Supplement to 1.4. Proofs of Standard Limits.
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1. lim — =0 for any fixed p > 0.

n—oo NP

Proof.

2. lim " =0 for any fixed ¢ where |c| < 1.

n—ao
Proof. Case 1: When ¢ = 0, the statement is obvious.
Case 2: When ¢ > 0, we have

ln( lim cn) = lim Inc" = lim nlnc = —o0.
n—aoo n—aoo n—ao

Thus, lim ¢" =0.

Case 37:1_\>7\O/'ohen ¢ < 0, we have —|c|” < ¢™ < |¢|™ for all n.

By Case 2, we have lim (—|c|") =0 = lim |c¢|". Hence by Squeeze theorem, we also
have lim c" = 0. o o

n—ao

3. lim c¢v =1 for any fixed ¢ > 0.

n—00

. 1 - 1
Proof. lim ¢ = imn—oew =0 = 1.
n—od

4. lim n=1.

Proof.
. . . Inn )
ln( lim C/ﬁ) = lim In {/n = lim — = 0 (by L’Hopital’s rule).
n— oo n— oo n—oo N
Thus, lim ¢/n =€ =1.
nP
5. lim — =0 for any fixed p and ¢ > 1.
n—oo cN
Proof.
nP
In( lim —) = lim (plnn—nlnc)
n—oo Cc" n—00
. plnn—nlnc _,
= lim lim n
n—oo n n— oo

= (—Inc) - (+00) = —o0.
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. p
Thus, lim,, . 2 = 0.

T

6. lim C—| = 0 for any fixed c.
n—oo M.
Cn C . C ..... C .
Proof. Observe that a,, = — = . Now fix an integer M > c. Then
nl nn-—-1)----- 1
for any n > M,
a _ C . C ..... C a < a
" n—1)- - (M+1) MM

c
Thus we have, forn > M, 0 < a, < —ay;.
n

c
Since lim 0 =0 = lim —ays, by the Squeeze theorem, lim,, ... a, = 0.

n—o n—oo M

7. lim (1+ E)" = ¢” for any fixed z.

n—o0 n
Proof.
xr X
1(1' 1 —"):1' In ((1+ 2y
ol (14 2)") = Jim o ((1+2)°)
. In(1+ %)
= lim T n
1+ 2)F
= lim T
n— 00 -3
=T.

Thus, lim (1 + f)” =e”.
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