MODULAR REPRESENTATIONS AND THE HOMOTOPY OF LOW RANK
p-LOCAL CW-COMPLEXES

PIOTR BEBEN AND JIE WU

ABSTRACT. We construct an infinite set of retractions from certain loop spaces of suspended low
rank CW-complexes X localized at an odd prime p. These retracts are themselves loop spaces of
arbitrary suspensions of X. This is accomplished with the help of modular representations and

their applications to topology.

1. INTRODUCTION

Recently there has been sizeable interest in certain general homotopy decompositions of loop
spaces, but the main limitation to finding any applications seems to be the lack of information
concerning each of the factors in these decompositions. In the worst cases even the homology groups
remain unknown. In contrast specific homotopy decompositions for specific spaces have been more
successful. One of the basic examples is Serre’s odd p-primary decomposition 025%™ ~ §2m—1 x
Q54m=1 [7], which implies the p-components of homotopy groups for even dimensional spheres are
determined by those of the odd dimensional spheres. Selick’s odd p-primary decomposition [5] of the
homotopy fiber Q25%+1{p} in terms of the 1-connected cover of 2252 gives an upper bound of p
for the p-exponent of S, while odd p-primary decompositions of loops on Moore spaces spaces have
proved even more useful, leading to the computation for the p-exponents on the higher dimensional
spheres by Cohen, Moore, Neisendorfer [1].

Our main interest in this paper is to give more information about the factors in some of the known
general homotopy decompositions of loop spaces. We will fix p to be an odd prime throughout, and
we assume all spaces have been localized at p. The cell structure of a space (if any reference is made)
is taken to be in the p-local sense, and as we will be mostly using mod-p homology, we shall denote

it by H.(X) for any space X. Our main result is as follows.

Theorem 1.1. Let X be any suspended p-local CW -complex, and V = ﬁ*(X) Let M denote the
sum of the degrees of the generators of V', and define the sequence of integers b; recursively, with

bo =0 and
bi=(1+dimV)b;—1 + M.

Suppose either Vogqg =0 or Vepen =0, and 1 < dimV < p.

(i) If dimV < p— 1, then QX% X is a retract of QXX for eachi > 1;
1
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(ii) if dimV = p, there exist spaces Y; such that QXY; is a retract of QX X, and
H.(Y;) = H (30 X) fori>1.

For the simplest case dimV = 2 we prove a stronger version of Theorem 1.1 by showing that
sequence of retracts are factors in a decomposition of 23X, and that the connectivity of these factors

grows at a slower rate.

Theorem 1.2. Fizp > 5. Let X be any any suspended p-local CW -complex with dimV = 2, and
either Vogqa = 0 or Veyen = 0. Let M denoting the sum of the degrees of the two generators of V.

Suppose 0 < k1 < ko < --- is any sequence satisfying the following properties:

(1) 2k; + 1 is prime to p;
(2) 2k; +1 is not a multiple of 2k; + 1 whenever i > j.

Then there exists a decomposition

QXX ~ H(QE’“J'M“X) x (Some other space).
j
Both Theorems (1.1) and (1.2) will depend on computational work dealing with representations
of symmetric groups in Sections (2), (3) and (4), as well as the use of a certain general homotopy
decomposition of loop suspensions stated as Theorem 5.1 in Section (5). A consequence of Theo-
rem (1.1) is that the stable homotopy groups of the spaces defined there are (in a precise sense)
retracts of their regular homotopy groups. This property leads us to a small application towards the
Moore conjecture at the end of this paper. As for another application, recall Cohen and Neisendor-
fer [2] extended Serre’s decomposition 5%™ ~ §2m—1 x §4m=1 {6 loops spaces of certain low rank

CW-complexes:

Theorem 1.3 (Cohen, Neisendorfer). Let X be any suspended p-local CW -complex, and let V =
I;f*(X) Suppose Voyern =0, and 1 < dimV < p — 1. Then there exists a functorial decomposition

QXX ~ A(X) x QQ(X)

such that A(X) is a finite H-space with

as primitively generated algebras, and
H.(QQ(X)) = S(IL(V), L)) = R)(S(Li(V))).
i=2
where L(V') is the free Lie algebra generated by V', and [L(V'), L(V)] is the sub Lie algebra of L(V)
generated by Lie brackets of length greater than one. O
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This decomposition was in some sense generalized by Selick, Theriault, and Wu [14]. In their
construction they showed that X can be replaced with any coassociative co- H-space, in which case
A(X) becomes an H-space whose mod-p homology A™™ (V') is the minimal functorial coalgebra
retract of the tensor algebra T(V') containing V. Instead of looking into general forms of Cohen’s
and Neisendorfer’s decomposition, we obtain a stronger version of their original result. Proved in

Section (5), the main idea is that there are often many more finite H-spaces hiding inside QQ(X):

Theorem 1.4. Let X be any suspended p-local CW -complex, and let V = H, (X). Suppose Veyen, =
0,1 <dimV <p—1, and dimV is even.
Let M denote the sum of the degrees of the generators of V', and define the sequence of integers
b; recursively, with bg =0 and b; = (1 4+ dim V)b;—_1 + M. Then there exists a decomposition
QXX ~ ﬁA(Eb"X) x (Some other space),

i=0
where (as in Theorem (1.3))

H (A(XY X)) 2 A(ZPV),

and A(X% X) is a finite H-space that is a retract of QXb+1X.

2. ASPECTS OF THE REPRESENTATION OF SYMMETRIC GROUPS ON TENSOR PRODUCTS

In this section, as well as sections (3) and (4), we shall let R denote either the field Z,, or the
ring of p-local integers Z,). The symmetric group on k letters is denoted by Sk, and R[S] is the
group ring over R generated by Sy.

Let V be any graded R-module, and let V®* denote the k-fold tensor product. Consider the
action of R[S}] on V®* that is defined permuting factors in a graded sense. In this case the action

of a single element o € R[Si] on V®F induces a self-map

V®k g V®k

)

which we also denote by o for convenience. More generally, we let R[S;] act on V@ for j < k by
permuting only the first j factors in a graded sense, and leaving the remaining factors fixed.

The elements §; and 5 in R[Sk] are defined as the sums

S = Z sgn(o)o,

o€Sk
S = E 0.
o€Sk

One sees that the action of §; and 5, on V®F gsends a tensor in V®F to a certain linear combination
of all permutations of that tensor. In particular, for any 1 ® --- ®@ 2 € V®* and o € S; we have
51(To1)® QT o)) = sgn(0)3k(71®- - @) if each z; has even degree, and 53 (7, (1)®- - - QXy(k)) =

sgn(o)sk(z1 ® - -+ ® xy) if each z; has odd degree.
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The Dynkin-Specht-Wever elements (), € ¥ are defined inductively starting with 8, =1 —(2,1)

and
Br=0+(2,3,..,k1)1® Br-1).

The action of B, on V®* is given by sending a tensor z; ® --- ® x, € V® to the commutator

x1,...,x)] € VO That is, fo(zy) =z @y — (=1)*I¥ly @ z, and
[ 1] Yy Y Y
Br(xr ® - @ 1) = Pr—jr1(@p Qxp—1 @ -+ @ Tjy1 ® Bi(2; ® -+ @ 1))

foreach 2 <j <k -1
In the following theorem we define certain integers ¢, ¢ and d,, ¢ that will be used throughout this

paper.

Theorem 2.1. There exist non-negative integers cy ¢ and dy, ¢ such that for any graded free R-module

V with dmV =4 > 1,
(85" ®1) 0 Beny1 0 (87" @ 1)(7) = £y o (55" @ 1)(2)

Zf Vodd = 0, and
(35" @ 1) 0 Bent1 0 (55" @ 1)(x) = £dp ¢ (35" @ 1) (z)

if Veven = 0, independent of our choice of V and x € V1),

Proof. Let V be a free graded R-module such that £ = dimV > 1 and V,3q = 0, and let let g
denote the self-map (35" ® 1) : V@MY , y@®Hl) - Take a basis {vi,...,v,} of V, and let
y=0v1® - Qu € V¥ and z; = y®" @ v; € VO+D  Observe that V,qq = 0 and £ = dim V
implies that for every € V®(+1) we can write g(z) as a linear combination of the elements g(z;)
for each ¢, and in turn each g(z;) is a linear combination of tensors o1(y) ® - -+ ® 0, (y) ® v; for all
choices of o1, ...,0, € S,,.

Let v € R[Spe+1] be any element. Since the factor vy occurs in y,

(1) goy(y®" @) = £eyg(y*" @ v)

for some integer ¢, > 0. If we let y; € V@€ be the permutation of the tensor y such that the first
and j*" factors are interchanged, it is clear that g ov(yJ@” Quj) = :I:cvg(y?@” ®wj) for each j, as this
is the same as replacing v; with v; and v; with vy in equation (1), and both v; and v; have either
even degree or odd degree. Then since §,(y) = £5,(y;) and 5,(c(y)) = sgn(o)s,(y) for any o € S,
goY(o1(y) ® - ®on(y) ®v;) = Feygoy(oi(y) ® -+ ® o, (y) ® v;) for each j and oy, ...,0p € S,.

Since g(x) takes the form of a linear combination as stated above, thus

govyog(r)=+tc,g(r)

for any z € V1),
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Next, let W be any free grade R-module such that dimW = dim V' and W44 = 0. If {w1, ..., we}

is a basis of W, there is an isomorphism V' W oof ungraded R-modules defined by sending v; to
. . . e (nt+1)

w;. Since both Wogq = 0 and V,qq = 0, the isomorphism V®Mé+D) ¥ = jy@(l+1l) of ungraded

R-modules is equivariant with respect to the (graded) action of R[Sy¢+1]. Thus ¢y is independent of

V. We finish by setting v = Bn¢41, and ¢, ¢ = cy. The proof for the Veyen = 0 case is identical. [

The values for several instances of the integers ¢, ¢ and d, ¢ are given in the following theorem.
The next two sections are geared towards a proof of part (i) and (ii), while part (iii) follows with the
aid of a computer. None-the-less, n and £ need to be kept small in part (iii) due to the computational

complexity of calculating ¢, ¢, and d, ¢.

Theorem 2.2.
(i) acrie=die={+1)((¢—-1)!) for £>1;
(ii) cpo=dp2=3";

(111) C23 = 64, d273 = 32, €33 = 512, d3’3 = 64, C24 = 420, d2’4 = 900.

Remark 2.3. Observing the pattern in Theorem (2.2), one would guess that in general at least one

of cne or dy ¢ is equal to (€4 1)™((€ —1)1)".
3. CALCULATING ¢ ¢ AND dj ¢ FOR £ > 2

In order to show ¢1 ¢ = (£ + 1)((¢ — 1)!), it suffices to show (5, ® 1) o 1 0 (5, ® 1)(z) = £(£{ +
1)((¢—1)1)(8¢ ®1)(z) for any particular choice of graded free R-module V satisfying { = dimV > 1
and V,qq = 0, and any particular choice of z € V satisfying (§ ® 1)(z) # 0. We will work in a more
general context of by showing that this equation holds for any graded R-module V, so long as x is
of the form x;_1 ® - - ®x1 ®x; for some 1 < i < k—1, and where each x; is a homogeneous element
in V of even degree. This is done in Proposition (3.5), together with an analogous calculation for
dy .

The following elements in R[S)] will be of use:

and

{j,k: Z g,

o€l i
where Tj ,, C Sy, is the subset consisting of the k elements in S, that switch the position of the gth
letter in the identity element (12---k). Given this, these elements satisfy the equations

Sr=t1xo(1®8k 1) =tpro(sp_1®1),

and

Sk =1t1,0(1®5k_1) =tk o (k-1 ®1).
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We begin with a few lemmas.
Lemma 3.1. Let k > 2, and V be any graded R-module. Then for every y € VO

§k: o 5k(y) = 03

and

5k 0 Br(y) = 0.

Proof. It is sufficient to show the lemma holds for homogeneous elements in V®*. We proceed by
induction. By inspection we have 83 ® 33(z) = 0 for any # € V®3. Let us assume 8;_10,_1(z) =0
for every x € V®~1  Take any homogeneous element z, ®@ --- ® x; € V& and let ¢ denote
|g—1 ® -+ ® x1|. Then
Spofr(xr® - @)
= Sz @ Bro1(zp1 @ - @ 21)) — ()8 (Br_i (who1 @ - @ 21) @ )
=t1 k(1 ®8k—1)(Tk @ Br-1(Th—1 ® -+ @ 71))
— (=)l (Bh @ 1) (Br—1(2h-1 ®@ - @ 21) @ )
=t k(7 ® (B—10 fr—1)(Th—1 ® - @ 71))
— (=)l (81 0 Bro1) (@1 @ -~ ® @1) @ )
= t1(0) — (=1)I"*lt), 1 (0)
=0.
The proof for s is identical. O
Lemma 3.2. Let k > 2, and V be any graded R-module. Then for every y € V®* and each
3<j <k,
swo (12 @ B;)(y) =0,
and

5,0 (1209 @ 8)(y) = 0.

Proof. Tt is sufficient to prove that the statement holds for homogeneous elements in V®*. For each

m, j such that 1 < j < m and m < k, and every z € V™, assume
b0 (120" @ ;1) () = 0

holds. We must show it also holds for m = k, and each 1 < j < k. For our second inductive

assumption let us assume

0 (197D @ B, 1) (y) =0
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holds for every y € V®* and some j. The base case j = k follows by Lemma 3.1. Note that by our

first inductive assumption we have

(T ® - T @ PBi(T; ® - @) ®Tjq1)
=tek(Bp—1(Th ® - T2 @ Bj(2; @ -+ ® 1)) @ Tjq1)
= ti,k(0241)

=0.
Therefore
0= 3o (1FI1 ® Bijt1)(@r ® -+ - @ 1)
=87k ® - @ Tj12 ® Bj+1(Tj11 ® - ®21))
=5,k Q@ - QTj12QTjp1 QPj(x; @+ Qx1))
_ (_1)C|$j+1|§k(xk Q@ Tje®B(T; @ @x1) @Tj41)
=81k ®  QTj12 @141 ® B(2; @ ®11)),

which completes the induction step. The proof for §; is identical. (I

Lemma 3.3. Let k£ > 2, and V' be any graded R-module. Take any homogeneous element y =

T @ ®@x1 € VOFIf |24 is even for each i, then
(31 91) 0 Bely) = (511 @ 1) 0 (199 i ((123) — (132) — 2(231)))(v),
and if |x;| is of for each i,
(Br-1® 1) 0 B(y) = (Br—1 © 1) 0 (19079 @ ((123) + (132) — 2(231)))(y)-
Proof. Let ¢ denote |xp_1 ® -+ ® x1|. Assume |z;| is even for each i. Using Lemma 3.2
8k-1(Tk ® - @41 ® Bj—1(Tj—1 @ - ®@x1)) =0
for each 3 < j <k, so
Gr1 @) (@ ® - Qxjp1 @ Bi(x; @+ ®@x1))
=1 @)(T @ @141 @z ®Bi-1(Tj—1 @ @ x1))
— (DTG (@ @ r @8 (1 00 m)) O,
=10 D) (z @ @it @2 @ Bi-1(Tj—1 ® - @ 21)).

By induction

(3p—1®@1) o fBp(zr @ Q1) = Br—1 @) (2 @ - @ xj41 ® Bj(2; @ -+ @ 21))
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for each 3 < j < k. In particular when j = 3, the fact that
B3(xs @ xo @ 1) = ((123) — (132) — (231) + (321)) (23 @ 2 @ 1)

implies
(3p-1®@1) 0 Bz @ - ®@21) = (81 ®1) 0 (123 @ ((123) — (132) — (231) + (321))) (21 ®@ - - - @ 1)
Since (321) is and odd permutation of (231) leaving the last letter fixed

(8r—1 ®1) 0 (123 @ B2 (21 @ - @ 21) = —(8)—1 @ 1) 0 (12F73) @ (231))) (21, @ - - - ® 7).
Hence

(Skc1 @) o fp(rr @ - @x1) = (§p_1 ®1) 0 (1®(k_3) ® ((123) — (132) — 2(231))) (1, @ - - - R x1).

The proof of the second case, when the degrees of each x; are odd, is similar.

As an immediate consequence of Lemma 3.3, we obtain the following lemma.
Lemma 3.4. Take any homogeneous element 3, @ --- @ x1 € VK. If |2;| is even for each i,

(Sp—1 @) (2 ® - R x1), if x1 = x; for some i >3
(Bp—1 @) o Br(rr ® - ®@w1) = {0, if ©1 = X9
33km1 O )(zp ®@--- @), ifxr1=1x3
Similarly, if |x;| is odd for each i,
Gr—1@D)(zp @+ @ x1), if x1 = x; for some i >3
(5r—1®1) 0Bz @---@w1) = 10, if T1 = T
3Gr1 @) (xp @ - @m1),  if 11 = a3
Proof. Suppose each z; is of even degree, and z; = x3. By Lemma 3.3
(81—191)0fk (21D - -QL1@22®T1) = (85_101)(12F =3 @((123)—(132)—2(231)) (24 ®- - - @71 RL2Dx1)
which in turn is equal to
(35—1®1) (2 ® - - @21RT2Qx1) — (55—1Q1) (24 Q- - -QT1@T1®T2) —2(8,—1®1) (2 ®- - - QL2®T1QT1).
Notice that
(1 @ D) (2 @ @71 Q11 @a2) =0,

and since §;_1(T @ - @2 ®x1) = =81 (T ® - - @ T1 ® T2)

G112 @ @r2@11Q21) = (54,19 1D)(24, ® - Q1 QT2 Q X1).
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Therefore we have
(31 @) 0 fr(zp @ @11 @2 ®@x1) =381 Q1) (2, @+ @1 ® T2 ® x7).

The proof for the rest of the cases is similar.

Part (i) of Theorem (2.2) follows from the following proposition.

Proposition 3.5. Take any homogeneous element y = xp_1 @ --- @ 21 € V1 for V a graded

R-module. If |z:| is even for each i, then for each 1< j <k —1

(8k—1®1) 0 B(8k—1 @ 1)(y @ z5) = k((k — 2)1)(8k—1 ® 1)(y ® x;),
and if |x;| is odd for each i,

(8k—1®1) 0 By(8k—1 @ 1) (y @ x;) = k((k — 2)1)(5k—1 ® 1)(y ® x;).

Proof. For each 1 < jon < k —1, let Si’fl C Sk_1 be the subset of all permutations o € S,_4
satisfying o(j) = n. Notice that

S = (k—2),

and for m £ n

Sitn S| =0,
and
[ S = (SP7 U SET)| = (k= 1)t - 2(k - 2).

Let A; denote the set Si_1 — (Si’_l1 U Sifl) For each 1 < j < k — 1 we can write §; € Sy as

S = Z sgn(o)o

€Sk
= Z sgn(o)o + Z sgn(o)o + Z sgn(o)o.
oEA; oesit, ocesi?,

Notice that for every o € Si_1 we have

Sp—10 = sgn(0)3p—1.

So for each o € Si’fl, Lemma 3.2 implies

(Sk-1®@ 1) 0 B(o(y) @ z;) = 3(8k-1 ® 1)(0(y) ® x;)
=351(0(y) ®;
= 3sgn(o)(8k-1(y) ® z;).
Likewise Lemma 3.2 implies that for every o € A;,

(8k—1®1) 0 Br(a(y) @ x;) = sgn(o)(8k-1(y) @ ;)
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and for every o € S,i’_ll we have
(8k-1® 1) 0 B(o(y) @ z;) = 0.

Hence

(@)oo B | > sgn(o)o(y) | @z;= Y (k-1®1) 0 Br(sgn(o)a(y) ® ;)

oes)?, cesi?,
= Z (3sgn(0)*$k—1(y) ® ;)
UESi‘El

3(k = 2) (8k-1(y) © ;).

Similarly
Bro1® 1) 0B | D sgn(0)oly) | ®a; = ((k = 1)! = 2(k = 2))) (351 (y) © z),
oEA;

and

(Bra®1D) B | > sgn(o)o(y) | @z, =0.

j.1
oESY

Putting these facts together,
(8k—1®1) 0 By(8k—1 ® 1)(y ® ;)

— (k1 ®1) 0 By (Z sgn<a>o<y>> ® 1

o€ESE

=B @oef | Y sgno)o(y)+ Y sgn(o)aly)+ Y sgn(o)oly) | @
oEA; oes)t, oces?,

= ((k =)l =2(k = 2))(8k-1(y) ® z;) + 0+ 3(k — 2)!(8k-1(y) ® z;)

= k(k —2)!(8k—1 ® 1)(y ® ;).

The proof for second part of the proposition is similar. O

4. CALCULATING Cp2 AND dp 2 FOR 1 > 1

Like in the previous section we will work in the more general context of graded R-modules, and
calculate ¢, » (and d,, 2) by proving the equality (55" ®1)0 fBani10 (85" @1)(x) = £(3") (55" @ 1) (=)
holds for certain homogeneous tensors x whose factors are of even degree (or odd degree for the
calculation of dy, 2). We begin working our way towards a proof of this starting with a few technical

lemmas.
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Lemma 4.1. Let V' be any graded R-module, and x1,x2 € V any homogeneous elements. Let

01,...,0% € S be any k > 1 choices of the two elements in S2 = {(12), (21)}, and take
Y=T5,1) @ (Top(1) @ Top2) @ @ Tyy(1) @ Tory(2)) ® Toy(2) € vk,
and
2= (T (1) ® Top(2) @+ © Toy(1) ® Tory(2)) © Tory (2) ® Ty (1) € VEF.

(i) Suppose |z1| and |x2| are both odd, and let n > 0 be the number of times o; = o1

fori>1. Then

gég)k o (1® Pog—1)(y) = (_1)k_1(_2)n(§2($m(1) ® xal(z)))®k~
Furthermore,
5% 0 (Bak—1 ®1)(2) = —(55% 0 (1@ Bak—1)(v))-
(ii) Suppose |x1| and |xz2| are both even. If o9; = o1 for some i, then
85% 0 (1® Ban—1)(y) = 0.

Otherwise, if m > 0 is the number of times 0;41 = o1 fori >0,

5% 0 (1@ Bar-1)(v) = (=2 BLEN) B2 (0, (1) © 70, (2)))®*

Furthermore,

5% 0 (Bar—1 ® 1)(2) = (—1)"(35" o (1 ® Bar—1)(¥)).

Proof of part (i). With our choice of y € V®2¥ defined in the statement of the lemma, it will be
convenient to let ¢’ € V®2k=3 denote (T, 1 (1)@ ®Tgy(2) ® Ty, (2)) - that is, the tensor of the last
2k — 3 factors of y. Also, let n’ be the number of choices of 7 such that 1 < ¢ < k and o; = o1, and
n be the number of choices of 7 such that 1 <7 < k and o; = o07.

Part (i) holds for k = 2 by inspection. Assume it holds for some k — 1 > 2. In particular, our

inductive assumptions are

(2) (355N (Bar—3(¥) ® Ty (1) = = (55" ) (@ey 1) @ Bon-s(y)),

/

(3) (gg@kil)(xm(l) ® Bar—a(y)) = (1) 2(=2)" (82(20, 1) ® T0, () .
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Noting x; and x5 are of odd degree, one has the following equality:

(4) (1® Bok—1)(y) = Toy (1) ® To, (1) ® Por—2(Tor(2) @+ ® Toy(2) @ Toy(2))
— Zoy (1) @ Bok—2(Toy2) @+ @ Toy(2) @ Toy(2)) @ Tory(1)
=Zo (1) ® Loy (1) ® Ty (2) © Bar—3(Y)
+ T, (1) ® Toy (1) @ Bor—3(Y") @ Toy(2)
— Ty (1) ® oy (2) @ Par—3(Y') ® Toy (1)
~ To,(1) ® Bok—3(Y') ® Loy (2) @ Tory (1)
Let us assume o1 # 0. Then Ty (2) = Tai(1)s Top(l) = Toy(2)- We replace Loy (2) with Loy (1)) and
Tg, (1) With 24, (2) in equation (4). Since 53(2,, (1) ® 5, (1)) = 0, and using equations (4) and (2),
(55%) 0 (1 ® Bor—1)(y)
= 52(T0, (1) © Toy(2)) © (5577 1) (24, (1) ® Par—3(y"))
= 52(T0y (1) ® Loy (2) © (5571 (@, 1) @ Bar-3(y))
— (55" ) (@0, 1) @ Bar—3(Y)) ® 52(X0, (1) ® Toy(2))-
= — (55 N (@0, 1) ® Brk—3(y")) @ 52(Tor, (1) ® T, (2))-

Then by equation (3),

(55%) 0 (1® Bar-1)(y) = —(=1)F2(=2)" (52(T0, (1) ® Tory(2))) 2",

and since our assumption is that o1 # oy, then n’ = n, and so we are done.
Next, let us assume o1 = 0. Then x4, (1) = 5 (1), and T,, (2) = To,(2)- Thus we replace x4, (1)
with 2, (1) and x4, (2) With 25, (2) in equation (4), and using the fact that 52(7,, (1) ® 7o, (1)) = 0,

we obtain

(5) (55%) 0 (1® Bon—1)(y) = —52(Toy (1) ® Toy(2) @ 55" (Bon—3(Y) ® o, (1)
— 53" N (@0, (1) ® Bar-3(1)) ® 52(T0, (2) @ T, (1))
= 52(Tgy (1) ® Toy(2)) @ 557 (T4, (1) ® Pak—3(y))
— 555 N @0y (1) ® Bau—3(y)) ® (—52(T0ry (1) ® Tory (2)))

So by equation (3),

(55%) 0 (1® Ban—1)(y) = 2(=1)*2(=2)" (52(20y (1) ® Lo (2))) 2"

= (=D H(=2)" T (52(20, (1) ® Ty (2)))O"

Since oy = o, then n’ +1 = n, and we are done.
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To complete the induction we have to show

55" 0 (Bae-1 ® 1)(2) = =(55" 0 (1 ® Bar-1)(¥)),

13

where z is as defined in the statement of the lemma. Having found (55%) o (1 ® fBax_1)(y) above,

this is the same as proving the equality

555 0 (Bak—1 @ 1)(2) = (—=1)*(=2)"(82(20, (1) ® T4y 2))) .

Thus we follow a similar argument for z as we did for y above. First, since z = 5, (1) ® Ty, (2) ®

Y ® o, (1),
(6) (Bor—1 ®1)(2) = o\ (1) ® Ty (2) @ Bar—3(Y") ® Ty (1)
+ 2o, (1) @ Bor—3(Y") © Ty (2) @ Toy (1)
— 2y (2) @ Poi—3(y) @ Toy (1) ® Tory (1)
— Bor—3(Y") @ Ty (2) ® Top (1) @ Ty (1)
As before, let us first assume o7 # 0. Then
(55%) 0 (Bon—1 @ 1)(y) = (—52(Toy (1) ® Toy(2))) © 55" (Bor—3(Y) ® T4, (1))
- (§§®k71)(9501(1) ® Par-3(y")) @ (=52(T4, (1) © o, (2)))
— (55" N (Bar-3Y) @ 2oy (1)) © (—52(0, (1) © oy (2)))-

So by equations (2) and (3),

(35%) 0 (Bak—1 @ 1)(y) = (=1)F(=2)" (82(T0y (1) ® Ty 2)))*F,

and since we are assuming o, # oy, then n’ = n, so we are done.

Next, assume o7 = 0. By equation (6)

(585%) o (Bar—1 @ 1)(y) = 52(To, (1) ® Ty (2)) @ 55F T (Bar—3(y) ® Toy (1))

+ 555 N @0, (1) ® Bon—3(Y")) ® (=52(T0y (1) © Ty (2))),

and so using equation (3) we obtain
(55%) 0 (Bar—1 @ 1)(y) = (—1)k(—2)n/+1(§2(%1(1) ® 0, (2))) .

Since o1 = oy, then n’ + 1 = n . This completes the induction for part (i).

O

Proof of part (ii). We follow along a similar line as the proof of part (i), with y € V2 and ¢’ €

V®2k=3 defined as before (but this time with x; and x5 having both even degree). Let m’ be the

number of choices of i such that 1 < 2i + 1 < k and 09,41 = 01, and m be the number of choices of

i such that 1 < 2i+1 < k and 09,41 = 01.
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Part (i) holds for £k = 2 by inspection. Let us assume part (ii) holds for some k — 1 > 2. In

particular, our inductive assumptions are as follows: first,

(7) (35 ) (Ban—3(y) ® 2o, 1) = (1)1 EF ) (20,(1) © Bar—s(y)),

and whenever o1 = o9; for some ¢ such that 2¢ < k, we have

(8) (§§®k_l)(%1(1) ® Bar—3(y")) = 0.
Otherwise,
9) (355 ) @y (1) ® Bar—3(¥)) = (2™ BLF 1) (32(20, 1) @ 20, (2))) .

Next, observe the following equality:

(10) (1® Bor—1)(Y) = Toy (1) @ Tory (1) ® Por—2(Toy(2) @+ @ Top(2) @ Tiry(2))

— Zgy (1) @ Bok—2(Top(2) @+ B Toy(2) @ Tgy(2)) ® Toy (1)

= To1(1) © Ty (1) @ Toy(2) @ Por—3(y')

— Ty (1) ® Ty (1) @ Pok—3(Y') ® Toy(2)

— Ty (1) ® oy (2) @ Par—3(Y') @ Toy (1)

+ Zo, (1) @ Por—3(Y) © Toy(2) ® Ty (1)
Let us assume o1 # ox. Then 25, (2) = T5,(1); To, (1) = To,(2), and s0 we replace x4, (2) With 24, (1),
and x,, (1) with x4, (2) in equation (10). Since 83(z4, (1) ® T4, (1)) = 0,

Sgk(%lu) ® Loy (1) @ Pok—3(y") @ T4,1)) = 0.

Therefore by equations (10) and (7) we have

(11) (55%) 0 (1® Bar—1)(y)
= 35(20, (1) @ Toy(2)) @ (855 ) (@, (1) ® Bar—3(y))
+ 82(20, (1) ® Ty (2) © (355 (Ban—s(¥) ® 24y 1))
355 ) (@ay (1) @ Bon—s(y) @ (—82(Ty (1) ® oy (2)))-
= (1= (=1 N82(20, (1) ® Toy(2)) @ (35" ) (@4, (1) ® Bar—3(y"))
+ (355 ) (@0, (1) © Ban—3(Y)) @ 82(T0y (1) @ Ty (2))-
Now suppose o3; = o1 for some 2i < k. Then (§§®k71)(x01(1) ® Bak—3(y")) = 0 by our inductive

assumption, and so

(55%) 0 (1 ® Bo—1)(y) =0
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by equation (11). On the other hand, suppose o9; # o7 for all 4. Recall m’ is the number of choices
of i such that 1 < 2i +1 < k and 09,41 = o1, and m is the number of choices of i such that

1 <2i+1<kand 09,1 = 01. By equation (9)
(85%) 0 (1® Ba—1)(v)
= (1= (=1 (=™ BLF D) (5200, 0) © 70,2))) "
+ (=2 3L ) (52(20, 1) © 70,2))) "
= 2+ (-D)M)(2)" BLF ) (a0, 1) @ 20, )
Since oy # o, m' = m. So when k is odd, [552] = |£], and (2 4+ (—1)%)(-2)™ 3LF]) =

(—2)™(3L5]). Likewise, when k is even, (2+(—1)%)(—2)™ (3L"2"]) = 3(~2)m(3l"2")) = (—2)m(3l5]).

So in any case
(3%) 0 (1® ar—1)(y) = (2" BLEN) (B0, (1) ® 24, (2))

This finishes the the case o1 # oy.
Let us assume oy = o. Then we have 7, (1) = T, (1), and Zs,(2) = Zs,(2)- So replacing
Tgyp(1) With T, (1) and x4, (2) With x5 (2) in equation (10), using equation (7), and the fact that

52(To, (1) ® T4, (1)) = 0, one obtains
(85%) 0 (1® Bar—1) () = —(—=1)F " 82(20y (1) ® oy (2)) ® 857 (20, (1) ® Bar—3(¥/))
+ 55 N @y (1) © Bar—3(y)) ® (—82(T0, (1) @ Toy(2)))-

Suppose o1 = o09; for some choice of ¢ such that 2i < k. Then §§k_1(xm(1) ® Par—3(y")) = 0 by
equation (8), and so
(35%) 0 (1@ Bar—1)(y) = 0
using equation (5).
Suppose g1 # o9; for all choices of 7 such that 2i < k. Then by equations (9) and (5),
. m ol B[y
(12) (35%) 0 (1® Ba—1)(y) = (-1)* = D=2 BU= ) Ga (@, 0) @ 20, 2))) "
Since we are assuming 01 = oy, by the statement of our lemma one would expect that (§§k) o(l®
B2r—1)(y) = 0 whenever k is even. By equation (12) this is indeed the case. On the other hand when

k is odd, since o1 = oy, we have m = m’ 4 1, and therefore by equation (12)
. mral £\
(359 0 (1® far-1)(w) = (=2 BLE) e, 1) © 20, 2)) "

This finishes the o1 = o, case.

To complete the induction we have to show

5% 0 (Bak—1 ®1)(2) = (—1)* (55" 0 (1 ® Bar—1)(y))
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(where z is defined in the statement of the lemma), as an equality of this form in equation (7) is
assumed in our induction step. Having found (55%)o(1® fa_1)(y) above, this is the same as proving

the equality
5% 0 (Bar1 ©1)(2) = (—1)F(=2)" 312 (B2(w0, 1) ® @y 2))) "

Here we have 2z = 25, (1) ® Zg,(2) ® ¥ ® T4, (1), Whereas before y = 2,,(1) ® Ty (1) ® Tgy(2) @ Y.

None-the-less, an argument similar to the one above shows that this equality is correct. O

The following is a consequence of Lemma (4.1).

Lemma 4.2. Let V' be any graded R-module, and x1,xo € V any homogeneous elements. Let

O1y...,0 € So be any k > 1 choices of the two elements in S = {(12),(21)}, and let
Y= (xaku) ®Tp(2) ® @ Toy(1) ® ‘TUz(Q)) ® To,(2) € yO2%k-1

(i) Suppose |z1| and |x2| are both odd, and let n > 0 be the number of times o; = 01

fori>1. Then
(@ 1) 0 Bar—1(y) = (1)1 (=2)" (5220, (1) ® Ty (2)) T @ 20, (2).-
(ii) Suppose |z1| and |x2| are both even. If oo; = o1 for some i, then
(35" @ 1) 0 Barr(y) = 0.
Otherwise, if m > 0 is the number of times 02;11 = o1 fori >0, then
(3" @1) 0 fara(y) = (DF (-2 BN (Gaea,0) @ 2002) T @ 2,0

Proof of part (i). Part (i) holds for £ = 2 by inspection. For our inductive assumption, assume part
(i) holds for some k — 1 > 2. Let y be a choice of tensor as defined in the statement of the lemma,
and for convenience let y' = x5, (1) ® To, ,(2) @+ @ Toy(1) @ Ty (2) ® Ty (2) € V®2k=3_ TLet n be
the number of times o; = o1 for 1 < i < k, and n’ be the number of times o; = o1 for 1 < ¢ < k.

Note the following equality:

(13) (B2k-1)(y) = To,(1) ® To (2) @ Par—3(y')
+ Top (1) @ Bor—3(y') @ Loy (2)
— Zap(2) ® Bak-3(Y") @ o (1)
= Bor-3(Y) ® Ty (2) @ Tor (1)

Let us assume oy # 01, S0 we can replace z,, (2) With 5, (1) and x4, (1) with 2, (2) in equation (13).
In this case, observe that the factor x,, () occurs more often than the factor x,, (1) in the tensor
T, (1) ®Y', thus

555 (@0, (1) ® Bar—s(y')) = 0.
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Also, if 01 # o9, for all 1 < 2i < k, then by our inductive assumption
(552 @ 1) 0 Bar-a(y) = (—1)*2(=2)" (5220, (1) @ Ty ()™ > @ 20, (2),
and by Lemma (4.1),

(GEE ) (Bor—3(y) @ 20y (1) = —(BZF ) (20 (1) @ Bok—s(y/))-

Therefore, by equation (13)

(555 @ 1) 0 (Bar—1)(y)
= (—1)F2(=2)" 82(20, (2) ® Tory (1) @ (82(T oy (1) ® Tory(2))) " 72 @ Ty (2)

= — (1) 2(=2)" (B2(Toy (1) ® Tory2)))ZF T @ 20y 2.

Since o) # o1, n =n', and we are done.
Next we assume 0}, = o1. Replacing z,, (1) with 2, 1) and z,,(1) with z,,(2) in equation (13),
the factor z,,(2) occurs more often than the factor z,, (1) in the tensors z,, (o) ® ¥’ and y' ® x4, (2),

implying §§k71(xak(g) ® Par—3(y")) =0, and 558’]“71(/62;6,3(1/) ® Zg,(2)) = 0. Also, by Lemma (4.1)

’

(55 (o, (1) @ Bar-a(y) = (=1)*2(=2)" (82(0, (1) @ T, ().
Following along a similar line as the previous case,

(555 @ 1) 0 (Bak-1)(y) = 2(=1)*"2(=2)" (52(T0, (1) ® T, 2))) %1 ® T, 2).

’

Because we are assuming oy # o1, then n = n/ + 1, and so 2(—1)*"2(=2)" = (—1)*=1(—2)". This

completes the induction. O

Proof of part (ii). The structure of the proof is similar to that of part (i). Here, part (ii) holds for
k = 2 by inspection, and our inductive assumption is that it holds for some k — 1 > 2. Let y and y’
be as in the proof of part (i), and let m be the number of times 09;41 = o1 for 0 < 2i +1 < k, and

m’ be the number of times o9;11 = o1 for 0 < 2i + 1 < k. Note the following equality:
(14) (Bak—1)(Y) = Top (1) ® Ty (2) @ Par—3(Y)

— 2o, (1) @ Por—3(y") ® Toy(2)

— 2y (2) @ Par—3(y") @ Toy (1)

+ Bok—3(Y') ® Ty (2) ® Top(1)-
Let us assume o # 01, so we replace x,, (2) With z, (1) and z,, (1) with z,, (o) in equation (14).
In this case, observe that the factor x, () occurs more often than the factor x,, (1) in the tensor
To, (1) @Y, thus

35 (@0 (1) ® Bar—s(y')) = 0.
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Also, if 01 # o9, for all 1 < 2i < k, then by our inductive assumption
Dk _ ! el E=L ]y _
(15) 2 @1) 0 fars(y) = (—DF (-2 BLF ) (Ba(@0, 1) © 20, 2) P2 @ 20, ),
and by Lemma (4.1),
(16) (8" ) (Bar—s(y) ® Toi (1)) = (—1)k_1(§§k_1)(%1(1) ® Bak—3(y"))
’ k—
= (- 1(=2)" BLF ) 5220y (1) @ 2, ()P
Therefore
’ k—1
E* @ 1) 0 (Bu—1) () = (-D* = 1)(=2)" BLF ) (220, 01) ® 20, )P @ 20, (2)-

When kis even, [£| = [£51|+1and (2(-1)""1—1) = =3 = (—1)¥7!3; when k is odd, [ %] = | 55|
and (2(=1)k=! —1) =1 = (—1)*~L. Since o} # 01, m = m’, and we are done. If o1 = o9; for some
1 < 2i < k, both equations (15) and (16) are zero by our inductive assumption and Lemma (4.1),
and so (357 @ 1) o (Bzk—1)(y) = 0.

Finally, let us assume oy, = 01. Replacing z,, (1) with 2, (1) and 2,1y with ,, (o) in equation (14),
notice that the factor z,, () occurs more often than the factor x,, (1) in the tensors z,, (2) ® y' and
Y ® gy (2), 50 §§®k_1($0k(2) ® Par—3(y")) = 0, and §§®k_1(ﬁ2k_3(y’) ® Zg,(2)) = 0. The rest being

similar as before, we have (355! ® 1) o (Bar_1)(y) = 0 when oy = 09; for some 1 < 2i < k, and
Dk _ m ol BE2L N s _
(3" @ Do (Bu)(y) = (D2 = D=2 BLF ) (alwe,0) @ 20, 2)) T @ 20,0,

whenever g1 # o09; for all 1 < 2¢ < k. When k is even, by the statement of the lemma one
would expect this equation to be zero, as we are assuming oy # o1. This is in fact the case since

((=1)¥=2 —1) = 0 whenever k is even. On the other hand, when k is odd we have |£| = | 21| and

(=1)F2—-1) = =2 = (=1)*71(=2). Also, because o}, = o1, then m = m’ + 1. This completes the

induction. O

Part (ii) of Theorem (2.2) follows from the following proposition.

Proposition 4.3. Let V be any graded R-module, and x1,x2 € V any homogeneous elements. Let

01,..., 0k €S2 be any k > 1 choices of the two elements in So = {(12),(21)}, and let
Y= (o) © Tap(2) @+ © Tay(1) @ Toy(2) © Tgy2) € VT
(i) If |z1| and |x2| are both odd, then
(5" @10 foro (55 @ 1)(y) = £3TEE @ 1)(y),
(ii) If |z1| and |x2| are both even, then

(355 P @1) 0 Bop—1 0 (855 T @ 1) (y) = PG @ 1) ().
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Proof. Without loss of generality assume o1 = (21) (so Z4,(1) = T2 and 2, (2) = 1), and take the

tensor

= (1 ® IQ)®I€71 ®x1 € Y@L

Notice that (55571 @ 1)(y) = (sgn(o2) - - - sgn(o)) (551 @ 1)(z) when z; and x5 have odd degree,
and (5571 @ 1)(y) = (sgn(oa) - - - sgn(ow)) (355~ @ 1)(z) when z; and z» have even degree. Since
(sgn(oa) - -+ sgn(oy)) = £1, it is sufficient we prove that the proposition holds for = in place of y.
In this case, for any collection &1, ...,04_1 € S2 we shall write (25, ,(1) ®T5, ,(2)) @ @ (T5,(1) ®
T5,(2))) ® 21 as (Op—1 ® -+ ® 61 ® 1)(w) for short.

Assume z; and zo have odd degree. Then

(17) (555 @ 1)(x)

= Z (sgn(a1) - - sgn(Gk-1)) (k-1 ® - ® 71 @ 1) ()

G1,..,0k—1€S2

k—1

Z Z (D)"(Op-1®--®01 ®1)(x)

n=0

G1,..,0k—1€S2,

5;=(21) for n choices of i

Also, by part (i) of Lemma (4.2),

G ®1) 0 Bar-1((Gro1 ® - ® 51 @ 1)(2))
= (=D)* 1 (=2)" (52(21 @ 22))* T @y

= (D" (=25 @ (@)

whenever &; = (21) for exactly n choices of i. Since each &; can either be (12) or (21), there are (kgl)

choices of 1, ...,5x—1 € Sz with the property that 5; = (21) for exactly n choices of i. Therefore by

equation (17)

G @ 1) 0 Bap1 0 (B5F T @ 1) (x)

k-1
= (=) ZO > (255" @ 1)(2)

G1,..,0k—1€S2,

5;=(21) for n choices of ¢

k—1
= (-1 (Z ("> 1)(2")) 5 e D)

n=0

= (D) @ 1) (),

where the last equality follows by the binomial formula.
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On the other hand, assume z; and x5 have even degree. Then

k—1

(o)) = Y T (L) (Gpr @ @ 51 @ 1)(a)

m=0 _ _
G1,.--,0k—1€52,

5;=(21) for m choices of i

By part (i) of Lemma (4.2), if Go; = (21) for some i, (35* ' ®@1)0Bop_1((Gx_1®---®5,@1)(x)) = 0.

Otherwise if 9,11 = (21) for exactly m choices of i, then we have

(3951 ®1) 0 for—1((Gr—1 ® -+ © 51 @ 1)(2))

= (—DF (=2l @ 1)(@).

So because there are (L%J) choices of 71, ...,05—1 € So with the property that ;41 = (21) for

exactly m choices of i, and G9; # (21) for each i, then
(355 ' @1) 0 fop_1 0 (855 @ 1)(x)

I
EEIHN (“J)mm) (5351 @ 1)(a)

m
m=0

= relhEl T et e )
= (-D)MIEEHEFT e (),
where again the last equalities follow using the binomial formula. O

5. GEOMETRICALLY REALIZING THEOREM (2.1)

Considerable work has been done on the applications of representation theory to algebraic topol-
ogy, in particular the geometric realization of certain spaces and maps using the representation
theory of the symmetric group (see references [11, 13] for example). We begin by going over a few
of the basic concepts using Z,, as our ground ring.

Let X to be a p-local suspended C'W-complex, and let us denote the reduced Z,-homology of
X with V. The k-fold self-smash of X is written as X*)| and its reduced mod-p homology given
by H.(X®) = V®  Recall from section (2) the action of Zp[Sk] on VE induces a self-map
Vek 2, V®F for each o € Z,[Sk]. Since X (k) is a suspension whenever X is, by permuting factors
of the smash product and taking co-H-space sums, for each o € Z,[S%] one can construct a self-map
X® J7, x4 with property that (f,). induces V®* -2 V¥ on mod-p homology. In this case we

will denote the mapping telescope
x &) Jo k) o
by T(f,). If 0 € Z,[Sk] happens to be an idempotent, we have an isomorphism

H,(T(f,)) = Im(c : V& — y®k),
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and one obtains a splitting X®) ~ T(f,) V T(f1_,). The inclusion X*) = T(f,) is a retraction
that induces this splitting, and its left homotopy inverse T'(f,) . X®) can be chosen so that the
composition X*) = T(f,) = X*) is homotopic to f,.

It is a well known fact that 8, 0r = kBk € Z,[Sk] [8, 10], implying %ﬂk € Zp[Sk] is an idempotent
whenever k is prime to p. By taking mapping telescopes one has T'(fg,) a retract of X*) when k
is prime to p. We shall denote T'(f3,) by Lx(X). The mod-p homology of Lj(X) is the image of
yek B, V@k 5o it is the submodule of length k Lie brackets in V®*, and is denoted by Ly (V).
These spaces Li(X) turn out to have some significance, as is apparent in the following homotopy

decomposition (see [12]).

Theorem 5.1. Let X be a p-local suspension, and let 1 < k1 < ko < --- be any sequence satisfying
the following properties:

(1) k; is prime to p;

(2) k; is not a multiple of k; whenever i > j.
Then there exists a homotopy decomposition

QXX ~ H QX Ly, (X) x (Some other space).
J

]

The factors in this decomposition are of interest if one is to study the homotopy theory of Q¥ .X.
Ideally these factors can themselves be further broken down into more familiar spaces. Since Ly (X)
is a retract of X(*)| the most manageable way of doing this is to obtain splittings of Lj(X) by
searching for splittings of X (*) using the tools of representation theory. A comprehensive look at
the finest possible 2-primary splittings of X *) for X a 2-cell complex can be found in [13].

In the following theorem we give criteria for constructing a certain retraction of Lyeq1(X). This
can be seen as a geometric realization of the compositions (8" ® 1) 0 Brn41 0 (85" ® 1) and (55" ®

1) 0 Bent10 (57" ® 1) from the Theorem (2.1).

Proposition 5.2. Fizn > 0 and £ > 1 such that nl + 1 is prime to p, and take the integers cy ¢
and dy, ¢ in Theorem (2.1).

Suppose X is any suspended p-local CW -complex with dimV = £ > 1 (where V denotes H, (X)).
Let M denote the sum of the degrees of the generators of V.. If ¢y, ¢ is prime to p and Voqq = 0, or
dn.¢ s prime to p and Veyen, = 0, then

(i) there exist a space Y that is a retract of Lnep1(X), and H,(Y) = H, (S"MX);
(ii) if ¢ <p—1, then "M X is a retract of Lyey1(X).

Proof of part (i). Recall the elements Sy, 5, € Z,[S¢] defined in Section (2). If Veyen = 0, let s, = 54

and assume ¢ = ¢, ¢ is prime to p. Otherwise if V,44 = 0, let s, = 5, and assume ¢ = d,, ; is prime
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s f n . . S
to p. We have self-maps X ER X(® and X(0e+1) T x(net) inducing V®* 2% V@€ and

yemnet) frsl yeme) on mod-p homology. Consider the composition

g1 XD fs(Z'_)A)l (me+1) P X (ne+1)

where 1 is the identity map on X, and fgf) is the n-fold self-smash of fs,. On mod-p homology ¢
induces

041) 50 ®1 04+1) Bnegr 041
gs V®(n+ ) e X V®(n +1) Pnes V®(n + ).
Let T(g) be the telescope of g. By Theorem (2.1),
(18) (55" @ 1) 0 Bney10(s5" @ 1) = (s @ 1).

Thus g, o g. = ¢(g.). Since ¢ is prime to p, this implies H,(T(g)) = Im(g,). Notice Im(g,) C
Im(s$" ®1), and Im((s" ®1)0g.) C Im(g«og.) = Im(gs). By equation (18), Im((s$"®1)og.) =
Im(c(s§" ®1)) = Im(s™ ®1). Therefore Im(g.) = Im(s$™ ®1). Also, Im(s$") is a submodule of
V@t with dimension 1, whose single generator has degree nM. So Im(sy" ®1) = X"MV as graded

Zp-modules, where Y"MV is the nM-fold suspension of the graded Z,-module V. Hence
H.(T(g)) = Im(g.) = £V = H,(5"MX).
Let us also consider the composition

h=(c—g) . x (nt+1) N X (n+1) \, x(nt+1) vy X (ne+1) ) x(ne+1) Y, X(nl+1)7

where 9 is the pinch map, ¢ is the degree ¢ map on X "+ —g is the composition of ¢ and the degree
—1 map on X+ and v is the fold map. On mod-p homology we have h, = ¢— g,, and ¢ is prime
to p. Since g. o g = ¢(g.), this implies Im(h,) = (VE+D) — I'm(g,)) and Im(g.) N Im(h,) = 0.
Therefore V®(+1) gplits as a sum of Z,-submodules I'm(g.) ® I'm(h.). Notice that

heoh, = (c—g.)o(c—g.) = & = 2(g.) + (g 0 9.) = & = 2¢(gu) + elg) = e(h),

so taking the telescope T'(h), we have H,(T(h)) = I'm(h,). Thus we have the following splitting of
graded Z,-modules,

H (X)) = Ve = Im(g.) © Im(h.) = H.(T(g)) ® H.(T(h)).

As the inclusions X D 2, T(g) and X (™1, T(h) induce projections of Im(g,) and Im(h.)

isomorphically onto H,(T(g)) and H,(T(h)) in mod-p homology, the map

LgVip

f . X(n€+1) L X(n@-{-l) \/X(nf-i-l) RS T(g) \/T(h)

induces an isomorphism on mod-p homology, so it is a homotopy equivalence.
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Let f~':T(g) v T(h) — X1 denote the inverse homotopy equivalence of f. Since fo f~!:
X (D), X (D) s homotopic to the identity, and X ™1 2, T(g) maps I'm(g,) isomorphically

onto H,(T(g)) on mod-p homology, the composition
5y T(g) — T(g) V T(h) 7 XD

maps H, (T'(g)) isomorphically onto Im(g.) in mod-p homology. Also, since nf + 1 is prime to p
and Bnet1 © Brer1 = (n€ + 1)Breta, #ﬂﬁneﬂ € Zp[Sne+1] is an idempotent. So the inclusion
XMHD 5 T(f5,,.,) = Luer1(X) is a retraction, and we can take some left homotopy inverse
such that X+ 5 1,0 (X) = XD s homotopic to X (M+1) f[ml X+ Now consider

the composition
a:T(g) =% XD Lo L (X) 2 x (D 22, 7(g),

Recall g, = Bnet1 0 (s?” ® 1) by definition. Then on mod-p homology k. o ¢, sends Im(g.) (surjec-
tively) onto Bner1(Im(gs)) = Im(Bnet10Bner10(s5"@1)) = Im((nl+1)Brer10(s5"@1)) = Im(gs).
Since (t4)« projects Im(g.) isomorphically onto H.(T(g)), and Kg maps H,(T(g)) isomorphically
onto Im(gs), ay is an isomorphism on mod-p homology. Therefore « is a homotopy equivalence and

T(g) is a retract of Lye4+1(X). O

Proof of part (ii). We continue where the proof of part (i) left off to avoid redefining things, but
this time the added assumption is that £ < p — 1. Recall sy € Z,[S,] is either 5, or 8¢, depending
on whether Vi, = 0 or Vogq = 0. In either case it is well known (and not difficult to see) that
sgsy = flsg, So one can take the idempotent %se when ¢ < p — 1. In this case the inclusion
X0 5 T(f,,) is a retraction, and since H,(T(fs,)) = Im(s,) is a 1-dimensional submodule of
V@ whose generator has degree M, T'( fs,) is homotopy equivalent to the M-sphere S™.

Let v : X(0) ﬂ S™M he the n-fold smash of z. On mod-p homology v induces an isomorphism

onto Im(s$™), and so the smash of v and the identity on X,
A 1: X(nf) N EnMX7

induces an isomorphism onto Im(sy™ ® 1). Since the section map 7'(g) 22, X (41 defined in the
proof of part (i) induces an isomorphism onto Im(sy™ ® 1) on mod-p homology, the composition
T(g) =& x (0 WML M X is an isomorphism on mod-p homology, so it is a homotopy equivalence.
Thus part (ii) follows from part (i).

O

If the criteria in Proposition (5.2) are satisfied, then Proposition (5.2) together with Theorem (5.1)
imply QXY is a retract of QX X. Likewise, if £ < p — 1, then QX"M+1X is a retract of QX X. Given
that both d, , and ¢y ¢ are prime to p, one can iterate Proposition (5.2) to produce an infinite

sequence of such retractions, as is stated more precisely in the following proposition.
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Proposition 5.3. Fizn > 0 and £ > 1 such that nl + 1 is prime to p, and suppose both c,, and
dn.e are prime to p.

Let X be any suspended p-local CW -complex with dimV = ¢ > 1 (where V denotes H, (X)), and
either Vogqg = 0 o1 Veyen = 0. Let M denote the sum of the degrees of the generators of V', and

define the sequence of integers b; ., recursively with by, =0, and
bim = (nﬁ + 1)[)1‘_1,” + nM.

Then
(i) there exist spaces Y; such that QXY; is a retract of QXX , and H, (Y;) = H,($bin X)
for each i > 1;
(ii) if £ < p—1, then QXbinT1X is a retract of QXX for each i > 1.

Proof. We will prove part (ii) since part (i) is similar. This is done by induction, with the base
case being QX"MFLX ig a retract of QX X. These base case holds true since "™ X is a retract of
Ly0+1(X) by Proposition (5.2), and by Theorem (5.1) QX L,,p41(X) is a retract of QXX when nf+1
is prime to p.

For our inductive assumption, let us assume QX%+ X is a retract of QXX for some ¢ > 1, and let
M’ be the sum of the degrees of the generators of I;f*(Ebi»"X). Notice that dim ¥V = dim V = ¢,
and since Vg = 0 or Veyen, = 0, either (%7 V) 34 = 0 or (X% V) cper, = 0. Since we have an isomor-
phism H, (3t X) 2 $binV of graded Z,-modules, and since we are assuming that both ¢, ¢ and d,, ¢
are prime to p, by Proposition (5.2) M’ (X0in X)) is a retract of Lyeyq (X% X), Also, because nf+1
is prime to p, by Theorem (5.1) QX Lyp11 (X0 X) is a retract of QX(XPn X)), so QEM +1($bin X))
is also a retract of QX (X%» X). Then using our inductive assumption, QXM +1(xbin X) is a retract
of O¥X.

To check that M’ has the correct value, let {vy, ..., vp} be a basis for V and M be the sum of the
degrees of the generators in this basis. In this case

M =" (bip + [vi]) = b + M.
1<4i<t

Thus XM’ ($bin X) = $bi+1» X This completes the induction.
]

Proposition (5.3) becomes useful when we know ¢,, ¢ and d,, ¢ are prime to p. In Theorem (2.2) we
found that ¢1 0 =di ¢ = ({+1)((¢ —1)!) for £ > 1, so Theorem (1.1) follows as an easy consequence.

For the case ¢ = 2 we found ¢, 2 = d,, » = 3" for n > 1, which wuse use to prove Theorem (1.2).

Proof of Theorem (1.2). Fix p > 5, and let X be any suspended p-local CW-complex with dimV =
2, and either V,43q = 0 or Viyen = 0. Let M denoting the sum of the degrees of the two generators
of V.
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Let 0 < ky < ke < --- be any sequence satisfying 2k; 4+ 1 is prime to p and 2k; + 1 is not a
multiple of 2k; + 1 whenever ¢ > j. By Theorem (5.1) there is a decomposition
QXX ~ H Q¥ Log;+1(X) x (Some other space).
J
Since 2k; +1 and cx; 2 = di; 2 = 3% are prime to p for all j, by Proposition (5.2) %M X is a retract
of Loy, +1(X), so in turn OXkiM+1X ig a retract of QX Log;41(X). This proves the theorem.
|

Remark 5.4. There is an analogous decomposition of the 2-cell complex X in Theorem (1.2) in
terms of spheres, on the condition that V,qq = 0. In this case it is easy to show Ly(X) ~ SM
and L3(X) ~ XM X. Repeating this argument starting with XM X in place of X, one can show
QXX ~ [[;2, Q(Sb1H1) x (Some other space) by using Theorem (5.1) (where b; 1 are the integers
defined in Proposition (5.3)).

Proof of Theorem (1.4). Let X be any suspended p-local CW-complex, and let V' denote IZT*(X)7
and M be the sum of the degrees of the generators in V. Assume Vye, = 0, £ = dim V is even, and
1< f<p—1. Let L(V) is the free Lie algebra generated by V, and [L(V'), L(V)] the sub Lie algebra
of L(V) generated by Lie brackets of length greater than one. By the Poincareé-Birkhoff-Witt

theorem, there is an isomorphism of coalgebras
V) =AV) @ S(LV), L(V)]).

This isomorphism is geometrically realized by Cohen’s and Neisendorfer’s decomposition (Theo-
rem (1.3))

QXX ~ A(X) x QQ(X),
with H,(A(X)) =2 A(V) and H,.(QQ(X)) = S([L(V),L(V)]). By Theorem (5.1) QXLy1(X) is a
retract of QXX and the proof of this in [12] indicates the section map QX L,1(X) — QXX for

this retraction induces the natural inclusion
H (%L 11(X)) ~ T(Lega (V ®S i(Lex1 (V) S A(V) @ S((L(V), L(V)))

into the right-hand factor (where L;(V') denotes the Z,-submodule of length ¢ Lie brackets in L(V'),
and where the isomorphism follows by the Poincareé-Birkhoff-Witt theorem). Therefore QX Ly 1(X)
is also a retract of QQ(X). In turn, QXM+1X is a retract of QX Ly, (X) using Proposition (5.3),

so we obtain a decomposition
QXX ~ A(X) x Q2MFTLX x (Some other space).

Since £ = dim V is even and Vye, = 0, IAi:*(EMX) =~ YMYV has only odd degree generators, so we
can reapply Cohen’s and Neisendorfer’s decomposition to QXM +1 X Iterating this argument, start-

ing by taking ¥™ X in place of X, and using an induction similar to the proof of Proposition (5.3),
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we obtain the decomposition
QXX ~ H A(Xb1 X) x (Some other space),
i=0

where b; 1 are the integers defined in Proposition (5.3).

6. AN APPLICATION TO THE MOORE CONJECTURE

The p-exponent exp,,(X) of a space X is defined as the smallest power pt such that p* annihilates
the p-primary torsion of m;(X) for all ¢ > 0. It is known that the spheres, finite H-spaces, and
certain Moore spaces all have finite exponents at odd primes [1, 9, 4]. A simply connected wedge of
spheres is a simple example of a finite CW-complex without a finite p-exponent, or more generally,
any wedge S™ V XX where XX is rationally non-trivial and m > 1 [9]. The Moore conjecture
addresses the question concerning which spaces have finite p-exponent and which spaces have have
no p-exponent. As the statement of the conjecture stands, a simply connected finite CW-complex
X has exp,(X) finite at a prime p if and only if 7. (X) ® Q is a finite dimensional vector space.
Since X is rationally a wedge of spheres when it is a suspension, this can be stated equivalently as

follows:

Conjecture 6.1 (Moore conjecture for suspensions). Let X be a simply connected finite CW -
complex that is a suspension.

(a) If dim(H.(X;Z) ® Q) < 1, then exp,(X) is finite;

(b) if dim(H.(X;Z) ® Q) > 1, then exp,(X) is infinite.

We should note that part (a) is known to hold at almost all primes p based on work of McGibbon
and Wilkerson [3]. Working in the other direction, Selick [6] showed that part (b) holds when
H,.(X;Z) is torsion-free. There is also a stable analogue of the Moore conjecture due Stanley [9],
which is much easier to prove. That is, any simply connected finite CW-complex X has a finite
p-exponent on stable homotopy 72(X) if and only if X is rationally trivial. Using the following
proposition together with Stanley’s theorem, we can recover Selick’s result when limiting ourselves

to the spaces in Theorem (1.1):

Proposition 6.2. Take the integers b; and a suspended p-local CW -complex X as in Theorem (1.1),
letting V. = I;T*(X), 1<dimV < p—1, and either Vogq = 0 or Veyen, = 0. Assume X is (m — 1)-
connected for some m > 1. Then for each j the stable homotopy group ﬂ';-(EX) is a retract of

Titb, (2X) for all i large enough such that j < b; + 2m.

Proof. By Theorem (1.1) QX% F1X is a retract of QXX so 74, (01 X) is a retract of 744, (XX)
for each j. By the Freudenthal suspension theorem 7 , (X1 X) 2 78, (2%+1X) for j < b;+2m,
and 7rj+bi(2bi+1X) = 72(XX). Thus 75(XX) is a retract of 7;15,(XX) when j < b; + 2m. O
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Thus we see that the stable homotopy groups n$(XX) of the space XX in Proposition (6.2)
are contained in m.(XX). Since ¥X is rationally nontrivial, exp,(7(2XX)) is infinite by Stanley’s
theorem. So exp,(XX) must also be infinite.

Selick’s result still leaves part (a) of the Moore conjecture open for those suspensions that have
torsion in their integral homology. The restriction V,qq = 0 or Veyen, = 0 in Theorem (1.1) excludes
such torsion spaces. In hopes of making further progress on the Moore conjecture, one might
ask whether the restriction V,qq = 0 or Veyen, = 0 can be dropped in Theorem (1.1), and then
Proposition (6.2) together with Stanley’s result can be extended to torsion spaces. Unfortunately
this seems unlikely. For example, we can let X be a wedge S™V P"(p") where the Moore space P™(p")
is the cofibre of the degree p” map S™~! £ S"~1. Then ¥ X has torsion in its integral homology
but is rationally nontrivial, and the mod-p homology V' = H,(X) has an even degree generator and
an odd degree generator, so Vogq # 0 and Veypen, # 0. If an analogue of Theorem (1.1) held true
for X, the stable homotopy groups %(XX) would be contained in 7. (XX), and exp,(XX) would
be infinite using Stanley’s theorem. But using the Hilton-Milnor theorem and certain properties of
Moore spaces, one can show that exp,(XX) is in fact finite (as is predicted by the Moore conjecture,
since dim(H,(XX;Z) ® Q) = 1).

Though Theorem (1.1) might not work in general situations, it still seems likely that a lot more
can be said about the factors in Theorem 5.1 for more general spaces. It may be the case that a
broader range of decompositions exists in terms of spaces that are in some sense familiar, aside from

the retractions we constructed for the narrow range of spaces leading to Theorem (1.1).

REFERENCES

1. F.R. Cohen, J.C. Moore, and J.A. Neisendorfer, Torsion in homotopy groups, Ann. of Math. 109 (1979), 121-168.

2. F.R. Cohen and J.A. Neisendorfer, A construction of p-local H-spaces, Lecture Notes in Math. 1051 (1984),
351-359.

3. C.A. McGibbon and C.W. Wilkerson., Loop spaces of finite complezxes at large primes, Proc. A.M.S. 133 (2002),
109-116.

4. J.A. Neisendorfer, The exponent of a Moore space, Ann. of Math. Stud. 113 (1987), 35-71.

5. P. Selick, Odd primary torsion in 71(S%), Topology 17 (1978), 407-412.

, On conjectures of Moore and Serre in the case of torsion-free suspensions, Math. Proc. Cambridge
Philos. Soc. 94 (1983), 53-60.

7. J.P. Serre, Homologie singuliére des espaces fibrés, Ann. of Math. 54 (1951), 425-505.

8. W. Specht, Die linearen beziehumgen zwischen hoheren kommautatoren, Math. Zeit. 51 (1947), 44-55.
9. D. Stanley, Ezponents and suspension, Math. Proc. Camb. Phil. Soc. 133 (2002), 109-116.

10. F. Wever, Operatoren in lieschen ringen, J. Reine Angew. Math. 187 (1949), 44-55.

11. J. Wu, EHP sequences for (p — 1)-cell complexes and the functor A™™ Tsrael J. Math., to appear.

12. , On combinatorial calculations for the James-Hopf maps, Topology 37 (1998), 1011-1023.

13. J. Wu and P. Selick, On functorial decompositions of self-smash products, Manuscripta Math. 111 (2003), 435—
457.



28 PIOTR BEBEN AND JIE WU

14. J. Wu, S.D. Theriault, and P. Selick, functorial decompositions of looped coassociative co-H-spaces, Canadian J.

Math. 58 (2006), 877-896.

DEPARTMENT OF MATHEMATICS, NATIONAL UNIVERSITY OF SINGAPORE, 2, SCIENCE DRIVE 2, SINGAPORE 117543

E-mail address: matpbd@nus.edu.sg

DEPARTMENT OF MATHEMATICS, NATIONAL UNIVERSITY OF SINGAPORE, 2, SCIENCE DRIVE 2, SINGAPORE 117543

E-mail address: matwuj@nus.edu.sg



