Supplement to 3.9
Example 3.9.2.

1. Consider the function

B e_w%, x #£ 0,
f(x){(), x = 0.

Then we will show that f(x) # its Taylor series at xg = 0.

Proof. First we show that for any n € Z,

1
lim ——— = 0. (*)

x—0 e 22

To see this, we substitute y = w% to get

: 1 : 1
lim = lim — -
r—0 pnez2 r—0 p2np,2

n

o e YN L m

= ( lim —) - lim x
y——+oo eY x—0

=0-0 (by L’Hopital’s rule)

= 0.

Next we compute f'(0).
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- f(z) - f(0)
/ — 1
f(0) = lim ———
1 e”=7 — 0
R R
1
= lim -
=0 gez?
=0 (by (%))
For x # 0,
f(x) = di(e_w%) =23 33T
x
Thus,

Next we compute f”(x).

f'(x) — 1(0)

1/ — 1
, 2073737 — ()
= lim
z—0 T
, 1
= 2 lim -
z—0 riez?
=0 (by (%))
Again, for = # 0,
f'(x) = %(21'_36_9%2) = (—6e™* + 42 %e”

£
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Similar calculations will lead to

£(0) = f/(0) = f"(0) = f*(0) = fM(0)=--- =0.

Thus we have

Z f (O)xk _ ka
k! k!
k=0 k=0
=0+ 0z + 0z° + - - -
= 0.

Clearly, at any « # 0, f(x) = e 27 # 0.

>, f(k)
Therefore, f(x) # Z / kk'(())
k=0 '

z”




