1999/2000 Special Term MA2108 Advanced Calculus II Tutorial 2

. Denote the set of rational numbers by Q. Consider the set
S={reQ0<z<1}.

Find sup S and inf S. Justify your answers.

. Let A and B be two non-empty bounded set of real numbers such that A C B.
Show that inf A > inf B.

. Let A and B be two non-empty bounded set of real numbers

i) Show that sup AU B = max{sup A, sup B}.

ii) Is it true that sup AN B = min{sup A, sup B}? Justify your answer.

. Consider the sequence {a,} defined recursively by

a; = 2, an:\/6+an—1a n=2,34,---.

i) Show that a, < 3 for all n.
ii) Show that {a,} is monotone increasing.
iii) Using parts i) and ii), show that {a,} converges, and find its limit.
. Consider the sequence {z,} defined recursively by
T = %, Tptl :2xn—x%, n=1223---.
Show that {x,} converges, and find its limit. (Hint: Show that z,, <1 for all
n and {x,} is monotone increasing.)
. Find the lim sup and lim inf of the sequences:
(a). {4+ cos &L}
(b). {=553
. For each of the following series, calculate the n-th partial sum S,,, and deter-
mine whether the series is convergent or divergent
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Some suggested answers:
.supS =1 and inf § = 0.
Clim, oo an, = 3.
Climy, o Ty = 1.
a) limsup = 5 and lim inf = 3.
. b) limsup = liminf = lim = 0.
1) S, =In3 —In(n+3) and Y o7, In 2£2 is divergent.
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8. a) dlvergent by the divergence test.
8. b) divergent by the divergence test.
8. ¢) divergent by the limit comparison test (comparing with >, 1),
8. d) convergent by the comparison test (comparing with > 07 | 2.
8. e) convergent by the limit comparison test (comparing with Y o (£)").
8. f) divergent by the limit comparison test (comparing with y >° n)

8. g) divergent by the comparison test (comparlng with Y07, 2.

8 ————dxr =In|l +Inzx|.)
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= arctan(lnz).)

. h) divergent by the integral test. (Hint: f a HM)

. 1) convergent by the integral test. (Hint: f a +1 pYEEEREES)

. j) convergent by the integral test. (Hint: [ Wda: = %.)
. k) divergent by the integral test. (Hint: f ~dr = Inlnz.)

. 1) divergent by the integral test. (Hint: [ 2911 dz = 5In(2? 4+ 1).)




