Supplement to 2.2

Theorem 2.2.4 [Comparison Test].

Consider 2 positive series Z ar and Z br.. Suppose that eventually

k=1 k=1
0 S a S bk.
oo oo
(i) Ifz br converges, then Z aj CONverges.
k=1 k=1

(i) Ifz ay diverges, then Zbk diverges.
k=1 k=1

Proof. Let A, = Z ag, B, = Z br. Then A, < B,, for all n.
k=1 k=1

If Z by converges, then {B,} converges.
k=1
Hence {B,} is bounded above, say, B, < M for all n.

Then A, < B,, < M for all n.

Therefore, {A,} is also bounded above (by M).

Since ay > 0 for all k, {A,} is monotone increasing.

Thus by the Monotone Convergence Theorem, the sequence of partial sums

{A,,} converges.
oo

In other words, g ap converges.

k=1
(ii) follows immediately from (i).
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Corollary 2. 2 5 [Limit Comparison Test].

IfZak and Zbk are (eventually) positive, and
k=1 k=1

lim b——L(;éO # 00),

k—oo Qf

then either both series converge or both series diverge.

Proof. Let A, = Z ag, B, = Z by
k=1 k=1

lim b—: L (#0,# c0)

k—oo G

b
= {—k} is bounded above, say, by M
ag

= 0<bx < Ma, Vk

Similarly,
a1
1 —_ —
P b, L (70, # o)
= {a—k} is bounded above, say, by M’
by,

= OgakSM'bk Vk

(**)

o0 O o0
If Z ay is convergent, then Z Ma, =M Z ay, is also convergent. By (*) and

k=1 k=1 k=1
O
the comparison test, it follows that Z by, is also convergent.
k=1

If Zbk is convergent, then ZM’bk =M Zbk is also convergent. By (**)

k=1 k=1 k=1
00

and the comparison test, it follows that Z ay is also convergent.

k=1

oo
Hence g ay, is convergent iff E by, is convergent.
k=1 k=1
oo o0

Hence Z ay is divergent iff Z by is divergent.



