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�;
Q  �

IQ LV VDLG WR FRQYHUJH SRLQWZLVH �WR D IXQFWLRQ

6� RQ , LI I6QJ FRQYHUJHV SRLQWZLVH �WR 6� RQ ,� �L�H� OLPQ � � 6Q�[�  6�[� IRU

HDFK [ � ,��

([DPSOH ������

�� :KDW LV WKH SRLQWZLVH OLPLW RI
�;
Q  �

[Qb�� ZKHUH [ � �b�� ��"



��

'HpQLWLRQ ������
�;
Q  �

IQ LV VDLG WR FRQYHUJH XQLIRUPO\ �WR 6� RQ , LI I6QJ

FRQYHUJHV XQLIRUPO\ �WR 6� RQ ,�

([DPSOH ������

�� 'RHV

�;
Q  �

[Qb� FRQYHUJH XQLIRUPO\ RQ >�� �
�
@"



��

7KH IROORZLQJ WHVW LV YHU\ XVHIXO LQ YHULI\LQJ WKDW FHUWDLQ VHULHV RI IXQFWLRQV

FRQYHUJH XQLIRUPO\ WR VRPH IXQFWLRQV RQ DQ LQWHUYDO�

7KHRUHP ����� >:HLHUVWUDVV 0�WHVW@�

&RQVLGHU D VHULHV RI IXQFWLRQV
�;
N  �

IN RQ DQ LQWHUYDO ,� 6XSSRVH WKDW

�L� MIN�[�M x0N IRU DOO [ � ,� N  �� �� c c c � DQG

�LL�
�;
N  �

0N FRQYHUJHV�

7KHQ
�;
N  �

IN FRQYHUJHV XQLIRUPO\ �WR VRPH IXQFWLRQ� RQ ,�

3URRI� )RU Q  �� �� c c c � OHW 6Q�[�  
Q;

N  �

IN�[�� [ � ,� 6LQFH
�;
N  �

0N FRQYHUJHV

�E\ �LL��� WKH VHTXHQFH RI SDUWLDO VXPV IVQ  
Q;

N  �

0NJ FRQYHUJHV� DQG LV WKXV D

&DXFK\ VHTXHQFH RI UHDO QXPEHUV �VHH 7KHRUHP �������� 7KXV� JLYHQ DQ\ s ! ��

WKHUH H[LVWV 1 VXFK WKDW

MVQ b VPM � s IRU DOO Q ! P ! 1

� M
Q;

N  �

0N b
P;
N  �

0NM � s IRU DOO Q ! P ! 1

�
Q;

N  P � �

0N � s IRU DOO Q ! P ! 1� ���



��

7KHQ IRU DOO [ � ,� ZH KDYH

M6Q�[�b 6P�[�M  
ppp Q;
N  �

IN�[�b
P;
N  �

IN�[�
ppp

 
ppp Q;
N  P � �

IN�[�
ppp

x
Q;

N  P � �

MIN�[�M

x
Q;

N  P � �

0N �E\ �L��

� s �E\ HTXDWLRQ ���

7KXV E\ 7KHRUHP ����� �&DXFK\ FULWHULRQ IRU IXQFWLRQV�� I6QJ FRQYHUJHV XQL�

IRUPO\ �WR VRPH IXQFWLRQ� RQ ,� L�H�
�;
N  �

IN FRQYHUJHV XQLIRUPO\ �WR WKDW IXQFWLRQ�

RQ ,�

([DPSOH ������

�� 6KRZ WKDW
�;
Q  �

FRVQ [

Q� � [
FRQYHUJHV XQLIRUPO\ RQ ������



��

���� ,PSRUWDQFH RI 8QLIRUP &RQYHUJHQFH IRU 6HULHV RI )XQFWLRQV

&RUROODU\ ������

6XSSRVH WKDW
�;
N  �

IN FRQYHUJHV XQLIRUPO\ WR D IXQFWLRQ 6 RQ DQ LQWHUYDO ,� 6XS�

SRVH WKDW HDFK IN LV FRQWLQXRXV RQ ,� 7KHQ 6 LV DOVR FRQWLQXRXV RQ ,�

3URRI� &RQVLGHU WKH VHTXHQFH RI SDUWLDO VXPV I6QJ RQ ,� ZKHUH ZH KDYH 6Q  
Q;

N  �

IN� 7KHQ I6QJ FRQYHUJHV XQLIRUPO\ WR 6 RQ ,� ,I HDFK IN LV FRQWLQXRXV

RQ ,� WKHQ HDFK 6Q LV DOVR FRQWLQXRXV RQ ,� 7KHQ E\ 7KHRUHP ������ 6 LV DOVR

FRQWLQXRXV RQ ,�

([DPSOH ������

�� ,V
�;
Q �

[

Q�HQ[
� [ � ������ D FRQWLQXRXV IXQFWLRQ"



��

&RUROODU\ ������

6XSSRVH WKDW

�;
N  �

IN FRQYHUJHV XQLIRUPO\ WR D IXQFWLRQ 6 RQ DQ LQWHUYDO >D� E@�

6XSSRVH WKDW HDFK IN LV 5LHPDQQ LQWHJUDEOH RQ >D� E@� 7KHQ 6 LV DOVR 5LHPDQQ

LQWHJUDEOH RQ >D� E@� DQG

= E

D

6�[� G[  

�;
N  �

= E

D

IN�[� G[� L�H�

= E

D

�;
N  �

IN�[� G[  
�;
N  �

= E

D

IN�[� G[�

3URRI� &RQVLGHU WKH VHTXHQFH RI SDUWLDO VXPV I6QJ RQ >D� E@� ZKHUH 6Q  
Q;

N  �

IN�

7KHQ I6QJ FRQYHUJHV XQLIRUPO\ WR 6 RQ >D� E@� ,I HDFK IN LV 5LHPDQQ LQWHJUDEOH

RQ >D� E@� WKHQ HDFK 6Q LV DOVR 5LHPDQQ LQWHJUDEOH RQ >D� E@� 7KHQ E\ 7KHRUHP

������ 6 LV DOVR 5LHPDQQ LQWHJUDEOH RQ >D� E@� DQG

= E

D

6�[� G[  OLP
Q � �

= E

D

6Q�[� G[

 OLP
Q � �

= E

D

Q;
N  �

IN�[� G[

 OLP
Q � �

Q;
N  �

= E

D

IN�[� G[

 
�;
N  �

= E

D

IN�[� G[�

([DPSOH ������



��

7KHRUHP ������

/HW I)QJ EH D VHTXHQFH RI IXQFWLRQV RQ >D� E@ VXFK WKDW

�L� HDFK ) �
Q H[LVWV DQG LV FRQWLQXRXV RQ >D� E@�

�LL� I)QJ FRQYHUJHV SRLQWZLVH WR D IXQFWLRQ ) RQ >D� E@� DQG

�LLL� I) �
QJ FRQYHUJHV XQLIRUPO\ RQ >D� E@�

7KHQ ) LV GLoHUHQWLDEOH RQ >D� E@� DQG IRU DOO [ � >D� E@�

) ��[�  OLP
Q � �

) �
Q�[�� L�H�

G

G[

b
OLP
Q� �

)Q�[�
c
 OLP

Q � �

b G

G[
)Q�[�

c
�

5HPDUN� +HUH WKH GLoHUHQWLDELOLW\ DQG FRQWLQXLW\ DW WKH HQGSRLQWV D DQG E

UHIHU WR WKH RQH VLGHG GHULYDWLYHV DQG OLPLWV UHVSHFWLYHO\�

3URRI� %\ �LLL�� WKHUH H[LVWV D IXQFWLRQ J VXFK WKDW I) �
QJ FRQYHUJHV XQLIRUPO\

WR J RQ >D� E@� ,Q SDUWLFXODU� OLP
Q� �

) �
Q�[�  J�[� IRU DOO [ � >D� E@� %\ �L�� VLQFH

HDFK ) �
Q LV FRQWLQXRXV RQ >D� E@� )

�
Q LV DOVR 5LHPDQQ LQWHJUDEOH RQ >D� E@� DQG E\

WKH IXQGDPHQWDO WKHRUHP RI FDOFXOXV�= [

D

) �
Q�W� GW  )Q�[�b )Q�D� IRU DOO [ � >D� E@�

/HWWLQJ Q��� ZH KDYH� IRU DOO [ � >D� E@�

OLP
Q� �

= [

D

) �
Q�W� GW  OLP

Q � �

b
)Q�[�b )Q�D�

c
 ) �[�b ) �D�� ���

2Q WKH RWKHU KDQG� VLQFH I) �
QJ FRQYHUJHV XQLIRUPO\ WR J RQ >D� E@� LW IROORZV IURP

7KHRUHP ����� WKDW

OLP
Q � �

= [

D

) �
Q�W� GW  

= [

D

b
OLP
Q� �

) �
Q�W�

c
GW

 

= [

D

J�W� GW�



��

7RJHWKHU ZLWK HTXDWLRQ �� LW IROORZV WKDW

) �[�b ) �D�  

= [

D

J�W� GW IRU DOO [ � >D� E@� ���

%\ �L� DQG 7KHRUHP ������ J LV FRQWLQXRXV RQ >D� E@� 7KHQ E\ WKH IXQGDPHQWDO

WKHRUHP RI FDOFXOXV� ZH KDYH

G

G[

= [

D

J�W� GW  J�[��

7RJHWKHU ZLWK HTXDWLRQ �� LW IROORZV WKDW ) LV DOVR GLoHUHQWLDEOH RQ >D� E@� DQG

IRU DOO [ � >D� E@�

G

G[

b
) �[�b ) �D�

c
 

G

G[

= [

D

J�W� GW  J�[�� L�H�

) ��[�  J�[�� L�H�

G

G[

b
OLP
Q� �

)Q�[�
c
 OLP

Q � �

b G

G[
)Q�[�

c
�



��

&RUROODU\ ������

/HW

�;
N  �

IN EH D VHULHV RI IXQFWLRQV RQ >D� E@ VXFK WKDW

�L� HDFK I �N H[LVWV DQG LV FRQWLQXRXV RQ >D� E@�

�LL�

�;
N  �

IN FRQYHUJHV SRLQWZLVH WR D IXQFWLRQ 6 RQ >D� E@� DQG

�LLL�
�;
N  �

I �N FRQYHUJHV XQLIRUPO\ RQ >D� E@�

7KHQ 6 LV GLoHUHQWLDEOH RQ >D� E@� DQG IRU DOO [ � >D� E@�

6��[�  
�;
N  �

I �N�[�� L�H�

G

G[

t �;
N  �

IN�[�
u
 

�;
N  �

G

G[
IN�[��

3URRI� &RQVLGHU WKH VHTXHQFH RI SDUWLDO VXPV �RI IXQFWLRQV� I6QJ RQ >D� E@�

ZKHUH 6Q  

Q;
N  �

IN IRU HDFK Q� 7KHQ E\ �LL��

OLP
Q � �

6Q�[�  6�[� IRU DOO [ � >D� E@�

7KH FRQGLWLRQV �L�� �LL�� �LLL� RI WKH FRUROODU\ LPSO\ WKDW WKH VHTXHQFH RI IXQFWLRQV

I6QJ VDWLVpHV WKH FRUUHVSRQGLQJ FRQGLWLRQV �L�� �LL�� �LLL� RI 7KHRUHP ������ 7KXV

E\ 7KHRUHP ������ WKH IXQFWLRQ 6 LV GLoHUHQWLDEOH RQ >D� E@� DQG IRU DOO [ � >D� E@�

6��[�  OLP
Q � �

6�Q�[�� L�H�

G

G[

t �;
N  �

IN�[�
u
 OLP

Q � �

t Q;
N  �

IN�[�
u�

 OLP
Q � �

Q;
N  �

I �N�[�

 

�;
N  �

G

G[
IN�[��

([DPSOH ������



��

���� 3RZHU 6HULHV

'HpQLWLRQ ������ $ SRZHU VHULHV LQ [ LV RI WKH IRUP

�;
Q  �

DQ[
Q  D� � D�[� D�[

� � c c c

([DPSOH ������

��
�;
Q  �

�Q� ��[Q  � � �[� �[� � �[� � �[� � c c c

��
�;
Q  �

[Q

Q�
 

'HpQLWLRQ ����� $ SRZHU VHULHV LQ [b [� LV RI WKH IRUP

�;
Q �

DQ�[b [��
Q  D� � D��[b [�� � D��[b [��

� � c c c

([DPSOH ������

��
�;
Q  �

�[b ��Q  �

��
�;
Q  �

Q��[� ��Q  

4XHVWLRQ� *LYHQ D SRZHU VHULHV
�;
Q �

DQ�[ b [��
Q� ZKHQ GRHV LW FRQYHUJH DQG

ZKHQ GRHV LW GLYHUJH"



��

7KHRUHP ������

*LYHQ DQ\ SRZHU VHULHV
�;
N  �

DN�[b [R�
N� WKHUH LV DQ DVVRFLDWHG QXPEHU 5� � x 5 x �� FDOOHG WKH UDGLXV

RI FRQYHUJHQFH� ZLWK WKH IROORZLQJ SURSHUWLHV�

�L� 7KH VHULHV RI UHDO QXPEHUV
�;
N  �

DN�[b [R�
N FRQYHUJHV DEVROXWHO\ DW HDFK SRLQW [ VDWLVI\LQJ M[b [RM � 5�

�LL�
�;
N  �

DN�[b [R�
N GLYHUJHV DW HDFK [ VDWLVI\LQJ M[b [RM ! 5�

�LLL� 7KH VHULHV RI IXQFWLRQV
�;
N  �

DN�[b[R�
N FRQYHUJHV XQLIRUPO\ RQ WKH LQWHUYDO

M[b [RM x ~ IRU DQ\ ~ VDWLVI\LQJ � � ~ � 5�

0RUHRYHU� 5 LV JLYHQ E\

5  
�

OLP VXS MDNM
�

N

� ���

�5  � LI OLP VXS MDNM
�

N  �� DQG 5  � LI OLP VXS MDNM
�

N  ��� ,Q DGGLWLRQ� LI

OLP
N � �

MDN � �M

MDNM
H[LVWV� WKHQ 5 LV DOVR JLYHQ E\

5  
�

OLP
N � �

MDN � �M

MDNM

� ���

3URRI� /HW 5  � OLP VXS MDNM
�

N EH DV JLYHQ LQ HTXDWLRQ �� )LUVW ZH DUH JRLQJ

WR SURYH �L�� )RU HDFK SRLQW [ VDWLVI\LQJ M[b [RM � 5� ZH FRQVLGHU WKH VHULHV RI

�QRQ�QHJDWLYH� UHDO QXPEHUV
�;
N  �

MDN�[b [R�
NM� :H KDYH

OLP VXS
bppDN�[b [R�

N
ppc �N  OLP VXS bMDNM �N M[b [RM

c
 M[b [RM c OLP VXS MDNM

�

N

� 5 c
�

5
 ��



��

7KXV E\ WKH URRW WHVW�
�;
N  �

MDN�[b[R�
NM FRQYHUJHV� L�H�

�;
N  �

DN�[b[R�
N FRQYHUJHV

DEVROXWHO\�

1H[W ZH DUH JRLQJ WR SURYH �LL� E\ FRQWUDGLFWLRQ� 6XSSRVH WKDW
�;
N  �

DN�[b[R�
N

FRQYHUJHV DW D SRLQW [ VDWLVI\LQJ M[b[RM ! 5� 7KHQ E\ 7KHRUHP ������ ZH KDYH

OLP
N � �

DN�[b [R�
N  ��

/HWWLQJ s  �� 7KHQ WKHUH H[LVWV 1 VXFK WKDW

MDN�[b [R�
N b �M � � IRU DOO N ! 1

� MDN�[b [R�
NM

�

N � � IRU DOO N ! 1

� MDNM
�

N �
�

M[b [RM
IRU DOO N ! 1

� VXS
QyN

MDNM
�

N x
�

M[b [RM
IRU DOO Q ! 1

� OLP VXS MDNM
�

N x
�

M[b [RM

�
�

5
x

�

M[b [RM
�
�

5
�

ZKLFK LV D FRQWUDGLFWLRQ� +HQFH ZH PXVW KDYH
�;
N  �

DN�[b [R�
N GLYHUJHV DW HDFK

[ VDWLVI\LQJ M[b [RM ! 5�

1RZ ZH DUH JRLQJ WR SURYH �LLL�� /HW ~ EH D QXPEHU VXFK WKDW � � ~ � 5�

)LUVW� ZH KDYH� IRU HDFK N DQG DOO [ VDWLVI\LQJ M[b [RM x ~�

MDN�[b [R�
NM x MDNM c ~

N� ����

1RZ ZH DSSO\ WKH URRW WHVW WR WKH VHULHV



��

�;
N  �

MDNM c ~
N� :H KDYH

OLP VXS
b
MDNM c ~

N
c �
N  OLP VXS

b
MDNM

c �
N c ~

c
 ~ c OLP VXS MDNM

�

N

� 5 c
�

5
 ��

7KXV E\ WKH URRW WHVW�
�;
N  �

MDNM c ~
N FRQYHUJHV� 7RJHWKHU ZLWK HTXDWLRQ ��� LW

IROORZV IURP WKH :HLHUVWUDVV 0�WHVW WKDW WKH VHULHV RI IXQFWLRQV
�;
N  �

DN�[b [R�
N

FRQYHUJHV XQLIRUPO\ RQ >[R b ~� [R � ~@�

)LQDOO\ WKH SURRI RI WKH 7KHRUHP XQGHU WKH FRQGLWLRQ ��� LQ SODFH RI ��� LV VLPLODU

�ZLWK WKH URRW WHVW UHSODFHG E\ WKH UDWLR WHVW LQ YDULRXV SODFHV�� DQG LW ZLOO EH

OHIW WR WKH VWXGHQW DV DQ H[HUFLVH�

([DPSOH ������

�� :KDW LV WKH UDGLXV RI FRQYHUJHQFH IRU WKH VHULHV

� �
[

�
�

[�

��
�

[�

��
�

[�

��
�

[�

��
�

[�

��
� c c c



��

&RUROODU\ �����

*LYHQ DQ\

�;
N  �

DN�[b [R�
N ZLWK UDGLXV RI FRQYHUJHQFH 5�

�L� WKH VHULHV RI UHDO QXPEHUV
�;
N  �

DN�[b [R�
N FRQYHUJHV DW HDFK SRLQW [ VDWLV�

I\LQJ

M[b [RM � 5�

�LL�

�;
N  �

DN�[b [R�
N GLYHUJHV DW HDFK [ VDWLVI\LQJ M[b [RM ! 5�

3URRI� �L� IROORZV IURP 7KHRUHP ������L� DQG WKH IDFW WKDW DQ DEVROXWHO\ FRQ�

YHUJHQW VHULHV LV QHFHVVDULO\ FRQYHUJHQW� �LL� IROORZV IURP 7KHRUHP ������LL��



��

���� ,QWHUYDO RI FRQYHUJHQFH�

,Q YLHZ RI &RUROODU\ ������ IRU D SRZHU VHULHV
�;
N  �

DN�[ b [R�
N ZLWK UDGLXV RI

FRQYHUJHQFH 5� WKH VHW RI SRLQWV DW ZKLFK
�;
N  �

DN�[b [R�
N LV FRQYHUJHQW IRUP DQ

LQWHUYDO FDOOHG WKH LQWHUYDO RI FRQYHUJHQFH� ZKLFK PXVW EH HLWKHU

�[R b5�[R �5�� �[R b5�[R �5@�

>[R b5�[R �5� RU >[R b5� [R �5@�

([DPSOH ������

�� )LQG WKH LQWHUYDO RI FRQYHUJHQFH RI

�;
Q  �

�[b ��Q

Q�
�



��

7KHRUHP ������

6XSSRVH WKDW
�;
N  �

DN�[ b [R�
N KDV UDGLXV RI FRQYHUJHQFH 5 ! � ZLWK SRLQWZLVH

OLPLWLQJ IXQFWLRQ I�[� RQ M[b[RM � 5 �L�H� I�[�  

�;
N  �

DN�[b[R�
N RQ M[b[RM �

5�� WKHQ I�[� KDV GHULYDWLYHV RI DOO RUGHUV RQ

M[b [RM � 5� DQG

DN  
I �N��[R�

N�
IRU DOO N� ����

�L�H� ZH KDYH I�[�  
�;
N  �

I �N��[R�

N�
�[b [R�

N��

3URRI� )LUVW ZH DUH JRLQJ WR VKRZ WKDW WKH VHULHV
�;
N  �

NDN�[b [R�
Nb� DOVR KDV

UDGLXV RI FRQYHUJHQFH 5� 7R VHH WKLV� ZH pUVW REVHUYH HDVLO\ WKDW MNDNM y MDNM

IRU N y �� DQG WKXV

OLP VXS MNDNM
�

N y OLP VXS MDNM
�

N � ����

)RU DQ\ s ! �� VLQFH OLP
N � �

N
�

N  �� LW IROORZV WKDW WKHUH H[LVWV 1 VXFK WKDW

MN
�

N b �M � � � s IRU DOO N ! 1

� N
�

N � � � s IRU DOO N ! 1

� MNDNM
�

N � MDNM
�

N �� � s� IRU DOO N ! 1

� OLP VXS MNDNM
�

N x OLP VXS MDNM
�

N �� � s��

/HWWLQJ s� �� LW IROORZV WKDW

OLP VXS MNDNM
�

N x OLP VXS MDNM
�

N �

7RJHWKHU ZLWK HTXDWLRQ ��� LW IROORZV WKDW

OLP VXS MNDNM
�

N  OLP VXS MDNM
�

N  � 5�

7DNLQJ UHFLSURFDOV� LW IROORZV WKDW



��

�;
N  �

NDN�[b [R�
Nb� DOVR KDV UDGLXV RI FRQYHUJHQFH 5�

1H[W ZH DUH JRLQJ WR DSSO\ &RUROODU\ ����� �ZLWK IN�[�  DN�[ b [R�
N� RQ

DQ\ LQWHUYDO M[b [RM x ~ IRU DQ\ ~ � 5� 2EYLRXVO\� HDFK

I �N�[�  NDN�[b[R�
Nb� H[LVWV DQG LV FRQWLQXRXV RQ M[b[RM x ~� 7KXV FRQGLWLRQ

�L� RI &RUROODU\ ����� LV VDWLVpHG� &RQGLWLRQ �LL� RI &RUROODU\ ����� IROORZV IURP

7KHRUHP ����� �L�� 6LQFH WKH UDGLXV RI

�;
N  �

NDN�[b [R�
Nb� LV 5�

E\ 7KHRUHP ����� �LLL� �DSSOLHG WR
�;
N  �

NDN�[b [R�
Nb��� LW IROORZV WKDW

�;
N  �

NDN�[ b [R�
Nb� FRQYHUJHV XQLIRUPO\ RQ M[ b [RM x ~� L�H� FRQGLWLRQ �LLL� RI

&RUROODU\ ����� LV DOVR VDWLVpHG�

7KXV E\ &RUROODU\ ������ I�[� LV GLoHUHQWLDEOH RQ M[b [RM x ~� DQG IRU DOO [

VDWLVI\LQJ M[b [RM x ~� RQH KDV

I ��[�  
�;
N  �

G

G[
DN�[b [R�

N  
�;
N  �

NDN�[b [R�
Nb�� ����

,Q SDUWLFXODU� E\ HYDOXDWLQJ DW [  [R� RQH KDV

I ��[R�  D��

)RU DQ\ QXPEHU [ VDWLVI\LQJ M[b [RM � 5� ZH FDQ FKRRVH D QXPEHU ~ � 5 VXFK

WKDW

M[ b [RM x ~� DQG WKXV I�[� LV GLoHUHQWLDEOH DW [� +HQFH I�[� LV GLoHUHQWLDEOH

DQG �L� KROGV HYHU\ZKHUH RQ M[b [RM � 5�

5HSHDWLQJ WKH DERYH DUJXPHQW �ZLWK I�[�  
�;
N  �

DN�[ b [R�
N UHSODFHG E\

I ��[�  
�;
N  �

NDN�[b[R�
Nb� RQ M[b[RM � 5�� LW IROORZV WKDW I ��[� LV GLoHUHQWLDEOH

RQ



��

M[b [RM � 5� DQG

I ���[R�  
�;
N  �

N�N b ��DN�[b [R�
Nb�

ppp
[  [R

 � c � c D��

5HSHDWLQJ WKH DERYH DUJXPHQW DJDLQ DQG DJDLQ� LW IROORZV WKDW I�[� LV KDV

GHULYDWLYHV RI DOO RUGHU RQ M[ b [RM � 5� DQG IN�[R�  N� c DN IRU DOO N� ZKLFK

OHDGV WR HTXDWLRQ ��� 7KLV pQLVKHV WKH SURRI RI WKH 7KHRUHP�



��

���� 7D\ORU 6HULHV

'HpQLWLRQ ������ )RU DQ\ IXQFWLRQ I�[� ZKLFK KDV GHULYDWLYHV RI DOO RUGHUV DW

D SRLQW [  [R� ZH PD\ FRQVWUXFW WKH SRZHU VHULHV

�;
N  �

I �N��[R�

N�
�[b [R�

N�

ZKLFK LV FDOOHG WKH 7D\ORU VHULHV RI I DW [  [R�

([DPSOH ������

�� )LQG WKH 7D\ORU VHULHV RI H[ DW [�  ��



��

,Q YLHZ RI 7KHRUHP ������ ZH PD\ DVN WKH IROORZLQJ TXHVWLRQ�

4XHVWLRQ� 'RHV WKH HTXDOLW\

I�[�  
�;
N  �

I �N��[R�

N�
�[b [R�

N ����

KROG IRU M[b [RM � 5"

�+HUH 5 LV WKH UDGLXV RI WKH FRQYHUJHQFH RI WKH 7D\ORU VHULHV��

,W WXUQV RXW WKDW LQ JHQHUDO� WKH DQVZHU LV 12� �6HH ([DPSOH ����� IRU DQ H[DPSOH

RI D IXQFWLRQ VXFK WKDW HTXDWLRQ �� GRHV QRW KROG�

+RZHYHU� WKH DERYH HTXDOLW\ GRHV KROG IRU VRPH HOHPHQWDU\ IXQFWLRQV VXFK DV

H[� VLQ[� FRV[� OQ�� � [��

'HpQLWLRQ ������ )XQFWLRQV IRU ZKLFK HTXDWLRQ �� KROG DUH FDOOHG DQDO\WLF

IXQFWLRQV�

([DPSOH ������

�� &RQVLGHU WKH IXQFWLRQ

I�[�  

�
Hb

�

[� � [ � ��

�� [  ��

7KHQ ZH ZLOO VKRZ WKDW I�[� � LWV 7D\ORU VHULHV DW [�  ��



��

6RPH VWDQGDUG DQDO\WLF IXQFWLRQV DQG WKHLU 7D\ORU VHULHV�

6RPH ZHOO NQRZQ DQDO\WLF IXQFWLRQV DQG WKHLU 7D\ORU VHULHV DW [  � DUH JLYHQ

DV IROORZV�

H[  

�;
Q  �

[Q

Q�

 � � [�
[�

��
�

[�

��
� c c c �M[M ���

VLQ[  
�;
Q  �

�b��Q[�Q � �

��Q� ���

 [b
[�

��
�

[�

��
b

[�

��
� c c c �M[M ����

FRV[  
�;
Q  �

�b��Q[�Q

��Q��

 �b
[�

��
�

[�

��
b

[�

��
� c c c �M[M ����

OQ�� � [�  
�;
Q  �

�b��Q � �[Q

Q

 [b
[�

�
�

[�

�
b c c c �M[M � ���

�

�b [
 

�;
Q  �

[Q

 � � [� [� � [� � c c c �M[M � ���

�

� � [
 

�;
Q  �

�b��Q[Q

 �b [� [� b [� � c c c �M[M � ���



��

5HPDUN� :H PD\ XVH 7KHRUHP ����� DQG WKH VWDQGDUG 7D\ORU VHULHV WR pQG

WKH 7D\ORU VHULHV RI FHUWDLQ DQDO\WLF IXQFWLRQV�

([DPSOH ������

�� &RPSXWH WKH 7D\ORU VHULHV IRU
�

� � [�
ZKHUH M[M � � XVLQJ WKH 7D\ORU VHULHV

IRU
�

� � [
RQ WKH VDPH GRPDLQ�



��

&KDSWHU �� 2UGLQDU\ 'LoHUHQWLDO (TXDWLRQV �2'(�

���� &ODVVLpFDWLRQ RI 'LoHUHQWLDO (TXDWLRQV

$ GLoHUHQWLDO HTXDWLRQ �'(� LV DQ HTXDWLRQ LQYROYLQJ DQ XQNQRZQ IXQFWLRQ DQG

LWV GHULYDWLYHV�

([DPSOH ������

�� �
G�\

GW�
�
G\

GW
��\  � LV D '( ZLWK \ EHLQJ WKH IXQFWLRQ �RU GHSHQGHQW YDULDEOH�

DQG W EHLQJ WKH LQGHSHQGHQW YDULDEOH�



��

5HPDUN� 7KH ZRUG CRUGLQDU\
 LQ WKH KHDGLQJ RI WKLV FKDSWHU PHDQV WKDW WKH

GLoHUHQWLDO HTXDWLRQ LQYROYHV RQO\ CRUGLQDU\
 GHULYDWLYHV RI WKH IXQFWLRQ �UDWKHU

WKDQ SDUWLDO GHULYDWLYHV RI WKH IXQFWLRQ�� ,I \RX KDG WDNHQ 0$����� WKHQ \RX

VKRXOG NQRZ WKDW WKH GHULYDWLYHV RI D IXQFWLRQ LQ WZR RU PRUH YDULDEOHV� VD\

I�[� \�� DUH NQRZQ DV SDUWLDO GHULYDWLYHV� ,Q WKLV FRXUVH� ZH GHDO ZLWK IXQFWLRQV

RI RQH YDULDEOH RQO\� WKXV WKH ZRUG CRUGLQDU\
 FDUULHV QR VSHFLDO PHDQLQJ WR XV�

&ODVVLI\LQJ '( E\ LWV RUGHU

7KH RUGHU RI D GLoHUHQWLDO HTXDWLRQ �'(� LV WKH RUGHU RI LWV KLJKHVW GHULYDWLYH�

([DPSOH ������

�� �
G�\

GW�
�

G\

GW
� �\  � LV D RUGHU '(�

��
G\

GW
b �W\  W LV D RUGHU '(

�� �
G\

GW
�� b �W\�  � LV D RUGHU 2'(�



��

/LQHDU RU QRQ�OLQHDU '(

7KH WRWDO SRZHU RI D WHUP LQ D '( LV WKH VXP RI DOO WKH SRZHUV RI \ DQG LWV

GHULYDWLYHV LQ WKDW WHUP�

$ OLQHDU '( LV D '( ZKHUH WKH WRWDO SRZHU RI HDFK WHUP LV DW PRVW ��

([DPSOH ������

�� �
G�\

GW�
�

G\

GW
� �\  �

��
G\

GW
b �W\  W�

�� \
G\

GW
b �W\  W



��

+RPRJHQHRXV RU QRQ�KRPRJHQHRXV '(

$ KRPRJHQHRXV '( LV D '( ZKHUH WKH WRWDO SRZHU RI HDFK QRQ�]HUR WHUP LV WKH

VDPH�

([DPSOH ������

�� �
G�\

GW�
�

G\

GW
� �\  ��

��
G\

GW
b �W\  W�

�� \
G\

GW
b �W\�  �



��

:H PD\ FRPELQH WKH FODVVLpFDWLRQV�

([DPSOH ������

�� �
G�\

GW�
�

G\

GW
� �\  �

LV D KRPRJHQHRXV�QRQ�KRPRJHQHRXV� OLQHDU�QRQ�OLQHDU� RUGHU 2'(�

��
G\

GW
b �W\  W

�� �
G\

GW
�� b �W\  W



��

��� *HQHUDO VROXWLRQV RI KRPRJHQHRXV OLQHDU pUVW RUGHU 2'(

7KLV LV WKH HDVLHVW '( WR VROYH�

G\

GW
� J�W�\  �� ���

6HSDUDWLRQ RI YDULDEOHV� 7KH PHWKRG LV WR ?VHSDUDWH WKH YDULDEOHV�� \ DQG W�

(TXDWLRQ � FDQ EH UHDUUDQJHG DV

G\

\
 bJ�W�GW�

8SRQ LQWHJUDWLQJ ERWK VLGHV� ZH JHW

=
G\

\
 b

=
J�W�GW

OQ M\M  b

=
J�W�GW� N�

M\M  HN H[S
t
b

=
J�W�GW

u
�

7KH VROXWLRQ LV WKHQ

\�W�  & H[S
t
b

=
J�W�GW

u
�

ZKHUH & LV DQ DUELWUDU\ FRQVWDQW� 7KH DERYH VROXWLRQ LV VDLG WR EH WKH JHQHUDO

VROXWLRQ RI WKH '(� HTXDWLRQ �� VLQFH HYHU\ VROXWLRQ RI HTXDWLRQ � PXVW EH RI

WKLV IRUP�

([DPSOH ������

�� )LQG WKH JHQHUDO VROXWLRQ RI
G\

GW
b �W\  ��



��

���� *HQHUDO VROXWLRQV RI QRQ�KRPRJHQHRXV OLQHDU pUVW RUGHU 2'(

7KH '( WR FRQVLGHU LV�
G\

GW
� J�W�\  I�W�� ���

7KHUH DUH HVVHQWLDOO\ � PHWKRGV WR VROYH WKLV�

0HWKRG �� 0XOWLSO\ HTXDWLRQ � E\ DQ ,QWHJUDWLQJ )DFWRU� z�W�� ZKHUH

z�W�  H[S�

=
J�W�GW�� ���

:H JHW

z�W�
G\

GW
� z�W�J�W�\  z�W�I�W��

8VLQJ HTXDWLRQ �� LW LV HDV\ WR FKHFN WKDW

G

GW

t
z�W�\

u
 z�W�

G\

GW
� z�W�J�W�\�

VR ZH JHW

G

GW

t
z�W�\

u
 z�W�I�W�

� z�W�\  

=
z�W�I�W�GW� &�

5HPDUN� 7KLV PHWKRG LV QRW JHQHUDOO\ DSSOLFDEOH WR KLJKHU RUGHU OLQHDU '(�

([DPSOH ������

�� )LQG WKH JHQHUDO VROXWLRQ RI
G\

GW
b �W\  W�



��

0HWKRG �� )RU D OLQHDU '(� VD\� HTXDWLRQ �� WKH JHQHUDO VROXWLRQ FDQ EH ZULWWHQ

DV

\�W�  \K�W� � \S�W��

ZKHUH \K LV WKH JHQHUDO VROXWLRQ RI WKH FRUUHVSRQGLQJ KRPRJHQHRXV '(

G\

GW
� J�W�\  ��

ZKLOH \S LV DQ\ RQH VROXWLRQ �FDOOHG D SDUWLFXODU VROXWLRQ� RI HTXDWLRQ ��

([DPSOH ������

�� )LQG WKH JHQHUDO VROXWLRQ RI
G\

GW
b �W\  W�



��

���� 6RPH QRQ�OLQHDU pUVW RUGHU 2'(V

:H UHPDUN WKDW WKH PHWKRG RI VHSDUDWLRQ RI YDULDEOHV FDQ DOVR EH XVHG WR VROYH

FHUWDLQ QRQ�KRPRJHQHRXV QRQ�OLQHDU pUVW RUGHU 2'( RI WKH IRUP

G\

GW
� I�W�J�\�  �� RU

G\

GW
 I�

\

W
��

([DPSOH ������

�� )LQG WKH JHQHUDO VROXWLRQ RI
G\

GW
 

W

\�
�



��

���� +RPRJHQHRXV OLQHDU �QG RUGHU 2'( ZLWK FRQVWDQW FRHrFLHQWV

+RPRJHQHRXV OLQHDU �QG RUGHU 2'( ZLWK FRQVWDQW FRHrFLHQWV DUH RI WKH IRUP

D
G�\

GW�
� E

G\

GW
� F\  �� ���

ZKHUH D� E� F DUH UHDO FRQVWDQWV�

([DPSOH ������

�� �
G�\

GW�
� �

G\

GW
b �\  ��

�� \�� � �\� � �\  ��

5HPDUN� 7KH JHQHUDO VROXWLRQ RI HTXDWLRQ � LV RI WKH IRUP

\�W�  $\��W� �%\��W��

ZKHUH $�% DUH DUELWUDU\ FRQVWDQWV� DQG \��W�� \��W� DUH VROXWLRQV RI HTXDWLRQ �

VXFK WKDW \��W� DQG \��W� DUH QRW FRQVWDQW PXOWLSOHV RI HDFK RWKHU �VHH [���� S�

������� RI >�@��

7R VROYH HTXDWLRQ �� ZH ORRN DW WKH FDVH RI WKH KRPRJHQHRXV OLQHDU OVW RUGHU

2'( ZLWK FRQVWDQW FRHrFLHQWV� ZKLFK LV RI WKH IRUP

\� � N\  �� N � 5�

,WV JHQHUDO VROXWLRQ LV RI WKH IRUP \�W�  $HbNW�

7KXV� WR VROYH HTXDWLRQ �� ZH WU\

\�W�  HUW� ZKHUH U � 5� ���

7KHQ ZH KDYH

\��W�  UHUW� \���W�  U�HUW� ���



��

6XEVWLWXWLQJ HTXDWLRQV � DQG � LQWR �� HTXDWLRQ � EHFRPHV

D\�� � E\� � F\  �

� DU�HUW � EUHUW � FHUW  �

� HUW�DU� � EU � F�  �

� DU� � EU � F  ��

7KH TXDGUDWLF HTXDWLRQ

DU� � EU � F  �

LV NQRZQ DV WKH DX[LOLDU\ �RU FKDUDFWHULVWLF� HTXDWLRQ RI WKH KRPRJHQHRXV OLQHDU

VHFRQG RUGHU 2'(� HTXDWLRQ �� :H GHQRWH LWV WZR URRWV E\ U�� U�� 7KH JHQHUDO

VROXWLRQ \�W� IRU HTXDWLRQ � ZLOO GHSHQG RQ ZKDW NLQG RI URRWV U� DQG U� DUH�



��

&DVH �D�� U�� U� DUH UHDO DQG GLVWLQFW �U� � U���

,Q WKLV FDVH� WKH JHQHUDO VROXWLRQ RI � LV

\�W�  $HU�W �%HU�W�

%\ DQ HDUOLHU UHPDUN� LW VXrFHV WR FKHFN WKDW \��W�  HU�W DQG \��W�  HU�W

DUH QRW FRQVWDQW PXOWLSOHV RI HDFK RWKHU DQG WKDW \��W� DQG \��W� DUH LQGHHG

VROXWLRQV RI HTXDWLRQ ��

&KHFN�
\��W�

\��W�
 H�U�bU��W LV QRW D FRQVWDQW VLQFH U� � U�� +HQFH \��W� DQG \��W�

DUH QRW FRQVWDQW PXOWLSOHV RI HDFK RWKHU� $OVR� VXEVWLWXWLQJ \��W� LQWR HTXDWLRQ

�� ZH JHW

/+6  D\��� �W� � E\���W� � F\��W�

 DU��H
U�W � EU�H

U�W � FHU�W

 HU�W�DU�� � EU� � F�

 �

 5+6�

+HQFH \��W� LV LQGHHG D VROXWLRQ RI HTXDWLRQ �� 6LPLODUO\� \��W� LV DOVR D VROXWLRQ

RI HTXDWLRQ ��



��

&DVH �E�� U�� U� DUH �QRQ�UHDO� FRPSOH[ QXPEHUV�

:ULWH U�� U�  oh Lp� ZKHUH o� p � 5 ZLWK p � ��

,Q WKLV FDVH� WKH JHQHUDO VROXWLRQ RI � LV

\�W�  $HoW FRVpW�%HoW VLQpW�

$JDLQ� LW VXrFHV WR FKHFN WKDW \��W�  HoW FRVpW DQG \��W�  HoW VLQpW DUH QRW

FRQVWDQW PXOWLSOHV RI HDFK RWKHU� DQG \��W� DQG \��W� DUH VROXWLRQV RI HTXDWLRQ

��

&KHFN�
\��W�

\��W�
 WDQpW LV QRW D FRQVWDQW VLQFH p � �� +HQFH \��W� DQG \��W� DUH

QRW FRQVWDQW PXOWLSOHV RI HDFK RWKHU� 6LQFH oh Lp DUH URRWV RI WKH FKDUDFWHULVWLF

HTXDWLRQ� ZH KDYH

6XP RI URRWV  �o  b
E

D
�
�

3URGXFW RI URRWV  o� � p�  
F

D
�

�

'LoHUHQWLDWLQJ \��W�� ZH JHW

\���W�  oHoW FRVpWb pHoW VLQpW�

\��� �W�  o�HoW FRV pWb �opHoW VLQpWb p�HoW FRV pW�

6XEVWLWXWLQJ \��W� LQWR HTXDWLRQ �� ZH JHW

/+6  D\��� �W� � E\���W� � F\��W�

 D>o�HoW FRV pWb �opHoW VLQpWb p�HoW FRVpW@

� E>oHoW FRVpWb pHoW VLQpW@ � FHoW FRVpW

 >D�o� b p�� � Eo� F@HoW FRVpWb ��Do� E�pHoW VLQpW

 >D�o� b p�� � �b�Do�o� F@HoW FRVpWb � �E\ �
��

 >bD�o� � p�� � F@HoW FRVpW

 � �E\ �

��

 5+6�

+HQFH \��W� LV LQGHHG D VROXWLRQ RI HTXDWLRQ �� 6LPLODUO\� \��W� LV DOVR D VROXWLRQ

RI HTXDWLRQ ��



��

&DVH �F�� U�  U�� U��

,Q WKLV FDVH� WKH JHQHUDO VROXWLRQ RI HTXDWLRQ � LV

\�W�  �$W�%�HUW�

$JDLQ LW VXrFHV WR FKHFN WKDW \��W�  HUW DQG \��W�  WHUW DUH QRW FRQVWDQW

PXOWLSOHV RI HDFK RWKHU� DQG WKH\ DUH VROXWLRQV RI HTXDWLRQ ��

&KHFN�
\��W�

\��W�
 W LV QRW D FRQVWDQW� +HQFH \��W� DQG \��W� DUH QRW FRQVWDQW

PXOWLSOHV RI HDFK RWKHU� $OVR� RQH FDQ VKRZ DV LQ FDVH �D� WKDW \��W� LV D VROXWLRQ

RI HTXDWLRQ �� 7R FKHFN WKDW \��W� LV D VROXWLRQ RI HTXDWLRQ �� ZH pUVW REVHUYH

WKDW

6XP RI URRWV  �U  b
E

D
� �
�

'LoHUHQWLDWLQJ \��W�� ZH JHW

\���W�  UWHUW � HUW�

\��� �W�  U�WHUW � �UHUW�

6XEVWLWXWLQJ LQWR HTXDWLRQ �� ZH JHW

/+6  D\��� �W� � E\���W� � F\��W�

 D>U�WHUW � �UHUW@ � E>UWHUW � HUW@ � FWHUW

 �DU� � EU � F�WHUW � ��DU � E�HUW

 � � � �E\ �
��

 5+6�

+HQFH \��W� LV LQGHHG D VROXWLRQ RI HTXDWLRQ ��



��

���� 1RQ�KRPRJHQHRXV OLQHDU �QG RUGHU 2'( ZLWK FRQVWDQW FRHr�

FLHQWV

1RQ�KRPRJHQHRXV OLQHDU �QG RUGHU 2'( ZLWK FRQVWDQW FRHrFLHQWV DUH RI WKH

JHQHUDO IRUP

D\�� � E\� � F\  J�W�� ���

ZKHUH D� E� F � 5� DQG J�W� LV D IXQFWLRQ LQ W�

([DPSOH ������

�� \�� � \  W��

$VVRFLDWHG ZLWK WKH QRQ�KRPRJHQHRXV HTXDWLRQ � LV D KRPRJHQHRXV HTXDWLRQ

JLYHQ E\

D\�� � E\� � F\  �� ���



��

7KHRUHP ������ 7KH JHQHUDO VROXWLRQ RI HTXDWLRQ � LV JLYHQ E\

\�W�  \K�W� � \S�W��

ZKHUH \K�W� LV WKH JHQHUDO VROXWLRQ RI WKH DVVRFLDWHG KRPRJHQHRXV HTXDWLRQ ��

DQG \S�W� LV D SDUWLFXODU VROXWLRQ RI HTXDWLRQ ��

3URRI� /HW \�W� EH DQ\ VROXWLRQ RI HTXDWLRQ �� DQG OHW \S�W� EH D SDUWLFXODU

VROXWLRQ RI HTXDWLRQ �� /HW I�W�  \�W�b \S�W�� 7KHQ

DI �� � EI � � FI

 D�\���W�b \��S �W�� � E�\��W�b \�S�W�� � F�\�W�b \S�W��

 �D\���W� � E\��W� � F\�W��b �D\��S �W� � E\�S�W� � F\S�W��

 J�W�b J�W�

 ��

7KXV I�W� VDWLVpHV HTXDWLRQ ��

6LPLODUO\� ZH FDQ VKRZ WKDW DQ\ IXQFWLRQ RI WKH IRUP \K�W� � \S�W� VDWLVpHV

HTXDWLRQ ��

7KXV WKH JHQHUDO VROXWLRQ RI HTXDWLRQ � LV RI WKH IRUP \�W�  \K�W� � \S�W��

6R WKH SUREOHP RI VROYLQJ WKH QRQ�KRPRJHQHRXV �QG RUGHU OLQHDU 2'( ZLWK

FRQVWDQW FRHrFLHQWV LV UHGXFHG WR pQGLQJ \K�W� DQG \S�W��

\K�W� FDQ EH IRXQG E\ WKH PHWKRG H[SODLQHG LQ VHFWLRQ ����

)LQGLQJ \S�W� DPRXQWV WR JXHVVZRUN� %XW IRU FHUWDLQ NLQG RI J�W� �WKH QRQ�

KRPRJHQHRXV WHUP RI HTXDWLRQ ��� WKH JXHVVZRUN LV TXLWH V\VWHPDWLF� 7KLV LV

H[SODLQHG EHORZ�



��

-XGLFLRXV JXHVVLQJ�WKH PHWKRG RI XQGHWHUPLQHG FRHrFLHQWV

:H ZDQW WR pQG RQH SDUWLFXODU VROXWLRQ \S�W� IRU WKH QRQ�KRPRJHQHRXV HTXD�

WLRQ

D\�� � E\� � F\  J�W�� ���

7KH KRPRJHQHRXV HTXDWLRQ DVVRFLDWHG WR HTXDWLRQ � LV

D\�� � E\� � F\  �� ����

ZLWK FKDUDFWHULVWLF HTXDWLRQ JLYHQ E\

DU� � EU � F  �� ����

6XSSRVH U�� U� DUH WKH URRWV RI WKH FKDUDFWHULVWLF HTXDWLRQ ��� :H ORRN IRU

SDUWLFXODU VROXWLRQ \S�W� RI HTXDWLRQ � EDVHG RQ WKH IRUP RI J�W��

&DVH �D�� J�W�  D� � D�W� c c c� DQW
Q�

7KHQ \S�W� LV RI WKH IRUP

\S�W�  

�!�
!�

$� �$�W� c c c�$QW
Q� F � �

W�$� �$�W� c c c�$QW
Q�� F  �� E � �

W��$� �$�W� c c c�$QW
Q�� F  E  ��



��

&DVH �E�� J�W�  �D� � D�W� c c c� DQW
Q�HoW�

7KH IRUP RI \S�W� ZLOO GHSHQG RQ ZKHWKHU o LV D URRW RI WKH FKDUDFWHULVWLF

HTXDWLRQ�

�L� ,I U�� U� � o �LH� o LV QRW D URRW�� WU\

\S�W�  �$� �$�W� c c c�$QW
Q�HoW�

�LL� ,I U�  o� U� � o �LH o LV D VLQJOH URRW�� WU\

\S�W�  W�$� �$�W� c c c�$QW
Q�HoW�

�LLL� ,I U�� U�  o �LH o LV D GRXEOH URRW�� WU\

\S�W�  W��$� �$�W� c c c�$QW
Q�HoW�

&DVH �F��

J�W�  �D� � D�W� c c c� DQW
Q�HoW FRVpW� RU

J�W�  �D� � D�W� c c c� DQW
Q�HoW VLQpW�

7KH IRUP RI \S�W� ZLOO GHSHQG RQ ZKHWKHU oh Lp DUH URRWV RI WKH FKDUDFWHULVWLF

HTXDWLRQ RU QRW�

�L� ,I U�� U� � oh Lp �L�H� oh Lp DUH QRW URRWV�� WU\

\S�W�  �$� �$�W� c c c�$QW
Q�HoW FRVpW

� �%� �%�W� c c c�%QW
Q�HoW VLQpW�

�LL� ,I U�� U�  oh Lp �L�H� oh Lp DUH URRWV�� WU\

\S�W�  W�$� �$�W� c c c�$QW
Q�HoW FRV pW

� W�%� �%�W� c c c�%QW
Q�HoW VLQpW�
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5HPDUN�

�� 2QFH \RX KDYH GHWHUPLQHG WKH IRUP RI \S� VXEVWLWXWH LQWR HTXDWLRQ � WR

JHW HTXDWLRQV LQ WKH XQNQRZQ FRHrFLHQWV $�� c c c � $Q DQG DOVR %�� c c c � %Q LI

QHFHVVDU\� ,W VKRXOG EH HDV\ WR VROYH IRU WKHVH FRHrFLHQWV�

�� 6LQFH WKH '( LV OLQHDU� LI J�W� DUH VXPV RI WKH DERYH WKUHH W\SHV� ZH FDQ VWLOO

pQG \S E\ DGGLQJ WKH FRUUHVSRQGLQJ VXPV RI WKH LQGLYLGXDO \S�
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