :� :DGH� $Q LQWURGXFWLRQ WR DQDO\VLV� 3UHQWLFH +DOO� �����

*LYHQ D VHTXHQFH IDQJ� ZH FDQ IRUP DQRWKHU VHTXHQFH IEQJ JLYHQ E\

EQ  VXS
NyQ

DN

 VXSIDQ� DQ� �� DQ� �� c c c J�

([DPSOH ������

3URSRVLWLRQ ������

)RU DQ\ VHTXHQFH IDQJ� WKH DVVRFLDWHG VHTXHQFH IEQJ  IVXS
NyQ

DNJ LV DOZD\V PRQRWRQH

GHFUHDVLQJ�

3URRI� )RU HDFK Q�

EQ  VXSIDQ� DQ � �� DQ � �� c c c J
y VXSIDQ� �� DQ� �� c c c J  EQ� ��

'HpQLWLRQ ������ 7KH OLPLW VXSHULRU RI IDQJ� GHQRWHG E\ OLP VXS DQ RU OLP VXS
Q� �

DQ

RU OLP
Q � �

DQ LV GHpQHG WR EH OLP
Q� �

EQ� L�H�

OLP
Q � �

DQ  OLP
Q� �

EQ  OLP
Q � �

VXS
NyQ

DN�

([DPSOH ������

3URSRVLWLRQ ������ *LYHQ DQ\ IDQJ� OLP VXS DQ DOZD\V H[LVWV �HLWKHU pQLWH� �� RU

b���

3URRI� ,I IDQJ LV QRW ERXQGHG DERYH� WKHQ HDFK EQ LV ��� DQG WKXV OLP VXS DQ  
OLP
Q � �

EQ  ��� ,I IDQJ LV ERXQGHG DERYH� WKHQ HDFK EQ LV pQLWH� 6LQFH IEQJ
LV PRQRWRQH GHFUHDVLQJ� E\ &RUROODU\ ������ IDQJ FRQYHUWHV �WR D pQLWH OLPLW�� RU
OLPQ� � EQ  b��



��

6LPLODUO\� JLYHQ DQ\ VHTXHQFH VHTXHQFH IDQJ� ZH FDQ IRUP DQRWKHU VHTXHQFH IFQJ
JLYHQ E\

FQ  LQI
NyQ

DN

 LQIIDQ� DQ� �� DQ� �� c c c J�

'HpQLWLRQ ������ 7KH OLPLW LQIHULRU RI IDQJ� GHQRWHG E\ OLP LQI DQ RU OLP LQI
Q � �

DQ RU

OLP
Q � �

DQ LV GHpQHG WR EH OLP
Q� �

FQ� L�H�

OLP
Q � �

DQ  OLP
Q � �

FQ  OLP
Q� �

LQI
NyQ

DN�

([DPSOH ������

3URSRVLWLRQ ������ �L� $V LQ 3URSRVLWLRQ ������ IRU DQ\ JLYHQ VHTXHQFH IDQJ� WKH
DVVRFLDWHG VHTXHQFH IFQJ  I LQI

NyQ
DNJ LV DOZD\V PRQRWRQH LQFUHDVLQJ�

�LL� $V LQ 3URSRVLWLRQ ������ IRU DQ\ JLYHQ IDQJ� OLP LQI DQ DOZD\V H[LVWV �HLWKHU

pQLWH� �� RU b���

5HPDUN�

:H DOZD\V KDYH OLP
Q � �

DQ x OLP
Q � �

DQ�

3URSRVLWLRQ ������ �L� ,I OLP
Q � �

DQ  %� WKHQ JLYHQ s ! �� WKHUH H[LVWV 1 VXFK WKDW

DQ � % � s IRU DOO Q ! 1 �

�LL� OLP
Q� �

DQ  &� WKHQ JLYHQ s ! �� WKHUH H[LVWV 1 VXFK WKDW DQ ! & b s IRU DOO

Q ! 1 �

3URRI� �L� 6LQFH OLP
Q � �

DQ  %� JLYHQ DQ\ s ! �� WKHUH H[LVWV 1 VXFK WKDW IRU DOO

Q ! 1 �

MEQ b%M � s� EQ � % � s� VXSIDQ� DQ � �� c c c J � % � s�

L�H� DQ� DQ � �� c c c � % � s IRU DOO Q ! 1 � 3URRI RI �LL� LV VLPLODU�

5HPDUN� 5RXJKO\ VSHDNLQJ� 3URSRVLWLRQ ����� VD\V WKDW IRU DQ\ VHTXHQFH IDQJ� WKH
DQ
V DUH HYHQWXDOO\ QRW PXFK VPDOOHU WKDQ OLP

Q � �

DQ DQG QRW PXFK ELJJHU WKDQ OLP
Q� �

DQ�



��

3URSRVLWLRQ ������ ,I OLP
Q � �

DQ  OLP
Q � �

DQ  $ �pQLWH�� WKHQ IDQJ FRQYHUJHV DQG

OLP
Q � �

DQ  $�

3URRI� 8VH 3URSRVLWLRQ ����� �([HUFLVH��



��

����� &DXFK\ 6HTXHQFHV

'HpQLWLRQ ������� IDQJ LV FDOOHG D &DXFK\ VHTXHQFH LI JLYHQ DQ\ s ! �� WKHUH H[LVWV

D QDWXUDO QXPEHU 1 VXFK WKDW IRU DOO P� Q ! 1 � ZH KDYH

MDQ b DPM � s�

5HPDUN�

5RXJKO\ VSHDNLQJ� D VHTXHQFH LV &DXFK\ LI WKH ZLGWK RI LWV WDLO � � DV Q���

3URSRVLWLRQ ������� (YHU\ &DXFK\ VHTXHQFH LV ERXQGHG�

7KHRUHP ������ >&DXFK\
V FULWHULRQ@�

$ VHTXHQFH LV D FRQYHUJHQW VHTXHQFH LI DQG RQO\ LI LW LV D &DXFK\ VHTXHQFH�

3URRI�



��

&KDSWHU �� 6HULHV

���� 6HULHV

7KH H[SUHVVLRQ

D� � D� � D� � c c c

ZULWWHQ DOWHUQDWLYHO\ DV
�;
N  �

DN LV FDOOHG DQ LQpQLWH VHULHV�

([DPSOH ������

'HpQLWLRQ ������ *LYHQ D VHULHV
�;
N  �

DN� LWV Q
WK SDUWLDO VXP 6Q LV JLYHQ E\

6Q  
Q;
N  �

DN  

7KH VHTXHQFH I6QJ LV FDOOHG WKH VHTXHQFH RI SDUWLDO VXPV RI WKH VHULHV
�;
N  �

DN�

([DPSOH ������

'HpQLWLRQ ������ &RQVLGHU WKH VHTXHQFH RI SDUWLDO VXPV I6QJ RI WKH VHULHV
�;
N  �

DN�

,I WKLV VHTXHQFH FRQYHUJHV WR D QXPEHU 6� ZH VD\ WKDW WKH VHULHV
�;
N  �

DN FRQYHUJHV WR

6 DQG ZULWH
�;
N  �

DN  OLP
Q� �

6Q  6�



��

,I I6QJ GLYHUJHV� WKHQ ZH VD\
�;
N  �

DQ GLYHUJHV�

([DPSOH ������

5HPDUN� 2QH DOZD\V KDV

�L�
�;
N  �

�DN � EN�  
�;
N  �

DN �
�;
N  �

EN�

�LL�
�;
N  �

FDN  F

�;
N  �

DN�

([DPSOH ������

7KHRUHP ������

,I
�;
N  �

DN FRQYHUJHV� WKHQ OLP
N � �

DN  ��



��

&RUROODU\ ����� >Q�WK WHUP WHVW IRU GLYHUJHQFH@�

,I OLP
Q� �

DQ � � �RU GRHV QRW H[LVW�� WKHQ
�;
Q �

DQ GLYHUJHV�

([DPSOH ������

5HPDUN� 7KH GLYHUJHQFH WHVW LV D ?RQH�ZD\� WHVW� L�H�� OLP
Q� �

DQ  � GRHV 127 LPSO\
�;
Q  �

DQ FRQYHUJHV�



��

([DPSOH ������

�� 7KH KDUPRQLF VHULHV�

�;
N  �

�

N
 � �

�

�
�
�

�
�
�

�
� c c c

OLP
N � �

DN  OLP
N � �

�

N
 ��

6Q  
Q;
N  �

�

N

6�Q  

+HQFH� WKH VXEVHTXHQFH I6�QJ LV XQERXQGHG� 6R I6QJ LV DOVR XQERXQGHG� +HQFH�
�;
N  �

�

N
LV GLYHUJHQW



��

���� 7HVWV IRU 3RVLWLYH 6HULHV

*RDO� *LYHQ D VHULHV� ZH ZDQW WR EH DEOH WR WHVW LI LW FRQYHUJHV RU QRW�

'HpQLWLRQ ������ $ VHULHV
�;
N  �

DN LV FDOOHG D SRVLWLYH VHULHV LI HYHU\ WHUP DN LV

SRVLWLYH�

:H pUVW GHYHORS WHVWV IRU SRVLWLYH VHULHV�

3URSRVLWLRQ ������ )RU D SRVLWLYH VHULHV
�;
N  �

DN� WKH VHTXHQFH RI SDUWLDO VXPV I6QJ
LV PRQRWRQH LQFUHDVLQJ�

3URRI� 7KLV LV VR VLQFH 6Q� � b 6Q  DQ� � ! � IRU HDFK Q�

&RUROODU\ ������

�L� ,I I6QJ LV ERXQGHG IRU D SRVLWLYH VHULHV� WKHQ WKH VHULHV FRQYHUJHV�

�LL� ,I I6QJ LV QRW ERXQGHG IURP DERYH� WKHQ WKH VHULHV GLYHUJHV�

7KHRUHP ����� >&RPSDULVRQ 7HVW@�

&RQVLGHU � SRVLWLYH VHULHV
�;
N �

DN DQG
�;
N  �

EN� 6XSSRVH WKDW HYHQWXDOO\ � x DN x EN�

�L� ,I
�;
N  �

EN FRQYHUJHV� WKHQ
�;
N  �

DN FRQYHUJHV�

�LL� ,I
�;
N  �

DN GLYHUJHV� WKHQ
�;
N  �

EN GLYHUJHV�

3URRI�

([DPSOH ������

5HPDUN�

�� 6XSSRVH � x DQ x EQ DQG
�;
Q �

EQ GLYHUJHV� 7KHQ 12 FRQFOXVLRQ FDQ EH GUDZQ�

�� 6LPLODUO\� VXSSRVH � x DQ x EQ DQG
�;
Q  �

DQ FRQYHUJHV� 7KHQ 12 FRQFOXVLRQ FDQ

EH GUDZQ�

([DPSOH ������



��

&RUROODU\ ����� >/LPLW &RPSDULVRQ 7HVW@�

,I
�;
N  �

DN DQG
�;
N  �

EN DUH �HYHQWXDOO\� SRVLWLYH� DQG

OLP
N � �

EN

DN
 /� � �� � ���

WKHQ HLWKHU ERWK VHULHV FRQYHUJH RU ERWK VHULHV GLYHUJH�

3URRI�

� VWDQGDUG VHULHV XVHG LQ FRPSDULVRQ DQG OLPLW FRPSDULVRQ WHVWV�

�� 7KH *HRPHWULF 6HULHV�

�;
Q  �

DUQb�  

~
FRQYHUJHV LI MUM � ��
GLYHUJHV LI MUM y ��

�� 7KH S�VHULHV� IRU D p[HG S�

�;
Q  �

�

QS
 

~
FRQYHUJHV LI S ! ��

GLYHUJHV LI S x ��

7R EH SURYHG LQ WKH VHFWLRQ RQ ,QWHJUDO 7HVW�

([DPSOH ������

&RUROODU\ ����� > /LPLW &RPSDULVRQ 7HVW IRU ?DQ �� EQ�@

6XSSRVH
�;
N  �

DN DQG
�;
N  �

EN DUH HYHQWXDOO\ SRVLWLYH� DQG OLP
N � �

EN

DN
 ��

�L� ,I
�;
N  �

EN FRQYHUJHV� WKHQ
�;
N  �

DQ FRQYHUJHV�

�L� ,I
�;
N  �

DN GLYHUJHV� WKHQ
�;
N  �

EQ GLYHUJHV�

3URRI� OLP
N � �

DN

EN
 � LPSOLHV IRU HYHU\ s ! �� WKHUH LV DQ 1 VXFK WKDW

MDN
EN
b �M � s �N ! 1�

:H FKRRVH s  �� 7KHQ WKH DERYH LQHTXDOLW\ LV

DN � EN �N ! 1�



��

:H JHW WKH UHVXOW E\ DSSO\LQJ WKH FRPSDULVRQ WHVW�

5HPDUN� �� ,I OLP
N � �

DN

EN
 ��� WKHQ OLP

N � �

EN

DN
 �� :H PD\ WKHQ DSSO\ &RUROODU\

������

([DPSOH ������

7KHRUHP ������ >,QWHJUDO 7HVW@�

/HW I � >���� � 5 EH D SRVLWLYH� FRQWLQXRXV DQG PRQRWRQH GHFUHDVLQJ IXQFWLRQ�

6XSSRVH ZH KDYH D VHULHV
�;
N  �

DN VXFK WKDW DN  I�N�� WKHQ WKH VHULHV
�;
N  �

DN DQG WKH

LQWHJUDO
5
�

�
I�[�G[ HLWKHU ERWK FRQYHUJH RU ERWK GLYHUJH�



��

5HYLHZ RQ LPSURSHU LQWHJUDOV

/HW I�[� � >����� >���� EH D FRQWLQXRXV IXQFWLRQ� 7KHQ RQH GHpQHV WKH LPSURSHU
LQWHJUDO

=
�

�

I�[� G[  OLP
Q� �

= Q

�

I�[� G[

 DUHD XQGHU I�[� RYHU >�����

+HUH ZH VD\ WKDW

=
�

�

I�[� G[ FRQYHUJHV LI WKH OLPLW OLP
Q� �

= Q

�

I�[� G[ H[LVWV �pQLWH��

L�H�� WKH DUHD XQGHU I�[� RYHU >���� LV pQLWH�
:H DOVR VD\ WKDW

=
�

�

I�[� G[ GLYHUJHV LI WKH OLPLW OLP
Q� �

= Q

�

I�[� G[ GRHV QRW H[LVW�

7KH LPSURSHU LQWHJUDOV FDQ EH GHpQHG VLPLODUO\ IRU LQWHJUDOV RYHU RWKHU LQWHUYDOV VXFK

DV >����� �b�� �@�

3URRI RI WKH ,QWHJUDO WHVW� /HW I�[� EH D SRVLWLYH� FRQWLQXRXV� PRQRWRQH GHFUHDV�

LQJ IXQFWLRQ VXFK WKDW DQ  I�Q� IRU DOO Q�



��

)URP WKH JUDSK� ZH VHH WKDW

DUHD RI WKH UHFWDQJOHV x DUHD XQGHU I�[� RYHU >�� Q@� L�H��
Q;
N  �

I�N� x
= Q

�

I�[� G[ x
=
�

�

I�[� G[�

7KXV� LI

=
�

�

I�[� G[ ��� WKHQ

Q;
N  �

DN  
Q;
N  �

I�N� x
=

�

�

I�[� G[ ���

L�H�� IRU DOO Q�
Q;
N  �

DN LV ERXQGHG DERYH E\ WKH pQLWH QXPEHU

=
�

�

I�[� G[� 6LQFH ZH

DOVR KDYH DN y �� LW IROORZV IURP &RUROODU\ ����� WKDW
�;
N  �

DN FRQYHUJHV� DQG WKXV

�;
N  �

DN DOVR FRQYHUJHV�

1H[W ZH FRQVLGHU WKH IROORZLQJ JUDSK�

)URP WKH JUDSK� LW LV HDV\ WR VHH WKDW

DUHD XQGHU WKH UHFWDQJOHV y DUHD XQGHU I�[� RYHU >�� Q@� L�H��
Qb�;
N  �

I�N� y
= Q

�

I�[� G[�



��

7KXV� LI
�;
N  �

DN ��� WKHQ

� !

�;
N  �

DN y
Qb�;
N  �

DN  
Qb�;
N  �

I�N� y
= Q

�

I�[� G[�

L�H��

= Q

�

I�[� G[ LV ERXQGHG DERYH E\ WKH pQLWH QXPEHU
�;
N  �

DN ��� /HWWLQJ Q���
LW IROORZV WKDW ZH KDYH =

�

�

I�[� G[ x
�;
N  �

DN ���

,Q FRQFOXVLRQ� ZH KDYH
�;
N  �

DN FRQYHUJHV Lo

=
�

�

I�[� G[ FRQYHUJHV� ZKLFK DOVR PHDQV

WKDW
�;
N  �

DN GLYHUJHV Lo

=
�

�

I�[� G[ GLYHUJHV�

([DPSOH ������

7KHRUHP ����� >5DWLR 7HVW@�

&RQVLGHU WKH SRVLWLYH VHULHV
�;
Q �

DQ� 6XSSRVH

��� OLP
Q� �

DQ � �

DQ
 C�

�L� ,I � x C � �� WKHQ
�;
Q �

DQ FRQYHUJHV�

�LL� ,I � � C x �� WKHQ
�;
Q  �

DQ GLYHUJHV�

�LLL� ,I C  �� WKHQ WKH WHVW LV LQFRQFOXVLYH�

3URRI� :H ZLOO SURYH �L� DQG �LL�� *LYHQ DQ\ s ! �� LW IROORZV IURP ��� WKDW WKHUH

H[LVWV 1 VXFK WKDW IRU DOO Q ! 1 �

pppDQ � �

DQ
b C

ppp � s

Cb s �
DQ� �

DQ
� C� s�



��

%\ UHSHDWLQJ XVLQJ WKH DERYH LQHTXDOWLHV� LW IROORZV WKDW IRU DOO P ! ��

��� D1 � ��Cb s�P � D1 � �� P � D1 � ��C� s�P�

�L� ,I C � �� FKRRVH s ! � VXFK WKDW C � s � �� WKHQ
�;
P �

D1 � ��C � s�P FRQYHUJHV

�VLQFH LW LV D JHRPHWULF VHULHV ZLWK FRPPRQ UDWLR VDWLVI\LQJ MUM  C� s � ��� 7RJHWKHU

ZLWK 5+6 RI ���� LW IROORZV IURP WKH FRPSDULVRQ WHVW WKDW
�;
P �

D1 � �� P FRQYHUJHV�

DQG WKXV
�;
Q  �

DQ FRQYHUJHV�

�LL� ,I C ! �� FKRRVH s ! � VXFK WKDW Cb s ! �� WKHQ E\ WKH /+6 RI ���� ZH KDYH� IRU

DOO P ! ��

D1 � �� P y D1 � ��Cb s�P ! D1 � � ! ��

,Q SDUWLFXODU� OLP
Q� �

DQ � � RU GRHV QRW H[LVW� %\ WKH Q�WK WHUP WHVW IRU GLYHUJHQFH�
�;
Q  �

DQ GLYHUJHV�

([DPSOH ������

7KHRUHP ����� >5RRW 7HVW@�

&RQVLGHU WKH VHULHV
�;
Q �

DQ ZLWK HDFK

DQ y �� DQG OHW

��� C  OLP
Q � �

Q
S
DQ�

�L� ,I � x C � �� WKHQ
�;
Q �

DQ FRQYHUJHV�

�LL� ,I � � C x �� WKHQ
�;
Q  �

DQ GLYHUJHV�

�LLL� ,I C  �� WKHQ WKH WHVW LV LQFRQFOXVLYH�

3URRI� :H ZLOO SURYH �L� DQG �LL��

�L� 6XSSRVH WKDW C � �� 7KHQ IRU DOO JLYHQ s ! �� LW IROORZV IURP ��� DQG 3URSRVLWLRQ

������ WKDW WKHUH H[LVWV DQ 1 VXFK WKDW Q
S
DQ � C� s IRU DOO Q ! 1 � 1RZ FKRRVH s ! �

V�W� C� s � �� 7KHQ

��� � x DQ � �C� s�Q IRU DOO Q ! 1�



��

6LQFH
�;
Q �

�C� s�Q FRQYHUJHV �DV LW LV D JHRPHWULF VHULHV ZLWK FRPPRQ UDWLR VDWLVI\LQJ

MUM  C� s � ��� LW IROORZV IURP ��� DQG WKH FRPSDULVRQ WHVW WKDW
�;
Q  �

DQ FRQYHUJHV�

�LL� :H DUH JRLQJ WR SURYH �LL� E\ FRQWUDGLFWLRQ� *LYHQ WKDW C ! �� 6XSSRVH WKDW
�;
Q  �

DQ FRQYHUJHV� 7KHQ E\ WKH Q�WK WHUP WHVW IRU GLYHUJHQFH� ZH KDYH OLP
Q� �

DQ  ��

,Q SDUWLFXODU� WKHUH H[LVWV 1 VXFK WKDW � x DQ � � IRU DOO Q ! 1 � +HQFH Q
S
DQ � � IRU

DOO Q ! 1 � DQG LW IROORZV WKDW ZH PXVW KDYH C x �� ZKLFK LV D FRQWUDGLFWLRQ� +HQFH
�;
Q  �

DQ GLYHUJHV�

&RUROODU\ ������ >6LPSOLpHG 5RRW 7HVW@�

&RQVLGHU WKH VHULHV
�;
Q �

DQ ZLWK HDFK DQ y �� 6XSSRVH WKDW OLP
Q� �

Q
S
DQ  C�

�L� ,I � x C � �� WKHQ
�;
Q �

DQ FRQYHUJHV�

�LL� ,I � � C x �� WKHQ
�;
Q  �

DQ GLYHUJHV�

�LLL� ,I C  �� WKHQ WKH WHVW LV LQFRQFOXVLYH�

3URRI� :H ZLOO SURYH �L� DQG �LL�� 5HFDOO IURP 7XWRULDO � WKDW LI OLP
Q� �

Q
S
DQ H[LVWV�

WKHQ OLP
Q � �

Q
S
DQ  OLP

Q � �

Q
S
DQ� 7KHQ WKH &RUROODU\ IROORZV IURP 7KHRUHP ������

([DPSOH ������



��

���� 6HULHV ZLWK ERWK �YH DQG �YH WHUPV

([DPSOH ������

�� � � �b �b � � �� � ��b ��b �� � c c c
��

�;
Q �

�b��Q� �

Q
 �b �

�
�
�

�
b �
�
� c c c

��
�;
Q �

�b��Q
Q�

 b� � �

��
b �

��
�
�

��
b c c c

'HpQLWLRQ ������

$Q DOWHUQDWLQJ VHULHV LV RI WKH IRUP

�;
Q �

�b��Q � �DQ  D� b D� � D� b D� � c c c � RU

�;
Q  �

�b��QDQ  bD� � D� b D� � D� b c c c

ZLWK HDFK DQ ! ��

([DPSOH ������



��

7KHRUHP ����� >7KH $OWHUQDWLQJ 6HULHV WHVW@

/HW
�;
Q  �

�b��Q � �DQ �RU
�;
Q  �

�b��QDQ� EH DQ DOWHUQDWLQJ VHULHV� 6XSSRVH WKDW

�L� DQ ! � IRU DOO Q�

�LL� DQ LV PRQRWRQH GHFUHDVLQJ

�L�H�� DQ y DQ � � IRU DOO Q�� DQG

�LLL� OLP
Q � �

DQ  ��

7KHQ
�;
Q  �

�b��Q� �DQ �UHVS�
�;
Q  �

�b��QDQ� LV FRQYHUJHQW�

3URRI� �VNHWFK� :H ORRN DW WKH SDUWLDO VXPV I6QJ RI WKH VHULHV
�;
Q  �

�b��Q � �DQ� 1RZ�

6�Q  D� b D� � D� b D� � c c c� D�Qb� b D�Q

x D� b D� � D� b D� � c c c� D�Qb� b D�Q � D�Q � � b D�Q� �  6�Q� ��

7KXV I6�QJ LV PRQRWRQH LQFUHDVLQJ� $OVR�

6�Q  D� b D� � D� b D� � D� b D� c c c� D�Qb� b D�Q x D��

7KXV I6�QJ LV ERXQGHG DERYH E\ D�� 7KHQ E\ 0RQRWRQH &RQYHUJHQFH WKHRUHP�

I6�QJ LV FRQYHUJHQW� DQG ZULWH OLP
Q� �

6�Q  6� :H DOVR KDYH

6�Q� �  6�Q � D�Q� ��

/HWWLQJ Q��� ZH KDYH

OLP
Q � �

6�Q � �  OLP
Q� �

6�Q � OLP
Q� �

D�Q� �  6 � �  6�

6LQFH OLP
Q � �

6�Q  OLP
Q � �

6�Q � �  6� LW IROORZV WKDW OLP
Q � �

6Q  6 �FRQYHUJHQW�� DQG

WKXV
�;
Q �

�b��Q � �DQ LV FRQYHUJHQW�

([DPSOH ������



��

���� $EVROXWH DQG &RQGLWLRQDO &RQYHUJHQFH

7KHRUHP ������

,I
�;
Q �

MDQM FRQYHUJHV� WKHQ
�;
Q  �

DQ FRQYHUJHV�

3URRI�

([DPSOH ������

'HpQLWLRQ ������

:H VD\ WKDW WKH VHULHV
�;
Q �

DQ LV DEVROXWHO\ FRQYHUJHQW LI
�;
Q  �

MDQM FRQYHUJHV�

5HPDUN�

,I \RX DUH WHVWLQJ IRU DEVROXWH FRQYHUJHQFH� DOO WKH WHFKQLTXHV IRU WKH �YH VHULHV DUH

DSSOLFDEOH�

([DPSOH ������

&RUROODU\ ������

(YHU\ DEVROXWHO\ FRQYHUJHQW VHULHV LV FRQYHUJHQW�

3URRI�
�;
Q �

DQ DEVROXWHO\ FRQYHUJHQW LPSOLHV
�;
Q  �

MDQM FRQYHUJHV� %\ 7KHRUHP ������

�;
Q  �

DQ FRQYHUJHV�

4� ,V WKH FRQYHUVH RI WKH &RUROODU\ WUXH" ,�H�� LI D VHULHV LV FRQYHUJHQW� ZLOO LW EH

DEVROXWHO\ FRQYHUJHQW"

$� 1R� LW LV QRW QHFHVVDULO\ WUXH�

([DPSOH ������



��

'HpQLWLRQ ������
�;
Q  �

DQ LV VDLG WR EH FRQGLWLRQDOO\ FRQYHUJHQW LI
�;
Q �

DQ FRQYHUJHV EXW
�;
Q �

MDQM GLYHUJHV�

([DPSOH ������

7KHRUHP ������

(YHU\ VHULHV LV HLWKHU DEVROXWHO\ FRQYHUJHQW� FRQGLWLRQDOO\ FRQYHUJHQW RU GLYHUJHQW�

([DPSOH ������



��

���� 5HPDUNV RQ WKH YDULRXV WHVWV IRU FRQYHUJHQFH�GLYHUJHQFH RI VHULHV

�� Q�WK WHUP WHVW IRU GLYHUJHQFH�

� D WHVW IRU GLYHUJHQFH 21/<� DQG LW ZRUNV IRU VHULHV ZLWK SRVLWLYH DQG QHJDWLYH WHUPV�

H�J�
�;
Q �

�b��Q�

�� &RPSDULVRQ WHVW�/LPLW &RPSDULVRQ WHVW�

� ZKHQ DSSO\LQJ WKHVH WHVWV� RQH XVXDOO\ FRPSDUHV WKH JLYHQ VHULHV ZLWK D JHRPHWULF

VHULHV RU D S�VHULHV�

� JHQHUDOO\ ZRUNV IRU VHULHV ZKLFK ORRN OLNH WKH JHRPHWULF VHULHV RU WKH S�VHULHV�

H�J�
�;
Q �

� � �b��Q
�Q

�
�;
Q  �

�
�

Q

Q�
�

� ZKHQ DQ RVFLOODWLQJ IDFWRU�WHUP DSSHDUV� H�J�
�;
Q �

� � �b��Q
�Q

� WU\ WKH &RPSDULVRQ

WHVW UDWKHU WKDQ WKH /LPLW &RPSDULVRQ WHVW�

�� ,QWHJUDO WHVW� H�J�
�;
Q  �

�

Q�OQQ��
�

�� 5DWLR WHVW�

� JHQHUDOO\ ZRUNV IRU VHULHV ZKLFK ORRN OLNH WKH JHRPHWULF VHULHV� VHULHV ZLWK Q�� DQG

FHUWDLQ VHULHV GHpQHG UHFXUVLYHO\�

H�J�
�;
Q �

Q�

�Q
�

�;
Q �

��Q��

�Q c Q� �
�;
Q  �

DQ� ZKHUH D�  �� DQ  �
�

�
�
�

Q
�DQb�� Q  �� �� c c c �

�� �6LPSOLpHG� 5RRW WHVW�

� JHQHUDOO\ ZRUNV IRU VHULHV ZKHUH DQ LQYROYHV D KLJK SRZHU VXFK DV WKH Q�WK SRZHU�

H�J�
�;
Q �

Q

�Q
�
�;
Q �

�Q
t
�b �

Q

uQ�
�

�� $OWHUQDWLQJ 6HULHV WHVW� � ZRUNV IRU DOWHUQDWLQJ VHULHV RQO\�

H�J�
�;
Q �

�b��Q OQQ
Q
�



��

5HPDUN�

,Q JHQHUDO� 7HVWV � � � ZRUNV RQO\ IRU
�;
Q  �

DQ� ZKHUH DQ y ��


