1999/2000 Special Term MA2108 Advanced Calculus II Tutorial 4

1. For each of the following sequence of functions, determine whether it converges
pointwise to a function, and find the limiting if it exists. Justify your answers.

i) {(1 + %)m}, x € (—00,+00).
ii) {2"'}, z e [-1,1].

"
iii) {1—1—3:2”} , x € [0,1].

2. Determine whether the following sequences of functions converge uniformly on the
indicated intervals. Justify your answers.
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i) Fp(x) = x’i‘(l —x), z €[0,1].
i) falz) = ”;’3 € [1,00).
iv) fu(z) n;nx, x € [4,00)

3. Let {F,} be a sequence of functions on an interval I. It is given that {F,}
converges uniformly on some function F on I. Suppose also that for each n € Z7,
there exists a real number M,, > 0 such that

|F.(x)] < M, forall zel.

Show that there exists a real number M such that |F(x)] < M for all x € I.
(Hint: Recall the definition of uniform convergence.)
4. Evaluate the limits. Justify your answers.

1 T

N n+e
i) lim sdx.

n—oo [o N+ X

2 2 n
1
i) lim (x;— ) sin nxdx.
1

n—oo

5. Prove that each of the following series of functions converges uniformly on the
indicated interval.
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ii) Z; z € [2,00).
iii) - T e (0, 00).
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6. Consider the function
B e (_1)kxk
F(;U) T Z 1 + ka ’

n=1

Show that F' is continuous on the interval (0, 2).

(Hint: You may need the Weierstrass M-test.)



