
Lecture Notes on Algebraic Topology

Jie Wu

Department of Mathematics, National University of Singapore, Singapore 119260,
Republic of Singapore, matwujie@math.nus.edu.sg

URL: www.math.nus.edu.sg/~matwujie





Contents

Chapter 1. Introduction 5
1. Sets 5
2. Monoids and Groups 7
3. G-sets 9
4. Categories and Functors 10

Chapter 2. General Topology 13
1. Metric spaces 13
2. Topological Spaces 14
3. Continuous Functions 16
4. Induced Topology 17
5. Quotient Topology 19
6. Product Spaces, Wedges and Smash Products 20
7. Topological Groups and Orbit Spaces 23
8. Compact Spaces, Hausdorff Spaces and Locally Compact Spaces 25
9. Mapping Spaces and Compact-open Topology 31
10. Manifolds and Configuration Spaces 37

Chapter 3. Elementary Homotopy Theory 41
1. Homotopy Sets 41
2. Homotopy Equivalences and Contractible Spaces 46
3. Retraction, Deformation and Homotopy Extension Property 47
4. H-spaces and Co-H-spaces 52
5. Barratt-Puppe Exact Sequences 65

Chapter 4. The Fundamental Groups and Covering Spaces 71
1. The fundamental Group 71
2. The Seifert-Van Kampen Theorem 77
3. Covering Spaces 84
4. The Lifting Theorem For Covering Spaces 87
5. Universal Covering 92

Chapter 5. Homology 99
1. Eilenberg-Steenrod Axioms 99
2. Computations and Applications 106
3. ∆-sets, Simplicial Sets and Homology 114

3



4 CONTENTS

Chapter 6. Some Suggested Topics for Your Further Reading/Study 125
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CHAPTER 1

Introduction

1. Sets

Let X and Y be sets. The notation Y ⊆ X means that Y is a subset of X and Y ⊂ X means
that Y is a proper subset of X, that is Y ⊆ X and Y 6= X. Let X \ Y denote the set

X \ Y = {x|x ∈ X and x 6∈ Y }.

The empty set is denoted by ∅.
Let X and Y be sets. The Cartesian product is defined by

X × Y = {(x, y)|x ∈ X, y ∈ Y }.

Note: If X and Y are finite sets of m and n elements, respectively, then X × Y is a finite set of
mn elements.

Let X1, · · · , Xn be sets. The Cartesian product is defined by

X1 ×X2 × · · · ×Xn = {(x1, x2, · · · , xn)|xi ∈ Xi, 1 ≤ i ≤ n}.

The infinite Cartesian product is defined similarly. For example, let {Xα|α ∈ I} be a family of sets.
Then ∏

α∈I

Xα = {(xα)|xα ∈ Xα, α ∈ I}.

The α-coordinate projection

πα :
∏
α′∈I

Xα′ → Xα

is defined by
πα((xα′)) = xα.

Theorem 1.1. Let {Xα|α ∈ I} be a family of set. Then the Cartesian product
∏

α∈I Xα satisfies
the following universal lifting property:

Let X be any set and let fα : X → Xα be any function for each α ∈ I. Then there is a
unique function

f : X →
∏
α∈I

Xα

such that
fα = πα ◦ f

for each α.
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6 1. INTRODUCTION

Proof. Let f : X →
∏

α∈I Xα be a function defined by

f(x) = (fα(x))

for each x ∈ X. Then f is a function with the property that fα(x) = πα ◦ f(x) for any x and so
fα = πα ◦ f . This shows the existence of the universal lifting property. Let g : X →

∏
α∈I Xα be

any function with the property that fα = πα ◦ g for each α. Then the α-th coordinate of g(x) is
fα(x) for each x ∈ X. Thus g = f defined above. This shows the uniqueness of the universal lifting
property. �

Let f : X → Y be a function. Then the image of f is defined by

Im(f) = f(X) = {y ∈ Y |y = f(x) for some x ∈ X}.
The identity function on X is denoted by idX , id or 1. Thus id(x) = x.

Exercise 1.1. Let f : X → Y be a function. Let {Xα|α ∈ I} be a family of subsets of X. Then
1) show that

f(
⋃
α∈I

Xα) =
⋃
α∈I

f(Xα);

2) show that
f(
⋂
α∈I

Xα) ⊆
⋂
α∈I

f(Xα);

3) show by example that
f(
⋂
α∈I

Xα) 6=
⋂
α∈I

f(Xα)

in general.

Let f : X → Y be a function. Let A be a subset of X. Then the restriction f |A : A→ Y is the
function defined by

f |A(a) = f(a)
for a ∈ A. Let B be a subset of Y . The pre-image f−1(B) is defined by

f−1(B) = {x ∈ X|f(x) ∈ B}.
Note that f−1(B) could be an empty set.

Exercise 1.2. Let f : X → Y be a function. Let {Bβ |β ∈ J} be a family of subsets of Y . Then
1) show that

f−1(
⋃
β∈J

Bβ) =
⋃
β∈J

f−1(Bβ);

2) show that
f−1(

⋂
β∈J

Bβ) =
⋂
β∈J

f−1(Bβ);

3) show that
f−1(Y \Bβ) = X \ f−1(Bβ).

A function f : X → Y is said to be bijective if it is one-to-one and onto. In this case the inverse
is denoted by f−1 : Y → X. Note that f−1 is also bijective. If there is a bijective function f from
X to Y , we call that X is isomorphic to Y as sets.
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Exercise 1.3. Let X be a set. Let Xα be a family of sets with indices α in a set I. Suppose
that Xα = X for each α. Show that

∏
α∈I Xα is isomorphic to the set of functions from I to X.

A relation on a set X is a subset ∼ of X ×X. We write x ∼ y if (x, y) ∈∼. A relation on X is
an equivalence relation if it satisfies

1) the reflexive condition: x ∼ x for all x ∈ X;
2) the symmetric condition: If x ∼ y, then y ∼ x;
3) the transitive condition: If x ∼ y and y ∼ z, then x ∼ z.

The equivalence class of x is the set

{x} = {y ∈ X|x ∼ y}.
Exercise 1.4. Let ∼ be an equivalence relation on X. Show that each element of X belongs to

exactly one equivalence class.

2. Monoids and Groups

A binary operation (multiplication) on a set X is a function µ : X × X → X. We abbreviate
µ(x, y) to xy or x + y. A monoid M is a set M together with a multiplication µ : M ×M → M
satisfying the following conditions:

1) (identity) there exists an element 1 ∈M such that

1x = x1 = x

for any x ∈M ;
2) (associativity) the equation

(x1x2)x3 = x1(x2x3)

holds for any x1, x2, x3 ∈M .
A group is a monoid G satisfying

3) (inverse) For each x ∈ G, there exists an element x−1 ∈ G such that

xx−1 = x−1x = 1.

In other words, a group is a monoid in which every element is invertible. Note that if x is invertible,
then the inverse of x is unique. A group (or monoid) G is said to abelian or commutative if xy = yx
for any x, y ∈ G. Let G and H be monoids (or groups). Then the Cartesian product G × H is a
monoid (or group) under the multiplication defined by

(g, h)(g′, h′) = (gg′, hh′).

In additive case, we write G⊕H for G×H.
A subset H of a group (monoid) is a subgroup (submonoid) of G if H is a group (monoid) under

the binary operation of G. Let H be a subgroup (submonoid) of G and let g ∈ G. The left and
right cosets of H by g are defined by

gH = {gh|h ∈ H} Hg = {hg|h ∈ H}.
Example 1.2. Let Z+ be the set of non-negative integers. Then Z+ is a monoid under the

addition +. Z+ is a submonoid of Z. Z is often called the group completion of the monoid Z+,
i.e. the “smallest group” that contains Z+. The set of natural numbers is a monoid under the
multiplication. The “group completion” of natural numbers is the set of positive rational numbers
with the multiplication.
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In general, monoids and the “group completion” of monoids are very complicated and there are
many research papers about these topics.

Let G and H be monoids (or groups). A homomorphism f : G → H is a function such that
f(1) = 1 and

f(xy) = f(x)f(y)
for any x, y ∈ G.

Exercise 2.1. Let G and Hbe groups and let f : G → H be a function such that f(xy) =
f(x)f(y) for any x, y ∈ G. Show that

1) f(1) = 1;
2) f(x−1) = f(x)−1 for any x ∈ G.

Let G and H be monoids (or groups). The kernel of a homomorphism f : G→ H is the set

Ker(f) = {x ∈ G|f(x) = 1}.
Note that a homomorphism f is one-to-one (a monomorphism) if and only if

Ker(f) = {1}.
A monoid (or group) G is called isomorphic to H if there is a bijective homomorphism f : G→ H.
In this case, we write G ∼= H or f : G ∼= H.

A subgroup K of G is normal if gxg−1 ∈ K for all g ∈ G and x ∈ K. Let G and H be groups.
Then the kernel of a homomorphism f : G → H is a normal subgroup of G. The image of f is a
subgroup of H which is not normal in general.

Exercise 2.2. Let K be a normal subgroup of a group G. Show that
1) gK = Kg for any g ∈ G;
2) the set

G/K = {gK|g ∈ G}
is a group under the operation

(gK)(g′K) = (gg′)K.

The group G/K is called the quotient group of G by K.

Let G be a group and let g ∈ G. The subgroup generated by g is the subset

〈g〉 = {gn|n ∈ Z}.

Proposition 1.3. Let G be a group and let g ∈ G. Then 〈g〉 is isomorphic to Z or Z/nZ for
some n.

Proof. Let φ : Z→ 〈g〉 be the function defined by

φ(n) = gn.

Then φ is a homomorphism of groups because

φ(m+ n) = gm+n = gmgn = φ(m)φ(n).

Note that φ is an epimorphism, that is φ is onto. If gm 6= 1 for any positive integer m, then φ is an
isomorphism. Suppose that gm = 1 for some positive integer m. Let

n = min{m|gm = 1,m > 0}.
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Then
Ker(φ) = nZ

and so
〈g〉 ∼= Z/nZ.

�

If G = 〈g〉 for some g, we say that G is a cyclic group with generator g. A set of generators for
a group G is a subset S of G such that each element in G is a product of powers of elements taken
from S. A group G is called finitely generated if it is generated by a finite subset.

A free abelian group of rank n is the direct sum

Z⊕n = Z⊕ Z⊕ · · · ⊕ Z.

Theorem 1.4 (Decomposition Theorem). Let G be a finitely generated abelian group. Then G
is isomorphic to

H0 ⊕H1 ⊕H2 ⊕ · · · ⊕Hm,

where H0 is a free abelian group and Hi is a cyclic group of prime power order for 1 ≤ i ≤ m.

The proof can be found in any text book of algebra.
A commutator in a group G is an element

[g, h] = ghg−1h−1.

for some elements g, h ∈ G. The commutator subgroup [G,G] is the subgroup of G generated by
all commutators of G. The commutator subgroup [G,G] is normal. The group G/[G,G] is called
the abelianization of the group G. Note that a group G is abelian if and only if the commutator
subgroup [G,G] is trivial. A group G is called perfect if [G,G] = G. An example of perfect groups
is the alternating groups An for n > 4. Non-commutative groups are much more complicated than
abelian groups.

3. G-sets

Let G be a group. A set X is called a left G-set if there is an operation µ : G × X → X,
(g, x)→ g · x, such that

1) 1 · x = x for all x ∈ X;
2) (gh) · x = g · (h · x) for all g, h ∈ G and x ∈ X.

A set X is called a right G-set if there is an operation µ : X ×G→ X, (g, x)→ x · g, such that
1) x · 1 = x for all x ∈ X;
2) x · (gh) = (x · g) · h for all g, h ∈ G and x ∈ X.

Example 1.5. Let H be a subgroup of a group G. Then the set of left cosets {gH|g ∈ G} is a
left G-set and the set of right cosets {Hg|g ∈ G} is a right G-set.

Theorem 1.6. Let X be a left G-set. For any g ∈ G, the function θg : X → X defined by

x→ g · x

is a bijective.
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Proof. From the definition, we have that θgθh = θgh and θ1 = idX . Thus

θgθg−1 = idX = θg−1θg

and so θg is a bijective.
Similarly, if X is a right G-set, then the function θg : X → X defined by x → x · g is a

bijective. �

4. Categories and Functors

A category may be thought of intuitively as consisting of sets, possibly with additional structure,
and functions, possibly preserving additional structure. More precisely, a category C consists of

1) A class of objects
2) For every ordered pair of objects X and Y , a set Hom(X,Y ) of morphisms with domain

X and range Y ; if f ∈ Hom(X,Y ), we write f : X → Y or X
f- Y

3) For every ordered triple of objects X,Y and Z, a function associating to a pair of mor-
phisms f : X → Y and g : Y → Z their composite

g ◦ f : X → Z

These satisfy the following two axioms:
Associativity. If f : X → Y , g : Y → Z and h : Z →W , then

h ◦ (g ◦ f) = (h ◦ g) ◦ f : X →W.

Identity. For every object Y there is a morphism idY : Y → Y such that if f : X → Y ,
then idY ◦f = f , and if h : Y → Z, then h ◦ idY = h.

A category is said to be small if the class of objects is a set. The category of sets means the
category in which the objects are sets and the morphisms are functions. The category of sets is
NOT small. But there are many small categories. For instance, the category of finite sets, that is in
which the objects are finite sets and the morphisms are functions between finite sets. We list some
examples of categories:

1) The category of sets and functions.
2) The category of pointed sets (A pointed set means a non-empty set X with a base point

x0 ∈ X) and pointed functions (that is the functions that preserving the base points).
3) The category of finite ordered sets and monotone functions (that is f(x) ≤ f(y) is x ≤ y).

This category is usually denoted by ∆. The objects in ∆ are given by {0, 1, · · · , n} for
n ≥ 0 and the morphisms in ∆ are given by monotone function from {0, 1, · · · ,m} to
{0, 1, · · · , n} for any m,n.

4) The category of groups and homomorphisms.
5) The category of monoids and homomorphisms.
6) The category of topological spaces and continuous functions. Topological space is a gen-

eralization of the usual spaces such as Euclidian spaces Rn, spheres, polyhedra, metric
spaces and etc. We will give the definition of topological space in the next chapter.

Let C be a category. A subcategory C′ ⊆ C is a category such that
a) The objects of C′ are also objects of C;
b) For objects X ′ and Y ′ of C′, HomC′(X ′, Y ′) is a subset of HomC(X ′, Y ′) and
c) If f ′ : X ′ → Y ′ and g′ : Y ′ → Z ′ are morphisms of C′, their composite in C′ equals their

composite in C.
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C′ is called a full subcategory of C if C′ is a subcategory of C and for objects X ′ and Y ′ in
C′, HomC′(X ′, Y ′) = HomC(X ′, Y ′). For example, the category of groups and homomorphisms is a
subcategory of the category of sets and functions but it is not a full subcategory. The category of
finite sets and functions is a full subcategory of the category of sets and functions.

Let C be a category. A morphism f : X → Y is called an equivalence if there is a morphism
g : Y → X such that g ◦ f = idX and f ◦ g = idY .

Let C and D be categories. A covariant functor (or contravariant functor) T from C to D consists
of an object function which assigns to every object X of C an object T (X) of D and a morphism
function which assigns to every morphism f : X → Y of C a morphism T (f) : T (X) → T (Y ) [or
T (f) : T (Y )→ T (X)] of D such that

a) T (idX) = idT (X) and
b) T (g ◦ f) = T (g) ◦ T (f) [or T (g ◦ f) = T (f) ◦ T (g)].

Theorem 1.7. Let T be a functor from a category C to a category D. Then T maps equivalences
in C to equivalences in D.

Proof. Assume that T is covariant (the argument is similar if T is contravariant). Let f : X →
Y be an equivalence and let f−1 : Y → X be its inverse. Since f−1 ◦ f = idX and f ◦ f−1 = idY ,
T (f−1) ◦ T (f) = idT (X) and T (f) ◦ T (f−1) = idT (Y ). Thus T (f) is an equivalence. �

A topological problem on spaces is to how to classify topological spaces. In other words, roughly
speaking, how to know whether a space X is homeomorphic to another space Y or not. Basic ideas
in algebraic topology is to introduce various functors from the category of topological spaces to
“algebraic” categories such as the category of groups, the category of abelian groups, and the
category of modules and etc. Homology, fundamental group and higher homotopy groups are most
important functors from the category of spaces to the category of groups.

For example, we will know that the fundamental group of R2 \ {0} is Z but the fundamental
group of R \ {0} is {0}. By Theorem 1.7, we have that R \ {0} is not homeomorphic to R2 \ {0}
and so R is not homeomorphic to R2. This is a simple example. Actually we will be able to classify
all of (2-dimensional) surfaces in this course using the fundamental group.

Let C be any category. A simplicial object over C means a contravariant functor X : ∆ → C.
A simplicial set means a simplicial object over the category of sets. Similarly, we have simplicial
groups, simplicial monoids, simplicial algebras and etc. Simplicial sets and simplicial groups are
combinatorial models for spaces and topological groups, respectively, in homotopy sense. By its
combinatorial means, we can say that homotopy theory studies “functors”. On the other hand, by
its geometric means, homotopy theory studies continuous deformations of spaces and continuous
maps.





CHAPTER 2

General Topology

1. Metric spaces

Let X be a set. A metric d for X is a function d : X ×X → R satisfying
1) d(x, y) = 0 if and only if x = y;
2) (triangle inequality)

d(x, y) + d(x, z) ≥ d(y, z).
In this case X is called a metric space with the metric d.

Proposition 2.1. If d is a metric for X, then d(x, y) ≥ 0 and d(x, y) = d(y, x) for all x, y ∈ X.

Proof. By the triangle inequality, we have

2d(x, y) = d(x, y) + d(x, y) ≥ d(y, y) = 0,

d(x, y) = d(x, y) + d(x, x) ≥ d(y, x),
d(y, x) = d(y, x) + d(y, y) ≥ d(x, y).

Thus d(x, y) ≥ 0 and d(x, y) = d(y, x). �

Exercise 1.1. a) Show that each of the following is a metric for Rn:

d(x, y) = (
n∑

i=1

(xi − yi)2)1/2 = ||x− y||; d(x, y) =
{

0 if x = y,
1 if x 6= y;

d(x, y) =
n∑

i=1

|xi − yi|; d(x, y) = max1≤i≤n |xi − yi|.

b) Show that d(x, y) = x− y does not define a metric on R.
c) Show that d(x, y) = min1≤i≤n |xi − yi| does not define a metric on Rn.
d) Let d be a metric. Show that d′ defined by

d′(x, y) =
d(x, y)

1 + d(x, y)

is also a metric.

Definition 2.2. Let (X, dX) and (Y, dY ) be metric spaces. A function f : X → Y is said to be
continuous at x ∈ X if for any εx > 0 there exists δx > 0 such that dY (f(x), f(y)) < εx whenever
dX(x, y) < δx. The function f is said to be continuous if it is continuous at all points x ∈ X.

Exercise 1.2. Let X be a metric space with metric d. Let y ∈ X.Show that the function
f : X → R defined by f(x) = d(x, y) is continuous.

13



14 2. GENERAL TOPOLOGY

Definition 2.3. A subset U of a metric space (X, d) is said to be open if for any x ∈ U there
exists εx > 0 such that if y ∈ X and d(y, x) < εx then y ∈ U .

In other words U is open if for any x ∈ U there exists an εx > 0 such that the open ball

Bεx
(x) = {y ∈ X|d(y, x) < εx} ⊆ U.

Exercise 1.3. a) Show that Bε(x) is always an open set for any x and any ε > 0.
b) Which of the following subsets of R2 (with the usual metric) are open?

{(x, y)|x2 + y2 < 1} ∪ {(1, 0)}, {(x, y)|x2 + y2 ≤ 1},
{(x, y)||x| < 1}, {(x, y)|x+ y < 0},
{(x, y)|x+ y ≥ 0}, {(x, y)|x+ y = 0}.

Exercise 1.4. Show that if U is the family of open sets arising from a metric space then
i) The empty set ∅ and the whole set belong to U ;
ii) The intersection of two members of U belongs to U ;
iii) The union of any number of members of U belongs to U .

Theorem 2.4. A function f : X → Y between two metric spaces is continuous if and only if
for any open set U in Y the set f−1(U) is open in X.

Proof. Suppose that f is continuous and U is open in Y . Let x ∈ f−1(U). Then f(x) ∈ U .
Since U is open, there exists ε > 0 such that Bε(f(x)) ⊆ U . By the definition, there exists δ > 0
such that f(y) ∈ Bε(f(x)) whenever y ∈ Bδ(x), that is f(Bδ(x)) ⊆ Bε(f(x). Thus

Bδ(x) ⊆ f−1(Bε(x)) ⊆ f−1(U)

and so f−1(U) is open.
Conversely let x ∈ X; then Bε(f(x)) is an open subset of Y and so f−1(Bε(f(x))) is an open

subset of X. Thus there exists δ > 0 with

Bδ(x) ⊆ f−1(Bε(f(x))).

In other words dY (f(x), f(y)) < ε whenever dX(x, y) < δ, that is f is continuous. �

2. Topological Spaces

Definition 2.5. Let X be a set. A topology U for X is a collection of subsets of X satisfying
i) ∅ and X are in U ;
ii) the intersection of two members of U is in U ;
iii) the union of any number of members of U is in U .

The set X with U is called a topological space. The members U ∈ U are called the open sets.

Exercise 2.1. Let U be a topology for X. Show that the intersection of a finite number of
members of U is in U .

Note: The intersection of infinitely many open sets is called a Borel set which is not open in general.
Let X be a metric space and let U be the family of open sets. Then U is a topology. This

topology is called the metric topology. Note that two different metrics may give rise to the same
topology.

Exercise 2.2. Let X be a metric space with metric d. Let d′ be the new metric defined in
Exercise 1.1. Then (X, d) and (X, d′) has the same topology.



2. TOPOLOGICAL SPACES 15

Given a set X there may be different choices of topologies for X.

Exercise 2.3. Let X = {a, b}. Show that there are four different topologies given as follows:

U1 = {∅, X},U2 = {∅, {a}, X},U3 = {∅, {b}, X},U4 = {∅, {a}, {b}, X}.

Exercise 2.4. Let X be a set. Let U1 = {∅, X}, let U2 = S(X) be the set of all subsets of X
and let

U3 = {U ⊆ X|X \ U is finite}.
Show that U1,U2 and U3 are topologies for X.
U1 is called indiscrete topology, U2 is called discrete topology and U3 is called finite complement

topology.

Let X be a topological space and let A be a subset of X. The largest open set contained in A,
this is denoted by

◦
A and is called the interior of A. For example, let X = Rn. Then the interior of

the closed ball
Dr(x) = {y|d(x, y) ≤ r}

is the open ball Br(x) = {y|d(x, y) < r}.

Exercise 2.5. Let X = Rn with the usual topology. Let

In =

n︷ ︸︸ ︷
[0, 1]× · · · × [0, 1] .

Show that
◦
In=

n︷ ︸︸ ︷
(0, 1)× · · · × (0, 1) .

Let X be a topological space. A subset N ⊆ X with x ∈ N is called a neighborhood of x if there
is an open set U with x ∈ U ⊆ N . For example, if X is a metric space, then the closed ball Dε(x)
and the open ball Bε(x) are neighborhoods of x.

Exercise 2.6. Let X be a topological space. Prove each of the following statements.
a) For each point x ∈ X there is at least one neighborhood of x.
b) If N is a neighborhood of x and N ⊆M then M is also a neighborhood of x.
c) If M and N are neighborhoods of x then so is N ∩M .
d) For each x ∈ X and each neighborhood N of x there exists a neighborhood U of x such

that U ⊆ N and U is a neighborhood of each of its points.

Definition 2.6. A subset C of a topological space X is said to closed if X \ C is open.

Theorem 2.7. i) ∅ and X are closed;
ii) the union of any pair of closed sets is closed;
iii) the intersection of any number of closed sets is closed.

Note: The union of infinitely many closed sets is not closed in general.

Exercise 2.7. Let X be a set and let V be a family of subsets of X satisfying
i) ∅, X ∈ V;
ii) the union of any pair of members of V belongs to V;
iii) the intersection of any number of members of V belongs to V.

Show that U = {X − V |V ∈ V} is a topology for X.
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Let Y be a subset of a topological space X. The set

Ȳ =
⋂
{F |F ⊇ Y F is closed}

is called the closure of Y . The set Y ′ = Ȳ \ Y is called the set of limit points of Y .

Proposition 2.8. Let Y be a subset of a topological space X. Then x ∈ Ȳ if and only if for
every neighborhood N of x, N ∩ Y 6= ∅.

Proof. Let x ∈ Ȳ and suppose that N is a neighborhood of xwith N ∩ Y = ∅. Then there is
an open neighborhood U of x with U ⊆ N . Thus X \ U is a closed set and Y ⊆ X \ U . It follows
that Ȳ ⊆ X \ U and so x 6∈ U . One gets a contradiction.

Conversely suppose that x 6∈ Ȳ . Since Ȳ is closed, X \ Ȳ is an (open) neighborhood of x so
that (X \ Ȳ ) ∩ Y = ∅ is a contradiction. �

Exercise 2.8. Let X = R with the usual topology. Find the closure of each of the following
subsets of X:

A = {1, 2, 3, · · · }, B = {x|x is rational}, C = {x|x is irrational}.

Exercise 2.9. Prove each of the following statements.

a) If Y is a subset of a topological space X with Y ⊆ F ⊆ X and F is closed then Ȳ ⊆ F .
b) Y is closed if and only if Y = Ȳ .
c) ¯̄Y = Ȳ .
d) A ∪B = Ā ∪ B̄.

e) X\
◦
Y= X \ Y .

f) Ȳ = Y ∪ ∂Y where ∂Y = Ȳ ∩ (X \ Y ) (∂Y is called the boundary of Y ).
g) Y is closed if and only if ∂Y ⊆ Y .
h) ∂Y = ∅ if and only if Y is both open and closed.
i) For a < b ∈ R

∂(a, b) = ∂[a, b] = {a, b}.

3. Continuous Functions

Definition 2.9. A function f : X → Y between two topological spaces is said to be continuous
if for every open set U of Y the preimage f−1(U) is open in X.

A continuous function from a topological space to a topological space is often simply called a
map. The category of topological spaces is defined as follows: the objects are topological spaces and
the morphisms are maps, that is continuous functions.

Theorem 2.10. Let X and Y be topological spaces. A function f : X → Y is continuous if and
only if f−1(C) is closed for any closed subset C of Y .

Proof. Suppose that f is continuous and let C be a closed set in Y . Then Y \ C is an open
set and so f−1(Y \ C) = X \ f−1(C) is an open set. It follows that f−1(C) is a closed set. Now
suppose that f−1(C) is closed for any closed set C and let U be an open set. Then Y \U is a closed
set and so X \ f−1(U) = f−1(Y \ U). Thus f−1(U) is an open set. �
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So far we have two general methods to see whether a function is continuous or not, that is by
the definition or by the theorem above. If f : X → Y is a function between metric spaces, then we
can also use ε− δ method to test whether f is continuous or not. As we know in calculus that the
compositions of continuous functions is still continuous. This is actually true in general.

Theorem 2.11. Let X,Y and Z be topological spaces. If f : X → Y and g : Y → Z are
continuous functions then the composite g ◦ f : X → Z is continuous.

Proof. Let U be any open set in Z. Then g−1(U) is an open set in Y and so (g ◦ f)−1(U) =
f−1(g−1(U)) is an open set in X. �

Definition 2.12. Let X and Y be topological spaces. We say that X and Y are homeomorphic
if there exist continuous functions f : X → Y, g : Y → X such that f ◦ g = idY and g ◦ f = idX . We
write X ∼= Y and say that f and g are homeomorphisms between X and Y .

By the definition, a function f : X → Y is a homeomorphism if and only if
i) f is a bijective;
ii) f is continuous and
iii) f−1 is also continuous.

Equivalently f is a homeomorphism if and only if 1) f is a bijective, 2) f is continuous and 3) f is
an open map, that is f sends open sets to open sets. Thus a homeomorphism between X and Y is
a bijective between the points and the open sets of X and Y .

A very general question in topology is how to classify topological spaces under homeomorphisms.
For example, we know (from complex analysis and others) that any simple closed loop is homeo-
morphic to the unit circle S1. Roughly speaking topological classification of curves is known. The
topological classification of (two-dimensional) surfaces is known as well. However the topological
classification of 3-dimensional manifolds (we will learn manifolds later.) is quite open. The famous
Poicaré conjecture is related to this problem.

Exercise 3.1. Give an example of spaces X,Y and a continuous bijective f : X → Y such that
f−1 is NOT continuous. (Hint: Give a set X. Look at the discrete topology, the indiscrete topology
and the identity function.)

A pointed space means a topological space X together with a point x0 ∈ X. The point x0 is
called the base point of X. We often write ∗ for x0. Let X and Y be pointed spaces with base points
x0 and y0, respectively. A map f : X → Y is called a pointed map if f(x0) = y0. The category
of pointed topological spaces means a category in which the objects are pointed spaces and the
morphisms are pointed maps.

4. Induced Topology

Definition 2.13. Let X be a topological space and let S be a subset of X. The topology on
S induced by the topology of X is the family of the sets of the form U ∩ S where U is an open set
in X. We call that the subset S with induced topology is a subspace of X.

Note: By this definition, an open set V in S means V = U ∩ S for some open set U in X. The
induced topology is also called the subspace topology.

Exercise 4.1. Let X be a topological space with the topology U and let S be a subset of X.
Show that

U ∩ S = {U ∩ S|U ∈ U}
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is a topology for S.

Example 2.14. Let Sn be the n-sphere, that is,

Sn = {x = (x1, · · · , xn+1) ∈ Rn+1|
n+1∑
i=1

x2
i = 1} ⊆ Rn+1

with the induced topology. Then Sn is a (closed) subspace of Rn+1. Note that Sn = Rn+1 ∩ Sn is
an open set in Sn but Sn is NOT open in Rn+1.

Proposition 2.15. Let S be a subspace of a topological space X. Then the inclusion function
i : S → X is continuous.

Proof. Let U be an open set in X. Then i−1(U) = U ∩ S is an open set in S. �

Note: One can show that the subspace topology is the smallest topology such that the inclusion is
continuous.

Proposition 2.16. Let S be a subspace of a topological space X. Then
1) If S is open in X, then any open set in the subspace S is open in X;
2) If S is closed in X, then any closed set in the subspace S is closed in X.

Proof. The proofs of 1) and 2) are more or less identical. We only prove assertion 2). Let V
be a closed set in S. Then S \ V is an open set in S. By the definition, there is an open set U in
X such that

S \ V = U ∩ S.
Thus V = (X \ U) ∩ S. Since S and X \ U are closed, V is closed. �

Exercise 4.2. Show that
1) the subspace (a, b) of R is homeomorphic to R. (Hint: Use functions like x→ tan(π(cx+

d)) for suitable c and d.)
2) the subspaces (1,∞), (0, 1) of R are homeomorphic. (Hint: x→ 1/x.)
3) Sn \ {(0, 0, · · · , 0, 1)} is homeomorphic to Rn with the usual topology. (Hint: Define

φ : Sn \ {(0, 0, · · · , 0, 1)} → Rn by

φ(x1, x2, · · · , xn+1) = (
x1

1− xn+1
,

x2

1− xn+1
· · · , xn

1− xn+1
)

and ψ : Rn → Sn \ {(0, 0, · · · , 0, 1)} by

ψ(x1, · · · , xn) =
1

1 + ‖x‖2
(2x1, 2x2, · · · , 2xn, ‖x‖2 − 1).)

A map f : X → Y is called an embedding if f is one-to-one and X is homeomorphic to the image
f(X) with the subspace topology. The embedding problem in topology is as follows:

Given a topological space X. Can we embed X into Rn for some n? If not, can we
embed X into a Hilbert space? If yes, what is the minimal number n such that X can be
embedded in Rn? This number is called the embedding number of X.

This question is important (and difficult in general) because a topological space X could be very
abstract but the spaces Rn are much easier to be understood. For instance, the circle S1 can embed
in R2 but S1 can not embed in R1. Thus the embedding number of S1 is 2. Well sometimes a space
X could be very simple but it could have a very complicated embedding in Rn.



5. QUOTIENT TOPOLOGY 19

A knot K is a subspace of R3 that is homeomorphic to the circle S1. Two knots K1 and K2

are similar if there is a homeomorphism h : R3 → R3 such that h(K1) = K2. The knot theory is to
study the classification of knots under this relation.

5. Quotient Topology

Definition 2.17. Let f : X → Y be a surjective function from a topological space X to a set
Y . The quotient topology on Y with respect to f is the family

Uf = {U |f−1(U) is open in X}.

Exercise 5.1. Show that Uf above is a topology for Y .

Note: After giving the quotient topology on Y the function f : X → Y is continuous.

Example 2.18 (Projective Spaces). Let set RPn and CPn are defined as follows:

RPn = {l|l is a line in Rn+1 with 0 ∈ l},
CPn = {l|l is a complex line in Cn+1 with 0 ∈ l}.

The topologies in RPn and CPn are given by the quotient topology under the quotient maps
Rn+1 \ {0} → RPn and Cn+1 \ {0} → CPn, respectively.

By this example, one can see that the quotient space Y could be much more complicated than
the original space X. The following theorem gives a general method to see whether a function from
Y to another space is continuous or not.

Theorem 2.19. Let X be a topological space and let f : X → Y be a surjective. Suppose that Y
are given the quotient topology with respect to f . Then a function g : Y → Z from Y to a topological
space Z is continuous if and only if the composite g ◦ f is continuous.

Proof. Suppose that g is continuous. Since f is continuous, the composite g ◦ f is continuous.
Now suppose that the composite g ◦ f is continuous. Let U be any open set in Z. Then

f−1(g−1(U)) = (g ◦ f)−1(U)

is open in X and so g−1(U) is open in Y by the definition of quotient topology. �

Exercise 5.2. Show that
1) RP 1 ∼= S1;
2) CP 1 ∼= S2.

The famous Hopf fibration is the composite

S3 ⊂ - C2 \ {0} -- CP 1 ∼= S2.

Let A be a subspace of a space X. The space X/A is the quotient space

X/A = X/ ∼,
where ∼ is the equivalence relation generated by

a ∼ b
for any a, b ∈ A. As a set X/A = (X \ A) ∪ {∗}, where ∗ is the equivalence class of any particular
choice of elements in A. The topology in X/A is given by the quotient topology. Roughly speaking
X/A is the quotient space X by pinching out A to be one point.
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Exercise 5.3. Show that Dn/Sn−1 is homeomorphic to Sn.

The canonical inclusions Rn → Rn+1,Cn → Cn+1 given by (x1, · · · , xn) → (x1, · · · , xn, 0)
induce the maps RPn → RPn+1 and CPn → CPn+1, respectively. Thus RPn and CPn+1 can be
considered as the subspaces of RPn+1 and CPn+1, respectively, for each n.

Exercise 5.4. Show that RPn+1/RPn ∼= Sn+1 and CPn+1/CPn ∼= S2n+1.

A fibrewise topological space means a map f : X → Y . In the case where f is an onto, it often
called a bundle. For each y ∈ Y , the subspace f−1(y) ⊆ X is called the fibre at y. Let f : X → Y
be a bundle. Then

X =
⋃

y∈Y

f−1(y)

and so X can be considered as the union of subspaces f−1(y) with indexes in a topological space Y .
Fibre bundles and covering spaces are special bundles. We will study covering spaces in the next
chapter. The category of fibrewise topological spaces is a category in which the objects are fibrewise
topological spaces and the morphisms are given by the commutative diagrams

X
φ - X ′

Y

f

? ψ - Y ′.

f

?

′

In other words, the working objects for fibrewise topology are continuous maps and the “relations”
between the working objects are the diagrams above. One finds surprisingly that many results in the
homotopy theory of topological spaces also holds for the homotopy theory of fibrewise topological
spaces. Well the latter one is much more “abstract”.

6. Product Spaces, Wedges and Smash Products

Let X and Y be topological spaces with topologies UX and UY , respectively. Let

UX×Y = {
⋃
α

Uα × Vα ⊆ X × Y |Uα ∈ UX , Vα ∈ UY },

that is any member in UX×Y is the union of Cartesian products of open sets of X and Y .

Exercise 6.1. Let X and Y be topological spaces. Show that UX×Y is a topology for X × Y .

Definition 2.20. Let X and Y be topological spaces. The (Cartesian) product X × Y is the
set X × Y with the topology UX×Y .

Exercise 6.2. Show that R2 with the usual topology is the Cartesian product R1 × R1.

Theorem 2.21. Let X×Y be the Cartesian product of spaces X and Y . Then a set W ⊆ X×Y
is open if and only if for any w ∈W there exist Uw and Vw such that Uw is open in X, Vw is open
in Y and w ∈ Uw × Vw ⊆W .
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Proof. Let W be an open set in X × Y and let w ∈ W . Then W =
⋃

α Uα × Vα, where Uα

and Vα are open in X and Y , respectively. Thus there exists an index α such that w ∈ Uα × Vα.
Choose Uw = Uα and Vw = Vα. Conversely let w run over all elements in W we have

W =
⋃

w∈W

Uw × Vw

and so W is open.
Let πX : X×Y → X, (x, y)→ x, and πY : X×Y → Y, (x, y)→ y, be the coordinate projections.

Since π−1
X (U) = U ×Y and π−1

Y (V ) = X×V , the coordinate projections πX and πY are continuous.
Let f : Z → X and g : Z → Y be any maps from a space Z to X and Y , respectively. Let
φ : Z → X × Y be the function defined by φ(z) = (f(z), g(z). Then φ is the unique function such
that πX ◦ φ = f and πY ◦ φ = g. �

Lemma 2.22. The function φ defined above is continuous.

Proof. Let U and V be open sets in X and Y , respectively. Then φ−1(U × V ) = {z|f(z) ∈
U, g(z) ∈ V } = f−1(U) ∩ g−1(V ) is an open set in Z. Now consider any open set W in X × Y .
Let z be any element in φ−1(W ) and let w = φ(z). There exist open sets Uw and Vw such that
w ∈ Uw × Vw ⊆ W . Thus z ∈ φ−1(Uw × Vw) ⊆ φ−1(W ) and φ−1(W ) is a neighborhood of each of
its points. It follows that φ−1(W ) is open. �

By using the categorical language, Lemma 2.22 shows

Theorem 2.23. Let X and Y be topological spaces. Then Cartesian product X × Y is the
product of X and Y in the category of topological spaces.

Theorem 2.24. For any y ∈ Y , the subspace X × {y} ⊆ X × Y is homeomorphic to X.

Proof. Let f : X × {y} → X be the function defined by f(x, y) = x. Since f is the composite

f : X × {y} ⊂ - X × Y πX- X,

the function f is continuous. Clearly f is a bijective. It suffices to show that f is an open map,
that is f sends open sets to open sets. Suppose that W is an open set in X × {y}. Then

W = (
⋃
α

Uα × Vα) ∩X × {y}

for some open sets Uα and Vα in X and Y , respectively. It follows that

f(W ) =
⋃

α,y∈Vα

Uα

is open. �

Now we look at “infinite” Cartesian products. Let {Xα|α ∈ J} be a set of topological spaces.
Recall that the Cartesian product

∏
α∈J Xα of the sets Xα is the set of collections of elements (xα),

one element xα in each Xα. Now An open set in
∏

α∈J Xα is defined to be the any union of the
following sets

Uα1,··· ,αn
= {(xα)|xα1 ∈ Uα1 , · · · , xαn

∈ Uαn
},

where a1, · · · , an is any finite set of elements of J . This gives the topology on the product
∏

α∈J Xα.
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Proposition 2.25. The product topology on
∏

α∈J Xα is the smallest topology such that each
coordinate projection

πα :
∏

α′∈J

Xα′ → Xα

is continuous.

Proof. Let V be a topology on
∏

α′∈J Xα′ such that each coordinate projection πα is contin-
uous. Let Uα be an open set in Xα. Then

(1) π−1(Uα) = {(x′α)|xα ∈ Uα} ∈ V.

Since the product topology is given by the any union of any finite intersections of the sets of the
forms 1, it follows that the product topology is smaller than V. �

Let X and Y be pointed spaces with base points x0 and y0, respectively. Then the wedge X ∨Y
of X and Y is defined to be the quotient space

(X
∐

Y )/{x0, y0}.

The topology in X∨Y is given by the quotient topology under the quotient map q : X
∐
Y → X∨Y .

This topology can be described as follows. A subset U in X ∨ Y is open if and only if q−1(U) is
open. There are two cases. If ∗ 6∈ U , then q−1(U) is either an open set in X that does not contain
x0 or an open set in Y that does not contain y0. If ∗ ∈ U , then q−1(U) = U1

∐
U2 for some open

set U1 in X that contains x0 and some open set U2 in Y that contains y0. Thus

UX∨Y = {q(U)|x0 6∈ U ∈ UX} ∪ {q(V )|y0 6∈ V ∈ UY } ∪ {q(U1

a
U2)|x0 ∈ U1 ∈ UX , y0 ∈ U2 ∈ UY }.

Proposition 2.26. Let X and Y be pointed spaces with base points x0 and y0, respectively.
Then X ∨ Y is homeomorphic to the subspace (X × {y0}) ∪ ({x0} × Y }) ⊆ X × Y.

Proof. Let Z = (X ×{y0})∪ ({x0}×Y ) be the subspace of X ×Y . Let fX : X → X ×Y and
fY : Y → X ×Y be the maps defined by fX(x) = (x, y0) and fY (y) = (x0, y). The there is a unique
map φ : X ∨ Y → Z such that φ ◦ fX = iX and φ ◦ fY = iY . Clearly φ is bijective. It suffices to
show that φ is an open map. If U ∈ UX with x0 6∈ U , then φ(U) = Z ∩ (U × Y ) is open in Z. If
V ∈ UY with y0 6∈ V , then φ(V ) = Z ∩ (X ×V ) is open in Z. If U = q(U1

∐
U2) with x0 ∈ U1 ∈ UX

and y0 ∈ U2 ∈ UY , then φ(U) = Z ∩ (U1 × U2). Thus q is an open map. �

Let X and Y be pointed spaces. The smash product X ∧ Y is defined by

(X × Y )/((X × {y0}) ∪ ({x0} × Y )).

We write x ∧ y for elements in X ∧ Y , where x ∈ X and y ∈ Y .

Theorem 2.27. Given three pointed spaces X, Y and Z, (X ∨ Y ) ∧ Z is homeomorphic to
(X ∧ Z) ∨ (Y ∧ Z).

Proof. The function f : X × Y × Z → X × Z × Y × Z, defined by f(x, y, z) = (x, z, y, z), is
clearly continuous. Let g be the composite

g : X × Y × Z f- X × Z × Y × Z proj.- (X ∧ Z)× (Y ∧ Z).

Then
g((X ∨ Y )× Z) ⊆ (X ∧ Z) ∨ (Y ∧ Z).
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Moreover, the map g sends (X ∨ Y ) ∨ Z to the base point, so that g induces a map

g̃ : (X ∨ Y ) ∧ Z → (X ∧ Z) ∨ (Y ∧ Z),

where g̃((x, y0) ∧ z) = x ∧ z in X ∧ Z and g((x0, y) ∧ z) = y ∧ z in Y ∧ Z.
Conversely, let h : (X ∧ Z) ∨ (Y ∧ Z) → (X ∨ Y ) ∧ Z be the map such that h|X∧Z and h|Y ∧Z

are the inclusions X ∧ Z ⊂ - (X ∧ Y ) ∧ Z and Y ∧ Z ⊂ - (X ∧ Y ) ∧ Z, respectively. Then
h(x ∧ z) = (x, y0) ∧ z and h(y ∧ z) = (x0, y) ∧ z) so that g̃ ◦ h and h ◦ g̃ are identities, and hence g̃
is a homeomorphism. �

Exercise 6.3. Show that Sn ∧ Sm ∼= Sn+m for any n,m.

7. Topological Groups and Orbit Spaces

A pointed topological space X is called an H-space of there is a continuous multiplication
µ : X ×X → X, (x, y)→ xy, such that x0x = xx0 = x. The base point x0 is often denoted as ∗ or
1. Equivalently, a pointed space X is an H-space if and only if there is a map µ : X ×X → X such
that µ|X∨X = ∇, where ∇ : X ∨X → X is the fold map defined by ∇(x, x0) = x and ∇(x0, x) = x.

An H-space is called associative if diagram

X ×X ×X
µ× idX- X ×X

X ×X

idX ×µ

? µ - X

µ

?

is commutative. An associative H-space is called a topological monoid. In other words, a topological
monoid is monoid as a set such that the multiplication is continuous. A topological group G means
a topological monoid such that there is a map ν : G→ G, x→ x−1, with xx−1 = 1 = x−1x, that is
the inverse is a continuous function.

Let X be a space and let G be a topological group. We say that G acts on X and that X is a
G-space if there is map µ : G×X → X, denoted by (g, x)→ g · x, such that

i) 1 · x = x for all x ∈ X;
ii) g · (h · x) = (gh) · x for all x ∈ X and g, h ∈ G, that is the diagram

G×G×X
idG×µ- G×X

G×X

µG × idX

? µ - X

µ

?

commutes.

Theorem 2.28. Suppose that X is a G-space. Then the function θg : X → X given by x→ g·x is
a homeomorphism. It follows that there is a homomorphism from G to the group of homeomorphisms
of X.
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Proof. The function θg is the composite

X ∼= {g} ×X ⊆ G×X µ- X.

Thus θg is continuous. From the definition of G-space we see that θg ◦ θh = θgh and θ1 = idX .
Thus θg ◦ θg−1 = idX = θg−1 ◦ θg and so θg is a homeomorphism. Now the function g → θg is a
homomorphism from G to the group of homeomorphisms of X. �

Let X be a G-space. We can define an equivalence relation ∼ on X by

x ∼ y ⇔ g · x = y for some g ∈ G.

The quotient space X/ ∼, denoted by X/G, with the quotient topology is called the quotient space
of X by G.

Example 2.29. 1) Let G = Z/2 = {±1} with discrete topology and let X = Sn. The
G-action on X is given by ±1 · x = ±x. Then Sn/(Z/2) ∼= RPn.

2) Let G = Z with the discrete topology and let X = R. The action of G on R is given by
n · x = n+ x. Then R/Z ∼= S1.

3) Let G = S1 ⊆ C. Then G is a topological group under the multiplication. Let S2n−1 ⊆
R2n = Cn be the unit sphere. Let G act on S2n−1 by

α · (z1, z2, · · · , zn) = (αz1, αz2, · · · , αzn).

Then S2n−1/S1 ∼= CPn.
4) Let Mn be the set of n× n-matrices over R. Then Mn = Rn2

is a topological space. Let

GL(n,R) = {A ∈Mn|det(A) 6= 0} ⊆Mn

with the subspace topology. Then GL(n,R) is a topological group, which called the general
linear group.

5) Let O(n) be the group of (real) orthogonal n×n matrices. O(n) is regarded as a subspace
of Rn2

with the subspace topology. For k ≤ n O(k) is regarded as the set of matrices of
the form (

A 0
0 In−k

)
with A an orthogonal k× k-matrix and In−k the (n− k)× (n− k) identity matrix. Then
O(k) is a topological subgroup of O(n). In O(n) we also have the subgroup SO(n) of
orthogonal matrices with determinant 1, that is SO(n) is the kernel of det : O(n)→ Z/2.

6) Let U(n) denote the group of n× n unitary matrices regarded as a subspace of Cn2
. We

have the inclusions

U(1) ⊆ U(2) ⊆ U(3) ⊆ · · · ⊆ U(n) ⊆ · · · .

Thus U(k) is a topological subgroup of U(n) for k ≤ n. We also have the subgroup
SU(n) ⊆ U(n) of n× n unitary matrices with determinant 1, that is SU(n) is the kernel
of det : U(n)→ S1.

Theorem 2.30. Suppose that X is a G-space. Then the canonical projection π : X → X/G is
an open mapping.
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Proof. Let U be an open set in X. Then

π−1(π(U)) = {x ∈ X|π(x) ∈ π(U)}

= {x ∈ X|x = g · y for some y ∈ U some g ∈ G} =
⋃
g∈G

g · U.

Since θg : X → X is a homeomorphism for each g ∈ G, g · U is open for each g then so π−1(π(U))
is open and hence π(U) is open in X/G. �

Exercise 7.1. 1) Let X be a G-space and define the stabilizer of x ∈ X to be the
subspace

Gx = {g ∈ G|g · x = x}
of G. Show that Gx is a topological subgroup of G.

2) Let X be a G-space and define the orbit of x ∈ X to be the subspace

G · x = {g · x|g ∈ G}
of X. Prove that G · x and G · y are either disjoint or equal for any x, y ∈ X.

8. Compact Spaces, Hausdorff Spaces and Locally Compact Spaces

Let X be a space. A cover of a subset S is a collection of subsets {Uj |j ∈ J} of X such that

S ⊆
⋃
j∈J

Uj .

A cover is called finite if the indexing set J is finite. Let {Uj |j ∈ J} and {Vk|k ∈ K} be covers of
the subset S of X. {Uj |j ∈ J} is called a subcover of {Vk|k ∈ K} if

{Uj |j ∈ J} ⊆ {Vk|k ∈ K}.

Definition 2.31. Let X be a space. A subset S is called to be compact if every open cover of
S has a finite subcover. In particular, a space X is compact if every open cover of X has a finite
subcover.

Exercise 8.1. Show that a subset S of a space X is compact if and only if it is compact as a
space given the induced topology.

Exercise 8.2. Show that [0, 1] ⊆ R is compact.

The following theorem is useful.

Theorem 2.32. Let f : X → Y be a map. If S ⊆ X is a compact subspace, then f(S) is
compact.

Proof. Suppose that {Uj |j ∈ J} be an open cover of f(S). Then {f−1(Uj)|j ∈ J} is an open
cover of S. Since S is compact, there exists a finite subset K of J such that

S ⊆
⋃
{f−1(Uk)|k ∈ K}.

But f(f−1(Uk)) ⊆ Uk and so

f(S) ⊆
⋃
{f(f−1(Uk))|k ∈ K} ⊆ {Uk|k ∈ K}

which is a finite subcover of {Uj |j ∈ J}. �
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Theorem 2.33. A closed subset of a compact space is compact.

Proof. Let X be a compact space and let S be a closed subset of X. Let {Uj} be an open
cover of S. Since S ⊆

⋃
{Uj |j ∈ J} we see that

X ⊆
⋃
{Uj |j ∈ J} ∪ (X \ S)

and so there is a finite subcover

X ⊆
⋃
{Uk|k ∈ K} ∪ (X \ S).

Thus
S ⊆

⋃
{Uk|k ∈ K}

which is a finite subcover of {Uj |j ∈ J}. �

Theorem 2.34. Let X and Y be spaces. Then X and Y are compact if and only if X × Y is
compact.

Proof. Suppose that X × Y is compact. Since πX : X × Y → X and πY : X × Y → Y are
continuous, X and Y are compact. Conversely assume that X and Y are compact. Let {Wj |j ∈ J}
be an open cover of X × Y . By definition

Wj =
⋃

k∈K(j)

(Uj,k × Vj,k)

where Uj,k and Vj,k are open in X and Y , respectively. Thus

X × Y ⊆
⋃

j∈J,k∈K(j)

Uj,k × Vj,k.

For each x ∈ X the subspace {x} × Y is compact and so there is a finite subcover

{x} × Y ⊆
n(x)⋃
i=1

Ui(x)× Vi(x).

Let U ′(x) =
⋂n(x)

i=1 Ui(x). Then U ′(x) is an open neighborhood of x and

X ⊆
⋃

x∈X

U ′(x)

Since X is compact, there are finite points x1, · · · , xm such that

X ⊆
m⋃

j=1

U ′(xj).

It follows that

X × Y ⊆
⋃

1≤j≤m,1≤i≤n(xj)

U ′(xj)× Vi(xj) ⊆
⋃

1≤j≤m,1≤i≤n(xj)

Ui(xj)× Vi(xj).

Since for each Ui(xj)× Vi(xj) there is an index k such that

Ui(xj)× Vi(xj) ⊆Wk,

there is a finite subcover of {Wj |j ∈ J} covering X × Y . �
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A space X is called Hausdorff if for every pair of distinct points x and y there are open sets Ux

and Uy such that x ∈ Ux, y ∈ Uy and Ux ∩ Uy = ∅. In other words, X is Hausdorff if for any x 6= y
in X there are neighborhood N(x) and N(y) of x and y, respectively such that N(x) ∩N(y) = ∅.
Hausdorff space is also called T2-space. In a Hausdorff space X, any point x is a closed subset.
(This is not true for general topological space. For example, the indiscrete topology.)

Theorem 2.35. A compact subset A of a Hausdorff space X is closed.

Proof. We may assume that A 6= ∅ and A 6= X. Given x ∈ X \ A. For each a ∈ A, there are
disjoint open sets Ua(x) and Va(x) such that a ∈ Ua(x) and x ∈ Va(x). Since

A ⊆
⋃
a∈A

Ua(x)

and A is compact, there are finite points a1, · · · , am in A such that

A ⊆
m⋃

i=1

Uai(x).

Now the set V (x) = ∩m
i=1Vai

(x) is an open neighborhood of x with

A ∩ V (x) ⊆ (
m⋃

i=1

Uai(x)) ∩ V (x) = ∅

and so V (x) ⊆ X \A, which means that X \A is open or A is closed. �

In particular, if X can be embedded into Rn then X must be Hausdorff.

Theorem 2.36 (Heine-Borel). A subset S of Rn is compact if and only if it is closed and
bounded.

Proof. Suppose that S is compact. By Theorem 2.35, S is closed. Now

S ⊆
⋃
x∈S

B1(x)

and so there exist finite points x1, · · · , xm in S such that

S ⊆
m⋃

i=1

B1(xi).

Thus S is bounded. Conversely suppose that S is closed and bounded. There exists positive number
r >> 0 such that

S ⊆ [−r, r]n.
Since [−r, r] is compact, [−r, r]n is compact. By Theorem 2.33, the closed subspace S is compact. �

Exercise 8.3. Let X and Y be spaces. Then X and Y are Hausdorff if and only if X × Y is
Hausdorff.

Thus the spaces like n-Torus Tn = S1 × S1 × · · · × S1 are (compact) Hausdorff.

Exercise 8.4. Let X and Y be topological spaces. Show that
1) If X is Hausdorff, then any subspace of X is Hausdorff;
2) X and Y are Hausdorff if and only if X × Y is Hausdorff;
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3) X is Hausdorff if and only if the diagonal ∆(X) = {(x, x) ∈ X2|x ∈ X} is a closed subset
of X2;

4) O(n), SO(n), U(n) and SU(n) are compact Hausdorff spaces;
5) Let f : X → Y be a map. Suppose that X is compact Hausdorff and Y is Hausdorff.

Then f is a closed map. Reduce that a bijective map from a compact Hausdorff space to
a Hausdorff space is a homeomorphism.

A quotient map f : X → Y is also called identification map. A quotient space may not be
Hausdorff.

Theorem 2.37. Let f : X → Y be an identification map. Suppose that X is Hausdorff. If f is
closed and f−1(y) is compact for any y ∈ Y , then Y is Hausdorff.

Proof. Let y1 and y2 be distinct points in Y . For each x ∈ f−1(y1) and a ∈ f−1(y2), there
exist a pair of disjoint open sets Ux,a and Vx,a with x ∈ Ux,a and a ∈ Vx,a. Fixed x ∈ f−1(y1)
{Vx,a|a ∈ f−1(y2)} is an open cover of f−1(y2). By the assumption, f−1(y2) is compact and so
there are finite points a1(x), · · · , am(x)(x) such that

f−1(y2) ⊆
m(x)⋃
i=1

Vx,ai(x).

Let V (x) =
⋃m(x)

i=1 Vx,ai(x) and let U(x) =
⋂m(x)

i=1 Ux,ai(x). Then U(x) is an open neighborhood of x
and V (x) is an open neighborhood of f−1(y2) with U(x)∩V (x) = ∅. Since f−1(y1) ⊆

⋃
x∈f−1(y1)

U(x)
and f−1(y1) is compact, there are finite points x1, · · · , xs ∈ f−1(y1) such that

f−1(y1) ⊆
s⋃

j=1

U(xj).

Let U =
⋃s

j=1 U(xj) and V =
⋂s

j=1 V (xj). Then U and V are disjoint open sets with f−1(y1) ⊆ U
and f−1(y2) ⊆ V . Since f is closed, f(X \ U) and f(X \ V ) are closed subsets in Y and so
W1 = Y \ f(X \ U) and W2 = Y \ f(X \ V ) are open subsets in Y with y1 ∈ W1 and y2 ∈ W2.
We show that W1 ∩W2 = ∅. Suppose that y ∈ W1 ∩W2. Then y 6∈ f(X \ U) and y 6∈ f(X \ V ).
Therfore f−1(y) ∩ (X \ U) = ∅ and f−1(y) ∩ (X \ V ) = ∅.It follows that f−1(y) ⊆ U ∩ V = ∅ and
hence W1 ∩W2 = ∅. �

Corollary 2.38. Let X be a compact Hausdorff space. Then
i) If G is a finite group and X is a G-space, then X/G is a compact Hausdorff space;
ii) If A is closed subspace of X, then X/A is compact Hausdorff.

Exercise 8.5. A space is called normal (T4-space) if every point in X is closed and every pair
of disjoint closed sets has disjoint open neighborhood. Let G be a compact topological group and
let X be a normal G-space. Show that X/G is Hausdorff.

(Hint: Let π : X → X/G be the quotient map. For each y ∈ X/G, π−1(y) = G · x for some
x ∈ X with π(x) = y. Show that the orbit G · x is a quotient of G. Since G is compact, the
orbit G · x is compact and so it is closed because T4-space is Hausdorff. Let y1 6= y2 be distinct
points in X/G. Then π−1(y1) and π−1(y2) are disjoint closed set and so they have disjoint open
neighborhood, say U and V . By Theorem 2.30, π(U) and π(V ) are disjoint open neighborhoods of
y1 and y2, respectively.)
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For example, RPn is compact Hausdorff space because RPn is the quotient of Sn by the action
of Z/2. CPn is a compact Hausdorff space because it is the quotient of S2n−1 by S1.

A space X is called locally compact if every point x in X has a compact neighborhood.

Exercise 8.6. Let X be a locally compact Hausdorff space. Given a point x ∈ X and a
neighborhood U of x. Show that there is an open set V such that x ∈ V ⊆ V̄ ⊆ U and V̄ is
compact. (Hint: Let W be a compact neighborhood of x, that is there is an open set U1 such that
x ∈ U1 ⊆ W and W is compact. Let V1 = U1 ∩ U . Then V1 is an open neighborhood of x and
V̄1 \ V1 is compact because it is a closed subset of the compact space W . Let A = V̄1 \ V1. For each
y ∈ A, there exist disjoint open sets U(y) and V (y) such that y ∈ U(y) and x ∈ V (y) because X
is Hausdorff.Since A is compact and A ⊆

⋃
y∈A U(y), there are finite points y1, · · · , yn such that

A ⊆
⋃n

i=1 U(yi). Let

V = V1 ∩
n⋂

i=1

V (yi).

Then V is an open neighborhood of x with
1) V̄ ∩A = ∅ (because V is disjoint with an open neighbor hood,

⋃n
i=1 U(yi), of A;

2) V̄ ⊆ V̄1 because V ⊆ V1 and
3) V̄ is compact because it is a closed subset of V̄1.

By 1) and 2) above, we have that V̄ ⊆ V1 ⊆ U .

Theorem 2.39. (a) If p : X → Y is a quotient map and Z is a locally compact Hausdorff
space, then p× idZ : X × Z → Y × Z is a quotient map.

(b) If A is a compact subspace of a space X and p : X → X/A is the quotient map, then for
any space Z, p× idZ : X × Z → (X/A)× Z is a quotient map.

Proof. Let π = p× idZ .
(a) Let A be a subset of Y × Z such that π−1(A) is open in X × Z. We show that A is open. Let
(y0, z0) ∈ Y × Z. Choose x0 ∈ X such that p(x0) = y0.

Since π−1(A) is open and Z is locally compact, there are open sets U1 in X and V in Z such that
V̄ is compact, U1 × V is an open neighborhood of (x0, z0) and U1 × V̄ ⊆ π−1(A). The point here is
that p−1(p(U1)) is not necessarily open in X but it contains U1. We do the following construction.

Suppose that Ui is an open neighborhood of x0 such that Ui×V̄ ⊆ (p×idZ)−1(A). We construct
an open set Ui+1 of X such that

p−1(p(U))× V̄ ⊆ Ui+1 × V̄ ⊆ π−1(A),

as follows: For each point x ∈ p−1(p(Ui)) the space {x} × V̄ lies in π−1(A). Using compactness of
V̄ , we choose a neighborhood Wx of x such that Wx × V̄ ⊆ π−1(A). Let Ui+1 be the union of the
open sets Wx; then Ui+1 is the desired open set of X.

Finally, let U be the union of the open sets U1 ⊆ U2 ⊆ · · · . Then U × V is a neighborhood of
(x0, z0) and U × V̄ ⊂ π−1(A). Since

U ⊆ p−1(p(U)) = p−1(
∞⋃

i=1

p(Ui)) =
infty⋃
i=1

p−1(p(Ui)) ⊆
∞⋃

i=1

Ui+1 = U,

we have p−1(p(U)) = U and so p(U) is open in Y . Thus

p(U)× V = π(U × V ) ⊆ A
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is a neighborhood of (x0, z0) lying in A, as desired.
(b) Again it suffices to show that a subset U in X/A × Z is open if π−1(U) is open in X × Z. As
in case (a), let (y0, z0) ∈ U and let x0 ∈ X such that p(x0) = y0.

If x0 ∈ A, then A × {z0} ⊆ π−1(U). Since A is compact, a similar argument to that used in
case (a) shows that there exist open sets V ⊆ X and W ⊆ Z such that

A× {z0} ⊆ V ×W ⊆ π−1(U).

But then (y0, z0) ∈ p(V ) ×W ⊆ U ; p(V ) is open since p−1(p(V )) = V (because A ⊆ V ), and so
p(V )×W is open.

If on the other hand x 6∈ A, there certainly exit open sets V ⊆ X and W ⊆ Z such that
(x0, z0) ∈ V ×W ⊆ π−1(U) and if V ∩A = ∅, then p(V )×W is open. However, if V ∩A 6= ∅, then
(p(A), z0) ∈ U , and we have already seen that we can then write

(p(A), z0) ∈ p(Ṽ )× W̃ ⊆ U.

But then (y0, z0) ∈ p(V ∪ Ṽ ) × (W ∩ W̃ ) ⊆ U ; p(V ∪ Ṽ ) is open since A ⊆ Ṽ , and so once again
(x0, z0) is contained in an open subset of U . It follows that U is open. �

Corollary 2.40. If p : A → B and q : C → D are quotient maps and if the domain of p and
the range of q are locally compact Hausdorff spaces, then

p× q : A×B → C ×D

is a quotient map.

Proof. We can write p× q as the composite

A×B idA ×q- A×D p×idD- C ×D.

Since each of these maps is a quotient map, so is the composite p× q. �

Theorem 2.41. If X and Y are compact and X is Hausdorff, then (X∧Y )∧Z is homeomorphic
to X ∧ (Y ∧ Z).

Proof. Write p for the various quotient maps of the form X × Y → X ∧ Y , and consider the
diagram

X × Y × Z ==== X × Y × Z

(X ∧ Y )× Z

p× idZ

?
X × (Y ∧ Z)

idX ×p

?

(X ∧ Y ) ∧ Z

p

?
X ∧ (Y ∧ Z).

p

?

Since X and Y are compact, X ∨ Y is compact. By Theorem 2.39, the map

p× idZ : X × Y × Z → (X ∧ Y )× Z
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is a quotient map. Since X is locally compact and Hausdorff, again by Theorem 2.39, the map
idX ×p is a quotient map. It follows that both p ◦ (p × idZ) and p ◦ (idX ×p) are quotient maps.
The identity map id: X × Y × Z → X × Y × Z induces maps

f : (X ∧ Y ) ∧ Z → X ∧ (Y ∧ Z) and

g : X ∧ (Y ∧ Z)→ (X ∧ Y ) ∧ Z
that are clearly homeomorphisms. �

Exercise 8.7. Show that X ∧ (Y ∧Z) is homeomorphic to X ∧ (Y ∧Z) if X and Z are locally
compact and Hausdorff.

9. Mapping Spaces and Compact-open Topology

Given spaces X and Y , the mapping space Map(X,Y ) consists of all (continuous) maps from
X to Y . The topology in Map(X,Y ) is given by so-called compact-open topology that is defined as
follows.

Let K be a compact set in X and let U be an open set in Y . Let

WK,U = {f ∈ Map(X,Y )|f(K) ⊆ U}.

The compact-open topology in Map(X,Y ) is generated by WK,U where K runs over all
compact subsets in X and U runs over all open sets in Y . In other words, an open set in
Map(X,Y ) is a union of a finite intersection of the subsets with the form WK,U .

If X and Y are pointed spaces. Then pointed mapping space, denoted by Y X or Map∗(X,Y ), is
the subspace of Map(X,Y ) consisting of all pointed (continuous) maps, that all of maps f : X → Y
with f(x0) = y0.

Exercise 9.1. Let Y be a space and let X be a space with discrete topology. Show that the
compact-open topology on

Map(X,Y ) =
∏
x∈X

Yx,

where Yx is a copy of Y , is the same as the product topology.

Let f : A → X and g : Y → B be maps. Then the function gf : Map(X,Y ) → Map(A,B) is
defined by

gf (λ) = g ◦ λ ◦ f
for λ : X → Y . If f and g are pointed maps, then gf induces the map gf : Map∗(X,Y ) →
Map∗(A,B) because if λ ∈ Map∗(X,Y ), that is λ is a pointed map, then gf (λ) is a pointed map.

Proposition 2.42. Let f : A→ X and g : Y → B be [ pointed] maps. Then gf : Map(X,Y )→
Map(A,B) [gf : Map∗(X,Y )→ Map∗(A,B)] is continuous.

Proof. Take a sub-basic open set WK,U in Map(A,B), where K is compact in A and U is
open in B. Then

(gf )−1(WK,U ) = {λ : X → Y |g ◦ λf(K) ⊆ U}

= {λ : X → Y |λ(f(K)) ⊆ g−1(U)} = Wf(K),g−1(U)

because f(K) is compact in X and g−1(U) is open in Y . Thus gf is continuous. �
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Let X and Y be pointed spaces. Then both Map∗(X,Y ) and Map(X,Y ) are pointed spaces,
where the base-point is the constant map c : X → Y , c(x) = y0. Let i : {x0} → X be the inclusion,
then we have the sequence

Map∗(X,Y ) ⊂ - Map(X,Y )
idi

Y- Map({x0}, Y ) ∼= Y.

This sequence is called the canonical fibration for mapping spaces. Observe that λ ∈ Map∗(X,Y )
is and only if idi

Y (λ) is the base-point. As sets, one can see that Map(X,Y ) is isomorphic to
Map∗(X,Y ) × Y . But as spaces Map(X,Y ) is quite different from Map∗(X,Y ) × Y in general.
The pointed mapping space Map∗(S1, Y ) is denoted by ΩY , which is called the loop space of Y .
The mapping space Map(S1, Y ) is often denoted by ΛY and is call the free loop space of Y in
many references. We will see that ΩY is actually an H-space, while ΛY is not in general. It was
found in physics that some problems related to so-called n-body problem in physics are related to the
homology of ΛY for certain spaces Y . There are many machines in algebraic topology for computing
the homology of ΩY , but the determination of the homology of ΛY for many interesting spaces Y
remains as interesting problems and have been studied by people.

Proposition 2.43. (a) If Z is a subspace of Y , then Map(X,Z) is a subspace of Map(X,Y );
(b) If Z is a pointed subspace of Y , then Map∗(X,Z) is a subspace of Map∗(X,Y ).

Proof. The proofs of assertions (a) and (b) are similar. So we only prove assertion (a). We have
to show that a set is open in Map(X,Z) if and only if it is the intersection with Map(X,Z) of a set
that is open in Map(X,Y ). Let j : Z → Y be the inclusion. Then jidX : Map(X,Z)→ Map(X,Y ) is
continuous, so that if U ⊆ Map(X,Y ) is open, U ∩Map(X,Z) = (jidX )−1(U) is open in Map(X,Z).
To prove the converse, it sufficient to consider an open set in Map(X,Z) of the form WK,U , where
K ⊆ X is compact and U ⊆ Z is open. But U = V ∩ Z for some open set V in Y and

WK,V ∩Map(X,Z) = {f : X → Y |f(K) ⊆ V and f(X) ⊆ Z}

= {f : X → Z|f(K) ⊆ V ∩ Z = U} = WK,U .

That is an open set in Map(X,Z) is the intersection with Map(X,Z) of an open set in Map(X,Y ).
�

Given spaces X and Y , the evaluation map

e : Map(X,Y )×X → Y

is defined by
e(λ, x) = λ(x)

for x ∈ X and λ : X → Y . If X and Y are pointed spaces, the restriction of e gives the evaluation
map e : Map∗(X,Y )×X → Y . If λ is the constant map or x is the base point x0, then e(λ, x) = y0.
That is e(Map∗(X,Y ) ∨X) = y0 and so e induces the evaluation map

e : Map∗(X,Y ) ∧X → Y.

Theorem 2.44. Let X and Y be pointed spaces. If X is locally compact Hausdorff, then the
evaluation maps

e : Map(X,Y )×X → Y and

e : Map∗(X,Y ) ∧X → Y

are continuous.
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Proof. Let U be an open set in Y and that e(λ, x) = λ(x) ∈ U . Then x ∈ λ−1(U) which is
open in X. Since X is locally compact and Hausdorff, there exists an open set V in X such that
x ∈ V ⊆ V̄ ⊆ λ−1(U), and V̄ is compact. Consider WV̄ ,U × V ⊆ Map(X,Y ) × X; this contains
(λ, x) and if (λ′, x′) is another point in it, then

e(λ′, x′) = λ′(x′) ∈ λ′(V̄ ) ⊆ U.
Thus WV̄ ,U × V ⊆ e−1(U) and so e−1(U) is open or e : Map(X,Y ) × X → Y is continuous. It
follows that the restriction

e : Map∗(X,Y )×X → Y

is continuous and so e : Map∗(X,Y ) ∧X → Y is continuous. �

Note: The evaluation e : Map(X,Y ) × X → Y may NOT be continuous in general. This is
somewhat “not-so-good” in the category of topological spaces. Norman Steenrod then introduced
“compact generated topological spaces” as a convenient category of topological spaces [22]. We just
give the definition of compactly generated space. A space X is called compactly generated if X is
Hausdorff and each subset A of X with the property that A ∩C is closed for every compact subset
C of X is itself closed. A locally compact Hausdorff space is compactly generated.

Theorem 2.45. Let X, Y and Z be pointed spaces. Suppose that X and Y are Hausdorff. Then
(a) Map(X

∐
Y,Z) ∼= Map(X,Z)×Map(Y, Z);

(b) Map∗(X ∨ Y, Z) ∼= Map∗(X,Z)×Map∗(Y, Z).

Proof. We only prove assertion (b). Let x0 and y0 are base points of X and Y respectively,
and define

iX : X → X ∨ Y, iY : Y → X ∨ Y
by iX(x) = (x, y0) and iY (y) = (x0, y). Then iX and iY are continuous. Define a function

θ : Map∗(X,Z)×Map∗(Y,Z)→ Map∗(X ∨ Y, Z ∨ Z)

by θ(λ, µ) = λ ∨ µ for λ : X → Z and µ : Y → Z. Consider the composites

φ : ZX∨Y ∆- ZX∨Y × ZX∨Y id
iX
Z × id

iY
Z- ZX × ZY and

ψ : ZX × ZY θ- (Z ∨ Z)X∨Y ∇- ZX∨Y ,

where ∆ is the diagonal map and ∇Z ∨ Z → Z is the fold map, that is ∇(z, z0) = ∇(z0, z) = z
for z ∈ Z. Given ν : X ∨ Y → Z, φ(ν = (ν ◦ iX , ν ◦ iY ) and given λ : X → Z and µ : Y → Z,
ψ(λ, µ) = ∇(λ ∨ µ). Thus φ ◦ ψ and ψ ◦ φ are identity functions, and the only point that remains
in showing φ is a homeomorphism is to show that θ is continuous.

To do so, consider the set WK,U , where K ⊆ X ∨ Y is compact and U ⊆ Z ∨ Z is open. Now

θ−1(WK,U ) = {(λ, µ)|(λ ∨ µ)(K) ⊆ U}

= {(λ, µ)|λ(K ∩X) ⊆ U ∩ (Z × {z0} and µ(K ∩ Y ) ⊆ U ∩ ({z0} × Z)}.
Clearly U1 = U ∩ (Z × {z0}) and U2 = U ∩ ({z0} ×Z) are open. But since X and Y are Hausdorff,
so is X × Y and hence is X ∨ Y ; thus K,X, Y are closed in X ∨ Y , so that K ∩X and K ∩ Y are
closed and hence compact. That is,

θ−1(WK,U ) = WK∩X,U1 ×WK∩Y,U2

so that θ is continuous and hence φ is a homeomorphism. �
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Let X be a topological space and let S be a family of subsets of X. S is called a sub-base of
open sets if any member in S is open and any open set in X is a union of finite intersections of
members in S. In other words if S is a sub-base of open sets then the topology on X is generated by
S. We are going to give a result involving (Y ×Z)X and Y X ×ZX . We need the following lemma.

Lemma 2.46. Let X be a Hausdorff space and let S be a sub-base of open sets for a space Y .
Then the sets of the form WK,U for K ⊆ X compact and U ∈ S, form a sub-base of open sets for
Map(X,Y ).

Proof. Let K ⊆ X be compact, V ⊆ Y be open and let λ ∈ WK,V . Then V =
⋃

α Vα, where
Vα is a finite intersection of members in S, and so

K ⊆
⋃
α

λ−1(Vα);

hence, since K is compact, a finite collection of the sets λ−1(Vα), say λ−1(V1), · · · , λ−1(Vn), suffice
to cover K. Given x ∈ K, there exists r such that x ∈ λ−1(Vr). Since K is a compact Hausdorff
space and K ∩ λ−1(Vr) is an open neighborhood of x, there exists an open set Ax in K such that

x ∈ Ax ⊆ Āx ⊆ K ∩ λ−1(Vr).

Again, a finite collection of the open sets Ax will cover K, and their closures are each contained in
just one set of the form λ−1(Vr). Thus by taking suitable unions of Āx’s, we can write K =

⋃n
r=1Kr,

where Kr ⊆ λ−1(Vr) and Kr is closed and so compact. It follows that

λ ∈
n⋂

r=1

WKr,V ⊆WK,V ,

since if µ(Kr) ⊆ Vr, for each r, then µ(K) ⊆
⋃n

r=1 Vr ⊆ V . But if, say, Vr =
⋂m

s=1 Us for Us ∈ S,
then WKr,Vr =

⋂m
s=1WKr,Us . Hence λ is contained in a finite intersection of sets of the form WKr,Us

for Us ∈ S and this intersection is contained in WK,V . �

Theorem 2.47. Let X, Y and Z be pointed spaces. Suppose that X is Hausdorff. Then

Map(X,Y × Z) ∼= Map(X,Y )×Map(X,Z) and

Map∗(X,Y × Z) ∼= Map∗(X,Y )×Map∗(X,Z).

Proof. We only prove that

Map(X,Y × Z) ∼= Map(X,Y )×Map(X,Z).

Let pY : Y × Z → Y and pZ : Y × Z → Z be coordinate projections. Define a function

θ : Map(X,Y )×Map(X,Z)→ Map(X ×X,Y × Z)

by θ(λ, µ) = λ× µ for λ : X → Y and µ : X → Z. Consider the composites

φ : Map(X, Y × Z)
∆- Map(X, Y × Z)×Map(X, Y × Z)

p
idX
Y

×p
idX
Z- Map(X, Y )×Map(X, Z)

ψ : Map(X,Y )×Map(X,Z)
θ- Map(X ×X,Y × Z)

id∆
- Map(X,Y × Z),

where ∆ is a diagonal map. If ν : X → Y × Z, then φ(ν) = (pY ◦ ν, pZ ◦ ν) and if λ : X → Y and
µ : X → Z, then ψ(λ, µ) = (λ× µ) ◦∆. Thus φ ◦ ψ and ψ ◦ φ are identity functions, and it remains
only to prove that θ is continuous.
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Since X is Hausdorff, by Lemma 2.46, it sufficient to consider sets of the form WK,U×V , where
K ⊆ X ×X is compact and U ⊆ Y , V ⊆ Z are open. Then

θ−1(WK,U×V ) = {(λ, µ)|(λ× µ)(K) ⊆ U × V } = {(λ, µ)|K ⊆ λ−1(U)× µ−1(V )}.
But if p1, p2 : X×X → X be the first and the second coordinate projections, then p1(K) and p2(K)
are compact, and K ⊆ λ−1(U)× µ−1(V ) if and only if p1(K)× p2(K) ⊆ λ−1(U)× µ−1(V ). Hence

θ−1(WK,U×V ) = Wp1(K),V ×Wp2(K),V

and so θ is continuous. �

At this point we posses rules for manipulating mapping spaces analogous to the index laws
ab+c = ab · ac and (a · b)c = ac · bc for real numbers, and it remains to investigate what rule, if any,
corresponds to the index law ab·c = (ab)c. Now we define the ‘association map’.

Given spaces X, Y and Z, the (unreduced) association map is the function α : Map(X×Y, Z)→
Map(X,Map(Y, Z)) defined by

[α(λ)(x)](y) = λ(x, y)
for x ∈ X, y ∈ Y and λ : X × Y → Z.

To justify this definition, we have to show that α(λ) is an element in Map(X,Map(Y, Z)). For
a fixed x, the function α(λ)(x) : Y → Z is continuous because it is the composite

Y ∼= {x} × Y ⊆ X × Y λ- Z.

Thus at least α(λ) is a function from X to Map(Y,Z).

Proposition 2.48. The function α(λ) : X → Map(Y,Z) is continuous.

Proof. Consider WK,U , where K ⊆ Y is compact and U ⊆ Z is open. If x ∈ X is a point such
that α(λ)(x) ∈WK,U , then λ({x} ×K) ⊆ U or {x} ×K ⊆ (λ)−1(U). Since λ−1(U) is open and K
is compact, there is an open set V in X such that

{x} ×K ⊆ V ×K ⊆ λ−1(U).

That is
x ∈ V ⊆ (α(λ))−1(WK,U )

and so α(λ) is continuous. �

Thus the function α : Map(X × Y, Z) → Map(X,Map(Y, Z)) is well-defined. Now we consider
the pointed case. Let X, Y and Z be pointed spaces. Let p : X × Y → X ∧ Y be the quotient map.
Then we have the map

idp
Z : Map∗(X ∧ Y, Z)→ Map∗(X × Y, Z) ⊆ Map(X × Y, Z).

Clearly α maps the image of idp
Z into the subspace

Map∗(X,Map∗(Y, Z)) ⊆ Map(X,Map∗(Y,Z)) ⊆ Map(X,Map(Y, Z))

because if λ : X ∧ Y → Z, then λ ◦ p : X × Y → Z has the property that

λ ◦ p|X∨Y : X ∨ Y → Z

is the constant map and so α(λ)(x0)(y) = α(x)(y0) = z0 for any x, y. Thus the association map
α : Map(X × Y,Z)→ Map(X,Map(Y, Z)) induces the reduced association map

ᾱ : Map∗(X ∧ Y, Z)→ Map∗(X,Map∗(Y,Z))
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with
[ᾱ(λ)(x)](y) = λ(x ∧ y)

for x ∈ X, y ∈ Y and λ : X ∧ Y → Z.

Proposition 2.49. If X is Hausdorff, then the association map

α : Map(X × Y, Z)→ Map(X,Map(Y, Z))

is continuous and therefore the reduced association map

ᾱ : ZX∧Y → (ZY )X

is continuous.

Proof. By Lemma 2.46, it suffices to consider α−1(WK,U ), where K ⊆ X is compact and
U ⊆ Map(Y, Z) is of the form WL,V for L ⊆ Y compact and V ⊆ Z open. Now

α−1(WK,U = {λ|(α(λ)(K) ⊆WL,V } = {λ|λ(K × L) ⊆ V } = WK×L,V .

Thus α is continuous. �

Theorem 2.50. (a) For all spaces X, Y and Z, the functions

α : Map(X × Y, Z)→ Map(X,Map(Y,Z)) and

ᾱ : ZX∧Y → (ZY )X

are one-to-one.
(b) If Y is locally compact Hausdorff, then both α and ᾱ are onto.
(c) If both X and Y are locally compact Hausdorff, then α is a homeomorphism.
(d) If both X and Y are compact and Hausdorff, then ᾱ is homeomorphism.

Proof. (a) We only show that ᾱ is one-to-one. Let λ, µ : X ∧ Y → Z such that α(λ) = α(µ).
Then for any x ∈ X and y ∈ Y , we have

λ(x ∧ y) = [α(λ)(x)](y) = [α(µ)(x)](y) = µ(x ∧ y),
so that λ = µ.
(b) Let λ : X → Map(Y, Z) be a map. Let µ : X × Y → Z be the composite

X × Y λ×idY- Map(Y, Z)× Y e- Z,

where e is the evaluation map. By Theorem 2.44, the evaluation e is continuous and so is µ. Clearly
α(µ) = λ and so α is onto. Now given a pointed map λ′ : X → Map∗(Y, Z), let µ′ : X ∧ Y → Z be
the composite

X ∧ Y λ′∧idY- Map∗(Y,Z) ∧ Y e- Z,

where e is the evaluation. Again by Theorem 2.44 e is continuous and so is µ′. Clearly (̄µ′) = λ′

and so ᾱ is onto.
(c) Certainly α is continuous, one-to-one and onto, so we have only to show that the inverse to α is
continuous. Let θ be the composite

θ : Map(X,Map(Y,Z))×X × Y e×idY- Map(Y, Z)× Y e- Z,

where e are evaluations. By Theorem 2.44, θ is continuous. By Proposition 2.48, the function

α(θ) : Map(X,Map(Y, Z)→ Map(X × Y,Z)

is continuous. Clearly α(θ) is the inverse of the association map α.
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(d) By Theorem 2.41, there is a homeomorphism

(ZY )X ∧ (X ∧ Y ) ∼= ((ZY )X ∧X) ∧ Y.

Let ψ be the composite

(ZY )X ∧ (X ∧ Y ) ∼= ((ZY )X ∧X) ∧ Y e∧idY- ZY ∧ Y e- Z.

Then ψ is continuous and
ᾱ(ψ) : (ZY )X → ZX∧Y

is the inverse to the reduced association ᾱ. �

Let X be a pointed space. The n-fold loop space Ωn(X) of X is defined by

Ωn(X) = Map∗(S
n, X).

Exercise 9.2. Let X and Y be pointed spaces. Show that Ωn(X × Y ) ∼= Ωn(X)×Ωn(Y ) and
Ωn+m(X) ∼= Ωm(Ωn(X)).

10. Manifolds and Configuration Spaces

A Hausdorff space M is called an n-manifold if each point of M has a neighborhood homeo-
morphic to an open set in Rn.

For example, Rn and the n-sphere Sn is an n-manifold. A 2-dimensional manifold is called
a surface. The objects traditionally called ‘surfaces in 3-space’ can be made into manifolds in
a standard way. The compact surfaces have been classified as spheres or projective planes with
various numbers of handles attached.

Exercise 10.1. Show that the real projective space RPn is an n-manifold and the complex
projective space CPn is a 2n-manifold.

By the definition of manifold, the closed n-disk Dn is not an n-manifold because it has the
‘boundary’ Sn−1. Dn is an example of ‘manifolds with boundary’. We give the definition of
manifold with boundary as follows.

A Hausdorff space M is called an n-manifold with boundary (n ≥ 1) if each point in M has a
neighborhood homeomorphic to an open set in the half space

Rn
+ = {(x1, · · · , xn) ∈ Rn|xn ≥ 0}.

Manifold is one of models that we can do calculus ‘locally’. By means of calculus, we need local
coordinate systems. Let x ∈M . By the definition, there is a an open neighborhood U(x) of x and
a homeomorphism φx from U(x) onto an open set in Rn

+. The collection {(U(x), φx)|x ∈ M} has
the property that 1) {U(x)|x ∈ M} is an open cover and 2) φx is a homeomorphism from U(x)
onto an open set in Rn

+. The subspace φx(Ux) in Rn
+ plays a role as a local coordinate system. The

collection {(U(x), φx)|x ∈M} is somewhat too large and we may like less local coordinate systems.
This can be done as follows.

Let M be a space. A chart of M is a pair (U, φ) such that 1) U is an open set in M and 2) φ
is a homeomorphism from U onto an open set in Rn

+. An atlas for M means a collection of charts
{(Uα, φα)|α ∈ J} such that {Uα|α ∈ J} is an open cover of M .

Proposition 2.51. A Hausdorff space M is a manifold (with boundary) if and only if M has
an atlas.
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Proof. Suppose that M is a manifold. Then the collection {(U(x), φx)|x ∈ M} is an atlas.
Conversely suppose that M has an atlas. For any x ∈ M there exists α such that x ∈ Uα and
so Uα is an open neighborhood of x that is homeomorphic to an open set in Rn

+. Thus M is a
manifold. �

We define a subset ∂M as follows: x ∈ ∂M if there is a chart (Uα, φα) such that x ∈ Uα and
φα(x) ∈ Rn−1 = {x ∈ Rn|xn = 0}. ∂M is called the boundary of M . For example the boundary of
Dn is Sn−1.

Proposition 2.52. Let M be a n-manifold with boundary. Then ∂M is an (n − 1)-manifold
without boundary.

Proof. Let {(Uα, φα)|α ∈ J} be an atlas for M . Let J ′ ⊆ J be the set of indices such that
Uα ∩ ∂M 6= ∅ if α ∈ J ′. Then Clearly

{(Uα ∩ ∂M,φα|Uα∩∂M |α ∈ J ′}
can be made into an atlas for ∂M . �

Definition 2.53. A Hausdorff space M is called a differential manifold of class Ck if there is
an atlas of M

{(Uα, φα|α ∈ J}
such that

For any α, β ∈ J , the composites

φα ◦ φ−1
β : φβ(Uα ∩ Uβ)→ Rn

+

is differentiable of class Ck.
The atlas {(Uα, φα|α ∈ J} is called a differential atlas of class Ck on M .

Two differential atlases of class Ck {(Uα, φα)|α ∈ I} and {(Vβ , ψβ)|β ∈ J} are called equivalent
if

{(Uα, φα)|α ∈ I} ∪ {(Vβ , ψβ)|β ∈ J}
is again a differential atlas of class Ck (this is an equivalence relation). A differential structure of
class Ck on M is an equivalence class of differential atlases of class Ck on M . Thus a differential
manifold of class Ck means a manifold with a differential structure of class Ck. A smooth manifold
means a differential manifold of class C∞.
Note: A general manifold is also called topological manifold. Kervaire and Milnor [11] have shown
that the topological sphere S7 has 28 distinct oriented smooth structures.

Let M be a smooth manifold and let {(Uα, φα)|α ∈ J} be a C∞-atlas for M . For α, β ∈ J , the
function

φα ◦ φ−1
β : φβ(Uα ∩ Uβ)→ Rn

+

is a smooth map from an open set in Rn
+ to an open set in Rn

+. The Jacobian matrix

Mαβ(x) =

(
∂(φα ◦ φ−1

β )i

∂xj

∣∣∣∣∣
φβ(x)


is invertible for any x ∈ Uα ∩ Uβ . A smooth manifold M is called oriented if there is an C∞-atlas
{(Uαφα|α ∈ J} for M such that the determinant of the Jacobian

det(Mαβ(x)) > 0
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for any α, β ∈ J and x ∈ Uα ∩ Uβ . For example RPn is oriented if and only if n is odd. On the
other hand CPn is oriented for any n.

Definition 2.54. letM andN be smooth manifolds of dimensionsm and n respectively. A map
f : M → N is called smooth if for some smooth atlases {(Uα, φα|α ∈ I} for M and {(Vβ , ψβ)β ∈ J}
for N the functions

ψβ ◦ f ◦ φ−1
α |φα(f−1(Vβ)∩Uα) : φα(f−1(Vβ) ∩ Uα)→ Rn

+

are of class C∞.

Proposition 2.55. If f : M → N is smooth with respect to atlases

{(Uα, φα|α ∈ I}, {(Vβ , φβ |β ∈ J}
for M , N then it is smooth with respect to equivalent atlases

{(U ′δ, θδ|α ∈ I ′}, {(V ′
γ , ηγ |β ∈ J ′}

Proof. Since f is smooth with respect with the atlases

{(Uα, φα|α ∈ I}, {(Vβ , φβ |β ∈ J},
f is smooth with respect to the smooth atlases

{(Uα, φα|α ∈ I} ∪ {(U ′δ, θδ|α ∈ I ′}, {(Vβ , φβ |β ∈ J} ∪ {(V ′
γ , ηγ |β ∈ J ′}

by look at the local coordinate systems. Thus f is smooth with respect to the atlases

{(U ′δ, θδ|α ∈ I ′}, {(V ′
γ , ηγ |β ∈ J ′}.

�

Thus the definition of smooth maps between two smooth manifolds is independent of choice of
atlas.

Let M be a m-manifold. The (ordered) configuration space F (M,n) is defined by

F (M,n) = {(x1, · · · , xn) ∈Mn|xi 6= xj for i 6= j}.
In other words, the configuration space F (M,n) is the subspace of the Cartesian product Mn by
removing the ‘flat’ diagonals. The symmetric group Σn acts on F (M,n) by permuting coordinates.
The (unordered) configuration space B(M,n) is the quotient of F (M,n) by Σn, that is

B(M,n) = F (M,n)/Σn.

Clearly both F (M,n) and B(M,n) are mn-manifolds. configuration spaces are arisen from many
areas in mathematics and physics. In geometry and physics, the diagonals play as singularities in
many cases and so we have to remove them, then this gives the configuration space. In combinatorics,
the homology of configuration spaces is related to ‘subspace arrangements’. The determination of
the homology of F (M,n) and B(M,n) still remains open for general manifold M though it is known
for many cases. The fundamental groups of configuration spaces are interesting as well. A typical
example is that the fundamental group of F (R2, n) is the pure braid group Kn and the fundamental
group of B(R2, n) is the Artin braid group Bn. The braid groups are important in group theory,
low dimensional topology and mathematical physics. In homotopy theory, configuration spaces are
used to construct various combinatorial models for mapping spaces. (As we have seen that mapping
spaces are quite complicated, the construction means that we construct certain ‘simpler spaces’ that
has the same homotopy groups and homology groups of a mapping space. So if one needs to know
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the homotopy groups and homology groups of a complicated mapping space, one may look at these
simpler spaces.)



CHAPTER 3

Elementary Homotopy Theory

1. Homotopy Sets

1.1. Homotopy Relative to a Subspace. The problem of classifying topological spaces and
continuous maps up to topological equivalence (homeomorphism) does not seem to be amenable to
attack directly by computable algebraic functors. Many of the computable functors, because they
are computable, are invariant under continuous deformation. Therefore they cannot distinguish
between spaces (or maps) that can be continuously deformed from one to the other; the most that
can be hoped for from such functors is that they characterize the space (or map) up to continuous
deformation.

The intuitive concept of a continuous deformation will be made precise in this section in the
concept of homotopy. This leads to the homotopy category which is fundamental for algebraic
topology. Its objects are topological spaces and its morphisms are equivalence classes of continuous
maps (two maps being equivalent of one can be continuously deformed into the other).

Roughly speaking two continuous maps f0, f1 : X → Y are said to be homotopic if there is an
intermediate family of maps ft : X → Y for 0 ≤ t ≤ 1 which vary continuously with respect to t.
Let I = [0, 1].

Definition 3.1. Let f, g : X → Y be two maps. We say that f is homotopic to g if there is a
continuous map F : X × I → Y such that F (x, 0) = f(x) and F (x, 1) = g(x) for any x ∈ X. The
map F is called a homotopy between f and g. We write f ' g or F : f ' g.

For each 0 ≤ t ≤ 1, we denote F (x, t) by Ft(x). So gives a family of maps Ft : X → Y . Just
keep in mind that Ft is continuous in t as a map from I to Map(X,Y ). A map f : X → Y is called
null homotopic if f is homotopic to a constant map.

Definition 3.2. Suppose that A is a subset of X and that f, g : X → Y are maps. We say
that f is homotopic to g relative to A, denoted f ' g relA or F : f ' g relA, if there is a homotopy
F : X × I → Y such that

1) F (x, 0) = f(x) for any x ∈ X;
2) F (x, 1) = g(x) for any x ∈ X and
3) F (a, t) = f(a) for any a ∈ A and t ∈ I.

We say that f is null homotopic relative to A if f is homotopic to a constant map relative to A.

Note that f(a) = g(a) for all a ∈ A if f ' g relA. When A = ∅, f ' g relA is equivalent to
f ' g : X → Y . Given two maps f, g : X → Y such that f(a) = g(a) for a ∈ A. The question

41
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whether f is homotopic to g relative to A is in fact an ‘extension question’ by the following diagram

X × {0} ∪X × {1} ∪A× I ⊂ - X × I

X × {0} ∪X × {1} ∪A× I

wwwwwwwww
φ - Y,

F

?

where φ|X×{0} = f , φ|X×{1} = g and φ(a, t) = f(a) = g(a) for a ∈ A and t ∈ I. In other words
such an extension F exists if and only if f is homotopic to g relative to A.

Theorem 3.3. Homotopy relative to A is an equivalence relation in the set of maps from X
to Y .

Proof. Reflexivity. For f : X → Y , define F : X×I → Y by F (x, t) = f(x). Thus f ' a relA.
Symmetry. Given F : f ' g relA, define F ′ : g ' f relA by

F ′(x, t) = F (x, 1− t).

Transitivity. Given F : f ' g relA and G : g ' h relA, define H : f ' h relA by

H(x, t) =
{

F (x, 2t) 0 ≤ t ≤ 1/2
G(x, 2t− 1) 1/2 ≤ t ≤ 1.

Note that H is continuous because its restriction to each of closed sets X × [0, 1/2] and X × [1/2, 1]
is continuous. �

It follows that the set of maps from X to Y is partitioned into disjoint equivalence classes by the
relation of homotopy relative to A. These equivalence classes are called homotopy classes relative
to A. We use the notation [X,Y ]A to denote this set of homotopy classes. Given f : X → Y , we
use [f ]A to denote the element in [X,Y ]A determined by f . For (unpointed) spaces X and Y , the
notation [X,Y ] usually means [X,Y ]∅.

Theorem 3.4. Let A and B be subspaces of X and Y respectively. Let f0, f1 : X → Y be
homotopic relative to A and g0, g1 : Y → Z be homotopic relative to B such that f1(A) ⊆ B. Then
g0 ◦ f0 ' g1 ◦ f1 relA.

Proof. Let F : f0 ' f1 relA and G : g0 ' g1 relB. Then the composite

X × I F- Y
g0- Z

is a homotopy relative to A from g0 ◦ f0 to g0 ◦ f1, and the composite

X × I f1×idI- Y × I G- Z

is a homotopy relative to f−1
1 (B) from g0 ◦ f1 to g1 ◦ f1. Since A ⊆ f−1

1 (B), we have shown
thatg0 ◦ f0 ' g0 ◦ f1 relA and g0 ◦ f1 ' g1 ◦ f1 relA. The result follows from Theorem 3.3. �
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1.2. Pointed Homotopy. A pointed space means a topological space X with a fixed choice of
base-point x0. Let X and Y be pointed spaces with base-points x0 and y0, respectively. A pointed
map f : X → Y means a continuous map f : X → Y such that f(x0) = y0.

Let X and Y be pointed spaces and let f, g : X → Y be pointed maps. f is called (pointed)
homotopic to g is f ' g relx0, where x0 is the base point. If there is no confusion, we simply denote
f ' g for f ' g relx0 (in pointed case). For pointed spaces, the notation [X,Y ] means the set of
equivalence classes of pointed maps from X to Y by the relation of homotopy relative to the base
point x0. For any pointed map f , [f ] means the homotopy class determined by f . The homotopy
category of pointed spaces means the category in which objects are pointed spaces and morphisms
are homotopy classes [f ]. The composition in the homotopy category of pointed spaces is defined
by [f ] ◦ [g] = [f ◦ g]. Theorem 3.4 shows that this is a well-defined composition operation.

Definition 3.5. Let X be a pointed space. The n-homotopy group πn(X) is defined by

πn(X) = [Sn, X]

for n ≥ 0.

Note: π0(X) is NOT a group in general. π1(X) is also called the fundamental group of X. We will
show that the fundamental group π1(X) is a group for any X (but non-commutative in general).
We will also show that πn(X) is an abelian group for n ≥ 2.

Theorem 3.6. A pointed map f : Y1 → Y2 gives rise to a function

f∗ : [X,Y1]→ [X,Y2]

for any pointed space X with the following properties:
1) If f ′ : Y1 → Y2 is another map, and f ′ ' f , then f∗ = f ′∗;
2) If id : Y → Y is the identity map, then id∗ : [X,Y ]→ [X,Y ] is the identity function;
3) If g : Y2 → Y3 is another map, then

(g ◦ f)∗ = g∗ ◦ f∗.

Proof. Let [λ] ∈ [X,Y1] be the homotopy class of a map λ : X → Y . Define

f∗([λ]) = [f ◦ λ] ∈ [X,Y2].

The function f∗ is well-defined because if λ′ : X → Y1 is another map with [λ′] = [λ], that is λ′ ' λ,
then [f ◦ λ′] = [f ◦ λ] by Theorem 3.4. Properties 1 to 3 follow immediately from the definition and
Theorem 3.4. �

Let f : X1 → X2 be any pointed map. Define

f∗ : [X2, Y ]→ [X1, Y ]

by
f∗([λ]) = [λ ◦ f ]

for any pointed map λ : X2 → Y . By the similar arguments, we have

Theorem 3.7. A pointed map f : X1 → X2 gives rise to a function

f∗ : [X2, Y ]→ [X1, Y ]

for any pointed space Y with the following properties:
1) If f ′ : X1 → X2 is another map, and f ′ ' f , then f∗ = f ′∗;
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2) If id : X → X is the identity map, then id∗ : [X,Y ]→ [X,Y ] is the identity function;
3) If g : X2 → X3 is another map, then

(g ◦ f)∗ = f∗ ◦ g∗.

Let X and Y be pointed spaces with base points x0 and y0, respectively. Then the wedge X ∨Y
of X and Y is defined to be the quotient space

(X
∐

Y )/{x0, y0}.

The topology in X∨Y is given by the quotient topology under the quotient map q : X
∐
Y → X∨Y .

Note from general topology that X ∨ Y ∼= (X × {y0}) ∪ ({x0} × Y }) as a subspace of X × Y.
Let X and Y be pointed spaces. The smash product X ∧ Y is defined by

(X × Y )/((X × {y0}) ∪ ({x0} × Y )).

We write x ∧ y for elements in X ∧ Y , where x ∈ X and y ∈ Y .

Theorem 3.8. Let X, Y and Z be pointed spaces. Then
1) [X ∨ Y,Z] ∼= [X,Z]× [Y, Z] and
2) [X,Y × Z] ∼= [X,Y ]× [X,Z].

Proof. 1) Let
θ : [X ∨ Y, Z]→ [X,Z]× [Y,Z]

be defined by
θ([λ]) = (i∗X([λ], i∗Y ([λ]))

for any [λ] ∈ [X ∨ Y → Z], where iX : X → X ∨ Y and iY : Y → X ∨ Y be the inclusions. We first
show that θ is onto. For any ([λ1], [λ2]) ∈ [X,Z] × [Y,Z], where λ1 : X → Z and λ2 : Y → Z are
pointed maps. Then there is a unique pointed map λ : X∨Y → Z such that λ|X = λ1 and λ|Y = λ2

and so
θ([λ]) = ([λ1], [λ2])

or θ is onto. Now we show that θ is one-to-one. Let λ, λ′ : X ∨ Y → Z such that θ([λ]) = θ([λ′]).
Then i∗X([λ]) = i∗X([λ′]) and i∗Y ([λ]) = i∗Y ([λ′]) that is there are pointed homotopies

F : λ|X ' λ′X and

G : λ|Y ' λ′|Y
and so the map H : (X ∨ Y )× I → Z defined by

H(x, t) =
{
F (x, t) for x ∈ X
G(x, t) for x ∈ Y

is a homotopy from λ to λ′.
2). Let

θ : [X,Y × Z]→ [X,Y ]× [X,Z]

be the function defined by
θ([λ]) = (pY ∗([λ]), pZ∗(λ]))

for any λ : X → Y × Z. Similar arguments show that θ is one-to-one and onto. �
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Corollary 3.9. Let X and Y be a pointed space. Then

πn(X × Y ) ∼= πn(X)× πn(Y )

for each n ≥ 0.

Given spaces X and Y , the mapping space Map(X,Y ) consists of all (continuous) maps from
X to Y . The topology in Map(X,Y ) is given by so-called compact-open topology that is defined as
follows.

Let K be a compact set in X and let U be an open set in Y . Let

WK,U = {f ∈ Map(X,Y )|f(K) ⊆ U}.
The compact-open topology in Map(X,Y ) is generated by WK,U where K runs over all
compact subsets in X and U runs over all open sets in Y . In other words, an open set in
Map(X,Y ) is a union of a finite intersection of the subsets with the form WK,U .

If X and Y are pointed spaces. Then pointed mapping space, denoted by Y X or Map∗(X,Y ), is
the subspace of Map(X,Y ) consisting of all pointed (continuous) maps, that all of maps f : X → Y
with f(x0) = y0.

Theorem 3.10. Let X, Y and Z be pointed spaces. If Y is locally compact and Hausdorff, then
the association map

ᾱ : Map∗(X ∧ Y,Z)→ Map∗(X,Map∗(Y,Z))
induces and one-to-one correspondence

ᾱ∗ : [X ∧ Y, Z]
∼=−→ [X,Map∗(Y, Z)].

Proof. Let p : X×Y → X∧Y be the quotient map. Suppose that F : (X∧Y )×I be a pointed
homotopy between maps f, g : X ∧ Y → Z. Then the map

F ◦ (p× idI) : X × Y × I → Z

sends X × {y0} × I and {x0} × Y × I to z0 and so induces a map F ′ : (X × I) ∧ Y → Z. Then
α(F ′) : X × I → ZY sends x0 × I to the base-point and is clearly a homotopy between ᾱ∗(f) and
ᾱ∗(g). Thus ᾱ∗ : [X ∧ Y, Z]→ [X,ZY ] is a well-defined function (though ᾱ may not be continuous
in general).

By assertion (b) of Theorem 2.50, the function

ᾱ : ZX∧Y → (ZY )X

is onto and so ᾱ∗ : [X ∧ Y, Z]→ [X,ZY ] is onto.
Now we show that ᾱ∗ is one-to-one. Let f, g : X∧Y → Z such that ᾱ(f) ' ᾱ(g), that is there is a

pointed homotopy F : X×I → ZY such that F0 = f and F1 = g. By assertion (b) of Theorem 2.50,
there is a map F ′ : (X × I)∧ Y → Z such that ᾱ(F ′) = F . Let q : X × Y × I → (X × I)∧ Y be the
quotient map defined by q(x, y, t) = (x, t)∧ y. Then F ′ ◦ q sends X × {y0} × I and {x0} × Y × I to
z0. BY Theorem 2.39, the map (X × Y )× I → (X ∧ Y )× I is a quotient map because I is locally
compact and Hausdorff. Thus F ◦ q induces a map F ′′ : (X ∧Y )× I → Z, which is clearly a pointed
homotopy between f and g. �

Corollary 3.11. Let X be a pointed space. Then

πn(X) ∼= π0(ΩnX) ∼= π1(Ωn−1X)

for any n ≥ 1.
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1.3. Path Connected Components. Let X be a topological space. A path in X means a
continuous map λ : I → X. λ(0) is called the initial point and λ(1) is called the it final or it terminal
point. Clearly, a path in X is a homotopy from one point space to X. Given a space X, define an
equivalence relation by x ' y if there is a path in X joining x and y. Let x be any point in X. The
path-connected component of X that contains x is defined to be the subspace

{y ∈ X|y ' x} ⊆ X.

A space X is called path-connected if X has only one path-connected component. In other words, X
is path-connected if for any two points x, y in X there is a path joining x and y. By Theorem 3.3,
' is an equivalence relation on X and so X is a disjoint union of its path-connected components.
Let X/ ' be the set of equivalence classes of X by '.

Exercise 1.1. Let f : X → Y be a map. If X is path-connected, then the image f(X) is
path-connected.

Exercise 1.2. Let X be a non-empty space and let x0 be any point in X which is regarded as
the base point. Then

π0(X) ∼= (X/ ').

In particular, X is path-connected if and only if π0(X) is the one-point set {0}.

Exercise 1.3. Let X and Y be topological spaces. Then X and Y are path-connected if and
only if X × Y is path-connected. (Hint: π0(X × Y ) ∼= π0(X)× π0(Y ).)

2. Homotopy Equivalences and Contractible Spaces

A map f : X → Y is called an homotopy equivalence if there is a map g : Y → X such that
g ◦ f ' idX and f ◦ g ' idY . The map g is called a homotopy inverse of f . A space X is called
homotopy equivalent to Y if there is a homotopy equivalence between X and Y . In this case, we
call that X has the same homotopy type of Y , denoted by X ' Y .

Definition 3.12. A space X is called contractible if the identity map is homotopic to some
constant map from X to itself.

Proposition 3.13. Any two maps of an arbitrary space to a contractible space are homotopic.

Proof. Let Y be a contractible space and suppose that idY ' c, where c : Y → Y is a constant
map. Let f0, f1 : X → Y be any two maps. Then

f0 = idY ◦f0 ' c ◦ f0 = c ◦ f1 ' idY ◦f1 = f1

and so f0 ' f1. �

Corollary 3.14. If Y is a contractible space, then any two constant maps of Y to itself are
homotopic, and the identity map is homotopic to any constant map of Y to itself.

Exercise 2.1. Show that any vector space V over R is contractible. (Hint: Check that the map
F : V × I → V , (x, t)→ (1− t)x, is a homotopy between the identity map and a constant map.)

Theorem 3.15. A space is contractible if and only if it has the same homotopy type as a
one-point space.
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Proof. Assume that X is contractible and let F be a homotopy between the identity map and
a constant map c : X → X, x → x0. Let P be the one-point space {x0} and let f : X -- P and
j : P ⊆ X. Then f ◦ j = idP and F : idX ' j ◦ f . Thus f is a homotopy equivalence from X to P .

Conversely, if X has the same homotopy type as a one-point space P , let f : X → P be a
homotopy equivalence with homotopy inverse g : P → X. Then idX ' g ◦ f . Because g ◦ f is a
constant map, X is contractible. �

Corollary 3.16. Any two contractible spaces have the same homotopy type, and any contin-
uous map between contractible spaces is a homotopy equivalence.

Proof. LetX and Y be two contractible spaces. Let P be a one-point space. ThenX ' P ' Y
and so X ' Y . The second part follows from Proposition 3.13. �

Theorem 3.17. Let p0 be any point of Sn and let f : Sn → Y . The following are equivalent:
(a) f is null homotopic;
(b) f can be continuously extended over Dn+1;
(c) f is null homotopic relative to p0.

Proof. (a) ⇒ (b). Let F : f ' c, where c is the constant map of Sn to y0 ∈ Y . Define an
extension f̃ of f over En+1 by

f̃(x) =
{

y0 0 ≤ ‖x‖ ≤ 1/2
F (x/‖x‖, 2− 2‖x‖) 1/2 ≤ ‖x‖ ≤ 1.

Since F (x, 1) = y0 for all x ∈ Sn, the map f̃ is well-defined. f̃ is continuous because its restriction
to each of the closed sets {x ∈ En+1|0 ≤ ‖x‖ ≤ 1/2} and {x ∈ En+1|1/2 ≤ ‖x‖ ≤ 1} is continuous.
Since F (x, 0) = f(x) for x ∈ Sn, f̃ |Sn = f and f̃ is a continuous extension of f to Dn+1.

(b)⇒ (c). If f has the continuous extension f̃ : En+1 → Y , define F : Sn × I → Y by

F (x, t) = f̃((1− t)x+ tp0).

Then F (x, 0) = f̃(x) = f(x) and F (x, 1) = f̃(p0) for x ∈ Sn. Since F (p0, t) = f̃(p0) for t ∈ I, F is
a homotopy relative to {p0} from f to a constant map.

(c)⇒ (a). This is obvious. �

Exercise 2.2. Show that any continuous map from Sn to a contractible space has a continuous
extension over En+1.

Exercise 2.3. The comb space Y is defined by

Y = {(x, y) ∈ R2|0 ≤ y ≤ 1, x = 0, 1/n or y = 0, 0 ≤ x ≤ 1}.
Show that the identity map of Y is homotopic to the constant map to (0, 1) ∈ Y . (Hint: By
Proposition 3.13, it suffices to show that Y is contractible. Let F : Y × I → Y be defined by
F ((x, y), t) = (x, (1 − t)y). Then F is a homotopy from idY to the projection of Y to the x-axis.
Since the latter map is homotopic to a constant map, Y is contractible.)

3. Retraction, Deformation and Homotopy Extension Property

This section is concerned mainly with inclusion maps. We consider whether such a map has a
left inverse, a right inverse and a two-sided inverse in either the category of spaces or the homotopy
category.
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3.1. Retraction.

Definition 3.18. A subspace A of X is called a retract of X if the inclusion i : A → X has a
left inverse, that is, there is a map r : X → A such that r ◦ i = idA. A subspace A is called a weak
retract of X if i : A ⊆ X has a left homotopy inverse, that is there is a map r : X → A such that
r ◦ i ' idA.

Example 3.19. Let A be the comb space of exercise 2.3 and let X = I2. Then A is a weak
retract of X because both A and X are contractible and so the inclusion i : A ⊆ X is a homotopy
equivalence (in particular i has a left inverse. We show that A is not a retract of X. Suppose that
there were a retraction r : X → A. Let x0 = (0, 1) ∈ A. Then r(x0) = x0. Let U = {y|‖y − x0‖ <
1/2} ∩ A = B1/2(x0) ∩ A be the open neighborhood of x0. There is an open neighborhood V of
x0 in I2 such that r(V ) ⊆ U . Let ε be a small positive number such that Bε(x0) ∩ I2 ⊆ V . Since
Bε(x0) ∩ I2 is path-connected, the image r(Bε(x0) ∩ I2) ⊆ U is path connected in U . Let m 6= n
be positive integers such that 1/m, 1/n < ε. Then (1/m, 1), (1/n, 1) ∈ r(Bε(x0) ∩ I2) because r is
a retraction and so there is a path λ in r(Bε(x0) ∩ I2) ⊆ U joining them. This contracts to that
(1/m, 1) and (1/n, 1) lie in different path-connected components of U .

Exercise 3.1. Show that a subspace i : A ⊆ X is a weak retract if and only if i∗ : [X,A]∅ →
[A,A]∅ is onto.

Despite the fact that, in general, a weak retract need not be a retract, these concepts do coincide
when A is a suitable subspace of X. This occurs frequently enough to warrant special consideration
and will prove of use later.

3.2. Homotopy Extension Property.

Definition 3.20. Let (X,A) be a pair of spaces (that is A is a subspace of X) and Y be a space.
(X,A) is said to have the homotopy extension property with respect to Y if, given maps g : X → Y
and G : A × I → Y such that g(a) = G(a, 0) for x ∈ A, there is a map F : X × I → Y such that
F (x, 0) = g(x) for x ∈ X and F |A×I = G. In other words, the following commutative diagram holds

X × 0 ∪A× I
g ∪G- Y

X × I
?

∩

F - Y,

wwwwwwwwww
for any g : X → Y and G : A× I → Y such that g|A = GA×0.

Proposition 3.21. Suppose that (X,A) has the homotopy extension property with respect to Y
and f0, f1 : A→ Y are homotopic. If f0 has an extension to X, then so is f1.

Proof. Let G : A× I → Y be the homotopy from f0 to f1 and let g : X → Y be the extension
of f0. By the definition, there is a map F : X × I → Y such that F |X×0∪A×I = g ∪ G. Then
F1 : X → Y is an extension of f1. �
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3.3. Cofibration. Of particular importance is the case when (X,A) has the homotopy exten-
sion property with respect to any space. More generally, we have the following important concept:

Definition 3.22. A map f : X ′ → X is called a cofibration if for any space Y and any given
maps g : X → Y and G : X ′ × I → Y such that

G(x′, 0) = g(f(x′))

for any x′ ∈ X ′, there exists a map F : X×I → Y such that F (x, 0) = g(x) and F (f(x′), t) = G(x′, t)
for any x ∈ X, x′ ∈ X ′ and t ∈ I.

The existence of F is equivalent to the existence of a map represented by the dotted arrow
which makes the following diagram commutative:

X ′ × I
f × idI- X × I � ⊃ X × 0

Y

G

?
=========== Y

?
========= Y.

g

?

Thus an inclusion i : A ⊆ X is a cofibration if and only if (X,A) has the homotopy extension
property with respect to any space Y .

Proposition 3.23. An inclusion i : A ⊆ X is a cofibration if and only if X × 0 ∪ A × I is a
retract of X × I.

Proof. Suppose that i : A ⊆ X is a cofibration. Then the identity map of X × 0 ∪ A× I can
be extended to X × I and so X × 0 ∪A× I is a retract of X × I.

Conversely, let
r : X × I → X × 0 ∪A× I

be a retraction. Let Y be any space and let g : X → Y and G : A × I → Y be maps such that
G|A×0 = g|A. Then the composite

X × I r- X × 0 ∪A× I g∪G- Y

is an extension of g ∪G. �

Exercise 3.2. Let A ⊆ B ⊆ X be subspaces. Suppose that A ⊆ B and B ⊆ X are co-fibrations.
Show that A ⊆ X is a cofibration.

Exercise 3.3. Show that Sn ⊆ Dn+1 is a cofibration.

3.4. A Relation between Retract and Weak Retract.

Theorem 3.24. If (X,A) has the homotopy extension property with respect to A, then A is a
weak retract of X if and only if A is a retract of X.

Proof. We show that any weak retraction r : X → A is, in fact, homotopic to a retraction.
Let G : A× I → A be the homotopy from r ◦ i to idA. Because (X,A) has the homotopy extension
property with respect to A, there is an extension F : X × I → A such that F (x, 0) = r(x) and
F (a, t) = G(a, t). Then F1 : X → A is a retraction. �
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3.5. Deformation. Given X ′ ⊆ X, a deformation D of X ′ in X is a homotopy D : X ′×I → X
such that D(x′, 0) = x′ for x′ ∈ X ′. If, moreover, D(X ′ × 1) is contained in a subspace A of X, D
is said to be a deformation of X ′ into A and X ′ is said to be deformable in X into A. A space X
is said to be deformable into a subspace A if it is deformable in itself into A. Thus a space X is
contractible if and only if it is deformable into one of its points.

Exercise 3.4. Show that a space X is deformable into a subspace A if and only if the inclusion
i : A ⊆ X has a right homotopy inverse.

Note that an inclusion i : A ⊆ X never has a right inverse in the category of topological spaces
except the trivial case A = X.

A subspace A ⊆ X is called a weak deformation retract of X if the inclusion i : A ⊆ X is a
homotopy equivalence.

Exercise 3.5. Show that A is a weak deformation retract of X if and only if A is a weak retract
of X and X is deformable into A.

A is called a deformation retract if there is a retraction r of X to A such that i ◦ r ' idX . A is
called a strong deformation retract of X if there is a retraction r of X to A such that i◦r ' idX relA.

Exercise 3.6. Suppose that X is deformable into a retract A. Show that A is a deformation
retraction of X.

Proposition 3.25. If (X,A) has the homotopy extension property with respect to A, then A is
a weak deformation retract of X if and only if A is a deformation retract of X.

Proof. Since (X,A) has the extension property with respect to A and A is a weak retract of
X, A is a retract of X. Let r : X → A be a retraction. Since i : A ⊆ X is a homotopy equivalence,
i has a right homotopy inverse and so r is a right homotopy inverse of i. Thus A is a deformation
retract of X. �

Proposition 3.26. If (X× I, (X×0)∪ (A× I)∪ (X×1)) has the homotopy extension property
with respect to X and A is closed in X, then A is a deformation retract of X if and only if A is a
strong deformation retract of X.

Proof. ⇐ is obvious by definition.
⇒ Let r : X → A be a retract and let F : X × I → X be a homotopy from idX to i ◦ r, where

i : A ⊆ X. A homotopy
G : ((X × 0) ∪ (A× I) ∪ (X × 1))× I → X

is defined by the equations

G((x, 0), t′) = x x ∈ X, t′ ∈ I
G((a, t), t′) = F (a, (1− t′)t) a ∈ A, t, t′ ∈ I
G((x, 1), t′) = F (r(x), 1− t′) x ∈ X, t′ ∈ I.

G is well-defined, because for a ∈ A

G((a, 0)t′) = a = F (a, 0)

by the first two equations and

G((a, 1), t′) = F (a, 1− t′) = F (r(a), 1− t′)
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by the last two equations. G is continuous because its restriction to each of the closed sets X×0×I,
A× I × I and X × 1× I is continuous. Furthermore

G|((X×0)∪(A×I)∪(X×1))×0 = F(X×0)∪(A×I)∪(X×1)

[because F (x, 0) = x and since r is a retraction, F (r(x), 1) = ir(r(x)) = F (x, 1).] Thus G restrict
to ((X × 0)∪ (A× I)∪ (X × 1))× 0 can be extended to (X × I)× 0. From the homotopy extension
property in the hypothesis, G restrict to ((X × 0) ∪ (A × I) ∪ (X × 1)) × 1 can be extended to
(X × I) × 1. Let G′ : (X × I) × 1 → X be such an extension, and define H : X × I → X by
H(x, t) = G′((x, t), 1). Then we have

H(x, 0) = G′((x, 0), 1) = G((x, 0), 1) = x x ∈ X
H(x, 1) = G((x, 1), 1) = F (r(x), 0) = r(x) x ∈ X
H(xa, t) = G((a, t), 1) = F (a, 0) = a a ∈ A, t ∈ I

and so H is a homotopy relative to A from idX to i ◦ r, or A is a strong deformation retract of
X. �

Proposition 3.27 (First Criteria for Homotopy Equivalence). If A is contractible and the
pair (X,A) satisfies the homotopy extension property with respect to X, then the quotient map
q : X → X/A is a homotopy equivalence.

Proof. Let a0 be a point in A. Since A is contractible, there exists a map F : A × I → A
such that F0 = idA and F1(a) = a0 for a ∈ A. By the homotopy extension property, there exists
an extension F̃ : X × I → X such that F̃0 = idX and F̃ |A×I = F , that is, there is a commutative
diagram

X × 0 ∪A× I
idX ∪F- X

X × I
?

∩

F̃ - X.

wwwwwwwwww
Since F̃ (A× I) = F (A× I) ⊆ A, the composite q ◦ F̃ factors through the quotient q× idI : X →

X/A, that is there exists maps F̄t such that the diagram

X × I
F̃ - X

X/A× I

q × idI

?? F̄ - X/A

q

??

commutes.
Note that, for a ∈ A, F̃ (a, 1) = F (a, 1) = a0. The map F̃1 : X → X factors through the quotient

map q : X → X/A, that is, there exists a map g : X/A→ X such that F̃1 = g ◦ q.
Now g ◦ q = F̃1 ' F̃0 = idX by F̃ . From the above commutative diagram

q ◦ g = F̄1 ' F̄0 = idX/A

by F̄ and hence the result. �
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Let (X,A) be a pair of spaces and let f : A → Y be a map. The adjunction space Y ∪f X is
defined to the quotient space X

∐
Y/ ∼, where ∼ is generated by

x ∼ f(x)

for x ∈ A. Roughly speaking, the space Y ∪f X is obtained by gluing the subspace A of X to Y via
the map f .

Let (X,A) and (Y,B) be pairs of spaces. Write (X,A)× (Y,B) for (X × Y,X ×B ∪A× Y ).

Proposition 3.28 (Second Criteria for Homotopy Equivalence). Let (X,A) be a pair of spaces
and let f, g : A→ Y be maps. Suppose that

(1). f ' g : A→ Y ,
(2). A is closed in X, and
(3). (X,A)× (I, 0) and (X,A)× (I, 0)× (I, {0, 1}) have the homotopy extension property with

any spaces.

Then Y ∪f X ' Y ∪g X relY .

Proof. Let F : A × I → Y be a a homotopy from f to g. Consider the space Y ∪F (X × I).
Note that Y ∪f X and Y ∪g X are subspaces of Y ∪F (X × I) as the quotients of X × 0

∐
Y and

X × 1
∐
Y via F , respectively.

Observe that the inclusionX×0∪A×I ↪→ X×I is a homotopy equivalence. By Propositions 3.25
and 3.26, X × 0 ∪ A× I is a strong deformation retract of X × I. Let Gt be a strong deformation
retraction of X × I onto X × 0 ∪A× I. Then the homotopy

Gt ∪ idY : Y ∪F (X × I) - Y ∪F (X × I)

is a strong deformation retraction of Y ∪F (X×I) onto Y ∪f X. Thus Y ∪f X ' Y ∪F (X×I) relY .
Similarly Y ∪g X is a strong deformation retract of Y ∪F (X × I). It follows that

Y ∪f X ' Y ∪F (X × I) ' Y ∪g X relY

and hence the result. �

Remark. It was proved in Steenrod’s paper, A conventional category of topological spaces, Michigan
Math. J. 14(1967), 133-152, that if (X,A) and (Y,B) have the homotopy extension property with
respect to any spaces, then (X,A) × (Y,B) has the homotopy extension property with respect to
any spaces. In particular, if (X,A) has the homotopy extension property with respect to any spaces,
then both (X,A)×(I, 0) and (X,A)×(I, 0)×(I, {0, 1}) have the homotopy extension property with
any spaces.

4. H-spaces and Co-H-spaces

In this section, a space X means a pointed space. The notation [X,Y ] means the set of pointed
homotopy classes of pointed maps from X to Y .

4.1. H-spaces. An H-space consists of a pointed space P together with a continuous multi-
plication µ : P × P → P for which the (unique) constant map c : P → P is a homotopy identity,
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that is, the following diagram

P
(c, idP )- P × P �(idP , c)

P

P

wwwwwwwwww
========== P

µ

?
========== P

wwwwwwwwww
commutes up to homotopy.

Exercise 4.1. Let P be a pointed space and let µ : P × P → P be a map. Then µ has a
homotopy identity if and only if there is a homotopy commutative diagram

P × P
µ - P

P ∨ P
∪

6

∇ - P,

wwwwwwwwww
where ∇ is the fold map defined by ∇(x, x0) = x and ∇(x0, y) = y.

An H-space P is called homotopy associative if the diagram

P × P × P
µ× idP- P × P

P × P

idP ×µ

? µ - P

µ

?

commutes up to homotopy. An H-space P is called homotopy commutative if the diagram

P × P
T- P × P

P

µ

?
========= P

µ

?

commutes up to homotopy, where T (x, y) = (y, x). A map ν : P → P is called a homotopy inverse
if the diagram

P × P
µ - P � µ

P × P

P

(ν, idP )

6

c - P

wwwwwwwwww
� c

P

(idP , ν)

6

commutes up to homotopy.
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An H-space P is called an H-group if µ is homotopy associative with a homotopy inverse.
Note: We have been to call a space X is an H-space if there is a multiplication µ : X × X → X
such that µ has a strict identity. In general, a multiplication µ : X ×X → X that has a homotopy
identity may not have a strict identity. But under certain conditions, homotopy identity ⇒ strict
identity.

Proposition 3.29. Let X be a pointed space with a base point x0. Let µ : X × X → X be a
multiplication with a homotopy identity, that is, X is an H-space. Suppose that X ∨X ⊆ X ×X is
a cofibration. Then there is a multiplication µ′ : X ×X → X such that µ′ has a strict identity.

Proof. Let ∇ : X ∨X → X be the fold map. Since µ|X∨X : X ∨X → X is homotopic to ∇
and X ∨X ⊂ - X ×X has homotopy extension property with respect to X, ∇ has an extension
µ′ : X ×X → X. �

Note: It is known that if {x0} → X is a cofibration, then X ∨ X → X × X is a cofibration. A
base-point x0 of X is called non-degenerate if the inclusion {x0} → X is a cofibration.
Note: In homotopy theory, there are (were) many questions about H-spaces. We list few of them:

1) Suppose that P is a homotopy associative H-space. Do there exist a space Q and a
multiplication µ′ on Q such that Q is a topological monoid under µ′ and Q ' P? Suppose
that P is path-connected. The answer of this question is: Yes if and only if P is homotopy
equivalent to a loop space ΩX for some X. James Stasheff studied this question in 1960’s
and produced a method to test whether a space is homotopy equivalent to a loop space.
His methods has been applied to Quantum Groups in 1980’s.

2) Since one knows that S1, S3 and S7 are H-spaces, people asked for which n Sn is an
H-space? The answer was given by Adams in 1950’s that Sn is an H-space if and only if
n = 1, 3, 7.

3) We will show that the double loop spaces are homotopy associative and homotopy commu-
tative H-spaces. One has been to ask whether a double loop space is homotopy equivalent
to a (strict) commutative topological group. The answer, was given by Milnor in 1950’s,
is that if a path connected space X is homotopy equivalent to a commutative topological
space if and only if X is a product of the spaces Y with the property that Y has at most
one possible nontrivial commutative homotopy group, that is there is an integer n such
that πi(Y ) = 0 for i 6= n and πn(Y ) is commutative.

Let P and Q be H-spaces. A (pointed) map f : P → Q is called an H-map if the diagram

P × P
µP - P

Q×Q

f × f

? µQ - Q

f

?

commutes up to homotopy. If this diagram commutes strictly, we call f is a homomorphism. Clearly
a homomorphism is an H-map. On the other hand, an H-map may not be a homomorphism in
general.

Problem 3.30. Let X and Y be H-spaces and let f : X → Y be an H-map. Under what
conditions on X, Y and f such that there exists a homomorphism g : X → Y with g ' f?
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This problem has not been studied much and is related to a problem, so-called Freyd conjecture,
in homotopy theory.

Now we give some basic properties of H-spaces.

Proposition 3.31. Let P be an H-space. Let Q be a space and let f : Q → P be a pointed
map. Suppose that f has a left pointed homotopy inverse. Then Q is an H-space.

Proof. Let r : Q → P be a left pointed homotopy inverse of f , that is r ◦ f ' idQ. Define a
multiplication µQ : Q×Q→ Q by the composite

Q×Q f×f- P × P µP- P
r- Q.

Since there is a homotopy commutative diagram

Q×Q
f × f- P × P

µ - P

Q ∨Q
∪

6

f ∨ f- P ∨ P
∪

6

∇ - P

wwwwwwwwww

Q ∨Q

wwwwwwwwww
===== Q ∨Q

r ∨ r

? ∇ - Q,

r

?

µQ has a homotopy identity and so Q is an H-space. �

Theorem 3.32. If P is a homotopy associative H-space (H-group), then [X,P ] is a monoid
(group) for any X. Furthermore if P is homotopy commutative, then [X,P ] is commutative.

Proof. The multiplication µ : P × P → P induces a function

µ∗ : [X,P ]× [X,P ] ∼= [X,P × P ]→ [X,P ]

for any X. This makes [X,P ] to be an H-set. Since µ is homotopy associative, µ∗ is associative
and so [X,P ] is a monoid. Furthermore if µ has a homotopy inverse, then µ∗ has in inverse and so
[X,P ] is a group. �

Lemma 3.33. Let f0, f1 : A→ X and g0, g1 : Y → B be pointed maps. Suppose that f0 ' f1 and
g0 ' g1 under pointed homotopies. Assume that A is Hausdorff. Then gf0

0 ' gf1
1 : Map∗(X,Y ) →

Map∗(A,B).

Proof. First we show that
idf0

Y ' idf1
Y : Y X → Y A

Let F : A× I → X be a homotopy from f0 to f1. Then F induces a map

φ : Map(X,Y )
idF

Y- Map(A× I, Y ) ∼= Map(I ×A, Y )
α- Map(I,Map(A, Y )),

where the association α is continuous because I is Hausdorff. Since I is locally compact Hausdorff,
the association map

α : Map(Map(X,Y )× I,Map(A, Y ))→ Map(Map(X,Y ),Map(I,Map(A, Y )))
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is onto-to-onto and onto. Thus α−1(φ) defines a map

F ′ = α−1(φ) : Map(X,Y )× I → Map(A, Y ).

The map F ′ is given as follows:

F ′(λ, t)(a) = λ ◦ F (a, t)

for λ : X → Y and t ∈ I. Clearly, F ′ maps Map∗(X,Y ) × I into Map∗(A, Y ) with F ′0 = idf0
Y ,

F ′1 = idf1
Y and F ′(∗, t) = ∗. Thus idf0

Y ' idf1
Y .

Now we show that gidA
0 ' gidA

1 : Y A → BA. Let G : g0 ' g1 be a pointed homotopy. Consider
the map

GidA : Map(A, Y )×Map(A, I) ∼= Map(A, Y × I)→ Map(A,B).

Let a0 be the base-point of A. The constant map A→ {a0} induces a map

θ : I = Map({a0}, I)→ Map(A, I).

Note that θ(t) is just the constant map from A to t ∈ I for each t. Let G′ be the composite

G′ : Map(A, Y )× I id×θ- Map(A, Y )×Map(A, I)
GidA

- Map(A,B).

Then

G′(λ, t)(a) = G(a, t).

Clearly G′ maps Map∗(A, Y ) × I into Map∗(A,B), G′0 = gidA
0 , G′1 = gidA

1 and G′(∗, t) = ∗. Thus
gidA
0 ' gidA

1 and so

gf0
0 = gidA

0 ◦ idf0
Y ' g

idA
1 ◦ idf1

Y = gf1
1

and therefore we have the result. �

Theorem 3.34. Let P be an H-space (H-group) and let X be a pointed Hausdorff space. Then
Map∗(X,P ) is an H-space (H-group). In particular, ΩnP is an H-space for each n ≥ 0.

Proof. The multiplication on Map∗(X,P ) is defined by

µ = µidX

P : PX × PX ∼= (P × P )X → PX .

The assertion follows from Lemma 3.33 �

4.2. co-H-space. A pointed space X is called a co-H-space if there is a comultiplication
µ′ : X → X ∨ X such that µ′ has a homotopy co-identity, that is there is a homotopy commu-
tative diagram

X �(idX , c)
X ∨X

(c, idX)- X

X

wwwwwwwwww
========== X

µ′

6

========= X,

wwwwwwwwww
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where c is the constant map. µ′ is called homotopy coassociative if there is a homotopy commutative
diagram

X
µ′ - X ∨X

X ∨X

µ′

? idX ∨µ′- X ∨X ∨X.

µ′ ∨ idX

?

A homotopy inverse is a map ν : X → X such that the diagram

X ∨X �µ
′

X
µ′- X ∨X

X

(id, ν)

?
� c

X

wwwwwwwwww
c - X.

(ν, id)

?

µ′ is called homotopy cocommutative if there is a homotopy commutative diagram

X ======== X

X ∨X

µ′

? T- X ∨X,

µ′

?

where T (x, y) = (y, x). An co-H-space X is called an co-H-group if µ is homotopy coassociative
with a homotopy inverse.

Let X and Y be co-H-spaces. A map f : X → Y is called a co-H-map if there is a homotopy
commutative diagram

X
µ′X- X ∨X

Y

f

? µ′Y- Y ∨ Y.

f ∨ f

?

Theorem 3.35. Let X be a pointed Hausdorff space. Suppose that X is a co-H-space (co-H-
group) with a comultiplication µ′ : X → X ∨X. Then Map∗(X,Y ) is an H-space (H-group) for any
Y . In particular, [X,Y ] = π0(Map∗(X,Y )) is a monoid (group).

Proof. The multiplication on Y X is defined by the composite

µ = idµ′X
Y : Y X × Y X ∼= Y X∨X → Y X .

The assertion follows from Lemma 3.33. �
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Exercise 4.2. Let S1 be identified with I/∂I = [0, 1]/{0, 1}. Show that S1 is a co-H-group
under the comultiplication µ′ defined by

µ′(t) =
{

(2t, ∗) 0 ≤ t ≤ 1/2
(∗, 2t− 1) 1/2 ≤ t ≤ 1.

and a homotopy inverse ν defined by ν(t) = 1− t.

By this exercise, we have the following important theorem.

Theorem 3.36. Any loop space ΩX is an H-group. In particular,

πn(X) = π0(ΩnX) = π0(Ω(Ωn−1(X))

is a group for n ≥ 1.

By the definition, the multiplication on ΩX is induced by the comultiplication µ′ : S1 → S1∨S1.
In other words, µ : ΩX × ΩX → ΩX is given by

µ(λ, λ′)(t) =
{

λ(2t) 0 ≤ t ≤ 1/2
λ′(2t− 1) 1/2 ≤ t ≤ 1.

Lemma 3.37. Let f0, f1 : X → A and g0, g1 : Y → B be pointed maps. Suppose that f0 ' f1 and
g0 ' g1 under pointed homotopies. Then

f0 ∧ g0 ' f1 ∧ g1 : X ∧ Y → A ∧B.

Proof. Let F : X × I → A be a pointed homotopy from f0 to f1. Then we have the map

F ′ : X × Y × I ∼= (X × I)× Y F×idY- A× Y p- A ∧ Y,
where p is the quotient map. Clearly F ′ factors through (X ∧ Y ) × I. Since I is locally compact
Hausdorff, the map p × idI : X × Y × I → (X ∧ Y ) × I is a quotient map and so F ′ induces a
(pointed) homotopy

F ′′ : (X ∧ Y )× I → A ∧ Y
with F ′′0 = f0 ∧ idY and F ′′1 = f1 ∧ idY . Thus f0 ∧ idY ' f1 ∧ idY . Similarly, idA ∧g0 ' idA ∧g1.
Thus

f0 ∧ g0 = (idA ∧g0) ◦ (f0 ∧ idY ) ' (idA ∧g1) ◦ (f1 ∧ idY ) = f1 ∧ g1
and hence the result. �

Theorem 3.38. Let X and Y be pointed spaces. Suppose that X is a co-H-space (co-H-group).
Then so is X ∧ Y .

Proof. The comultiplication µ′ is defined by

µ′ : X ∧ Y µ′X∧idY- (X ∨X) ∧ Y ∼= (X ∧ Y ) ∨ (X ∧ Y ).

By Lemma 3.37, X ∧ Y is a co-H-space (co-H-group if X is). �

Let X be a pointed space. The n-fold suspension of X is defined by

ΣnX := Sn ∧X.
Note that

ΣnX = (S1 ∧ S1 ∧ · · · ∧ S1) ∧X = S1 ∧ Σn−1X

if n ≥ 1 by Theorem 2.41. Thus we have
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Theorem 3.39. Let X be a pointed space. Then ΣnX is a co-H-group for each n ≥ 1.

Now we want to show that πn(X) is abelian for n ≥ 2.

Lemma 3.40. Let S be an H-set. Suppose that there is a function

φ : S × S → S

such that
1) φ(x, 1) = x = φ(1, x) for any x ∈ S and
2) φ(x1x2, y1y2) = φ(x1, y1)φ(x2, y2) for any x1, x2, y1, y2 ∈ S.

Then S is a commutative monoid and φ(x, y) = xy for any x, y ∈ S.

Proof. Let x ∗ y denote φ(x, y). Since

xy = (x ∗ 1)(1 ∗ y) = (x1) ∗ (1y) = x ∗ y,
we have xy = φ(x, y) for any x, y. Since

xy = x ∗ y = (1x) ∗ (y1) = (1 ∗ y)(x ∗ 1) = yx,

S is commutative. Since

x(yz) = x(y ∗ z) = (x ∗ 1)(y ∗ z) = (xy) ∗ (1z) = (xy)z

S is associative. Thus S is a commutative monoid. �

Suppose that X is a co-H-space and Y is an H-space. Then there are two multiplications
on [X,Y ], one is induced by the comultiplication X → X ∨ X and another is induced by the
multiplication Y × Y → Y .

Theorem 3.41. Let X be a co-H-space and let Y be an H-space. Then the two multiplication
on [X,Y ] induced by µ′X and µY agree and are both associative and commutative.

Corollary 3.42. Suppose that Y is an H-space. Let X be any pointed space. Then [ΣX,Y ]
is an abelian group. In particular,

1) π1(Y ) is abelian;
2) πn(Z) = [S1,Ωn−1Z] is an abelian group for any pointed space Z.

Note. One of differential geometers through the internet has been to asked whether S1 ∨ S1 is
homotopy equivalent to a topological group. We will see that π1(S1 ∨ S1) is a free group of rank 2,
that is, two generators. In particular, π1(S1 ∨ S1) is not abelian and so S1 ∨ S1 is not an H-space
or S1 ∨ S1 is not homotopy equivalent to a topological group.

Exercise 4.3. Let µ1 and µ2 be two multiplications on Y such that Y is an H-space under µ1

and µ2. Show that
Ωµ1 ' Ωµ2 : Ω(Y × Y )→ ΩY.

Proof of Theorem 3.41. The multiplication on [X,Y ] induced by µ′X is given as follows:
For [f ], [g] ∈ [X,Y ], [f ][g] is the homotopy class represented by the composite

X
µ′- X ∨X f∨g- Y ∨ Y ∇- Y,

where ∇ is the fold map. The multiplication [X,Y ] induced by µY is given as follows: For [f ], [g] ∈
[X,Y ], [f ] ∗ [g] is the homotopy class represented by the composite

X
∆- X ×X f×g- Y × Y µ- Y.
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By Lemma 3.40, it suffices to show that

([f ] ∗ [g])([f ′] ∗ [g′]) = ([f ][f ′]) ∗ ([g][g′])

for any f, f ′, g, g′. This follows from the following commutative diagram because the right column
represents (ff ′) ∗ (gg′) and left column represents (f ∗ g)(f ′ ∗ g′).

X ======================================================== X

X ∨X

µ′

?
X ×X

∆

?

(X ×X) ∨ (X ×X)

∆ ∨∆

? φ
∼=
- (X × ∗ ×X × ∗) ∪ (∗ ×X × ∗ ×X) ⊂- (X ∨X)× (X ∨X)

µ′ × µ′

?

(Y × Y ) ∨ (Y × Y )

(f, g, f ′, g′)

? φ
∼=
- (Y × ∗ × Y × ∗) ∪ (∗ × Y × ∗ × Y )

(f, f ′, g, g′)

?
⊂ - (Y ∨ Y )× (Y ∨ Y )

(f, f ′, g, g′)

?

Y ∨ Y

µ ∨ µ

?
Y × Y

∇×∇

?

Y

∇

?
======================================================== Y,

µ

?

where (Z × Z) ∨ (Z × Z) is considered as the subspace of Z × Z × Z × Z by

(Z × Z) ∨ (Z × Z) = (Z × Z × ∗ × ∗) ∪ (∗ × ∗ × Z × Z)

and the map φ switches the middle two coordinates which sends (z1, z2, z3, z4) to (z1, z3, z2, z4).
Clearly the middle two squares commute. For checking the top square, let µ′(x) = (x′, x′′) ∈

X ∨X ⊆ X ×X. Then

(µ′ × µ′) ◦∆(x) = (µ′ × µ′)(x, x)
= (x′, x′′, x′, x′′)
= φ(x′, x′, x′′, x′′)
= φ ◦∆(x′, x′′)
= φ ◦∆ ◦ µ′(x)
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and so the top square commutes. For checking the bottom square, we have

µ ◦ (∇×∇) ◦ φ(y1, y2, ∗, ∗) = µ ◦ (∇×∇)(y1, ∗, y2, ∗)
= µ(y1, y2)
= ∇(µ(y1, y2), ∗)
= ∇ ◦ (µ ∨ µ)(y1, y2, ∗, ∗).

Similarly
µ ◦ (∇×∇) ◦ φ(∗, ∗, y1, y2) = ∇ ◦ (µ ∨ µ)(∗, ∗, y1, y2).

Thus the bottom square commutes and hence the result. �

Note. According to the proof, the identity

(f ∗ g)(f ′ ∗ g′) = (ff ′) ∗ (gg′)

strictly holds in the mapping space Map∗(X,Y ) because the above diagram commutes strictly.
Recall that if ∗ → Y is a cofibration, then there is a multiplication on Y with strict identity. In this
case, the multiplication on Map∗(X,Y ) induced from the multiplication on Y also has the strict
identity. Suppose that the multiplication on Map∗(X,Y ) induced from the comultiplication on X
has the strict identity. Then Map∗(X,Y ) is strictly associative and commutative by Lemma 3.40.
Unfortunately the comultiplication on X never has strict identity unless X is a point. This means
that the multiplication on Map∗(X,Y ) induced from the comultiplication on X does not have
a good chance to have strict identity even if in the simply case X = S1 and Y = ΩZ, that is
Map∗(X,Y ) = Ω2Z. In homotopy theory, it was known that for any path-connected finite complex
Z that is not homotopy equivalent to a point or a wedge of circles, Ω2Z is never homotopy equivalent
to a commutative topological group. There are still a lot of mysteries on double loop spaces Ω2Z
although there have been a lot of theories on double loop spaces.

4.3. The James Construction. Let X be a pointed (Hausdorff) space with the base-point
∗. The James Construction Jn(X) is defined by

Jn(X) = Xn/ ∼,
where ∼ is the equivalence relation generated by

(x1, · · · , xi−1, ∗, xi, · · · , xn−1) ∼ (x1, · · · , xj−1, ∗, xj , · · · , xn−1)

for any 1 ≤ i, j ≤ n and any xs ∈ X. The elements in Jn(X) is written as a word

w = x1x2 · · ·xn,

where we just keep in mind that, for example,

∗x1x2 = x1 ∗ x2 = x1x2∗
in J3(X).

Let qn : Xn → Jn(X) be the quotient map. The inclusion Xn−1 ⊂ - Xn, (x1, · · · , xn−1) →
(x1, · · · , xn−1, ∗), induces a map in : Jn−1(X) ⊂ - Jn(X) such that the diagram

Xn−1 ⊂ - Xn

Jn−1X

qn−1

?
⊂
in- Jn(X)

qn

?
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commutes. We show that in is a closed map. Let C be a closed set in Jn−1(X). Then q−1
n−1(C) is a

closed set in Xn−1 and so

Ei = {(x1, · · · , xi−1, ∗, xi+1, · · · , xn) ∈ Xn|(x1, · · · , xi−1, xi+1, · · · , xn) ∈ q−1
n−1(C)}

is a closed set in Xn because Ei is the intersection of Xi−1 × ∗ ×Xn−i and π−1
i (q−1

n−1(C)), where

πi(x1, · · · , xn) = (x1, · · · , xi−1, xi+1, · · · , xn)

is the coordinate projection. Since

q−1
n (in(C)) =

n⋃
i=1

Ei,

q−1
n (C) is a closed set in Xn and so in(C) is a closed set in Jn(X). Thus in maps Jn−1(X)

homeomorphically onto the closed subspace in(Jn−1(X)) in Jn(X) and so we may identify Jn−1(X)
as a closed subspace of Jn(X). This gives a tower of closed spaces

J1(X) ⊆ J2(X) ⊆ J3(X) ⊆ · · · .

Define

J(X) =
∞⋃

n=1

Jn(X)

with so-called weak topology, that is, C is a closed set in J(X) if and only if C ∩ Jn(X) is closed in
Jn(X) for each n. This makes J(X) to be a topological spaces and each Jn(X) is a closed subspace
of J(X).

An exact definition of weak topology is as follows. Let X be a space and let {Aα} be a family of
closed set in whose union is X. We say X has the weak topology with respect to {Aα} if it satisfies
the following condition: a subset C of X, whose intersection with each of Aα is closed, is itself
closed. Let X be a set, and let {Aα} be a family of topological spaces, each a subset of X. We shall
say that {Aα} is a coherent family (of topological spaces) on X if

1) X =
⋃

αAα;
2) Aα ∩Aβ is a closed set of Aα for each α, β;
3) for every α, β, the topologies induced on Aα ∩Aβ by Aα and Aβ coincide.

Let Aα be a coherent family on X. Define a subset C of X to be closed if C ∩Aα is closed for each
α. Then

1) X is a topological space (that is the completements of the closes sets form a topology on
X);

2) Each Aα is a closed subspace of X;
3) X has the weak topology with respect to {Aα}.

Lemma 3.43. Suppose X has the weak topology with respect to {Aα}. Let U be a subset in X.
Then U is open if and only if U ∩Aα is open for each α.

Proof. If U is open, clearly U ∩Aα is open because Aα is a subspace. Conversely, assume that
U ∩Aα is open for each α. Then

(X \ U) ∩Aα = Aα \ (U ∩Aα)

is closed in Aα for each α and so X \ U is closed or U is open. �
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Lemma 3.44. Suppose X has the weak topology with respect to {Aα|α ∈ I} and Y has the weak
topology with respect to {Bβ |β ∈ J}. Then X × Y has the weak topology with respect to

{Aα ×Bβ |α ∈ I, β ∈ J}.

Proof. Let C be a subset in X × Y such that C ∩ (Aα × Bβ) is closed for any α, β. Let
U = X × Y \ C. We show that U is open. Since

U ∩Aα ×Bβ = Aα ×Bβ \ (C ∩Aα ×Bβ),

U ∩Aα×Bβ is open for any α and β. Let φX : X ×Y → X and πY : X ×Y → Y be the coordinate
projections. Given any α ∈ I, then

πX(U) ∩Aα =
⋃
β∈J

πX(U ∩Aα ×Bβ).

Since U ∩Aα ×Bβ is open in Aα ×Bβ and πX |Aα×Bβ
is the first coordinate projection,

πX(U ∩Aα ×Bβ)

is open in Aα for each β and so the union

πX(U) ∩Aα

is open in Aα for any given α. It follows that πX(U) is open in X because X has the weak topology.
Similarly, πY (U) is open in Y . Thus U is open in X × Y and hence the result. �

.

Theorem 3.45. Let X be a pointed locally compact Hausdorff space. Then J(X) is a topological
monoid.

Proof. The composite

Xn ×Xm = Xn+m qn+m- Jn+m(X)

factors through Jn(X) × Jm(X), that is there is a map µn,m : Jn(X) × Jm(X) → Jn+m(X) such
that the diagram

Xn ×Xm ========= Xn+m

Jn(X)× Jm(X)

qn × qm
? µn,m- Jn+m(X),

qn+m

?

where qm × qn is a quotient map because X is locally compact Hausdorff. By writing down the
elements, we have

µn,m(x1x2 · · ·xn, y1y2 · · · ym) = x1x2 · · ·xny1y2 · · · ym
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and so µm,n induces a unique function µ : J(X)× J(X)→ J(X) such that the diagram

Jn(X)× Jm(X)
µn,m- Jn+m(X)

J(X)× J(X)
?

∩

µ - J(X)
?

∩

commutes for any n,m. We show that µ is continuous. Let C be any closed set in J(X). For any
n,m, C ∩ Jn+m(X) is closed and so

µ−1(C) ∩ (Jn(X)× Jm(X)) = µ−1
n,m(C ∩ Jn+m(X))

is closed. By Lemma 3.44, J(X)× J(X) has the weak topology with respect to {Jm(X)× Jn(X)}.
Thus C is closed and hence µ is continuous. Clearly µ has the identity ∗ = 1 and is associative.
Thus J(X) is a topological monoid. �

We write X(n) for the n-fold self smash of X.

Theorem 3.46. There is an homeomorphism

Jn(X)/Jn−1(X) ∼= X(n)

for each n.

Proof. Let qn : Xn → Jn(X) and pn : Xn → X(n) be the quotient maps. Then pn factors
Jn(X), that is, there is a function p′n : Jn(X) → X(n) such that pn = p′n ◦ qn. It follows that p′n is
quotient map. Since p′n(Jn−1(X)) = ∗, p′n induces a quotient map

p′′n : Jn(X)/Jn−1(X)→ X(n).

The map p′′n is a homeomorphism because it is one-to-one, onto and a quotient map. �

One of applications of the James construction to H-spaces is as follows.

Theorem 3.47. Let X be a pointed space. Then X is an H-space with a strict identity if and
only if X is a (pointed) retract of a topological monoid.

Proof. Suppose that X is a retract of a topological monoid M . Let j : X →M be the inclusion
with j(∗) = 1 and let r : M → X be a retraction with r(1) = ∗. Define a multiplication on X by

X ×X ⊂
j×j- M ×M µ- M

r- X.

Then ∗x = x∗ = x for x ∈ X. Conversely, suppose that there is a multiplication µ : X ×X → X
with a strict identity. We write x · y for µ(x, y). Define a map

φn : Xn → X

by
φn(x1, x2, · · · , xn) = ((· · · ((x1 · x2) · x3) · · · ) · xn).
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Since ∗ = 1 is a strict identity for µ, the map φn factors through the quotient Jn(X), that is there
is a map φ′n : Jn(X)→ X such that the diagram

Xn φn - X

Jn(X)

qn

?? φ′n - X

wwwwwwwwww
commutes. Clearly

φ′n|Jn−1(X) = φ′n−1 : Jn−1(X)→ X

and so φ′n induces a unique function φ′ : J(X)→ X such that

φ′n = φ′|Jn(X).

We show that φ′ is continuous. Let C be a closed set in X. Then

φ′
−1(C) ∩ Jn(X) = φ′n

−1(C)

is a closed set in Jn(X) for each n. Thus φ′(C) is closed because J(X) has the weak topology with
respect to {Jn(X)}. Since

φ′|J1(X) = φ′1 : J1(X) = X → X

is the identity map, the map φ′ is a retraction and hence the result because J(X) is a topological
monoid. �

Note. If ∗ is non-degenerate, that is ∗ → X is a cofibration, then X is an H-space with a homotopy
identity if and only if X is an H-space with a strict identity. (See Proposition 3.29) Thus suppose
that ∗ is non-degenerate, then X is an H-space if and only if X is a retract of a topological monoid.
Note. It is known that J(X) ' ΩΣX if X is a path-connected CW -complex. (For this reason,
J(X) is known as a ‘combinatorial model’ for loop suspensions. For instance, J(S1) ' ΩS2.) Thus
suppose that X is a path-connected CW-complex with a non-degenerate base-point, then X is an
H-space is and only if X is a retract of a loop space.

5. Barratt-Puppe Exact Sequences

Let S and T be pointed sets with basepoints s0 and t0, respectively and let f : S → T be
a pointed function. Denote by Ker(f) = f−1(t0) the pre-image of the basepoint. A sequence of
pointed sets

· · · - Sn+1
fn+1- Sn

fn- Sn−1
- · · ·

is called exact if each function fn is pointed with Ker(fn) = Im(fn+1).
Let X be a pointed space with basepoint x0. The (reduced) cone CX is defined by

CX = X × I/(x0 × I ∩X × 1).

Note that X can identified as the subspace of CX consisting of (x, 0) for x ∈ X. Let f : X → Y be
a pointed map. The reduced mapping cone Y ∪f CX is defined by

Y ∪f CX = CX
∐

Y/(x, 0) ∼ f(x)

with quotient topology. In other words, the mapping cone if the adjunction space via the map
f : X = X × 0→ Y by attaching the cone CX to Y .
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Recall that for pointed spaces X and Y we write [X,Y ] for the set of homotopy classes of
pointed maps under pointed homotopy.

Lemma 3.48. Let f : X → Y be any pointed map and let j : Y → Y ∪f CX be the inclusion
map. Then the sequence

[X,Z] �f
∗

[Y,Z] �j∗
[Y ∪f CX,Z]

is exact for any pointed space Z.

Proof. First we show that Im(j∗) ⊆ Ker(f∗), that is the composite

X
f- Y

j- Y ∪f CX
g- Z

is null homotopic (relative to the basepoint). It suffices to check that the composite j ◦ f : X →
Y ∪f CX is null homotopic. This follows from the commutative diagram

X × I
proj. - CX

X
∪

6

j ◦ f- Y ∪f CX,
?

namely the composite of the right map with the top map is a homotopy from j ◦ f to the constant
map relative to the basepoint.

Next we show that Ker(f∗) ⊆ Im(j∗). Let g : Y → Z be any pointed map such that the
composite g ◦ f : X → Z is null homotopic relative to the basepoint. Then there is a homotopy
F : X × I → Z such that F0 = g ◦ f , Ft(x0) = z0 for each t and F1(x) = z0 for any x ∈ X. The map
F factors through the quotient q : X × I → CX and there is a unique pointed map F̄ : CX → Z
such that F = F̄ ◦ q. Now the map

g
∐

F̄ : Y
∐

CX - Z

factors the quotient Y ∪f CX and so

g ∪ F̄ : Y ∪f CX - Z

is a well-defined map with the property that g∪ F̄ |Y = g, that is, g = (g∪ F̄ )◦ j. Thus [g] ∈ Im(j∗).
This finishes the proof. �

Starting from any pointed map f : X → Y , there is a sequence

X
f- Y ⊂

j- Y ∪f CX ⊂
k- (Y ∪f CX) ∪j CY ⊂

l- ((Y ∪f CX) ∪j CY ) ∪k C(Y ∪f CX) · · · .

Lemma 3.49. There is a commutative diagram up to homotopy

(Y ∪f CX) ∪j CY ⊂
l- ((Y ∪f CX) ∪j CY ) ∪k C(Y ∪f CX)

ΣX

'

? Σf - ΣY,

'

?
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Σf([x, t]) = [f(x), t].

Proof. There is

(Y ∪f CX) ∪j CY ⊂
l - ((Y ∪f CX) ∪j CY ) ∪k C(Y ∪f CX)

((Y ∪f CX) ∪j CY )/CY

'
??

⊂
l̄ = l/Cj- (((Y ∪f CX) ∪j CY ) ∪k C(Y ∪f CX))/C(Y ∪f CX)).

'
??

Now

(Y ∪f CX) ∪j CY )/CY∼=(Y ∪f CX)/Y

∼= CX/X

= ΣX

(((Y ∪f CX) ∪j CY ) ∪k C(Y ∪f CX))/C(Y ∪f CX))∼=(((Y ∪f CX) ∪j CY )/(Y ∪f CX)

∼= CY/Y

= ΣY.

Let

q : (Y ∪f CX) ∪j CY -- ΣX

q′ : ((Y ∪f CX) ∪j CY ) ∪k C(Y ∪f CX) - ΣY

be the quotient maps. Regard (Y ∪f CX) ∪j CY as CX ∪ CY with identification [x, 0] ∼ [f(x), 0].
Define

θ : ΣX - (Y ∪f CX) ∪j CY = CX ∪ CY

by

θ([x, t]) =
{

[x, 2(t− 1/2)] ∈ CX if 1/2 ≤ t ≤ 1
[f(x), 1− 2t] ∈ CY if 0 ≤ t ≤ 1/2.



68 3. ELEMENTARY HOMOTOPY THEORY

Then there is a homotopy commutative diagram
ΣX ==================== ΣX

ΣX

wwwwwwwwww
θ

'
- (Y ∪f CX) ∪j CY

'

66

q

((Y ∪f CX) ∪j CY ) ∪k C(Y ∪f CX)

l

?

∩

ΣX

ν′

? Σf - ΣY,

' q′

??

where ν′([x, t]) = [x, 1− t]. Thus

[q′] ◦ [l] ◦ [θ] = [Σf ] ◦ [ν′]

with [θ] = [q]−1. It follows that

[q′] ◦ [l] = [q′] ◦ [l] ◦ [θ] ◦ [q] = [Σf ] ◦ [ν′],

that is there is a commutative diagram up to homotopy

(2)

(Y ∪f CX) ∪j CY ⊂
l- ((Y ∪f CX) ∪j CY ) ∪k C(Y ∪f CX)

ΣX

' ν′ ◦ q

? Σf - ΣY

' q′

?

and hence the result. �

By the above lemmas, we obtain the following important general theorem:

Theorem 3.50 (Barratt-Puppe). Let f : X → Y be any pointed map. Then there is a long
exact sequence

[X,Z] �f
∗

[Y, Z] �j∗
[Y ∪f CX,Z] � [ΣX,Z] �Σf

∗
[ΣY, Z] �Σj

∗
[ΣY ∪f CX,Z] � · · ·

for any pointed spaces Z. �

Remark 3.51. We give some remarks:
(1). The map [Y ∪f CX,Z]←− [ΣX,Z] is induced by the composite

Y ∪f CX
pinch- Y ∪f CX/Y ∼= ΣX

ν′- ΣX

according to Diagram (9).
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(2). In the Barratt-Puppe exact sequence, the functions are group homomorphisms except the
first three terms.

(3). The map [ΣX,Z]→ [Y ∪fCX,Z] admits the action of the group [ΣX,Z] on [Y ∪fCX,Z],
see the book R. M. Switzer, Algebraic Topology-Homotopy and Homology, Proposition 2.48
for details.

(4). If f : X → Y is the inclusion of closed subspace such th at f is a cofibration, then
Y ∪f CX ' Y/X and so one can replace Y ∪f CX by Y/X.

(5). For any pointed map f : X → Y , there is a dual version of the Barratt-Puppe exact
sequence given by

· · · - [Z,ΩPf ] - [Z,ΩX]
Ωf∗- [Z,ΩY ] - [Z,Pf ] - [Z,X]

f∗- [Z, Y ]

for any pointed space Z, where

Pf = {(x, λ) ∈ X × PY | f(x) = λ(1)}
and PY = {λ : I → Y | λ(0) = y0} the space of paths starting from the basepoint.

(6). From the view of the Barratt-Puppe exact sequence, the mapping cone Y ∪f CX can
be thought as the cokernel in homotopy sense, which is also called the homotopy cofibre
of f : X → Y . Similarly, the mapping path-space Pf can be thought as the kernel in
homotopy sense, which is also called the homotopy fibre of f : X → Y .

Example 3.52. Let f : S1 → S1 be given by f(z) = z2. Then RP2 = S1 ∪f CS
1 = S1 ∪2 D

2.
It follows that for any pointed space Z there is an exact sequence

[S1, Z] = π1(Z) �2 [S1, Z] = π1(Z) � [RP2, Z] � π2(Z) �2
π2(Z) � · · ·

and so there is a short exact sequence of groups

πn(Z)/2πn(Z) ⊂- [Σn−2RP2, Z] -- Ker(2: πn−1(Z)→ πn−1(Z))

for n ≥ 3. If n = 2, the above sequence is only the short exact sequence of sets because [RP2, Z] is
only a set in general.
For instance, if Z = S2, we will know that π1(S2) = 0 and π2(S2) = Z. From the above short exact
sequence, we have

[RP2, S2] ∼= Z/2
as sets. This means that there are only two homotopy classes for RP2 to S2. One can check that
the pinch map q : RP2 → S2 = RP2/RP1 is not homotopic to the constant map. Hence any pointed
map f : RP2 → S2 is either homotopic to q or null homotopic relative to the basepoint.





CHAPTER 4

The Fundamental Groups and Covering Spaces

1. The fundamental Group

1.1. The fundamental Groupoid. Let λ and µ be two paths in X with λ(1) = µ(0). Then
the product λ ∗ µ is defined by

(λ ∗ µ)(t) =
{

λ(2t) 0 ≤ t ≤ 1/2
µ(2t− 1) 1/2 ≤ t ≤ 1.

Two paths λ and λ′ are briefly said to be homotopic, denoted by λ ' λ′, if they are homotopic
relative to ∂I = {0, 1}. Note that if λ ' λ′, then λ(0) = λ′(0) and λ(1) = λ′(1).

Lemma 4.1. Let λ0, λ1, µ0, µ1 are paths in X with λ0(1) = µ0(0) and λ1(1) = µ1(0). If λ0 ' λ1

and µ0 ' µ1, then λ0 ∗ µ0 ' λ1 ∗ µ1.

Proof. Let F : lambda0 ' λ1 and G : µ0 ' µ1 be the homotopies relative to ∂I. Then H : I ×
I → X defined by

H(t, s) =
{

F (2t, s) 0 ≤ t ≤ 1/2
G(2t− 1, s) 1/2 ≤ t ≤ 1

is a homotopy relative to ∂I between λ0 ∗ µ0 and λ1 ∗ µ1. �

Lemma 4.2. Suppose that λ0, λ1, λ2 are paths in X with λ0(1) = λ1(0) and λ1(1) = λ2(0). Then
(λ0 ∗ λ1) ∗ λ2 ' λ0 ∗ (λ1 ∗ λ2).

Proof. The map F : I × I → X defined by

F (t, s) =

 λ0((4t)/(1 + s)) 0 ≤ t ≤ (s+ 1)/4,
λ1(4t− s− 1) (s+ 1)/4 ≤ t ≤ (s+ 2)/4,

λ2((4t− s− 2)/(2− s)) (s+ 2)/4 ≤ t ≤ 1;

is a homotopy relative to ∂I between (λ0 ∗ λ1) ∗ λ2 and λ0 ∗ (λ1 ∗ λ2). �

For each x ∈ X, we define εx : I → X as the constant path with εx(t) = x for any t.

Lemma 4.3. Let λ be in path in X with λ(0) = x and λ(1) = y. Then εx ∗λ ' λ and λ∗ εy ' λ.
Proof. The map F : I × I → X defined by

F (t, s) =
{

x 0 ≤ t ≤ (1− s)/t,
λ((2t− 1 + s)/(1 + s)) (1− s)/2 ≤ t ≤ 1;

is a homotopy relative to ∂I between εx ∗ λ and λ. The map G : I × I → X defined by

G(t, s) =
{
λ( 2

1+s t) 0 ≤ t ≤ 1+s
2

y 1+s
2 ≤ t ≤ 1.

is a homotopy relative to ∂I between λ ∗ εy and λ. �

71
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Given a path λ in X, the inverse λ−1 is defined by λ−1(t) = λ(1− t).

Lemma 4.4. Let λ be a path in X with λ(0) = x and λ(1) = y. Then λ ∗ λ−1 ' εx and
λ−1 ∗ λ ' εy.

Proof. The map F : I × I → X defined by

F (t, s) =
{

λ(2t(1− s)) 0 ≤ t ≤ 1/2,
λ((2− 2t)(1− s)) 1/2 ≤ t ≤ 1;

is a homotopy relative to ∂I between λ ∗ λ−1 and εx. Similarly λ−1 ∗ λ ' εy. �

A category is called small if the class of objects is a set. A groupoid is a small category in which
every morphism is an equivalence. Let X be a space. Let category P(X) is defined by:

the objects in P(X) are points in X and morphisms from x to y are path classes from x
to y. The composite operation is defined by [µ] ◦ [λ] = [λ ∗ µ] for a path λ from x to y
and a path µ from y to z.

By the lemmas above, we have

Theorem 4.5. Let X be a space. Then P(X) is a groupoid.

1.2. Change of Base. Let X be a space with x ∈ X. Consider x is the basepoint of X. Then
π1(X,x) = π1(X) is called the fundamental group of X with base point x. Recall that π1(X,x) is
a group, where the multiplication is given by the path multiplication. Note that the fundamental
group depends on the choice of the base point x.

Theorem 4.6. Let x, y ∈ X. If there is a path in X from x to y, then the groups π1(X,x) and
π1(X, y) are isomorphic.

Proof. Let λ be a path from x to y, that is λ(0) = x and λ(1) = y . Define a function

χλ : π1(X,x)→ π1(X, y)

by
χλ([µ]) = [λ−1 ∗ µ ∗ λ].

This is a homomorphism of groups because

χλ([µ][µ′]) = [λ−1 ∗ µ ∗ µ′ ∗ λ] = [λ−1 ∗ µ ∗ λ ∗ λ−1 ∗ µ′ ∗ λ]

= [λ−1 ∗ µλ][λ−1 ∗ µ ∗ λ] = χλ([µ])χλ([µ′]).
λ−1 is path from y to x and so

χλ−1 : π1(X, y)→ π1(X,x).
For µ ∈ π1(X,x), we have

χλ−1 ◦ χλ([µ]) == [λ ∗ λ−1µ ∗ λ ∗ λ−1] = [µ]

and so χλ−1 ◦ χλ = id. Similarly χλ ◦ χλ−1 = id. Thus χλ is an isomorphism of groups. �

Let f : X → Y be a map. Then f induces a homomorphism of groups

f∗ : π1(X,x) = [S1, X]→ π1(Y, f(x)) = [S1, Y ].

If f ' g relx, then
f∗ = g∗ : π1(X,x)→ π1(Y, y),

where y = f(x) = g(x). If X ' Y relative the base-point, then π1(X) ∼= π1(Y ).
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Exercise 1.1. Prove that if there is a path in X from x0 to x1, then πn(X,x0) and πn(X,x1)
are isomorphic.

1.3. The fundamental Group of a Circle. The map e: R→ S1 is defined by

e(t) = exp2πit .

Then e is continuous, e(t1 + t2) = e(t1) e(t2) and e(t1) = e(t2) if and only if t1 − t2 is an integer. It
follows that e |(−1/2,1/2) is a homeomorphism of the open interval (−1/2, 1/2) onto S1 \ {exp(πi)}.
Let

log : S1 \ {exp(πi)} → (−1/2, 1/2)
be the inverse of e |(−1/2,1/2).

A subset X ⊆ Rn is called starlike from a point x0 if, whenever x ∈ X, the closed segment
[x0, x] from x0 to x lies in X.

Lemma 4.7. Let X be compact and starlike from x0 ∈ X. Given any continuous map f : X → S1

and any t0 ∈ R such that e(t0) = f(x0), there exists a continuous map f̃ : X → R such that
f̃(x0) = t0 and e ◦f̃(x) = f(x) for all x ∈ X.

Proof. Clearly we can translate X so that it is starlike from the origin; hence there is no loss
of generality in assuming x0 = 0. Since X is compact, f is uniformly continuous and there exists
ε > 0 such that if ‖x−x′‖ < ε, then ‖f(x)−f(x′)‖ < 2 [that is, f(x) and f(x′) are not antipodes in
S1]. Since X is bounded, there exists a positive integer n such that ‖x‖/n < ε for all x ∈ X. Then
for each 0 ≤ j < n and all x ∈ X

‖ (j + 1)x
n

− jx

n
‖ =
‖x‖
n

< ε

and so

‖f
(

(j + 1)x
n

)
− f

(
jx

n

)
‖ < 2.

It follows that the quotient f((j + 1)x/n)/f(jx/n) is a point of S1 \ {exp(πi)}. Let gj : X →
S1 \ {exp(πi)} for 0 ≤ j < n be the map defined by

gj(x) =
f((j + 1)x/n)
f(jx/n)

.

Then for all x ∈ X, we see that

f(x) = f(0)g0(x)g1(x) · · · gn−1(x).

We define f̃ : X → R by

f̃(x) = t0 + log(g0(x)) + log(g1(x)) + · · ·+ log(gn−1(x)).

Since f ′ is the sum of n+ 1 continuous functions from X to R, it is continuous. Clearly f̃(0) = t0
and e ◦f̃ = f . �

Lemma 4.8. Let X be a connected space and let f̃ , g̃ : X → R be maps such that e ◦f̃ = e ◦g̃ and
f̃(x0) = g̃(x0) for some x0 ∈ X. Then f̃ = g̃.

Proof. Let h = f̃ − g̃ : X → R. Since e ◦f̃ = e ◦g̃, e ◦h is the constant map of X to 1 ∈ S1.
Thus h is a continuous map from X to R, taking only integral values. Because X is connected, h is
constant, and since h(x0) = 0, h(x) = 0 for all x ∈ X. �
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Let α : I → S1 be a closed path at 1. Because I is starlike from 0 and α(0) = 1 = e(0), it follows
from Lemmas 4.7 and 4.8 there exists a unique lifting α̃ : I → R such that α̃(0) = 0 and e ◦α̃ = α.
Because e(α̃(1)) = α(1) = 1, it follows that α̃(1) is an integer. We define the degree of α by

deg(α) = α̃(1).

Lemma 4.9. Let α and β be homotopic closed paths in S1 at 1. Then deg(α) = deg(β).

Proof. Let F : I×I → S1 be a homotopy relative to ∂I from α to β. Because I×I is a starlike
set of R2 from (0, 0), it follows that there is a (unique) lifting F̃ : I × I → R such that F̃ (0, 0) = 0
and e ◦F̃ = F . Since F is a homotopy relative to ∂I, F (0, t) = F (1, t) = 1 for all t ∈ I. Thus F̃ (0, t)
and F̃ (1, t) take on only integral values for all t ∈ I. It follows that F̃ (0, t) must be constant and
F̃ (1, t) must be constant. Because F̃ (0, 0) = 0, F̃ (0, t) = 0 for all t. Let α̃, β̃ : I → R be the maps
defined by α̃(t) = F̃ (t, 0) and β̃(t) = F̃ (t, 1). Then α̃(0) = β̃(0) = 0, e ◦α̃ = α and e ◦β̃ = β. Thus

deg(α) = α̃(1) = F̃ (1, 0) = F̃ (1, t) = F̃ (1, 1) = β̃(1) = deg(β).

�

It follows that there is a well-defined function deg from π1(S1, 1) to Z defined by

deg([α]) = deg(α).

Theorem 4.10. The function deg is an isomorphism of groups

deg : π1(S1, 1) ∼= Z.

Proof. To prove that deg is a homomorphism, let α and β be two closed paths in S1 at 1 and
let αβ be the closed path which is their pointwise product in the group multiplication of S1. We
know from Theorem 3.41 that [α] ∗ [β] = [αβ]. Let α̃, β̃ : I → R be such that α̃(0) = β̃(0) = 0,
e ◦α̃ = α and e ◦β̃ = β. Let γ̃ = α̃+ β̃ : I → R. Then γ̃(0) = 0 and e(γ̃) = αβ. Thus

deg([α] ∗ [β]) = deg([αβ]) = γ̃(1) = α̃(1) + β̃(1) = deg([α]) + deg([β]).

The map deg is an epimorphism: For any integer n, let α̃ : I → R be the path defined by
α̃(t) = tn and let α = e ◦α̃ : I → S1. Then clearly deg([α]) = n.

The map deg is a monomorphism: If deg([α]) = 0, then there is a path α̃ : I → R with
α̃(0) = α̃(1) = 0 and e ◦α̃ = α. Since R is contractible, α̃ ' ε0 and

α = e ◦α̃ ' e ◦ε0 = ε1.

�

Exercise 1.2. Show that the map f : S1 → S1, z → zn is of degree n.

Corollary 4.11. The fundamental group of the torus is Z× Z.

Theorem 4.12 (The Fundamental Theorem of Algebra). Every non-constant complex polyno-
mial has a root.

Proof. We may assume without loss of generality that our polynomial has the form

p(z) = zn + a1z
n−1 + · · ·+ an

with n ≥ 1. Assume that p has no zero.
Let Sr be the circle |z| = r of radius r. Choose r >> 0 such that

rn > |a1|rn−1 + |a2|rn−2|+ · · ·+ |an−1|r + |an|.
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Let F : Sr × I → C be the map defined by

F (z, t) = zn + t(a1z
n−1 + · · ·+ an).

Since
|F (z, t)| ≥ |z|n − t(|a1||z|n−1 + · · ·+ |an|) > 0

for |z| = r and 0 ≤ t ≤ 1, the image of F lies in C \ {0}. Let

G : S1 × I → S1

be the composite

S1 rz- Sr

F (z,t)
F (r,t)- C \ {0}

z
|z|- S1.

Then G(1, t) = (F (r, t)/F (r, t))/|F (r, t)/F (r, t)| = 1 for t ∈ I, G(z, 0) = zn and

G(z, 1) =
p(rz)
p(r)

|p(r)|
|p(rz)|

.

Thus f(z) = (|p(r)|/(p(r)|p(rz)|))p(rz) ' zn is of degree n.
Let H : S1 × I → S1 be the map defined by

H(z, t) =
p(rzt
p(rt)

|p(rt)|
|p(rzt)|

,

where H is well-defined (and so it is continuous) because p(z) is never zero. Then H(1, t) = 1 for
all t, H(z, 0) = 1 and H(z, 1) = f(z). It follows that f(z) is of degree 0, which is a contradiction
(unless n = 0).

Theorem 4.13 (Brouwer Fixed Point Theorem). Any continuous map f : D2 → D2 has a fixed
point, that is a point x such that f(x) = x.

Proof. Suppose that x 6= f(x) for all x ∈ D2. Then we may define a map φ : D2 → S1 by
setting φ(x) to be the point on S1 obtained from the intersection of the line segment from f(x)
to x extended to meet S1. Let i : S1 → D2 be the inclusion. Then φ ◦ i = idS1 . Thus there is a
commutative diagram

Z = π1(S1) === Z = π1(S1)

0 = π1(D2)

i∗

?

== 0 = π1(D2),

φ∗

6

which is impossible. This contradiction proves the result. �

Exercise 1.3. Show that πn(S1) = 0 for n > 1. (Hint: Let q : In → Sn = In/∂In the pinch
map. Let f : Sn → S1 be any map. Consider f ◦ q : In → S1. Since In is starlike, there is a unique
lifting α : In → R such that α(0) = 0 and e ◦α = f ◦ q. Since

e ◦α(x) = f ◦ q(x) = f(∗) = 1

for x ∈ ∂In, e ◦α|∂In is the constant map and so α|∂In is a continuous map from ∂In to integers.
It follows that α|∂In is a constant map because ∂In ∼= Sn−1 is path-connected when n > 1. Since



76 4. THE FUNDAMENTAL GROUPS AND COVERING SPACES

α(0) = 0, α(x) = 0 for x ∈ ∂In and so α induces a map ᾱ : Sn = In/∂In → R. Since e ◦α = f ◦ q,
we have e ◦ᾱ = f . Since R is contractible, ᾱ ' ε0 and so

f = e ◦α ' e ◦ε0 = ε.

This show that any map from Sn to S1 is null homotopic and so πn(S1) = 0.)

1.4. Simply Connected Spaces. A space X is said to be n-connected for n ≥ 0 if every
continuous map f : Sk → X for k ≤ n has a continuous extension over Ek+1. A 1-connected space
is also said to simply connected. Note that if 0 ≤ m ≤ n, an n-connected space is m-connected. It
follows from Theorem 3.17 that a space X is n-connected if and only if it is path-connected and
πk(X,x) is trivial for every base point x ∈ X and 1 ≤ k ≤ n. By Exercise 1.1, X is n-connected if
and only if it is path-connected and πk(X,x0) = 0 for 1 ≤ k ≤ n and any particular choice of base
point x0. Note that X is 0-connected if and only if X is path-connected. By Exercise 2.2, we have

Lemma 4.14. A contractible space is n-connected for every n ≥ 0.

Exercise 1.4. Let λ and µ be paths in X from x to y. Suppose that X is simply connected.
Then λ ' µ.

Lemma 4.15. Suppose that X = U ∪ V with U, V open and simply connected and U ∩ V non-
empty and path connected. Then X is simply connected.

Proof. Let f be any path in X. Then f−1(U) is an open set of I and so f−1(U) is a disjoint
union of open intervals. Let

f−1(U) =
⋃
α

(aα, bα)

be a disjoint union of open intervals (aα, bα). Since f−1(V ) is open in I,

f−1(V ) =
⋃
β

(cβ , dβ).

Since
I =

⋃
α,β

(aα, bα) ∪ (cβ , dβ)

and I is compact, there exists a finite subcover

I =
m⋃

i=1

(ai, bi) ∪
n⋃

j=1

(cj , dj).

It follows that there are finite numbers

t1 = 0 < t2 < · · · < tq = 1

such that [ts, ts+1] is either contained in (ai, bi) for some i or in (cj , dj) for some j. Let

fs(t) = f(ts + t(ts+1 − ts)).

Then fs is a path that starts with f(ts) and ends with f(ts+1). If [ts, ts+1] ⊆ (ai, bi) for some i,
then fs(I) = f([ts, ts+1]) ⊆ U , that is fs is a path in U . Otherwise, [ts, ts+1] ⊆ (cj , dj) for some j
and fs is a path in V . It follows that

f = f1 ∗ f2 ∗ · · · ∗ fq,
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where fs is either in U or V and so

[f ] = [f1][f2] · · · [fq].

We show by induction that
If f is a loop with f(0) = f(1) ∈ U ∩ V such that [f ] = [f1][f2] · · · [fq] with fj is either a
path in U or a path in V , then [f ] = 0.

The assertion will follow from this statement.
If q = 1, then [f ] = [f1] and so f1 must be a loop. If f1 is a loop in U , then [f1] = 0 because

U is simply connected and so [f ] = 0. Otherwise f1 is a loop in V and [f ] = [f1] = 0 because V is
simply connected. Assume that the statement holds for < q. Let [f ] = [f1] · · · [fq]. We may assume
that f1 is a path in U without loss of generality. Let i ≥ 1 be the largest integer such that fj is a
path in U for j ≤ i. Then f1 ∗ f2 ∗ · · · ∗ fi is a path in U and fi+1 is a path in V . It follows that

fi(1) = fi+1(0) ∈ U ∩ V.
Since U ∩ V is path connected, there is a path λ in U ∩ V from f(0) to fi(1). Since U is simply
connected, and f1 ∗ · · · ∗ fi and λ are paths in U from f(0) to fi(1), we have

[f1] · · · [fi] = [λ]

and so
[f ] = [λ][fi+1][fi+2] · · · [fq] = [λ ∗ fi+1][fi+2] · · · [fq] = 0

by induction, where λ ∗ fi+1 is a path in V . By induction. �

Corollary 4.16. Sn is simply connected for n ≥ 2.

Exercise 1.5. Let X be a space. The unreduced suspension ΣuX is the quotient space of
I ×X obtained by identifying 0 ×X to a point and 1 ×X to a (different) point. Suppose that X
is path-connected. Show that ΣuX is simply connected.

Note: ΣX = ΣuX/I × ∗. If I × ∗ → ΣuX is a cofibration (this is true if ∗ → X is a cofibration),
then ΣuX ' ΣX. Thus if ∗ → X is a cofibration and X is path-connected, then ΣX is simply
connected.

2. The Seifert-Van Kampen Theorem

In this section, we provide a useful theorem for calculations of fundamental groups.

2.1. Free Groups and Free Products of groups. Let X be a set. The free group F (X)
generated by X is a group that satisfies the following universal property:

1) X ⊆ F (X) is a subset.
2) Let G be any group and let f : X → G be any function. There exists a unique homomor-

phism of groups f̃ : F (X)→ G such that f̃ |X .
It is known that for any X F (X) exists and unique up to isomorphism. There is an explicit
construction of the free group F (X) in terms of words:

w = xε1
1 · · ·x

εk

k ,

where xj ∈ X and εj = ±1. For instance, if X = {x1, · · · , xn}, the words on X are given by

xε1
i1
· · ·xεk

ik
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for k ≤ 0, εj = ±1 and 1 ≤ ij ≤ n. A word w is called reduced if for each 1 ≤ j ≤ k xj 6= xj+1 or
xj = xj+1 with εj 6= −εj+1. As a set F (X) is given by all reduced words and the multiplication on
F (X) is given by the formal product of words, where we use the rule:

x−1
i xi = xix

−1
i = 1

for each i. For example,
(x1x

−1
2 x3) · (x−1

3 x1) = x1x
−1
2 x1.

Clearly F (X) is NOT a commutative group if X has more than one element because x1x2 and x2x1

are different words in F (X) for x1, x2 ∈ X.

Definition 4.17. Let f : H → G and g : H → K be homomorphisms of groups. The push-out
G
∐

H K is a group that satisfies the following universal properties:
1) There are homomorphisms of groups φ : G → G

∐
H K and ψ : K → G

∐
H K such that

φ ◦ f = ψ ◦ g, that is the diagram

H
f - G

K

g

? ψ- G
∐
H

K

?

φ

,

commutes;
2) Let Γ be any group and let φ′ : G→ Γ and ψ′ : K → Γ be homomorphisms with φ′ ◦ f =

ψ′ ◦ g. Then there is a unique homomorphism θ : G
∐

H K → Γ such that φ′ = θ ◦ φ and
ψ′ = θ ◦ ψ.

When H is the trivial group, G
∐
K = G

∐
{1}K is called the free product of G and K. It is

known in group theory that the push-out (so-called free product with amalgamation in group theory)
always exists. The universal property show that G

∐
H K must be unique up to isomorphism if it

exists. The combinatorial construction G
∐

H K can be given as follows:
First we construct the free product G

∐
K can be given by the words

w = α1 · · ·αk,

where αj ∈ G or K for each j. w is reduced if each αj 6= 1 and αj and αj+1 are not lie in the same
group. The product of two reduced words is the reduced words obtained from the formal product
of them. For instance, let α1, α2 ∈ G and β1 ∈ K. Then

(α1β1α2)(α−1
2 β−1

1 α2) = α1α2 ∈ G.
The push-out G

∐
H K is the quotient group of G

∐
K by the normal subgroup generated by

f(h)g(h)−1

for h ∈ H. We can check that this construction satisfies the universal property: The homomorphisms
φ : G → G

∐
H K and ψ : K → G

∐
H K are canonical map given by φ(g) is word represented by g

and ψ(k) is the word represented by k for g ∈ G and k ∈ K. By the relation above φ ◦ f = ψ ◦ g
in the group G

∐
H K (NOT G

∐
K). Assume that φ′ : G→ Γ and ψ′ : K → Γ be homomorphisms
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with φ′ ◦ f = ψ′ ◦ g. First there is a unique homomorphism θ′ : G
∐
K → Γ such that θ′(g) = φ′(g)

and θ′(k) = ψ′(k). Since φ′ ◦ f = ψ′ ◦ g, we have that

θ′(f(h)g(h)−1) = 1

for h ∈ H and so θ′ induces a unique homomorphism θ : G
∐

H K → Γ with the desired property.

Example 4.18. If K is the trivial group, then G
∐
K = G and so G

∐
H K is the quotient

group of G by the normal subgroup generated by the image of f : H → G.
Z
∐

Z = F (x1, x2) is a free group generated by two generators. In general, the n-fold free
product of Z is a free group of rank n, that is n free generators.

Z/m
∐

Z/n is the quotient group of F (x1, x2) by the relations:

xm
1 = 1, xn

2 = 1.

2.2. The Seifert-Van Kampen Theorem.

Theorem 4.19 (Seifert-Van Kampen Theorem). Let X be a pointed space. Suppose that X =
U1 ∪ U2 such that U1, U2 are open and U1 ∩ U2 is non-empty and path connected. Let x0 ∈ U1 ∩ U2

be a base-point of X. Then

π1(X,x0) = π1(U1, x0)
∐

π1(U1∩U2,x0)

π1(U2, x0).

Sketch of Proof. Let j1 : U1 → X, j2 : U2 → X, i1 : U1∩U2 → U1 and i2 : U1∩U2 → U2 be inclusions.
Since j1 ◦ i1 = j2 ◦ i2, the homomorphisms j1∗ : π1(U1)→ π1(X) and j2∗ : π1(U2)→ π1(X) induces a
homomorphism

θ : π1(U1)
∐

π1(U1∩U2)

π1(U2)→ π1(X).

Let λ : S1 → X be a loop in X. By the proof of Lemma 4.15, we have

[λ] = [λ1][λ2] · · · [λk],

where λj is a path either in U1 or U2. We may assume that λ1 is a path in U1. Let i be the largest
number such that λ1, · · · , λi are paths in U1. Then λi(1) = λi+1(0) ∈ U1 ∩ U2. Since U1 ∩ U2 is
path connected, there is a path µ in U1 ∩ U2 from λ(0) to λi(1) = λi+1(0). Then

[λ] = [λ1 ∗ · · · ∗ λi ∗ µ−1][µλi+1][λi+2] · · · [λk].

Now λ1 ∗ · · · ∗ λi ∗ µ−1 is a loop in U1 and µ ∗ λi+1 is a path in U2. By repeating this step (one
can do this by induction), finally one can written down [λ] as a product of elements from π1(U1) or
π1(U2) and so θ is an epimorphism.

It is more complicated to show that θ is a monomorphism. So we omit this part of proof.
�

A slight generalization of Seifert-Van Kampen Theorem can be found in Hatcher’s book.

Corollary 4.20. Let f : X → Y be a pointed map. Let j : Y → Y ∪f CX be the inclusion.
Suppose that X is path-connected. Then π1(Y ∪f CX) is isomorphic to the cokernel of the group
homomorphism

π1(X)
f∗- π1(Y ).
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Proof. Recall that Y ∪f CX = Y
∐
CX/(x, 0) ∼ f(x) and CX = X× I/(X× 1∪x0× I). Let

U be the image of Y
∐
X × [0, 1/2) in Y ∪f CX and let V be the image of X × (1/4, 1] in Y ∪f CX.

Then U ∩ V ∼= X × (1/4, 1/2)/(x0 × (1/4, 1/2) ' X is path-connected. Note that V is contractible
and U ' Y . By the Seifert-Van Kampen Theorem

π1(Y ∪f CX) = π1(U)
∐

π1(U∩V )

π1(V ) = π1(U)
∐

π1(U∩V )

{1}

is the cokernel of i∗ : π1(U ∩ V ) → π1(U), where i : U ∩ V → U is the inclusion. From there is
homotopy commutative diagram

U ∩ V ⊂
i - U

X × {1/3}
∪

6

f - Y,
∪

6

there is a commutative diagram

π1(U ∩ V )
i∗- π1(U)

π1(X)

∼=
6

f∗- π1(Y ).

∼=
6

Thus π1(Y ∪f CX) is the cokernel of f∗ : π1(X)→ π1(Y ) and hence the result. �

Lemma 4.21. Let (X,A) be a pair of spaces satisfying the homotopy extension property with
respect to any spaces. That is the inclusion A→ X is a cofibration. Then X ∪ CA ' X/A.

Proof. Let r : X × I → X × 0 ∪A× I be a retraction. Then

r ∪ idCA×I : (X ∪ CA)× I - X × 0 ∪ (CA× I)

is a well-defined retraction. Thus (X ∪ CA,CA) satisfies the homotopy extension property with
respect to any spaces. Since CA is contractible, X ∪ CA ' X ∪ CA/CA ∼= X/A and hence the
result. �

Corollary 4.22. Let (X,A) be a pair of spaces satisfying the homotopy extension property
with respect to any spaces. Suppose that A is path-connected. Then π1(X/A) is the cokernel of the
group homomorphism

π1(A) - π1(X).

Proof. By the above lemma, X ∪ CA ' X/A and hence the result. �

Theorem 4.23. Let X and Y be path-connected spaces with basepoints x0 and y0, respectively.
Suppose that (X × Y,X ∨ Y ) satisfies the homotopy extension property with respect to any spaces.
Then X ∧ Y is simply connected.
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Proof. Let i : X ∨ Y → X × Y be the inclusion. By Corollary 4.22, π1(X ∧ Y ) is the cokernel
of the group homomorphismthere is a right short exact sequence

π1(X ∨ Y )
i∗- π1(X × Y ) = π1(X)× π1(Y ).

The commutative diagram

X ∨ Y ⊂
i- X × Y

X

j1

∪

6

======== X

i1

∪

6

induces a commutative diagram

π1(X ∨ Y ) ⊂
i∗- π1(X × Y ) = π1(X)× π1(Y )

π1(X)

j1∗

∪

6

============== π1(X).

i1∗

∪

6

In particular, for any g ∈ π1(X), the element (g, 1) ∈ π1(X)× π1(Y ) is given by

(g, 1) = i1∗(g) = i∗(j1∗(g))

and so (g, 1) ∈ Im(i∗). Similarly

(1, h) ∈ Im(i∗)

for any h ∈ π1(Y ). It follows that

(g, h) = (g, 1) · (1, h) ∈ Im(i∗)

for any (g, h) ∈ π1(X × Y ) = π1(X)× π1(Y ). Thus

i∗ : π1(X ∨ Y ) −→ π1(X × Y )

is onto and so π1(X ∧ Y ) = {1}. The assertion follows. �

Note. If x0 → X and y0 → Y are cofibrations, that is x0 and y0 are nondegenerate basepoints,
then the inclusion X ∨ Y → X × Y is a cofibration and so (X × Y,X ∨ Y ) satisfies the homotopy
extension property with respect to any spaces.

Exercise 2.1. Let X and Y be spaces with basepoints x0 and y0, respectively. Suppose that
there exist small contractible open neighborhoods of x0 and y0, respectively. Then π1(X ∨ Y ) =
π1(X)

∐
π1(Y ) is the free product.
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2.3. Calculations of the fundamental Group. By Using the Seifert-van Kampen theorem,
we can compute the fundamental groups of a lot of spaces.

Example 4.24. π1(S1 ∨ S1) = F (x1, x2). In general, π1(∨nS1) = F (x1, · · · , xn).

Proof. Let x be an element in S1 different from the base point. Let U = S1 ∨ (S1 \ {x}) and
V = (S1 \ {x}) ∨ S1. Then U and V are open sets in S1 ∨ S1. Since U ' S1 and V ' S1, we have
π1(U) = Z and π1(V ) = Z. Now U ∩ V = (S1 \ {x}) ∨ (S1 \ {x}) is contractible, π1(U ∩ V ) = {1}.
By the Seifert-van Kampen theorem, we have

π1(S1 ∨ S1) = Z
∐
{1}

Z = F (x1, x2).

By induction, one can show that π1(∨nS1) = F (x1, · · · , xn). �

Note: By this example, we know that ∨nS1 is NOT an H-space if n > 1.

Example 4.25. π1(RP 1) = Z and π1(RPn) = Z/2 for n ≥ 2.

Proof. Clearly RP 1 ∼= S1 and so π1(RP 1) = Z. Now we compute π1RP 2.
Recall that RP 2/RP 1 ∼= S2. Let x ∈ RP 2 \ RP 1 and let U = RP 2 \ {x}. Then U is homotopy

equivalent to RP 1 and so π1(U) = Z. Let V be an open neighborhood of x that is homeomorphic
to the open disk B2 and is disjoint from RP 1. Then π1V = 0. Clearly U ∩ V ' S1, π1(U ∩ V ) = Z.
Let j : U ∩ V → U be the inclusion. Then j∗ : π1(U ∩ V ) → π1(U) is multiple by 2. Thus by the
Seifert-van Kampen theorem π1(RP 2) = π1(U ∪ V ) = Z/2Z.

Now we show that π1(RPn) = Z/2 by induction. Assume that π1(RPn−1) = Z/2 with n ≥ 3.
Let x ∈ RPn \ RPn−1. Let U = Rpn \ {x}. Then U ' RPn−1 and π1(U) = Z/2. Let V be a small
neighborhood of x with V ∼= Bn. Then π1(V ) = 0. Clearly U ∩ V ' Sn−1. Since n ≥ 3, Sn−1 is
simply connected and so π1(U ∩ V ) = 0. It follows that π1(RPn) = π1(U ∪ V ) = Z/2. �

Exercise 2.2. Show that CPn is simply connected for each n ≥ 1.

Note: By looking at fundamental groups, we already know that any RPm is NOT homeomorphic
to CPn.

Exercise 2.3. Let Tg = T#T# · · ·#T be the g-fold connected sum of the torus T . Show that
π1(Tg) is the quotient group of the free group F (c1, d1, c2, d2, · · · , cg, dg) by the one relation:

c1d1c
−1
1 d−1

1 c2d2c
−1
2 d−1

2 · · · cgdgc
−1
g d−1

g = 1.

2.4. Groups and Spaces. Let X be a space. The unreduced cone CX = I × X/1 × X.
Clearly the cone CX is contractible for any X. There is a relation between groups and so-called
2-complexes.

Lemma 4.26. Let φ : F (x1, · · · , xm) → F (y1, · · · , yn) be a homomorphism. Then there is a
(continuous) map f : ∨m S1 → ∨nS1 such that

f∗ = φ : π1(
m∨
S1) = F (x1, · · · , xm)→ π1(

n∨
S1) = F (y1, · · · yn).

Proof. The homomorphism φ is uniquely determined by the elements φ(x1), · · · , φ(xm) in
F (y1, · · · , yn). Since π1(∨nS1) = F (y1, · · · , yn), there are maps

f1, · · · , fm : S1 →
n∨
S1
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such that [fj ] = (fj)∗([id]) = φ(xj). Let f : ∨m S1 → ∨nS1 be the map induced by f1, · · · , fm. The
f∗ = φ. �

Let G be a group with generators x1, · · · , xk and relations R1, · · · , Rq, where each Rj is a word
in the free group F (x1, · · · , xk). The group G is the quotient group of F (x1, · · · , xk) by the normal
subgroup generated by R1, · · · , Rq. Now we can construct a space X = X(G) such that π1(X) = G
as follows:

First we choose the wedges of circles, X1 = ∨kS1 and X2 = ∨qS1. Now we define a map
f : ∨q S1 → ∨kS1 such that f restricted to the j-th copy of S1 is a representative of the element
Rj ∈ π1(∨kS1) = F (x1, · · · , xk). Define

X = X1

∐
CX2/ ∼,

where ∼ is the equivalence relation generated by

(0, x) ∼ f(x)

for x ∈ ∨qS1. We show that π1(X) = G. Let x = 1×X2 be the element in CX2 = I ×X2/1×X2,
where X2 = ∨qS1. Let

U = X \ x = X1

∐
(CX2 \ {x})/ ∼ .

Then U ' X1 = ∨kS1 and so π1(U) = F (x1, · · · , xk). Let V be image of (2/1, 1]×X2 in CX2. Then
V is an open neighborhood of x with π1(V ) = 0 (V is contractible). Clearly that U∩V ' X2 = ∨qS1.
Thus π1(X) is the quotient group of F (x1, · · ·xk) by the normal subgroup generated by

Im(π1(U ∩ V )→ π1(U)) = Im(f∗ : π1(∨qS1)→ π1(∨kS1)),

which is the normal subgroup generated by R1, · · ·Rq. Thus π1(X) = G.
Now let φ : G→ H be a homomorphism. Suppose that G has generators x1, · · ·xk with relations

R1, · · ·Rq and H has generators y1, · · · ys with relations S1, · · ·St. Then there is a homomorphism
φ̃ : F (x1, · · · , xk)→ F (y1, · · · , yt) such that the diagram

G
φ - H

F (x1, · · · , xk)

66

φ̃- F (y1, · · · , ys)

66

commutes. Thus there is a map f : X1(G)→ X1(H) such that

f∗ = φ̃ : π1(X1(G))→ π1(X1(H)).

Let j : X1(H)→ X(H) be the inclusion. Then the composite

θ : X2(G) - X1(G)
f- X1(H) ⊂ - X(H)

is null homotopic because its restriction to each copy of S1 induces the trivial element in the
fundamental group of X(H). It follows that there is a map θ̃ : CX2(G)→ X(H) such that θ̃|X2(G) =
θ. Now the map j ◦ f and θ̃ defines a map

f̄ : X(G) = X1(G)
∐

CX2(G)/ ∼→ X(H).

Clearly f̄∗ = φ : π1(X(G))→ π1(X(H)). Thus we have the following theorem.
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Theorem 4.27. For any group G, there is a space X(G) such that π1(X(G)) = G. If φ : G→ H
is a homomorphism, there is a map f : X(G)→ X(H) such that

f∗ = φ : π1(X(G) = G→ π1(X(H)) = H.

Note: The space X(G) is not unique (even up to homotopy) because a group G can be written down
in terms of different generator-relation systems.

Example 4.28. If a group G has only one relation (such group are called one relator groups,
the construction of X(G) is quite simple which can be described as follows:

Let x1, · · · , xk be generators for G and let R = xε1
i1
· · ·xεt

it
be the only relation for G. We may

assume that R is an unreduced word such that all x1, · · · , xk occur in R.
Let Y be a t-sided polygonal region with counter-clockwise orientation. The sides in Y are

labeled by xi1 , · · · , xit
. The j-th side is chosen to be in a positive direction [negative direction] if

εj = 1 [if εj = −1].
Let X be the quotient space of Y by identifying 1) all vertices to be one point and 2) all oriented

sides labeled by the same letter.
We can show that π1(X) = G. Let x be an inner point in Y . Let U = X \{x}. Then U ' ∨kS1.

Let V be an open ε-neighborhood of x in Y (and so in X). Then π1(V ) = 0. Clearly U ∩ V ' S1

and so π1(U ∩ V ) = Z. Let j : U ∩ V → U be the inclusion and let α = [id1
S ] be the generator for

π1(U ∩ V ). Then
j∗(α) = xε1

i1
· · ·xεt

it
.

Thus π1(X) = G.

3. Covering Spaces

Definition 4.29. A map p : X̃ → X is a covering projection and X̃ (or (X̃, p) is a covering
space of X if

1) p is onto, and
2) for any x ∈ X there is an open neighbourhood U (called an elementary neighbourhood) of

x such that
p−1(U) =

∐
α∈J

Uα

is a topological disjoint union of open sets (called sheets), each Uα is mapped homeomor-
phically onto U by p. So p−1(U) ∼= U × ( discrete space.)

Roughly speaking covering space just means that ‘locally’ the pre-image p−1(U) is disjoint union
of copies of U .

Example 4.30. (1). Any homeomorphism p : X̃ → X is a one-sheeted covering projection.
(2). Let F be a discrete space and X̃ = X × F . Then the coordinate projection p : X̃ → X is

a covering projection.
(3). The projection p : Sn → RPn is a two-sheeted covering projection.
(4). p : S1 → S1, z 7→ zn, is an n-sheeted covering.
(5). The exponential map e: R→ S1 is a covering with infinite sheets.

Exercise 3.1. Let p : X̃ → X and q : Ỹ → Y be covering projections. Show that p×q : X̃×Ỹ →
X × Y is also a covering projection.



3. COVERING SPACES 85

Let G be a group and let Y be a G-space. For g ∈ G and a subset S ⊆ Y , let g · S denote the
set {g · x|x ∈ S}.

Definition 4.31. Let G be a (discrete) group and let Y be a G-space. A G-action on Y is
called properly discontinuous if

for any y ∈ Y there exists a neighbourhood Wy such that

g1 6= g2 ⇒ g1 ·Wy ∩ g2 ·Wy = ∅
(or, equivalently, g 6= 1 ⇒ g ·Wy ∩Wy = ∅).

Theorem 4.32. Let X be a G-space. If the G-action on X is properly discontinuous, then
X → X/G is a covering.

Proof. Let p : X → X/G be the quotient map. By Theorem 2.30, p is an open map. For any
x ∈ X, let W be an open neighbourhood satisfying the condition of proper discontinuity. Then
p(U) is an open neighbourhood of p(x) and

p−1(W ) =
∐
g∈G

g ·W

is a disjoint union of open subsets of X. Furthermore p|g·W : g ·W → p(W ) is a continuous open
bijective map and hence a homeomorphism. �

Exercise 3.2. Let X be a G-space. Suppose that X → X/G is a covering. Show that the
G-action on X is properly discontinuous.

Now the next question is how can we know a group-action is properly discontinuous. Recall
that a group G acts freely on X if g · x 6= x for all x ∈ X and g ∈ G with g 6= 1.

Exercise 3.3. Let X be a G-space. Suppose that the G-action on X is properly discontinuous.
Then G acts freely on X.

Theorem 4.33. Let G be a finite group and let X be a Hausdorff G-space. Then the G-action
on X is properly discontinuous if and only if G acts freely on X.

Proof. ⇒ is obvious (see Exercise 3.3).
⇐ Let G = {g0 = 1, g1, · · · , gn}. Since X is Hausdorff, there exist open neighbourhoods

U0, · · ·Un of g0 ·x, · · · , gn ·x, respectively such that U0∩Uj = ∅ for 1 ≤ j ≤ n. Let U = ∩n
j=0g

−1
j ·Uj .

Then U is an open neighbourhood of x with gj · U ∩ U = ∅ for each 1 ≤ j ≤ n because

gj · U = gj ·
n⋂

i=0

g−1
i Ui =

n⋂
i=0

gj(g−1
i · Ui)

=
n⋂

i=0

(gjg
−1
i ) · Ui ⊆ (gjg

−1
j ) · Uj = Uj .

Thus the G-action on X is properly discontinuous. �

Note: If G has infinite elements, a free G-action may or may not be properly discontinuous. In
other words, the quotient X → X/G may or may not be a covering even if G acts freely on X and
X is Hausdorff.

Now we have more examples of covering spaces.
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Example 4.34. 1) Let Z act on R by x 7→ x+ n. Then this action is discontinuous and
so R→ R/Z ∼= S1 is a covering.

2) Let Zn = Z⊕n act on Rn by (x1, · · · , xn) 7→ (x1 + l1, · · · , xn + ln) for xj ∈ R and lj ∈ Z.
Then this action is discontinuous and so Rn → Rn/Zn = S1 × · · · × S1 is a covering. In
particular, when n = 2, we have the covering projection : R2 → T = S1 × S1.

3) Let p be a prime integer and let q1, · · · qn be integers prime to p. We define a Z/p-action
on

S2n+1 = {(z0, · · · , zn) ∈ Cn||z0|2 + |z1|2 + · · ·+ |zn|2 = 1}

by

l · (z0, · · · , zn) = (e2πil/p z0, e2πilq1/p z1, · · · , e2πilqn/p zn).

We show that this action is free. Suppose that

l · (z0, · · · , zn) = (z0, · · · , zn).

Then

e2πilqj/p zj = zj

for each 0 ≤ j ≤ n, where q0 = 1. Since (z0, · · · zn) ∈ S2n+1, there exists zj0 6= 0 for some
j0. It follows that

e2πilqj0/p = 1

and so lqj0 ≡ 0 mod p. Since qj0 6≡ 0 mod p and p is a prime, l ≡ 0 modp, that is l is the
identity in Z/p. Thus this action is free.

Since S2n+1 is Hausdorff, S2n+1 → S2n+1/(Z/p) is a covering. The quotient S2n+1/(Z/p),
denoted by Ln(p, q1, · · · , qn), is called a lens space. Note that Ln(2) = RP 2n+1.

4) Let p be any non-zero integer. We define a Z/p-action on

S2n+1 = {(z0, · · · , zn) ∈ Cn||z0|2 + |z1|2 + · · ·+ |zn|2 = 1}

by

l · (z0, · · · , zn) = (e2πil/p z0, e2πil/p z1, · · · , e2πil/p zn).

The argument above show that this action is free. (Note: in this case, we do not need
to assume that p is a prime.) The quotient S2n+1/(Z/p) is denoted by Ln(p). Again we
have a covering projection S2n+1 → Ln(p).

5) Let M be a manifold and let

F (M,n) = {(x1, · · · , xn) ∈Mn|xi 6= xj for i 6= j}

be a ordered configuration space. Let the symmetric group Σn act on F (M,n) by permut-
ing positions. Then F (M,n) → F (M,n)/Σn is a covering. The quotient F (M,n)/Σn,
denoted by B(M,n), is called the space of unordered configurations.

6) Let G be a (Hausdorff) topological group and let H be a finite subgroup of G. Let G/H
be the set of left cosets with quotient topology. Then G → G/H is a covering. (Note:
One can directly show that G → G/H is a covering if H is a discrete subgroup of G
(without assuming that H is finite).
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4. The Lifting Theorem For Covering Spaces

If p : X̃ → X is a covering and f : Y → X is a map, then a lifting of f is a continuous map
f̃ : Y → X̃ such that f = p ◦ f̃ .

The lifting problem is: Given a map f : Y → X.
i) When does there exist a lifting of f?
ii) Must such a lifting be unique?

The ‘uniqueness’ can be answered as follows.

Lemma 4.35. Let p : X̃ → X be a covering and let f̃ , f̄ : Y → X̃ be two lifting of f : Y → X.
Suppose that Y is connected and f̃(y0) = f̄(y0) for some y0 ∈ Y . Then f̃ = f̄ .

Proof. Let Y ′ = {y ∈ Y |f̃(y) = f̄(y)}. Then y0 ∈ Z. It suffices to show that Z is open and
closed. (Note: A space Y is connected if and only if Y and ∅ are only open and closed subsets of Y
(or, equivalently, Y is not disjoint union of two open subsets). A path-connected space is connected,
but a connected space may not be path connected in general.)

First we show that Y ′ is an open subset of Y . Let y ∈ Y ′ and let U be an elementary
neighbourhood of f(y) in X. There is a (unique) sheet Uα of p−1(U) such that f̃(y) = f̄(y) ∈ Uα.
Then f̃−1(Uα)∩ f̄−1(Uα) is an open neighbourhood of y. Since p|Uα

: Uα → U is a homeomorphism,

f̃ |f̃−1(Uα)∩f̄−1(Uα) = f̄ |f̃−1(Uα)∩f̄−1(Uα).

Thus
f̃−1(Uα) ∩ f̄−1(Uα) ⊆ Y ′

and so Y ′ is open.
Now we show that Y \ Y ′ is open. Let y ∈ Y \ Y ′ and let U be an elementary neighbourhood

of f(y) in X. Since f̃(y) 6= f̄(y), there are two different sheets Uα and Uβ of p−1(U) such that
f̃(y) ∈ Uα and f̄(y) ∈ Uβ . (α 6= β because p restricted to each sheet is a homeomorphism.) Now
f̃−1(Uα) ∩ f̄−1(Uβ) is an open neighbourhood of y. Since Uα ∩ Uβ = ∅, f̃(z) 6= f̄(z) for any
z ∈ f−1(Uα) ∩ f̄−1(Uβ) and so

f̃−1(Uα ∩ f̄−1(Uβ) ⊆ Y \ Y ′.

Thus Y \ Y ′ is open and hence the result. �

Corollary 4.36. Suppose that X̃ is connected and φ : X̃ → X̃ is a map such that p ◦ φ = p.
If φ(x1) = x1 for some xi ∈ X̃, then φ is the identity map.

Proof. Both φ and the identity map idX̃ are liftings of the map p : X̃ → X. Since φ(x1) =
idX̃(x1), the assertion follows from Lemma 4.35. �

Let X be a pointed space with a base-point x0 and x̃0 ∈ X̃ such that p(x̃0) = x0.

Theorem 4.37 (Path-lifting Theorem). Let p : (X̃, x̃0)→ (X,x0) be a covering. Then
i) Every path λ : (I, 0)→ (X,x0) has a unique lifting λ̃ : (I, 0)→ (X̃, x̃0).
ii) Every map F : (I × I, (0, 0))→ (X,x0) has a unique lifting F̃ : (I × I, (0, 0))→ (X̃, x̃0).

Proof. We already prove the uniqueness of a lifting. So we only need to prove the existence.
i) There exist 0 = t0 < t1 < · · · tm = 1 such that λ([ti, ti+1]) is contained in some elementary

neighborhood of each i. We show that there is a lifting λ̃i : [0, ti]→ X̃ of λ|[0,ti] by induction on i.
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When i = 0, λ̃0 : [0, 0] → X̃ is given by λ̃(0) = x̃0. Suppose that there is a lifting λ̃i : [0, ti] → X̃.
Since λ([ti, ti+1]) lies in an elementary neighbourhood. There is a unique lifting µ : [ti, ti+1]→ X̃ of
λ|[ti,ti+1] such that µ(ti) = λ̃i(ti) (The map µ is obtained by composing λ|[ti,ti+1] with the inverse
homeomorphism to p-restricted-to-the-sheet-containing-λ̃i(ti). Let

λ̃i+1 = λ̃i ∪ µ : [0, ti+1]→ X̃.

Then λ̃i+1 is a lifting of λ|[0,ti+1]. This gives a construction of λ̃ by induction.
ii) The proof essentially follows from the same idea, that is there are sequence 0 = s0 <

s1 < · · · < sm = 1 and 0 = t0 < t1 < · · · < tn = 1 such that F maps each small rectangle
Ri,j = [si, si+1] × [tj , tj+1] into an elementary neighbourhood and then defined F̃ inductively over
the rectangles

R0,0, R0,1, · · · , R0,n, R1,0, · · · .

�

Corollary 4.38 (Monodromy Lemma). Let λ̃0, λ̃1 : (I, 0) → (X̃, x̃0) be paths with p ◦ λ̃0 '
p ◦ λ̃1. Then λ̃0 ' λ̃1. In particular, λ̃0(1) = λ̃1(1).

Proof. Let λ0 = p ◦ λ̃0 and λ1 = p ◦ λ1. Let F : I × I → X be a homotopy relative to {0, 1}
from λ0 to λ1. Then there is a unique lifting F̃ : I × I → X̃ of F with F̃ (0, 0) = λ̃0(0) = λ̃1(0).
Then

1) F̃ (t, 0) = λ̃0(t) for any t because both of them are lifting of λ0 with F̃ (0, 0) = λ̃0(0). And
F̃ (1, 0) = λ̃0(1).

2) F̃ (0, s) = ελ̃0(0)
because both of them are liftings of F (0, s) = ελ(0) with F̃ (0, 0) = λ0(0).

And F̃ (0, 1) = λ̃0(0) = λ̃1(0).
3) F̃ (t, 1) = λ̃1(t) because F̃ (0, 1) = λ̃1(0) and both of them are liftings of λ1. In particular,

F̃ (1, 1) = λ̃1(1).
4) F̃ (1, s) = ελ̃0(1)

because F̃ (1, 0) = λ̃0(1) and both of them are liftings of ελ0(1).

This show that F̃ is a path homotopy from λ̃0 to λ̃1. �

If in Corollary 4.38 we consider only loops, then we immediately have

Theorem 4.39. If p : (X̃, x̃0) → (X,x0) is a covering, then p∗ : π1(X̃, x̃0) → π1(X,x0) is a
monomorphism. �

Let p : (X̃, x̃0) → (X,x0) be a covering projection. The function ψ : π1(X,x0) → p−1(x0) is
defined by [α] 7→ α̃(1), where α̃ : (I, 0, 1)→ (X̃, x̃0, α̃(1)) is the unique lifting of α as in Theorem 4.37.
The function ψ is well-defined by the Monodromy Lemma (Corollary 4.38).

Exercise 4.1. Suppose that X̃ is path-connected. Show that the function ψ : π1(X,x0) →
p−1(x0) is onto.

Hint: Let y ∈ p−1(x0). There is a path β from x̃0 to y. Let α = p ◦ β. Then β = α̃ by the
uniqueness of the lifting and so ψ([α]) = α̃(1) = β(1) = y.

Theorem 4.40. If X̃ is simply connected, then ψ is a bijection.
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Proof. By Exercise 4.1, it suffices to show that ψ is one-to-one.
Suppose that [α], [β] ∈ π1(X,x0) with ψ([α]) = ψ([β]) = y ∈ p−1(x0), that is α̃(1) = β̃(1) = y,

where α̃ and β̃ are the liftings of [α] and β, respectively. Since X̃ is simply connected, [α̃ ∗ β̃−1] =
1 ∈ π1(X̃, x̃0). Thus

[α][β]−1 = [(p ◦ α̃) ∗ (p ◦ β̃−1] = [p ◦ (α̃ ∗ β̃−1)] = p∗([α̃ ∗ β̃−1]) = p∗(1) = 1.

Hence [α] = [β] ∈ π1(X,x0). �

Now suppose that the quotient p : X̃ → X̃/G, x̃ 7→ [x̃], is a covering space arising from a
properly discontinuous group action. Here we can do much better.

Since p−1([x̃0]) = G · x̃ = {g · x̃0|g ∈ G}, we can identify p−1([x̃0]) with G by g · x̃0 ↔ g. (Recall:
g · x̃0 = g′ · x̃0 ⇒ g = g′ by the properly discontinuous property.)

Theorem 4.41. If X̃ is path-connected, then ψ : π1(X̃/G, [x̃0]) → G is a group epimorphism
with kernel p∗π1(X̃, x̃0).

Proof. (i) By Exercise 4.1, the function ψ is onto.
(ii) To see that it’s a homomorphism, recall that the lifting α̃ : (I, 0, 1)→ (X̃, x̃0, α̃(1)) of a loop α

representing [α] ∈ π1(X̃/G, [x̃0]) has α(1) = gα · x̃0 for some unique gα ∈ G (independent of choice
of α ∈ [α].)

Given [α], [β] ∈ π1(X̃/G, [x̃]), with α, β lifting to α̃ : (I, 0, 1)→ (X̃, x̃0, gα · x̃0), β̃ : (I, 0, 1)→
(X̃, x̃0, gβ · x̃0), note that in general α̃ ∗ β̃ is not defined (since gα · x̃0 6= x̃0). However the map
gα· : X̃ → X̃ composes with β̃ to give

gα · β̃ : (I, 0, 1)→ (X̃, gα · x̃0, gα · (gβ · x̃0))

which lifts β (Note gα · β̃ is from gα · x̃0 to gα · (gβ · x̃0)). Thus

α̃ ∗ (gα · β̃) : (I, 0, 1)→ (X̃, x̃0, gαgβ · x̃0)

is well-defined and lifts α∗β. Since this lifting of α∗β has final point gαgβ · x̃0, we have ψ([α∗β]) =
gαgβ and hence

ψ([α][β]) = ψ([α ∗ β]) = gαgβ = ψ([α])ψ([β]).
(iii) If ψ([α]) = e ∈ G, then α̃(1) = e · x̃0 = x̃0, making α̃ a loop. Hence

[α] = [p ◦ α̃] = p∗([α̃]) ∈ p∗π1(X̃, x̃0).

Conversely, for any α̃ : (I, ∂I)→ (X̃, x̃0), p◦α̃ has lifting α̃ with α̃(1) = e·x̃0, and so ψ(p∗([α̃])) =
ψ([p ◦ α̃]) = e ∈ G. �

Corollary 4.42. Suppose that X̃ is path-connected space on which the group G acts properly
discontinuously. Then

ψ : π1(X̃/G, x̃0) - G

is an isomorphism if and only if X̃ is simply-connected.

Example 4.43. 1) Since Sn is simply connected for n ≥ 2, we have

π1(RPn) = π1(Sn/Z/2) = Z/2
for n ≥ 2.

2) π1(Ln(p)) = π1(S2n+1/Z/p) = Z/p (n ≥ 1).
3) π1(S1) = π1(R/Z) = Z.
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A space X is called to be locally path-connected if for each point x ∈ X and any neighborhood
U of x there exists a path-connected open neighborhood V of x with V ⊆ U . (Note. In Spanier’s
book [21], the definition of locally path-connected is as follows: A space X is said to be locally
path-connected if, for each x ∈ X and any neighborhood U of x, there is an open neighborhood
V of x such that x ∈ V ⊆ U and any two points in V can be connected by a path in U . Thus
our definition of locally path-connected is stronger than Spanier’s definition. Our definition follows
from Hatcher’s book [7, pp.62]. This more restrictive definition simplifies the proofs. But keep in
mind that the following statements hold for locally path-connected in the sense of Spanier’s book.)

Theorem 4.44 (Lifting Theorem). Let p : (X̃, x̃0)→ (X,x0) is a covering space. Let f : (Y, y0)→
(X,x0) be a map. Suppose that Y is path-connected and locally path-connected. Then f : (Y, y0)→
(X,x0) admits a unique lifting f̃ : (Y, y0)→ (X̃, x̃0) if and only if

f∗(π1(Y, y0)) ⊆ p∗π1(X̃, x̃0).

Proof. ⇒ is obvious.
⇐ By Lemma 4.35, if f admits a lifting, then the lifting is unique. Thus it suffices to prove the

existence of the lifting. The construction of f̃ is as follows:
For each y ∈ Y , since Y is path-connected, there is a path λ : (I, 0, 1)→ (Y, y0, y). So lift
f ◦ λ : (I, 0)→ (X,x0) uniquely (by Theorem 4.37) to f̃ ◦ λ : (I, 0)→ (X̃, x̃0). Let

f̃(y) = f̃ ◦ λ(1).

Then p ◦ f̃ = f .
We must prove that

i) f̃(y) is independent of choice of λ : (I, 0, 1) → (Y, y0, y), that is f̃ is well-defined as a
function, and

ii) f̃ is continuous.
To see (i), let λ and λ′ be two paths in Y from y0 to y. Then the path product λ ∗ λ′−1 is a

loop in Y from y0 to y0. By the assumption

[(f ◦ λ) ∗ f(λ′−1)] ∈ f∗(π1(Y, y0)) ⊆ p∗π1(X̃, x̃0).

Thus the loop (f ◦ λ) ∗ f(λ′−1) admits a lifting in (X̃, x̃0) as a loop. By uniqueness of lifting, the
first half lifting of this loop is given by f̃ ◦ λ and second half lifting is given f̃ ◦ λ′. In particular,
f̃ ◦ λ(1) = f̃ ◦ λ′(1) because they form a loop.

For showing (ii), let W be an open neighborhood of f̃(y). Choose a small open neighborhood
U of f(y) such that p−1(U) is disjoint union of open sets in X̃ with one piece f̃(y) ∈ Ũ ∼= U and
Ũ ⊆W . By the assumption of locally path-connected, there exists a path open neighborhood V of
y with V ⊆ f−1(U). Fix a path λ from y0 to y. For any y′ ∈ V , there is a path η from y to y′.
Then the path product λ ∗ η is a path from y0 to y′. Since

p : Ũ → U

is a homeomorphism, p|−1

Ũ
(f ◦ η) is a path in Ũ from f̃(y) from a point in Ũ . Now the path product

f̃ ◦ λ ∗ p|−1

Ũ
(f ◦ η) is a lifting of f(λ ∗ η). By the uniqueness of lifting,

˜f(λ ∗ η) = f̃ ◦ λ ∗ p|−1

Ũ
(f ◦ η).
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In particular

f̃(y′) = ˜f(λ ∗ η)(1) ∈ Ũ .
It follows that

V ⊆ f̃−1(Ũ) ⊆ f̃−1(W )
and so f is continuous. This finishes the proof.

�

Corollary 4.45. Any maps from a simply-connected locally path-connected (Y, y0) lifts (uniquely).

Corollary 4.46. Any map from (Sn, (1, 0, · · · , 0)) lifts uniquely (n ≥ 2).

Corollary 4.47. For n ≥ 2, p∗ : πn(X̃, x̃0)→ πn(X,x0) is an isomorphism.

Proof. By Corollary 4.46, p∗ is onto. By Corollary 4.45, p∗ is one-to-one because Sn × I is
simply connected for n ≥ 2. �

Theorem 4.48 (Borsuk-Ulam). There exists no map f : S2 → S1 such that f(−x) = −f(x) for
any x.

Proof. Let q : S2 → RP 2 be the covering projection, and suppose that for all x ∈ S2

f(−x) = −f(x).

Then we can define g : RP 2 → S1 by g(±x) = (f(x))2, making g ◦ q = p ◦ f , where p : S1 → S1 is
defined by z 7→ z2.

S2 f - S1

RP 2

q

?
g - S1

p

?

Since π1(RP 2) = Z/2, g∗π1(RP 2) is a torsion subgroup of π1(S1) = Z and hence g∗π1(RP 2) = 0.
Thus, by Theorem 4.44, there is a lifting g̃ : RP 2 → S1 such that g = p ◦ g̃. (Note the map p is a
covering.) Since g̃ ◦ q and f are two liftings of g ◦ q, we have

g̃ ◦ q = f.

It follows that
f(x) = g̃ ◦ q(x) = g̃ ◦ q(−x) = f(−x) = −f(x),

a contradiction. �

Corollary 4.49. If g : S2 → R2 is an antipode-preserving map, that is g(−x) = −g(x), then
some x ∈ S2 has g(x) = 0.

Proof. Otherwise f : S2 → S1 x→ g(x)
‖g(x‖ contradicts Theorem 4.48. �

Corollary 4.50. If h : S2 → R2, then some x ∈ S2 has h(x) = h(−x); so h is not injective.

Proof. If this were not the case, then g : S2 → R2 x 7→ h(x) − h(−x) would contradicts
Corollary 4.49. �
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Corollary 4.51. No subspace of R2 is homeomorphic to S2.

Example 4.52. Regard the Earth as S2 and the functions
P : S2 → R, x 7→ barometric pressure at x,
T : S2 → R, x 7→ temperature at x

as continuous. Then Corollary 4.50 says that

h : S2 → R2 h(x) = (P (x), T (x))

has h(−x) = h(x) for some x ∈ S2, in other words, there are always two antipodal places on Earth
with the same temperature and pressure.

5. Universal Covering

Let X be a path-connected space. A covering p : X̃ → X is called universal if X̃ is simply
connected.

Proposition 4.53. Let X be path-connected and locally path-connected. Then the universal
covering over X is unique provided that it exists.

Proof. Suppose that p : X̃ → X and p′ : X̃ ′ → X be two universal coverings over X. By the
definition, both X̃ and X̃ ′ are simply connected. In particular, both X̃ and X̃ ′ are path-connected.
Since X is locally path-connected, so are X̃ and X̃ ′. Let x0 be a basepoint of X. Choose basepoints
x̃0 ∈ p−1(x0) and x̃′0 ∈ p′−1(x0). By the lifting theorem, there exist liftings

X̃
f - X̃ ′ g - X̃

X

p

?
======== X

p′

?
======== X

p

?

with f(x̃0) = x̃′0 and g(x̃′0) = x̃0 because π1(X̃) and π1(X̃ ′) are trivial. By the uniqueness of the
lifting, g ◦ f = idX̃ and f ◦ g = idX̃′ and hence the result. �

5.1. Existence of Universal Covering Space. A space X is called semi-locally simply-
connected if for each point x ∈ X there exists a neighborhood U of x such that π1(U, x)→ π1(X,x)
is trivial.

Theorem 4.54. Let X be path-connected, locally path-connected, and semi-locally simply con-
nected. Then there exists the universal covering X̃ → X.

Proof. The proof is given by constructing a universal covering over X. Let x0 be a basepoint
of X.
Construction: Define

X̃ = {[λ] | λ(0) = x0},
where [λ] is the homotopy class relative to the ending points, that is, with respect to the homotopies
that fix the endpoints. Define p : X̃ → X by p([λ]) = λ(1).
Topology on X̃. Let

U = {U ⊆ X |U path-connected open π1(U)→ π1(X) is trivial }.
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By the assumption of semi-locally simply connected, for any x ∈ X, there exists a neighborhood U
of x such that π1(U)→ π1(X) is trivial. By the assumption of locally path-connected, there exists
a path-connected open neighborhood V of x such that V ⊆ U with π1(V ) → π1(X) is trivial as it
is the composite π1(V ) → π1(U) → π1(X). Thus U is a basis for the topology on X. (Note. We
use the assumptions that X locally path-connected and semi-locally simply connected.)

For U ∈ U and a path λ from x0 to a point in U , define

U[λ] = {[λ ∗ η] | η path in U with η(0) = λ(1)}.

1) U[λ] depends only on the path homotopy class of λ, that is, if λ ' λ′ rel 0, 1, then U[λ] =
U[λ′].

2) p : U[λ] → U is onto because U is path-connected.
3) p : U[λ] → U is one-to-one. Let η and η′ be two paths in U such that η(0) = η′(0) = λ(1)

and η(1) = η′(1). Then η ∗ η′−1 form a loop in U . Since π1(U) → π1(X) is trivial,
[η] ∗ [η′−1] is trivial in X and so the loop

[(λ ∗ η) ∗ (λ ∗ η′)−1] = 1.

It follows that the path homotopy class [λ ∗ η] = [λ ∗ η′].
4) If [λ′] ∈ U[λ], then U[λ′] = U[λ]. For seeing this, let λ′ = λ ∗ η. For any [λ ∗ η′] ∈ U[λ], let µ

be a path in U from η(1) to η′(1). Then η ∗ µ ∗ η′−1 is a loop in U from λ(1) to λ(1). By
using the assumption that π1(U)→ π1(X) is trivial, [η ∗µ ∗ η′−1] is trivial in π1(X,λ(1)).
Thus

[(λ ∗ η ∗ µ) ∗ (λ ∗ η′)−1] = 1
in π1(X,x0) and so

[λ ∗ η′] = [(λ ∗ η) ∗ µ],
that is [λ ∗ η′] ∈ U[λ′]. Or U[λ] ⊆ U[λ′]. Similarly, U[λ′] ⊆ U[λ]. Thus U[λ′] = U[λ].

Now we show that

Ũ = {U[λ] | U ∈ U , λ path from x0 a point in U}

forms a basis for a topology on X̃. Let U[λ], V[λ′] ∈ Ũ with [λ′′] ∈ U[λ] ∩ V[λ′]. Then

U[λ′′] = U[λ] V[λ′′] = V[λ′]

by assertion (4) above. Let W be in U with λ′′(1) ∈W ⊆ U ∩ V . Then

[λ′′] ∈W[λ′′] ⊆ U[λ′′] ∩ V[λ′′] = U[λ] ∩ V[λ′]

and so Ũ forms a basis for a topology on X̃.
p : U[λ] → U is a homeomorphism: Recall that the open subsets of U[λ] is given by U[λ] ∩W for
open sets W in X̃.

First we show that p is continuous. Let [λ ∗ η] be any element in U[λ] and let V be an open
subset of U with x = λ ∗ η(1) ∈ V . There exists V ′ ∈ U such that x ∈ V ′ ⊆ V .

p−1(V ′) = {[λ ∗ η′] | η′(0) = λ(1) η′(1) ∈ V ′}.

Note that

[λ ∗ η] ∈ V ′
[λ∗η] = {[λ ∗ η ∗ η′′] | η′′(0) = x, η′(1) ∈ V ′} ⊆ p−1(V ′) ⊆ p−1(V ).

Thus p is continuous.
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Next we show that p|−1
U[λ]

is continuous. Let x be any point in U . Fix a path η in U from λ(1)

to x. For any open subset W in X̃ with p|−1
U[λ]

(x) = [λ ∗ η] ∈W ∩U[λ] 6, since Ũ is basis, there is V[λ′]

such that
[λ ∗ η] ∈ V[λ′] ⊆W ∩ U[λ].

Then
V = p(V[λ′]) = (p|−1

U[λ]
)−1(V[λ′])

is open. Thus p|−1
U[λ]

is continuous.

p : X̃ → X is a covering: For U ∈ U ,

p−1(U) =
⋃
{U[λ] | λ(1) ∈ U}.

Assume that U[λ] ∩ U[λ′] 6= ∅. Let [λ′′] ∈ U[λ] ∩ U[λ′]. By assertion (4) above, U[λ′′] = U[λ] = U[λ′].
Thus p−1(U) is a disjoint union of U[λ] and so p is a covering map.
The space X̃ is simply connected. First we show that X̃ is path-connected. Given two points
[λ], [λ′] ∈ X̃. Since X is path connected, there is a path η in X from λ(1) to λ′(1). Let ηt be
part of the path η from η(0) to η(t). Then [λ ∗ ηt] gives a path in X̃ from [λ] to [λ′]. Thus X̃ is
path-connected.

Finally we show that π1(X̃, [x0]) is trivial. Since p is a covering map, p∗ : π1(X̃, [x0])→ π1(X,x0)
is a monomorphism. Let ω be a loop in X̃, which means that ω(t) is the path homotopy class of
a from x0 to ω(t)(1) with ω(0) = ω(1) = [x0] the constant path. Consider the homotopy Fs :=
ω(t)(s), namely the path ω(t) evaluating at s. Then Fs(0) = ω(0)(s) = x0, Fs(1) = ω(1)(s) = x0,
F0(t) = ω(t)(0) = x0 and F1(t) = ω(t)(1) = (p ◦ ω)(t). Thus Fs defines a null homotopy for p ◦ ω.
Thus [p ◦ ω] = 1 and so π1(X̃) is trivial. �

Note. In Spanier’s book [21], the construction of the universal covering space is given as the
quotient space of the path space PX = {λ : I → X | λ(0)} with compact-open topology. In his
book, the arguments use the knowledge of compact-open topology.

Corollary 4.55. Let X be path-connected, locally path-connected, and semi-locally simply con-
nected. Then for every subgroup H ⊆ π1(X,x0) there exists a covering space p : X̃H → X such that
p∗(π1(X̃H , x̃0)) = H for a suitably chosen basepoint x̃0 ∈ X̃H .

Proof. In the universal covering space X̃, define the equivalence relation

[λ] ∼ [λ′]

if λ(1) = λ′(1) and [λ ∗ λ′−1] ∈ H. Define X̃H = X̃/ ∼. Then the resulting covering X̃H → X is
the desired coving. See Hatcher’s book [7] for details. �

An application to combinatorial group theory is to give a geometric proof of the following
theorem:

Theorem 4.56. Any subgroup of a free group is free.

Proof. Let F be a free group. Then we can choose X a connected 1-dimensional cell complex
such that π1(X) = F . Let H be a subgroup of F . Then there is a covering p : X̃H → X such that
p∗(π1(X̃H)) = H. Since any covering over X is still a 1-dimensional cell-complex, X̃H is homotopy
to a wedge of circles. It follows that H ∼= π1(X̃H) is a free group. �
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Exercise 5.1. Let p : X̃ → X be a covering and let B be a subspace of X. Let B̃ = p−1(B)
with projection

p′ = p|B̃ : B̃ → B

be the induced covering. Suppose that

(1). X̃, X and B are path-connected;
(2). π1(B)→ π(X) is onto.

Show that B̃ is path-connected.
[Hint: Try a proof by the following steps:
Step 1. By using the Changing-base theorem, show that π1(B, b)→ π1(X, b) is onto for any b ∈ B.
Step 2. Let x, y ∈ B̃. Show that there is a path λ in B̃ such that λ(0) = x and p′(λ(1)) = p′(y).
(Thus it suffices to show that there is a path in B̃ joint any two points in the fibre.)
Step 3. Let x, y ∈ B̃ such that p′(x) = p′(y). Let b = p′(x). Since X̃ is path-connected, there is a
path λ in X̃ from x to y. Then p ◦ λ is a loop in X from b to b. By using the statement in Step 1,
there is a loop ω in B from b to b such that ω ' p ◦ λ. Let λ′ be a path lifting of ω with λ′(0) = x.
By using Monodromy Theorem, λ′ ' λ rel 0, 1. In particular, λ′ is a path from x to y. Since λ′ is a
lifting of a loop ω in B, λ′ is a path in B̃ joint x and y.]

Proposition 4.57. Let X be path-connected and let Y be a simply connected. Suppose that

(1). There exist small contractible open neighborhoods of x0 and y0, respectively.
(2). p : X̃ → X is the universal covering over X.

Then
X̃ ∨ Y = {(x, y) ∈ X̃ × Y | (p(x), y) ∈ X ∨ Y }

with p′ = (p× idY )|
X̃∨Y

: X̃ ∨ Y → X ∨ Y is the universal covering over X ∨ Y .

Proof. Since p : X̃ → X is a covering, so is p× idY : X̃ × Y → X × Y . Thus

p′ = (p× idY )|
X̃∨Y

: X̃ ∨ Y → X ∨ Y

is a covering because it is induced from p × idY . By the above exercise, X̃ ∨ Y is path-connected.
From the commutative diagram

π1(X̃ ∨ Y ) - π1(X̃ × Y ) = π1(X̃)× π1(Y ) = {1}

π1(X ∨ Y ) = π1(X)
∐
{1} = π1(X)

?

∩

∼=- π1(X × Y ) = π1(X)× π1(Y ) = π1(X),
?

∩

π1(X̃ ∨ Y ) = {1} and hence the result. �

5.2. An Application to co-H-spaces.

Theorem 4.58. Let X be a path-connected co-H-space. Suppose that there exists small con-
tractible open neighborhood of x0. Then π1(X) is free.
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Proof. Let µ′ : X → X∨X be the comultiplication. From the homotopy commutative diagram

X
µ′- X ∨X

X

wwwwwwwwww
∆- X ×X,

i

?

∩

there is a commutative diagram of groups

π1(X)
µ′∗- π1(X ∨X) = π1(X)

∐
π1(X)

π1(X)

wwwwwwwww
∆- π1(X ×X) = π1(X)× π1(X).

i∗

??

Thus µ′∗ is a monomorphism with

Im(µ′∗) ⊆ i−1
∗ (∆(π1(X))).

By the following lemma, the subgroup i−1
∗ (∆(π1(X))) of π1(X)

∐
π1(X) is free. Since any subgroup

of a free group is also free, π1(X) ∼= Im(µ′∗) ⊆ i−1
∗ (∆(π1(X))) is a free group. �

Let G be a group. Write G(1) and G(2) for copies of G. Consider the free product G
∐
G =

G(1)
∐
G(2). For g ∈ G, write g(i) for the element g ∈ G(i). Let

∆̃(G) = {g(1)g(2) ∈ G
∐

G | g ∈ G}

be the subset of G
∐
G. Let

∆(G) = {(g, g) ∈ G×G | g ∈ G}
be the diagonal subgroup of G×G. Let X be a pointed set with basepoint ∗. Let F [X] be the free
group generated by X with the single relation ∗ = 1, that is, F [X] is the free group generated by
X r {∗}.

Lemma 4.59. Let G be a group and let q : G
∐
G→ G×G be the canonical quotient homomor-

phism. Then q−1(∆(G)) ∼= F [∆̃(G)] is the subgroup of G
∐
G freely generated by ∆̃(G) r {1}.

Proof. Let Γ be the subgroup generated by ∆̃(G). Clearly Γ ⊆ q−1(∆(G)). We show that

q−1(∆(G)) ⊆ Γ.

For words w and w′ in G
∐
G, denote w ∼ w′ if w ≡ w′ mod Γ. Note that

g(1) ∼ (g(2))−1

for any g ∈ G. Now let
g
(1)
1 h

(2)
1 g

(1)
2 h

(2)
2 · · · g(1)

n h(2)
n

be a word in q−1(∆(G)) ⊆ G
∐
G, that is,

g1g2 · · · gn = h1h2 · · ·hn.
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Then
g
(1)
1 h

(2)
1 g

(1)
2 h

(2)
2 · · · g

(1)
n h

(2)
n ∼ (g(2)

1 )−1h
(2)
1 g

(1)
2 h

(2)
2 · · · g

(1)
n h

(2)
n

∼ (h(1)
1 )−1g

(1)
1 g

(1)
2 h

(2)
2 · · · g

(1)
n h

(2)
n

= (h(1)
1 )−1(g1g2)(1)h

(2)
2 · · · g

(1)
n h

(2)
n

∼ ((g1g2)(2))−1h
(2)
1 h

(2)
2 · · · g

(1)
n h

(2)
n

= ((g1g2)−1(h1h2))(2)g
(1)
3 h

(2)
3 · · · g

(1)
n h

(2)
n

· · ·
∼ 1.

Thus
g
(1)
1 h

(2)
1 g

(1)
2 h

(2)
2 · · · g(1)

n h(2)
n ∈ Γ

and so q−1(∆(G)) = Γ.
Next we show that Γ is freely generated by ∆̃(G) r {1}. Let

φ : F [G] - Γ

be the group homomorphism such that φ(g) = g(1)g(2) for g ∈ G and let

w = gε1
1 g

ε2
2 · · · g

εt
t

be a reduced word in F [G] for the letters gi ∈ Gr {1}. Then

φ(w) = (g(1)
1 g

(2)
1 )ε1(g(1)

2 g(2))ε2 · · · (g(1)
t g

(2)
t )εt .

The assertion will follow proved that we prove by induction on t that

φ(w) ends with g(2)
t if εt = 1, and ends with (g−1

t )(1) if εt = −1
because if so, then φ(w) 6= 1. Clearly this statement holds for t = 1. Suppose that the statement
holds for less t.
Case I εt = 1. Then

φ(w) = w′(g(1)
t−1g

(2)
t−1)

εt−1g
(1)
t g

(2)
t

=


w′g

(1)
t−1g

(2)
t−1g

(1)
t g

(2)
t ends g(2)

t if εt−1 = 1

w′(g−1
t−1)

(2)(g−1
t−1)

(1)g
(1)
t g

(2)
t

= w′(g−1
t−1)

(2)(g−1
t−1gt)(1)g

(2)
t ends g(2)

t if εt−1 = −1,

where g−1
t−1gt 6= 1 because w is a reduced word.

Case II εt = −1. Then

φ(w) = w′(g(1)
t−1g

(2)
t−1)

εt−1(g−1
t )(2)(g−1

t )(1)

=


w′g

(1)
t−1g

(2)
t−1(g

−1
t )(2)(g−1

t )(1)

= w′g
(1)
t−1(gt−1g

−1
t )(2)(g−1

t )(1) ends (g−1
t )(2) if εt−1 = 1

w′(g−1
t−1)

(2)(g−1
t−1)

(1)(g−1
t )(2)(g−1

t )(1) ends (g−1
t )(1) if εt−1 = −1,

where gt−1g
−1
t 6= 1 because w is a reduced word. The induction is finished and hence the proof. �
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Remark 4.60. Theorem 4.58 has an important consequence on co-H-spaces. Let X be a path-
connected co-H cell-complex. Then there is homotopy decomposition

X '
∨
α

S1 ∨X ′,

a wedge of circles and a simply connected co-H space. (This result was first given by Eilenberg-
Ganea in 1957 with some generalizations given by other people later.)



CHAPTER 5

Homology

In this chapter, we will first start with the Eilenberg-Steenrod axioms for homology and coho-
mology. By using the axioms, we will be able to do some computations of homology. After going
through some basic properties of ∆-groups and simplicial groups, we will then consider singular
homology and simplicial homology.

1. Eilenberg-Steenrod Axioms

1.1. Eilenberg-Steenrod Axioms. The axioms for homology theories are given in the book
of Eilenberg and Steenrod [?].

Let (X,A) be a pair of spaces, that is A is a subspace of X. A map f : (X,A)→ (Y,B) means
a map f : X → Y such that f(A) ⊆ B. Let f, g : (X,A) → (Y,B). We call f is homotopic to g,
denoted by f ' g, if there is a homotopy F : X×I → Y such that F0 = f, F1 = g and F (A×I) ⊆ B.
In other words, the homotopy is a map F : (X,A)× I = (X × I,A× I)→ (Y,B).

An unreduced homology theory h∗ means:

(1). a sequence of abelian groups {hn(X,A)}n∈Z for each pair of spaces (X,A), called n-relative
homology group of X modulo A and simply denoted by hn(X) if A = ∅,

(2). a sequence of group homomorphisms f∗ : hn(X,A) → hn(Y,B) for n ∈ Z and any map
f : (X,A)→ (Y,B), and

(3). a group homomorphism

∂(n,X,A) : hn(X,A) - hn−1(A)

for any n ∈ Z and any pair of spaces (X,A), called boundary operator, with the following
six axioms:

Axiom 1. If f = id: (X,A)→ (X,A), then f∗ = id: h∗(X,A)→ h∗(X,A).

Axiom 2. (g ◦ f)∗ = g∗ ◦ f∗.

Explicitly, if f : (X,A)→ (Y,B) and g : (Y,B)→ (Z,C), then

(g ◦ f)∗ = g∗ ◦ f∗ : h∗(X,A)→ h∗(Z,C).

Note. The above two axioms just means that h∗ is a functor from the category of pairs of spaces
to the category of sequences of abelian groups

Axiom 3. ∂ ◦ f∗ = (f |A)∗ ◦ ∂

99
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Explicitly the diagram

hq(X,A)
f∗- hq(Y,B)

hq−1(A)

∂

? (f |A)∗- hq−1(B)

∂

?

commutes.
Note. This axiom means that ∂ is a natural transformation from hn → hn−1 ◦ R, where R is a
functor sending (X,A) to (A, ∅).

Axiom 4 (Exactness Axiom). For any pair of spaces (X,A), there is a long exact sequence

· · · - hn+1(X,A)
∂n+1- hn(A)

i∗- hn(X)
j∗- hn(X,A)

∂n- · · · ,

where i : (A, ∅)→ (X, ∅) and j : (X, ∅)→ (X,A) are the inclusion maps.

Axiom 5 (Homotopy Axiom). If f ' g : (X,A)→ (Y,B), then f∗ = g∗ : h∗(X,A)→ h∗(Y,B).

Axiom 6 (Excision Axiom). If U is an open subset of X whose closure Ū is contained in the
interior of A (that is Ū ⊆ V ⊆ A for some open set V ). Then the inclusion j : (X r U,A r U) →
(X,A) induces an isomorphism

j∗ : hn(X r U,Ar U)→ hn(X,A)

for each n ∈ Z.

An ordinary homology theory means a homology theory h∗ that satisfies the following additional
axiom:

Axiom 7 (Dimension Axiom). Let P be a space consisting of a single point. Then hq(P ) = 0
for q 6= 0.

In this case, h∗(X,A) is called the homology of (X,A) with coefficients in G = h0(P ), denoted
by H∗(X,A;G). Write H∗(X,A) for H∗(X,A; Z) the integral homology.

Axiom 5 can be replaced by the following axiom:

Axiom 5′. Let j0, j1 : (X,A)→ (X,A)×I be defined by j0(x) = (x, 0) and j1(x) = (x, 1).
Then j0∗ = j1∗.

Proof. Suppose that Axiom 5 holds. Since j0 ' j1, j0∗ = j1∗.
Conversely assume that Axiom 5′ holds. Let f ' g : (X,A) → (Y,B) under a homotopy

F : (X,A)× I → (Y,B). Then f = F ◦ j0 and g = F ◦ j1. Thus

f∗ = F∗ ◦ j0∗ = F∗ ◦ j1∗ = g∗.

�

Note. What we proved is Axioms 2 and Axiom 5 ⇐⇒ Axiom 2 and Axiom 5′.
The Excision Axiom can be reformulated as follows
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Axiom 6′. Let X1 and X2 be subspaces of X such that X1 is closed and X = Int(X1) ∪
Int(X2). Then the inclusion i : (X1, X1 ∩X2)→ (X,X2) induces an isomorphism

i∗ : hq(X1, X1 ∩X2)
∼=- hq(X,X2)

for each q

Proof. The equivalence of this axiom with the Excision Axiom is easily seen by setting A = X2

and U = X r U . �

Exercise 1.1. Prove the following statements:
1) If (X,A) ' (Y,B), then h∗(X,A) ∼= h∗(Y,B).
2) If A is a deformation retract of X, then Hn(X,A) = 0 for all n ∈ Z. In particular,

Hn(X,X) = 0 for all n ∈ Z.

Proposition 5.1. Let (X,A) be a pair of spaces such that the inclusion A→ X is a cofibration.
Then the quotient map p : (X,A)→ (X/A, {∗}) induces an isomorphism

p∗ : hn(X,A)→ hn(X/A, {∗})
for all n ∈ Z.

Proof. By Lemma 4.21, (X ∪ CA, {∗}) ' (X/A, {∗}). Thus

h∗(X/A, {∗}) ∼= H∗(X ∪ CA, {∗}).
By applying the long exact sequence to the sequence

(CA, ∗) - (X ∪ CA, ∗) - (X ∪ CA,CA),

we obtain
h∗(X ∪ CA, ∗) ∼= h∗(X ∪ CA,CA)

because h∗(CA, ∗) = 0. Now we apply Axiom 6′. Let X1 be the image of X
∐
A× [0, 1/2] in X∪CA

and let X2 = CA. Then X1 is closed and Int(X1) ∪ Int(X2) = X. Then by Axiom 6′

h∗(X ∪ CA,CA) ∼= H∗(X1, X1 ∩X2).

Since (X1, X1 ∩X2) ' (X,A),
h∗(X1, X1 ∩X2) ∼= h∗(X,A)

and hence the result. �

For a pointed space X with basepoint x0, the reduced homology h̄∗ is defined by setting h̄∗(X) =
h∗(X, {x0}). Note that h∗(X) = h̄∗(X)⊕ h∗(P ).

Corollary 5.2. Let (X,A) be a pair of spaces such that the inclusion A→ X is a cofibration.
Then there is a long exact sequence

· · · - h̄n+1(X/A)
∂n+1- h̄n(A)

i∗- h̄n(X)
p∗- h̄n(X/A)

∂n- · · · ,
where i : A→ X is the inclusion and p : X → X/A is the pinch map. �

Corollary 5.3 (Suspension Isomorphism Theorem). Let X be a pointed space. Then there is
a natural isomorphism

σ : h̄n(X) ∼= h̄n+1(ΣX)
for all n ∈ Z.
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Proof. Recall that ΣX = CX/X. Since CX ' ∗, h̄∗(CX) ∼= h̄∗({∗}) = 0. From the long
exact sequence

· · · - h̄n+1(CX/X)
∂n+1- h̄n(X)

i∗- h̄n(CX)
p∗- h̄n(CX/X)

∂n- · · · ,
we have

hn+1(ΣX) ∼= hn(X)
for all n ∈ Z, which is the assertion. �

Note. From the Barratt-Puppe sequence, the boundary map

∂n+1 : h̄n+1(X/A) - h̄n(A)

in Corollary 5.2 is given by

h̄n+1(X/A) = h̄n+1((X ∪ CA)/CA) �pinch∗
∼=

h̄n+1(X ∪ CA)

- h̄n+1((X ∪ CA)/X) = h̄n+1(ΣA)
ν∗=−1- h̄n+1(ΣA) �σ

∼=
h̄n(A).

The following theorem is useful for computing homology of CW -complexes.

Theorem 5.4 (Mayer-Vietoris Sequence). Let X = A ∪ B be a CW -complex with A and B
subcomplexes. Then there is a long exact sequence

· · · ∆- hn(A ∩B)
α=(i1∗,i2,∗)- hn(A)⊕ hn(B)

β=j1∗−j2∗- hn(X)
∆- hn−1(A ∩B) - · · · ,

where i1 : A∩B → A, i2 : A∩B → B, j1 : A→ X and j2 : B → X are the inclusions and ∆ is given
by the composite

hn(X) - hn(X,A) �j2∗

∼=
hn(B,A ∩B)

∂n- hn−1(A ∩B).

Proof. Since B/(A ∩B) = X/A, there is a commutative diagram of long exact sequence

· · · - hn+1(B,A ∩B)
∂′n+1- hn(A ∩B)

i2∗- hn(B)
p2∗- hn(B,A ∩B) - · · ·

· · · - hn+1(X,A)

∼=

? ∂n+1- hn(A)

i1∗

? j1∗- hn(X)

j2∗

? q1∗- hn(X,A)

∼=

?
- · · · .

We only prove the following sequence

hn(A ∩B)
α=(i1∗,i2,∗)- hn(A)⊕ hn(B)

β=j1∗−j2∗- hn(X)

is exact.
From the commutative diagram

A ∩B ⊂
i1 - A

B

i2

?

∩

⊂
j2 - X,

j1

?

∩
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j1 ◦ i1 = j2 ◦ i2. Let x ∈ hn(A ∩B). Then α ◦ β(x) = j1∗ ◦ i1∗(x)− j2∗ ◦ i2∗(x) = 0.
Let (a, b) ∈ hn(A)⊕ hn(B) such that j1∗(a) = j2∗(b). Then

0 = q1∗ ◦ j1∗(a) = q1∗ ◦ j2∗(b) = p2∗(b).

Thus there exists c ∈ hn(A ∩B) such that i2∗(x) = b. Now

j1∗(a− i1∗(x)) = j1∗(a)− j1∗ ◦ i1∗(x)
= j1∗(a)− j2∗ ◦ i2∗(x)
= j1∗(a)− j2∗(b)
= 0.

There exists d ∈ hn+1(X,A) such that

∂n+1(d) = a− i1∗(x).
Let x′ = ∂′n+1(d) + x. Then

i1∗(x′) = i1∗(∂′n+1(d) + x) = ∂n+1(d) + i1∗(x) = a,

i2∗(x′) = i2∗(∂′n+1(d) + x) = 0 + i2∗(x) = b.

This proves that hn(A ∩B)
α=(i1∗,i2,∗)- hn(A)⊕ hn(B)

β=j1∗−j2∗- hn(X) is exact. �

Exercise 1.2. Finish the proof for the above theorem.

Corollary 5.5. Let h∗ be a homology theory and let X and Y be CW -complexes. Then

h̄∗(X ∨ Y ) ∼= h̄∗(X)⊕ h̄∗(Y ).

Thus for a finite wedge of CW -complexes, we have

h̄∗(
n∨

i=1

Xi) =
n⊕

i=1

h̄∗(Xi).

For infinite wedge, we need to give an axiom which is true for many homology theory such as
ordinary homology:
Wedge Axiom: h̄∗(

∨
αXα) =

⊕
α h̄∗(Xα) for any wedge of CW -complexes.

Theorem 5.6. Let T : h̄∗ → h̄′∗ be a natural transformation of homology theories, that is, there
are commutative diagrams

h̄∗(X)
f∗- h̄∗(Y ) h̄∗(X)

σ
∼=
- h̄∗+1(ΣX)

h̄′∗(X)

T (X)

?
f∗- h̄∗(Y )

T (Y )

?
h̄′∗(X)

T (X)

?
σ
∼=
- h̄′∗+1(ΣX)

T (Y )

?

for any f : X → Y . Suppose that

T (S0) : h̄q(S0)→ h̄′q(S
0)

is an isomorphism for each q. Then for every finite complex X

T (X) : h̄q(X)→ h̄′q(X)

is an isomorphism for each q.
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Proof. The commutative diagram

h̄∗(S0)
σn

∼=
- h̄∗+1(Sn)

h̄′∗(S
0)

T (S0)

?
σ
∼=
- h̄′∗+1(S

n),

T (Y )

?

shows that
T (Sn) : h̄∗(Sn)→ h̄′∗(S

n)

is an isomorphism.
Now we prove that

T (X) : h̄∗(X)→ h̄′∗(X)

is an isomorphism for any finite CW -complex by induction on the number of cells in X. The
assertion is true when X is 1-cell complex, that is X is a sphere. Suppose that the assertion holds
for all finite CW -complexes with the number of cells less n. Let X = Y ∪ eq. Then X/Y = Sq and
so there is commutative diagram of long exact sequences

· · · - h̄k+1(Sq) - h̄k(Y ) - h̄k(X) - h̄k(Sq) - · · ·

· · · - h̄′k+1(S
q)

T (Sq)

?
- h̄′k(Y )

T (Y )

?
- h̄′k(X)

T (X)

?
- h̄′k(Sq)

T (Sq)

?
- · · · .

By induction, T (Y ) : h̄∗(Y )→ h̄′(Y ) is an isomorphism. From the 5-lemma given below,

T (X) : h̄k(X)→ h̄′k(X)

is an isomorphism. The induction is finished and hence the result. �

Note. If in addition h̄∗ and h̄′∗ satisfies the wedge axiom, then T (X) : h̄∗(X) → h̄′∗(X) is an
isomorphism for any CW -complexes X (including infinite CW -complexes), see Switzer’s book [25,
Theorem 7.55].

Lemma 5.7 (The Five-Lemma). Let

A
i - B

j - C
k - D

l - E

A′

∼= α

? i′ - B′

∼= β

? j′ - C ′

γ

? k′ - D′

∼= δ

? l′ - E′

∼= ε

?

be a commutative diagram of groups such that the rows are exact. Suppose that α, β, δ and ε are
isomorphisms. Then γ is an isomorphism also.
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Proof. Let x ∈ C such that γ(c) = 1. Then

δ(k(x)) = k′(γ(x)) = 1.

Since δ is a monomorphism, k(x) = 1 and so there exists x′ ∈ B such that j(x′) = x. Since

j′(β(x′)) = γ(j(x′)) = γ(x) = 1,

there exists y′ ∈ A′ such that i′(y′) = β(x′). Since α : A → A′ is onto, there exists x′′ such that
y′ = α(x′′). Now

β(i(x′′)) = i′(α(x′′)) = i′(y′) = β(x′).
Thus i(x′′) = x′ because β is a monomorphism. It follows that

x = j(x′) = j(i(x′′)) = 1

and so γ is a monomorphism.
Let y ∈ C ′. Then there exists x̃ ∈ D such that δ(x̃) = k′(y) because δ is onto. Since

ε(l(x̃)) = l′(δ(x̃)) = l′(k′(y)) = 1

and ε is a monomorphism, l(x̃) = 1 and so there exists x′ ∈ C such that k(x′) = x̃. Since

k′(γ(x′)) = δ(k(x′)) = δ(x̃) = k′(y),

there exists an element y′ ∈ B′ such that j′(y′) = yγ(x′)−1. Since β is onto, there exists x′′ ∈ B
such that β(x′′) = y′. Now

γ(j(x′′)x′) = γ(j(x′′))γ(x′) = j′(β(x′′))γ(x′) = j′(y′)γ(x′) = yγ(x′)−1γ(x′) = y

and so γ is onto. This finishes the proof. �

1.2. Eilenberg-Steenrod Axioms for Cohomology. An unreduced cohomology theory h∗

means:
(1). a sequence of abelian groups {hn(X,A)}n∈Z for each pair of spaces (X,A), called n-relative

cohomology group of X modulo A and simply denoted by hn(X) if A = ∅,
(2). a sequence of group homomorphisms f∗ : hn(X,A) ← hn(Y,B) for n ∈ Z and any map

f : (X,A)→ (Y,B), and
(3). a group homomorphism

δ(n,X,A) : hn(X,A) � hn−1(A)

for any n ∈ Z and any pair of spaces (X,A), called boundary operator, with the following
six axioms:

Axiom 1. If f = id: (X,A)→ (X,A), then f∗ = id: h∗(X,A)→ h∗(X,A).

Axiom 2. (g ◦ f)∗ = f∗ ◦ g∗.
Axiom 3. f∗ ◦ δ = δ(f |A)∗

Explicitly the diagram

hq(X,A) �f∗
hq(Y,B)

hq−1(A)

δ

6

(f |A)∗- hq−1(B)

δ

6
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commutes.

Axiom 4 (Exactness Axiom). For any pair of spaces (X,A), there is a long exact sequence

· · · � hn+1(X,A) �δn+1
hn(A) �i∗

hn(X)
j∗- hn(X,A) �δn · · · ,

where i : (A, ∅)→ (X, ∅) and j : (X, ∅)→ (X,A) are the inclusion maps.

Axiom 5 (Homotopy Axiom). If f ' g : (X,A)→ (Y,B), then f∗ = g∗ : h∗(X,A)→ h∗(Y,B).

Axiom 6 (Excision Axiom). If U is an open subset of X whose closure Ū is contained in the
interior of A (that is Ū ⊆ V ⊆ A for some open set V ). Then the inclusion j : (X r U,A r U) →
(X,A) induces an isomorphism

j∗ : hn(X r U,Ar U)← hn(X,A)

for each n ∈ Z.

An ordinary cohomology theory means a cohomology theory h∗ that satisfies the following ad-
ditional axiom:

Axiom 7 (Dimension Axiom). Let P be a space consisting of a single point. Then hq(P ) = 0
for q 6= 0.

In this case, h∗(X,A) is called the cohomology of (X,A) with coefficients in G = H0(P ), denoted
by H∗(X,A;G). Write H∗(X,A) for H∗(X,A; Z) the integral homology.

2. Computations and Applications

2.1. Degree. Since Sn = ΣnS0,

Hn(Sn) = H̄n(Sn) ∼= H̄0(S0) = H0(P ) = Z.

Any map f : Sn → Sn induces a homomorphism

f∗ : Hn(Sn) = Z - Hn(Sn) = Z.

Thus there exists a unique integer deg(f) such that

f∗(α) = deg(f)α

for α ∈ Hn(Sn).

Proposition 5.8. Some basic properties of degree are as follows:
(1). deg(id) = 1.
(2). If f is not surjective, then deg(f) = 0.
(3). f ' g ⇔ deg(f) = deg(g)
(4). deg(f ◦ g) = deg(f) deg(g).
(5). If f is a reflection fixing the points in a subspace Sn−1 pointwise, then deg(f) = −1.
(6). The antipodal map Sn → Sn, x 7→ −x has degree of (−1)n+1.
(7). Moreover if f : Sn → Sn has no fixed points, then deg(f) = (−1)n+1.
(8). The map f : Sm+n = Sm ∧ Sn → Sm+n = Sn ∧ Sm, x ∧ y 7→ y ∧ x, has degree of (−1)mn

Assertion (3) is equivalent to that πn(Sn) ∼= Hn(Sn) = Z. At moment we are only able to prove
f ' g ⇒ deg(f) = deg(g).
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Proof. (1) is obvious.
(2) Since f is not surjective, f null homotopic and so deg(f).
(3) f ' g ⇒ deg(f) = deg(g) follows from the Homotopy Axiom.
(4) Follows from (g ◦ f)∗ = g∗ ◦ f∗.
(5) Consider Sn = Sn−1 ∧ S1 = Σn−1S1. Let ν : S1 → S1, t 7→ 1 − t, the inverse of the loop.

Then f =' Σn−1ν′. By the Suspension Isomorphism Theorem, there is a commutative diagram

H1(S1) = Z∼=Hn(Sn) = Hn(Σn−1S1)

f∗ = Σn−1ν∗

H1(S1) = Z

ν∗

?
∼=Hn(Sn) = Hn(Σn−1S1).

Thus deg(f) = deg(ν′). Since the path product ν′ ∗ idS1 is null homotopic (because [ν′][idS1 ] = 1),
the composite

S1 pinch- S1 ∨ S1 ν′∨idS1- S1 ∨ S1 fold- S1

is null homotopic. By applying H1 to the above composite,

0 = ν′∗ + idS1∗

and so deg(ν′) = −1.
(6) The antipodal map is the composite of n + 1 reflections, each changing the sign of one of

the coordinates in Rn+1.
(7) If f(x) 6= x for any x, then

F (x, t) =
(1− t)f(x)− tx
|(1− t)f(x)− tx|

gives a homotopy from f to the antipodal map. Thus deg(f) = (−1)n+1.
(8) Consider Sm = Im/∂(Im) is the quotient space of Im by pinching out its boundary to a

point. Then there is a commutative diagram

Sm+n = Sm ∧ Sn f - Sm+n = Sm ∧ Sn

Im+n/∂(Im+n) = Im/∂(Im) ∧ In/∂(In)

6

g- Im+n/∂(Im+n = Im/∂(Im) ∧ In/∂(In),

6

where
g(x1, . . . , xn, xn+1, . . . , xn+m) = (xn+1, . . . , xn+m, x1, . . . , xn).

Note τi : Im+n/∂(Im+n)→ Im+n/∂(Im+n) given by

τ(x1, . . . , xi−1, xi, xi+1, xi+2, . . . , xn) = (x1, . . . , xi−1, xi+1, xi, xi+2, . . . , xn)

has degree of −1 because the map I2/∂(I2)→ I2/∂(I2), (x, y) 7→ (y, x), is the reflection along the
circle obtained from the diagonal line in I2. Then the map g has degree of (−1)mn and so does
f . �
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Theorem 5.9. There exists a continuous nowhere zero vector field over Sn if and only if n is
odd.

Proof. Assume that n is odd. Let n = 2k − 1. Define

ν(x1, x2, . . . , x2k−1, x2k) = (−x2, x1, . . . ,−x2k, x2k−1).

Then ν(x) ⊥ x for any x ∈ Sn with |ν(x)| = 1. Thus ν defines a nowhere vector field over Sn.
Conversely suppose that there exists a nowhere zero vector field ν over Sn, that is, ν(x) 6= 0

for any x ∈ Sn and ν(x) ⊥ x. Define ν̃(x) = ν(x)/|ν(x)|. Then ν̃ : Sn → Sn with ν̃(x) 6= x for any
x ∈ Sn because ν̃(x) ⊥ x. It follows that deg(ν̃) = (−1)n+1. Now define the homotopy by

F (x, t) = cos(
π

2
t)x+ sin(

π

2
t)ν̃(x).

Then F0 = id and F1 = ν̃. Thus ν̃ ' id and so

(−1)n+1 = deg(ν̃) = deg(id) = 1.

It follows that n is odd and hence the result. �

Proposition 5.10. If n is even, then Z/2Z is the only nontrivial group that can act freely on
Sn.

Proof. Let G be a group that acts freely on Sn. Then there is a group homomorphism:

φ : G - Aut(Hn(Sn)) = Aut(Z) = {±1} g 7→ (g∗ : Hn(Sn)→ Hn(Sn)).

Suppose that G 6= Z/2Z. There exists g ∈ Ker(φ) with g 6= 1. Since G acts freely on Sn, g has
no fixed point because G. Hence deg(g) = −1. This contradicts to that g ∈ Ker(φ). The proof is
finished. �

2.2. Cellular Homology of CW -complexes. Let X be a CW -complex. Then there is a
skeleton filtration {skn(X)}n≥0, where skn(X) is the subspace of X consisting of the cells up to
dimension n. If X is a finite dimensional CW -complex, then this is a finite filtration, that is,
X = skk(X) for some large k.

Proposition 5.11. Let H∗(−;G) be the ordinary homology with coefficients in G. Let X be a
finite dimensional CW -complex. Then

(1). Hj(skn(X);G) = 0 for j > n.
(2). the inclusion skn(X)→ X induces an isomorphism

Hj(skn(X);G) ∼= Hj(X;G)

for j ≤ n− 1.
(3). Hn(skn(X);G)→ Hn+1(X;G) is onto.

Proof. Note that skn−1(X) ↪→ skn(X) is a cofibration with skn(X)/skn−1(X) =
∨

α∈Jn
Sn a

wedge of n-spheres. The assertions follow by applying long exact sequence of the homology to the
sequence skn−1(X)→ skn(X)→

∨
α S

n and by using the fact that

Hj(
∨
α

Sn;G) =


G if j = 0⊕
αG if j = n

0 otherwise
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�

From the above proposition, Hn(X;G) ∼= Hn(skn+1(X);G). From the commutative diagram

skn−1(X) ================ skn−1(X)

skn(X)
?

∩

⊂ - skn+1(X)
?

∩

-- skn+1(X)/skn(X) =
∨

α∈Jn+1

Sn+1

skn(X)/skn−1(X) =
∨

α∈Jn

Sn

??
⊂- skn+1(X)/skn−1(X)

??
-- skn+1(X)/skn(X) =

∨
α∈Jn+1

Sn+1,

wwwwww

there is a commutative diagram of exact sequences of abelian groups

(3)

Hn+1(
∨

α∈Jn+1

Sn+1;G)
∂n,n+1 - Hn(skn(X);G) -- Hn(skn+1(X);G)

Hn+1(
∨

α∈Jn+1

Sn+1;G)

wwwwww
∂n+1- Hn(skn(X)/skn−1(X);G)

pn∗

?

∩

-- Hn(skn+1(X)/skn−1(X);G)
?

∩

Hn−1(skn−1(X);G)

∂n−1,n

?
======== Hn−1(skn−1(X);G).

?

Note that
pn−1∗ : Hn−1(skn−1(X);G)→ Hn−1(skn−1(X)/skn−2(X);G)

is a monomorphism. The kernel of

∂n−1,n : Hn(skn(X)/skn−1(X);G)→ Hn−1(skn−1(X);G)

is the same as the kernel of

∂n = pn−1∗ ◦ ∂n−1,n : Hn(skn(X)/skn−1(X);G)→ Hn−1(skn−1(X)/skn−2(X);G).

From Diagram (3), we have ∂n ◦ ∂n+1 = 0 and

Hn(X;G) = Hn(skn+1(X);G) ∼= Ker(∂n)/ Im(∂n+1).

This proves the following theorem when X is a finite dimensional CW -complex.

Theorem 5.12. Let X be a CW -complex. Define the groups

CCW
n (X;G) = Hn(skn(X), skn−1(X);G) = H̄n(skn(X)/skn−1(X);G) =

⊕
α∈Jn

G
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with ∂n : CCW
n (X;G)→ CCW

n−1(X;G) as the composite

Hn(skn(X), skn−1(X);G) - Hn−1(skn−1(X);G) - Hn−1(skn−1(X), skn−2;G).

Then CCW
∗ (X;G) is a chain complex with

H∗(X;G) ∼= H∗(CCW
∗ (X;G)).

�

Remark. The proof for the case when X is an infinite dimensional CW -complex requires the follow-
ing lemma. A proof of this lemma can be found in Switzer’s book [25, pp.118-121], which requires a
construction for a sequence of spaces so-called infinite telescope. Also see Hatcher’s book [7] for the
proof for the case when X is an infinite dimensional CW -complex and the construction of telescope.

Lemma 5.13. Let X be a CW -complex and let

X0 ⊆ X1 ⊆ X2 ⊆ · · · ⊆ Xn ⊆ · · ·

be a sequence of subcomplexes of X such that X =
⋃

nXn. Let h∗ be a homology theory satisfying
the Wedge Axiom. Then hj(X) is given by the direct limit of the sequence of groups

hj(X0)→ hj(X1)→ · · · → hj(Xn)→ hj(Xn+1)→ · · · .

for each j ∈ Z. �

Remark 5.14. Let fn :
∨

α∈Jn
Sn−1 → skn−1(X) be the attaching map. Then

skn(X) = skn−1(X) ∪fn−1 C

 ∨
α∈Jn−1

Sn−1


and so there is a long exact sequence

· · · - H̄∗(
∨

α∈Jn

Sn−1;G)
fn∗- H̄∗(skn−1(X);G) - H∗(skn(X);G)

- H̄∗−1(
∨

α∈Jn−1

Sn−1) = H̄∗(skn(X)/skn−1(X);G)
fn∗=∂n,∗- H̄∗−1(skn−1(X);G) - · · · .

with ∂n,∗ = −f∗ as in the Note to Corollary 5.2. Thus −∂n is given by the composite

Hn(
∨

α∈Jn

Sn;G) ∼= Hn−1(
∨

α∈Jn

Sn−1;G)
fn∗- Hn−1(skn−1(X);G) - Hn−1(skn−1(X)/skn−2(X);G).

The cellular homology will not be affected if we replace ∂n by the above composite.

Example 5.15 (Computation of H∗(RPm)). Let p : Sn → RPn be the quotient map, that is p
is a 2-sheeted covering map. Observe that

RPn+1 = RPn ∪p CS
n.
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There is a commutative diagram

Sn p - RPn

Sn ∨ Sn

pinch

?

Sn ∨ Sn

idSn ∨antipodal

? fold- Sn = RPn/RPn−1
?

because one can think that Sn is union of the upper hemisphere and lower hemisphere and the lower
hemisphere is identified via the antipodal if we consider the upper hemisphere is identified as the
identity. It follows that

∂n+1 : Z = Hn+1(RPn+1; Z) ∼= Hn(Sn; Z)→ Hn(RPn; Z)→ Hn(RPn/RPn−1; Z) = Z

has degree of (1 + (−1)n+1) and so the cellular chain complex for RPm is as follows

Z
2 - Z

0 - Z
2 - · · ·

0 - Z
2 - Z

0 - Z if m even,

Z
0 - Z

2 - Z
0 - · · ·

0 - Z
2 - Z

0 - Z if m odd.

Hence

Hk(RPm) =


Z if k = 0
Z if k = m odd

Z/2 if 0 < k < n and k odd
0 otherwise.

Research Project. Study the skeleton filtration of CW -complexes for a general homology theory.
You will then get Atiyah-Hizebruch-Whitehead spectral sequence: for any homology theory h∗ and
CW -complex X there is a spectral sequence {Er

p,q, d
r} with E2

pq
∼= Hp(X;hq(point)) and converging

to h∗(X). See Switzer’s book [25, Chapter 15].

2.3. Cellular Structure on Products of CW -complexes. For simplicity, in this subsection
we only consider finite CW -complexes and the attaching maps are pointed maps.

First let’s refresh the meaning of attaching a cell. Assume that we have skn−1(X) already and
we want to attach an n-cell to skn−1(X). This means that there is map f : Sn−1 → skn−1(X) for
obtaining the new space

skn−1(X) ∪f CS
n−1,
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which is a subspace of skn(X). (The construction of skn(X) is obtained by attaching cell-by-cell.)
Thus there is a commutative diagram

(4)

skn−1(X) ⊂ - skn(X)
pinch-- skn(X)/skn−1(X) =

∨
α∈Jn

Sn

Sn−1

f

6

⊂ - CSn−1

f̃

6

pinch
-- CSn−1/Sn−1 = Sn,

f̄

∪

6

where CSn−1 = (I × Sn−1)/({1} × Sn−1 ∪ I × {∗}).
Now let X and Y be CW -complexes. The product skeleton filtration on X × Y is given by

skn(X × Y ) =
⋃

i+j≤n

ski(X)× skj(Y ).

Proposition 5.16. Let X and Y be finite CW -complexes. Then

skn(X × Y )/skn−1(X × Y ) ∼=
∨

i+j=n

(ski(X)/ski−1(X)) ∧ (skj(Y )/skj−1(Y )).

Proof. The composite

ski(X)× skj(Y ) - skn(X × Y ) - skn(X × Y )/skn−1(X × Y )

factors through the quotient (ski(X)/ski−1(X)) ∧ (skj(Y )/skj−1(Y )) and so it induces a map∨
i+j=n

(ski(X)/ski−1(X)) ∧ (skj(Y )/skj−1(Y )) ∼= skn(X × Y )/skn−1(X × Y ),

which is one-to-one and onto. Since both sides are compact as they are finite wedges of spheres, the
above map is a homeomorphism. �

Let ski(X)/ski−1(X) =
∨

α∈Ii

Si and let skj(Y )/skj−1(Y ) =
∨

β∈Jj

Sj . For α ∈ Ii and β ∈ Jj with

i+ j = n and i, j > 0, consider the attaching maps

fα : Si−1 → ski−1(X) fβ : Sj−1 → skj−1(Y ).

Then there is a commutative diagram

skn−1(X × Y ) ⊂ - skn(X × Y ) -- skn(X × Y )/skn−1(X × Y )

ski(X)× skj(Y )

6

-- (ski(X)/ski−1(X)) ∧ (skj(Y )/skj−1(Y ))

6

A

(f̃α × fβ) ∪ (fα × f̃β)
6

⊂ - CSi−1 × CSj−1

f̃α × f̃β

6

-- Si ∧ Sj ,

f̄α ∧ f̄β

∪

6
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where
A = (CSi−1 × Sj−1) ∪ (Si−1 ∪ CSj−1) ∼= Si+j−1.

Define

fα,β = (f̃α×fβ)∪(fα×f̃β) : Si+j−1 = A - (ski(X)×skj−1(Y ))∪(ski−1(X)×ski(Y )) - skn−1(X×Y ).

Then fα,β is the attaching map for the n-cell of X × Y corresponding to (α, β) ∈ Ii × Ji. Consider
the composite

Si+j−1 fα,β- skn−1(X × Y ) - skn−1(X × Y )/skn−2(X × Y ).

There is a commutative diagram

A
(f̃α × fβ) ∪ (fα × f̃β) - (ski(X)× skj−1(Y ))× (ski−1(X)× skj(Y ) - skn−1(X × Y )

B

??(f̄α ∧ fβ) ∨ (fα ∧ f̄β)- ((ski(X)/ski−1(X)) ∧ skj(Y )) ∨ (ski−1(X) ∧ (skj(Y )/skj−1(Y )))

??
- skn−1/skn−2,

??

where
B = (CSi−1/Si−1 ∧ Sj−1) ∨ (Si−1 ∧ CSj−1/Sj−1),

because
(ski(X)× ∗) ∪ (ski−1(X)× skj−1(Y )) ∪ (∗ × skj(Y )) ⊆ skn−2(X × Y ).

Define
φ : I × Si−1 × Sj−1 - A = (CSi−1 × Sj−1) ∪ (Si−1 × CSj−1)

by

φ(t, x, y) =
{

(x, [1− 2t, y]) if 0 ≤ t ≤ 1
2

([2t− 1, x], y) if 1
2 ≤ t ≤ 1.

Since φ(0, x, y) = (x, ast) and φ(1, x, y) = (∗, y), the map φ factors the join Si−1#Sj−1 = Si+j−1

and it induces a map

φ̄ : Si−1#Sj−1 - A = (CSi−1 × Sj−1) ∪ (Si−1 × CSj−1),

which is a homotopy equivalence. Now the composite

Si−1#Sj−1 - A = (CSi−1 × Sj−1) ∪ (Si−1 × CSj−1)
pinch-- (CSi−1/Si−1) ∧ Sj−1

has degree of 1 because from the construction of φ this map is given by pinching [0, 1/2]×Si−1×Sj−1.
Then composite

Si−1#Sj−1 - A = (CSi−1 × Sj−1) ∪ (Si−1 × CSj−1)
pinch-- Si−1 ∧ (CSj−1/Sj−1)

has degree of (−1)i because from the construction of φ, by pinching [1/2, 1]×Si−1×Sj−1, this map
is given by switching x and t and taking the inverse on t. Together with the above commutative
diagram, we prove the following theorem:
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Theorem 5.17. Let X and Y be finite complexes. Then the integral cellular chain complex for
X × Y is given by

CCW
n (X × Y ) =

⊕
i+j=n

CCW
i (X)⊗ CCW

j (Y )

with
∂X×Y

n (a⊗ b) = ∂X
i (a)⊗ b+ (−1)ia⊗ ∂Y

j (b)

for a ∈ CCW
i (X) and b ∈ CCW

j (Y ). Moreover for any abelian group G

CCW
n (X × Y ;G) =

⊕
i+j=n

CCW
i (X; Z)⊗ CCW

j (Y ; Z)⊗G

with the differential induced from above. �

Note. The skeleton filtration on X × Y determines CCW
n (X × Y ). The construction of the map φ

together with above commutative diagram determine the differentials in the cellular chain complex
for X × Y , where one can see why there is a sign (−1)i by the construction of φ. The sign (−1)i

can be understood in a way by thinking that a has degree of i as it is in Ci and the differential ∂
has degree of −1 and the sign (−1)|a||∂| = (−1)i occurs when interchange a and ∂.

3. ∆-sets, Simplicial Sets and Homology

3.1. ∆-sets. A ∆-set means a sequence of sets X = {Xn}n≥0 with faces di : Xn → Xn−1,
0 ≤ i ≤ n, such that

didj = djdi+1

for i ≥ j, which is called the ∆-identity.
Note. One can use coordinate projections for catching ∆-identity:

di : (x0, . . . , xn) −→ (x0, . . . , xi−1, xi+1, . . . , xn).

Let O+ be the category whose objects are finite ordered sets and whose morphisms are functions
f : X → Y such that f(x) < f(y) if x < y. Note that the objects in O+ are given by [n] =
{0, 1, . . . , n} for n ≥ 0 and the morphisms in O+ are generated by di : [n− 1] −→ [n] with

di(j) =
{

j if j < i
j + 1 if j ≥ i

for 0 ≤ i ≤ n, that is di is the ordered embedding missing i. We may write the function di in matrix
form:

di =
(

0 1 · · · i− 1 i i+ 1 · · · n− 1
0 1 · · · i− 1 i+ 1 i+ 2 · · · n.

)
.

The morphisms di satisfy the following identity:

djdi = di+1dj

for i ≥ j.
Note. For seeing that morphisms in O+ are generated by di, observe that any morphism in O+

means an ordered embedding, which can be written as the compositions of di’s.
Let S denote the category of sets.

Proposition 5.18. ∆-sets are one-to-one correspondent to cofunctors from O+ to S.
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Proof. Let F : O+ → S be a cofunctor. Define Xn = F ([n]) and

di = F (di) : Xn = F ([n])→ Xn−1 = F ([n− 1]).

Then X is a ∆-set.
Conversely suppose that X is a ∆-set. Define the F : O+ → S by setting F ([n]) = Xn and

F (di) = di. Then F is a cofunctor. �

A ∆-map f : X → Y means a sequence of functions f : Xn → Yn for each n ≥ 0 such that
f ◦ di = di ◦ f , that is the diagram

Xn
f - Yn

Xn−1

di

?
- Yn−1

di

?

commutes.

Example 5.19 (n-simplex). The n-simplex ∆+[n], as a ∆-set, is as follows:

∆+[n]k = {(i0, i1, . . . , ik) | 0 ≤ i0 < i1 < · · · < ik ≤ n}
for k ≤ n and ∆+[n]k = ∅ for k > n. The face dj : ∆+[n]k → ∆+[n]k−1 is given by

dj(i0, i1, . . . , dk) = (i0, i1, . . . , îj , . . . , ik),

that is deleting ij . Let σn = (0, 1, . . . , n). Then

(i0, i1, . . . , ik) = dj1dj2 · · · djn−k
σn,

where j1 < j2 < . . . < jn−k with {j1, . . . , jk} = {0, 1, . . . , n} r {i0, i1, . . . , ik}. In other words, any
elements in ∆[n] can be written an iterated face of σn.

Proposition 5.20. Let X be a ∆-set and let x ∈ Xn be an element. Then there exists a unique
∆-map

fx : ∆+[n]→ X

such that fx(σn) = x.

Proof. From the assumption fx(σn) = x, we have

fx(i0, i1, . . . , ik) = fx(dj1dj2 · · · djn−k
σn) = dj1dj2 · · · djn−k

fx(σn) = dj1dj2 · · · djn−k
x.

This defines a ∆-map fx such that fx(σn) = x. �

3.2. Homology of ∆-sets. A ∆-set G = {Gn}n≥0 is called a ∆-group if each Gn is a group,
and each face di is a group homomorphism. In other words, a ∆-group means a cofunctor from O+

to the category of groups. More abstractly, for any category C, a ∆-object over C means a cofunctor
from O+ to C. In other words, a ∆-object over C means a sequence of objects over C, X = {Xn}n≥0

with faces di : Xn → Xn−1 as morphisms in C.
Recall that a chain complex of groups means a sequence C = {Cn} of groups with differential

∂n : Cn → Cn−1 such that ∂n ◦ ∂n+1 is trivial, that is Im(∂n+1) ⊆ Ker(∂n) and so the homology is
defined by

Hn(C) = Ker(∂n)/ Im(∂n+1),
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which is a coset in general. A chain complex C is called normal if Im(∂n+1) is a normal subgroup
of Ker(∂n) for each n. In this case Hn(C) is a group for each n.

Proposition 5.21. Let G be a ∆-abelian group. Define

∂n =
n∑

i=0

(−1)idi : Gn → Gn−1.

Then ∂n−1 ◦ ∂n = 0, that is, G is a chain complex under ∂∗.

Proof.

∂n−1 ◦ ∂n =
n−1∑
i=0

(−1)idi

n∑
j=0

(−1)jdj

=
∑

0≤i<j≤n

(−1)i+jdidj +
∑

0≤j≤i≤n−1

(−1)i+jdidj

=
∑

0≤i<j≤n

(−1)i+jdidj +
∑

0≤j<i+1≤n

(−1)i+jdjdi+1

=
∑

0≤i<j≤n

(−1)i+jdidj +
∑

0≤j<i≤n

(−1)i+j−1djdi

= 0.

�

Let X be a ∆-set. The homology H∗(X;G) of X with coefficients in an abelian group G is
defined by

H∗(X;G) = H∗(Z(X)⊗G, ∂∗),

where Z(X) = {Z(Xn)}n≥0 and Z(Xn) is the free abelian group generated by Xn.

Proposition 5.22. Let

1 - C ′
i- C

p- C ′′ - 1

be any short exact sequence of chain complexes of (possibly non-commutative) groups. Then there
is a long exact sequence

· · · - Hk+1(C ′′)
∂k+1- Hk(C ′)

i∗- Hk(C)
p∗- Hk(C ′′) - · · · .

Moreover if C ′ and C ′′ are normal chain complexes, then ∂k+1 is a group homomorphism for each k.
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Proof. Consider the commutative diagram

C ′k+2
⊂

i - Ck+2
p-- C ′′k+2

C ′k+1

∂′

?
⊂

i - Ck+1

∂

? p-- C ′′k+1

∂′′

?

C ′k

∂′

?
⊂

i - Ck

∂

? p -- C ′′k

∂′′

?

C ′k−1

∂′

?
⊂

i - Ck−1

∂

? p-- C ′′k−1.

∂′′

?

Let x ∈ C ′′k+1 with ∂′′(x) = 1. There exists x̃ ∈ Ck+1 such that p(x̃) = x. Since

p(∂(x̃)) = ∂′′(p(x̃)) = ∂′′(x) = 1,

there exists x̄ ∈ C ′k such that i(x̄) = ∂(x̃). Now

i(∂′(x̄)) = ∂(i(x̄)) = ∂ ◦ ∂(x̃) = 1.

Thus x̄ is a circle in C ′ and so {x̄} defines an element in Hk(C ′).
Let x̂ be another element in Ck+1 such that p(x̂) = x. Then

p(x̃x̂−1) = 1

and so there exists an element z ∈ C ′k+1 such that i(z) = x̃−1x̂. Now

i(x̄∂′(z)) = ∂(x̃)(∂(x̃))−1∂(x̂) = ∂(x̂).

Thus {x̄} ∈ Hk(C ′) is independent on the choice of the pre-image of x in Ck+1.
Suppose that x′ = x∂′′(y) with ∂′′(x) = 1 for some y ∈ C ′′k+2. There exists ỹ ∈ Ck+2 such that

p(ỹ) = y. Then
x′ = p(x̃∂(ỹ))

with
x̄′ = ∂(x̃∂(ỹ)) = ∂(x̃) = x̄.

This shows that
∂k+1 : Hk+1(C ′′)→ Hk(C ′) {x} 7→ {x̄}

is well-defined. Assume that C ′ and C ′′ are normal chain complexes. For x, x′ ∈ C ′′k+1 with
∂′′(x) = ∂′′(x′) = 1. Then p(x̃x̃′) = xx′ and so

∂k+1({x}{x′}) = ∂k+1({x})∂k+1({x′})

provided that C ′ and C ′′ are normal.
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The composite i∗ ◦ ∂k+1 is trivial because i(x̄) = ∂(x̃). Let y ∈ C ′k with ∂′(y) = 1 and i∗(y) is
trivial in Hk(C). Then there exists ỹ ∈ Ck+1 such that

i(y) = ∂(ỹ).

By the construction of ∂k+1, ∂k+1(p(ỹ)) = y. This shows that

Hk+1(C ′′)
∂k+1- Hk(C ′)

i∗- Hk(C)

is exact.
Now we show that

Hk+1(C)
p∗- Hk+1(C ′′)

∂k+1- Hk(C ′)

is exact. Let y ∈ Ck+1 such that ∂(y) = 1. Then by the construction of ∂k+1, ∂k+1(p(y)) = 1. Thus
the composite ∂k+1 ◦ p∗ is trivial. Suppose that x ∈ C ′′k+1 with ∂′′(x) = 1 and x̄ = ∂k+1(x) is trivial
in Hk(C ′). There exists an element z ∈ C ′k+1 such that

∂′(z) = x̄.

Let x̂ = i(z)−1x̃. Then
p(x̂) = p(i(z)−1x̃) = p(x̃) = x

with
∂(x̂) = ∂(i(z)−1x̃) = i(∂′(z)−1x̄) = 1.

Thus x̂ defines an elements in Hk+1(C) with p∗({x̂}) = {x}.
Finally we show that

Hk(C ′)
i∗- Hk(C)

p∗- Hk(C ′′)

is exact. Since p ◦ i is trivial, so is p∗ ◦ i∗. Let y ∈ Ck with ∂(y) = 1 and p∗(y) is trivial in Hk(C ′′).
There exists an element z ∈ C ′′k+1 such that

p(y) = ∂′′(z).

Let z̃ ∈ Ck+1 such that p(z̃) = z. Then

p(y∂(z̃−1)) = ∂′′(z)p(∂(z̃−1))
= ∂′′(z)∂′′(p(z̃)−1)
= ∂′′(z)∂′′(z−1)
= 1.

Thus there exists w ∈ C ′k such that i(w) = y∂(z̃−1) with

i(∂′(w)) = ∂(i(w)) = ∂(y∂(z̃−1)) = 1.

and so ∂′(w) = 1. Hence i∗({w}) = {y}. The proof is finished now. �

Let X ′ be a ∆-subset of X. The relative homology H∗(X,X ′;G) is defined by

H∗(X,X ′;G) = H∗((Z(X)/Z(X ′)⊗G, ∂∗).

Corollary 5.23. Let X ′ be a ∆-subset of X. Then there is a long exact sequence

· · · - Hk+1(X,X ′;G)
∂k+1- Hk(X ′;G)

i∗- Hk(X;G)
p∗- Hk(X,X ′;G) - · · ·

for abelian group G. �
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3.3. Simplicial Sets. A simplicial set means a ∆-set X with degeneracies si : Xn → Xn+1

such that
sjsi = si+1sj

for j ≤ i and

djsi =

 si−1dj j < i
id j = i, i+ 1

sidj−1 j > i+ 1.
The three identities for didj , sjsi and disj are called the simplicial identities.

Note. One can use deleting-doubling for catching simplicial identities:

di : (x0, . . . , xn) −→ (x0, . . . , xi−1, xi+1, . . . , xn).

si : (x0, . . . , xn) −→ (x0, . . . , xi−1, xi, xi, xi+1, . . . , xn).

Let O be the category whose objects are finite ordered sets and whose morphisms are functions
f : X → Y such that f(x) ≤ f(y) if x < y. The objects in O are given by [n] = {0, . . . , n} for n ≥ 0,
which are the same as the objects in O+. The morphisms in O are generated by di, which is defined
in O+, and the following morphism

si : [n+ 1]→ [n] si =
(

0 1 · · · i− 1 i i+ 1 i+ 2 · · · n+ 1
0 1 · · · i− 1 i i i+ 1 · · · n

)
for 0 ≤ i ≤ n, that is, si hits i twice.

Exercise 3.1. Show that simplicial sets are one-to-one correspondent to cofunctors from O to
S.

A simplicial map f : X → Y means a sequence of functions f : Xn → Yn for each n ≥ 0 such
that f ◦ di = di ◦ f and f ◦ si = si ◦ f , that is the diagram

Xn+1
�si

Xn
di- Xn−1

Yn+1

f

?
� si

Yn

f

? di- Yn−1

f

?

commutes.

Example 5.24 (n-simplex). The n-simplex ∆[n], as a simplicial set, is as follows:

∆[n]k = {(i0, i1, . . . , ik) | 0 ≤ i0 ≤ i1 ≤ · · · ≤ ik ≤ n}

for k ≤ n. The face dj : ∆[n]k → ∆[n]k−1 is given by

dj(i0, i1, . . . , dk) = (i0, i1, . . . , îj , . . . , ik),

that is deleting ij . The degeneracy sj : ∆[n]k → ∆[n]k+1 is defined by

sj(i0, i1, . . . , dk) = (i0, i1, . . . , ij , ij , . . . , ik),

that is doubling ij . Let σn = (0, 1, . . . , n) ∈ ∆[n]n. Then any elements in ∆[n] can be written as
iterated compositions of faces and degeneracies of σn.
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Proposition 5.25. Let X be a simplicial set and let x ∈ Xn be an element. Then there exists
a unique simplicial map

fx : ∆[n]→ X

such that fx(σn) = x.

Proof. We leave the proof as an exercise to the reader. �

Let X be a simplicial set and A = {An}n≥0 with An ⊆ Xn. The simplicial subset of X generated
by A is defined by

〈A〉 = {A ⊆ Y ⊆ X | Y is a simplicial set},
namely 〈A〉 consists of elements in X that can be written as iterated compositions of faces and
degeneracies of the elements in A.

Example 5.26 (n-sphere). The simplicial n-sphere Sn is defined by

Sn = ∆[n]/∂(∆[n]),

where ∂(∆[n]) is the simplicial subset of ∆[n] generated by ∆[n]k for k < n. Let’s write explicitly
for the elements in the simplicial circle S1.

Now that
∆[1]k = {(i0, . . . , ik) | 0 ≤ i0 ≤ · · · ≤ ik ≤ 1}

= {(
i︷ ︸︸ ︷

0, . . . , 0, 1, . . . , 1 | 0 ≤ i ≤ k + 1}
has k + 2 elements. Now

∂(∆[1])k = {(0, . . . , 0), (1, . . . , 1)}.
By definition, S1 = ∆[1]/∂(∆[1]). Thus

S1
k = {∗, (i0, . . . , ik) | 0 ≤ i0 ≤ · · · ≤ ik ≤ 1}

= {(
i︷ ︸︸ ︷

0, . . . , 0, 1, . . . , 1 | 1 ≤ i ≤ k}
has k + 1 elements including the basepoint ∗ = (0, . . . , 0) ∼ (1, . . . , 1).

For general simplicial n-sphere Sn, we have Sn
k = {∗} for k < n and

Sn
k = {∗, (i0, . . . , ik) | 0 ≤ i0 ≤ · · · ≤ ik ≤ n with {i0, . . . , ik} = {0, 1, . . . , n}}

for k ≥ n. �

Let X be any simplicial set. Define

skn(X) = 〈Xk | k ≤ n〉.
Then we obtain the skeleton filtration of X

sk0(X) ⊆ sk1(X) ⊆ · · ·
with X =

⋃
n

skn(X) and skn(X)/skn−1(X) =
∨

α∈Jn
Sn, a wedge of simplicial n-spheres.

Proposition 5.27. Let G be an abelian group. Then the inclusion skn(X) → X induces an
isomorphism

Hj(skn(X);G)
∼=- Hj(X;G)

for j < n and epimorphism for j = n.
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Proof. Let C ′ = Z(skn(X))⊗G and let C = Z(skn(X))⊗G. Then C ′ is a sub chain complex
of C with

C ′k = Ck

for k ≤ n. Let C ′′ = C/C ′. Then C ′′k = 0 for k ≤ n. The assertion follows from the long exact
sequence from C ′ → C → C ′′. �

3.4. Geometric Realization of Simplicial Sets. The standard geometric n-simplex ∆n is
defined by

∆n = {(t0, t1, . . . , tn) | ti ≥ 0 and
n∑

i=0

ti = 1}.

Define di : ∆n−1 → ∆n and si : ∆n+1 → ∆n by setting

di(t0, t1, . . . , tn−1) = (t0, . . . , ti−1, 0, ti, . . . , tn−1),

si(t0, t1, . . . , tn+1) = (t0, . . . , ti−1, ti + ti+1, . . . , tn+1)
for 0 ≤ i ≤ n.

Let X be a simplicial set. Then its geometric realization |X| is a CW -complex defined by

|X| =
∐

x ∈ Xn

n ≥ 0

(∆n, x)/ ∼=
∞∐

n=0

∆n ×Xn/ ∼,

where (∆n, x) is ∆n labeled by x ∈ Xn and ∼ is generated by

(z, dix) ∼ (diz, x)

for any x ∈ Xn and z ∈ ∆n−1 labeled by dix, and

(z, six) ∼ (siz, x)

for any x ∈ Xn and z ∈ ∆n+1 labeled by six. Note that the points in (∆n+1, six) and (∆n−1, dix)
are identified with the points in (∆n, x).

Exercise 3.2. Prove that |∆[n]| ∼= ∆n and |Sn| ∼= Sn.

Let f : X → Y be a simplicial map. Then its geometric realization |f | is defined by

|f |(z, x) = (z, f(x))

for any x ∈ Xn and z ∈ ∆n labeled by x. Clearly |f | is continuous. Thus the geometric realization
gives a functor from the category of simplicial sets to the category of CW -complexes.

Let X and Y be simplicial sets. The Cartesian product X × Y is defined by

(X × Y )n = Xn × Yn

with dX×Y
i = (dX

i , d
Y
i ) and sX×Y

i = (sX
i , s

Y
i ). There is an important theorem due to Milnor [16]

which can be described as follows:

Theorem 5.28 (Milnor). Let X and Y be simplicial sets. Then there is a one to one continuous
map

η : |X × Y | → |X| × |Y |
which is onto, and which is a homeomorphism if either a) K and L are countable, or b) K or L is
locally finite. �
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Remark 5.29. We give some remarks:
(1). In Milnor’s theorem, the map η is always one-to-one and one. Following from Steenrod’s

notion, redefine a new topology on |X|×|Y | as a compact generated topology, that is, define
A ⊆ |X| × |Y | to be closed if and only if A ∩ C is closed for any compact subset C of
|X| × |Y |. Under this new topology for |X| × |Y |, the map η is always a homeomorphism.

(2). One can also have the geometric realization |X| of a ∆-set X by setting

|X| =
∞∐

n=0

∆n ×Xn/ ∼,

where (∆n, x) is ∆n labeled by x ∈ Xn and ∼ is generated by

(z, dix) ∼ (diz, x)

for any x ∈ Xn and z ∈ ∆n−1 labeled by dix. But it does not have such a good property
for Cartesian products in direct way.

(3). Research Project: Define the Cartesian product X × Y for ∆-sets X and Y such that
it has the property that |X × Y | ∼= |X| × |Y |.

A simplicial set G = {Gn}n≥0 is called a simplicial group if each Gn is a group, and all faces di

and degeneracies si are group homomorphisms.

Corollary 5.30. Let G be a simplicial group such that each Gn is countable. Then |G| is a
topological group. Moreover this property holds for any simplicial group by Steenrod’s notion for
replacing any topology to be compact generated topology.

Proof. The multiplication µ : G×G→ G induces a continuous multiplication

µ : |G×G| = |G| × |G| - |G|
such that |G| is a topological group. �

3.5. Singular Simplicial Sets and Singular Homology. Let ∆n be the geometric n-
simplex. Recall that coface di : ∆n−1 → ∆n and codegeneracy si : ∆n+1 → ∆n are defined by

di(t0, t1, . . . , tn−1) = (t0, . . . , ti−1, 0, ti, . . . , tn−1),

si(t0, t1, . . . , tn+1) = (t0, . . . , ti−1, ti + ti+1, . . . , tn+1)
for 0 ≤ i ≤ n.

For any space X, define
Sn(X) = Map(∆n, X)

be the set of all continuous maps from ∆n to X with

di = di∗ : Sn(X) = Map(∆n, X) - Sn−1(X) = Map(∆n−1, X),

si = si∗ : Sn(X) = Map(∆n, X) - Sn+1(X) = Map(∆n+1, X)
for 0 ≤ i ≤ n. Then S∗(X) = {Sn(X)}n≥0 is a simplicial set, called singular simplicial set. In
particular, S∗(X) is a ∆-set. This allows us to define singular homology:

Definition 5.31. For a pair of spaces (X,A), the singular homology H∗(X,A;G) with coeffi-
cients in an abelian group G is defined by

H∗(X,A;G) = H∗(S∗(X), S∗(A);G).
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We suggest you to read Hatcher’s book [7] for checking that singular homology satisfies the
Eilenberg-Steenrod axioms.

3.6. ∆-complexes and Simplicial Homology. We still use the model of geometric n-simplex
∆n together with di : ∆n−1 → ∆n given by

di(t0, t1, . . . , tn−1) = (t0, . . . , ti−1, 0, ti, . . . , tn−1)

for 0 ≤ i ≤ n. Note the boundary

∂∆n = ∪n
i=0d

i(∆[n− 1])

is the union of all faces of ∆n. Let Int(∆n) = ∆n r ∂∆n be the interior of ∆n, called open simplex.

Definition 5.32. A ∆-complex structure on a space X is a collection of maps

C(X) = {σα : ∆n → X | α ∈ Jn n ≥ 0}.

such that
(1). σα|Int(∆n) : Int(∆n) → X is injective, and each point of X is in the image of exactly one

such restriction σα|Int(∆n).
(2). For each σα ∈ C(X),

σα ◦ di ∈ C(X).

(3). A set A ⊆ X is open if and only if σ−1
α (A) is open in ∆n for each σα ∈ C(X).

Define
C∆

n (X) = {σα : ∆n → X | α ∈ Jn} ⊆ C(X)

with di : C∆
n (X)→ C∆

n−1(X) given by

di(σα) = σα ◦ di

for 0 ≤ i ≤ n. Then C∆
∗ (X) = {C∆

n (X)}n≥0 is a ∆-set. The simplicial homology of X with
coefficients in an abelian group G is defined by

H∆
∗ (X;G) = H∗(C∆

∗ (X);G).

If A is a subcomplex of X, define

H∆
∗ (X,A;G) = H∗(C∆

∗ (X), C∆
∗ (A);G).

Since each σα : ∆n → X is a map, there is an inclusion of ∆-map

C∆
∗ (X) - S∗(X)

and induces a natural transformation

H∆
∗ (X,A;G) - H∗(X,A;G)

for any pair of ∆-complexes (X,A).

Theorem 5.33. Let X be a ∆-complex and let A be a subcomplex. Then

H∆
n (X,A;G) - Hn(X,A;G)

is an isomorphism for each n.
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Ideas of Proof. It suffices to show that the assertion holds for the absolute case that A =
∅ because there is a long exact sequence for homologies for relative cases. For showing that
H∆
∗ (X;G) ∼= H∗(X;G), one can prove it by induction on the skeleton of X. Observe that

skn(X)/skn−1(X) ∼=
∨

α∈Jn

Sn.

By the definition of simplicial homology, one directly gets that

H∆
k (skn(X), skn−1(X);G) =

{ ⊕
α∈Jn

G if k = n
0 otherwise.

This proves that
H∆
∗ (skn(X), skn−1(X);G) ∼= H∗(skn(X), skn−1(X);G),

where one needs to show that H∗(skn(X), skn−1(X);G) ∼= H̄∗(
∨

α∈Jn
Sn;G) is the same as the

simplicial homology. Assume that H∆
∗ (skn−1(X);G) ∼= H∗(skn−1;G). Then one concludes that

H∆
∗ (skn(X);G) ∼= H∗(skn(X);G) by applying the long exact sequence for homologies.

See Hatcher’s book for the details of the proof. �



CHAPTER 6

Some Suggested Topics for Your Further Reading/Study

The topics in this chapter will not be covered in class. These topics are only for your further
study on algebraic topology after this module in future.

1. Künneth Theorem, Cohomology and Hopf Algebras

1.1. Künneth Theorem. Let R be a commutative ring with identity and let C and D be
chain complexes of R-modules. Define the tensor product C ⊗R D by setting

(C ⊗R D)n =
⊗

i+j=n

Ci ⊗R Dj .

with differential
∂⊗(x⊗ y) = ∂(x)⊗ y + (−1)|x|x⊗ ∂(y),

where |x| = i for x ∈ Ci.

Lemma 6.1. The tensor product C ⊗D is a chain complex.

Proof.

∂⊗ ◦ ∂⊗(x⊗ y) = ∂⊗(∂(x)⊗ y + (−1)|x|x⊗ ∂(y))
= ∂⊗(∂(x)⊗ y) + (−1)|x|∂⊗(x⊗ ∂(y))
= ∂2(x)⊗ y + (−1)|∂(x)|∂(x)⊗ ∂(y) + (−1)|x|∂(x)⊗ ∂(y) + (−1)|x|(−1)|x|x⊗ ∂2(y)

= 0

Thus C ⊗D is a chain complex. �

Recall that for CW -complexes, the integral cellular chain complex

CCW(X × Y ) = CCW(X)⊗ CCW(Y ),

where R = Z.
The Künneth Theorem arising from the problem how to computing H∗(C⊗RD). The algebraic

statement from homological algebra, see [8, Theorem 2.1, p.172], is as follows:
An R-module M is called flat if for every short exact sequence

A′ ⊂ - A -- A′′

of R-modules the induced sequence

0→ A′ ⊗R M → A⊗R M → A′′ ⊗R M → 0

is exact. A chain complex C over R is called flat if each Cn is flat.
Let A be a right R-module and let B be a left R-module. Let

K ⊂ - P -- A

125
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be a short exact sequence of R-modules such that P is projective, that is P is summand of a free
R-module. Then TorR(A,B) is defined to be the kernel of K ⊗R B → P ⊗R B and so there is an
exact sequence

0→ TorR(A,B) - K ⊗R B - P ⊗R B - A⊗R B - 0.

(Note. One needs to show that TorR(A,B) is independent on the projective presentationK ⊂ - P -- A,
that is, if

K ′ ⊂ - P ′ -- A

is another short exact sequence with P ′ projective. Then

Ker(K ′ ⊗R B → P ′ ⊗R B) ∼= Ker(K ⊗R B → P ⊗R B).

Theorem 6.2. Let R be a PID (principal ideal domain) and let C and D be chain complexes
over R such that one of C and D is flat. Then there is a natural short exact sequence⊕

p+q=n

Hp(C)⊗R Hq(D) ⊂ - Hn(C ⊗D) --
⊕

p+q=n−1

Tor(Hp(C),Hq(D)).

Mover the sequence splits, but not naturally. �.

By using this algebraic theorem, we obtain the Künneth Formula:

Theorem 6.3 (Künneth Formula). Let X and Y be CW -complexes and R be a PID. Then
there is a natural short exact sequence⊕

p+q=n

Hp(X;R)⊗R Hq(Y ;R) ⊂ - Hn(X × Y ;R) --
⊕

p+q=n−1

Tor(Hp(X;R),Hq(Y ;R)).

Mover the sequence splits, but not naturally.

Proof.
CCW(X × Y ;R) = CCW(X × Y )⊗Z R

= (CCW(X)× CCW(Y ))⊗Z R
= CCW(X;R)⊗R CCW(Y ;R),

because each CCW
n (Z) is a free abelian group for any CW -complex Z. The assertion follows from

the algebraic Künneth Formula. �

Corollary 6.4. Let X and Y be CW -complexes and let F be a field. Then

H∗(X × Y ; F) ∼= H∗(X; F)⊗H∗(Y ; F),

that is Hn(X × Y ; F) ∼=
⊕

i+j=n

Hi(X; F)⊗Hj(Y ; F) for each n. �

This result tells that it is much easier to compute the homology with coefficients in a field for
Cartesian products. The typical coefficient fields used in algebra topology are F = Z/pZ (mod p
homology) and F = Q (rational homology).

Remark 6.5. We give some remarks:
(1). Theorem 6.3 and Corollary 6.4 actually hold for singular homology for any spaces. As we

see that the singular homology was defined using singular simplicial sets. So one just show
that these statements holds for any simplicial sets by using the method similar to cellular
homology. Namely by looking at the skeleton filtration of simplicial sets, we will obtain
that the cellular chain complex for the product of simplicial sets is the tensor product,
and so we can apply the algebraic Künneth formula.
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(2). Künneth Formula also holds for smash product that there is a natural short exact sequence⊕
p+q=n

H̄p(X;R)⊗R H̄q(Y ;R) ⊂ - H̄n(X ∧ Y ;R) --
⊕

p+q=n−1

Tor(H̄p(X;R), H̄q(Y ;R))

for an PID R. Mover the sequence splits, but not naturally.
(3). One may ask how to generalize the Künneth formula for general homology theory. My

suggestions are to consider the skeleton filtration of the product of CW -complexes (or
the product of simplicial sets). Generally speaking, if we have a filtration on a space (or
simplicial set) X:

X0
⊂ - X1

⊂ - · · ·
with X =

⋃
n
Xn, we will obtain a long exact sequence in homology for

Xk−1
⊂ - Xk

- (Xk, Xk−1),

for each k. By putting all of these long exact sequence in a system, one obtains a spectral
sequence. So I expect that you will obtain Künneth spectral sequence for the Cartesian
product for any homology theory.

The Universal Coefficient Theorem can be obtained from Künneth Formula. First let’s look at
algebraic situation:

Let R be a PID and let C be a flat chain complex over R. Let M be any R-module. We can
construct a chain complex D by setting D0 = M and Di = 0 for i 6= 0. In this case, the tensor
product C ⊗D is given by

(C ⊗R D)n = Cn ⊗R M.

Note that H0(D) = M and Hi(D) = 0 for i 6= 0. By using Künneth Formula we have the natural
short exact sequence

Hn(C)⊗R M ⊂ - Hn(C ⊗R M) -- TorR(Hn−1(C),M).

This sequence splits, but the splitting is not natural in C.
For any space X there is a natural short exact sequence (with un-natural splitting)

Hn(X;R)⊗R M ⊂ - Hn(X;M) -- TorR(Hn−1(X,R),M)

for any PID R and any R-module M . In particular, for any abelian group G, there is a natural
short exact sequence (with un-natural splitting)

Hn(X)⊗G ⊂ - Hn(X;G) -- Tor(Hn−1(X), G)

because any abelian group G can be regarded as a Z-module.

1.2. Cohomology. Let X be a ∆-set. Recall that Z(X) is chain complex, where

∂n =
n∑

i=0

(−1)idi : Z(Xn)→ Z(Xn−1).

Let G be any abelian group. Consider

Hom(Z(X0), G)
∂∗0- Hom(Z(X1), G)

∂∗1- Hom(Z(X2), G) - · · · ,
where

∂∗n(f) = f ◦ ∂n
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for f ∈ Hom(Z(Xn), G). Let δn = ∂∗n. Then

δn+1 ◦ δn = ∂∗n+1 ◦ ∂∗n = (∂n ◦ ∂n+1)∗ = 0.

Thus the sequence of groups Hom(Z(X), G) = {Hom(Z(Xn), G)} with differential δ is cochain
complex. (Here we use the word cochain because the differential δ has degree of +1. )

The cohomology of X with coefficients in G is defined by

Hn(X;G) = Hn(Hom(Z(X), G)) = Ker(δn)/ Im(δn−1)

for each n.
From this, one gets singular cohomology and simplicial cohomology. I suggest you to read

Chapter 3 of Hatcher’s book for cohomology theory. Below I just highlight few points:
First we need to have a relation between homology and cohomology. This will be so-called

universal coefficient theorem for cohomology. It needs a notion of extension groups. Let R be a
commutative ring with identity. Let A and let

K ⊂ - P -- A

be a short exact sequence of R-modules with P projective, which is called a projective presentation
of A. Then for any R-module B there is an exact sequence

0→ HomR(A,B)→ HomR(P,B)→ HomR(K,B),

where HomR(P,B)→ HomR(K,B) is not onto in general. Define

ExtR(A,B)

to be the cokernel of HomR(P,B)→ HomR(K,B), called the extension group. Again one needs to
check that ExtR(A,B) is independent on the choice of the projective presentations of A. By using
this notion, we have the following theorem, which can be found in [8, Theorem 3.3, p.179].

Theorem 6.6 (Universal Coefficient Theorem). Let R be a PID and let M be an R-module.
Then there is a natural short exact sequence

0 - ExtR(Hn−1(X;R),M) - Hn(X;M) - HomR(Hn(X;R);M) - 0.

Moreover this sequence splits; but not natural in X. In particular, for a field F,

Hn(X; F) ∼= HomF(Hn(X; F); F)

which is the dual vector space of Hn(X; F). �

An important structure on cohomology is that it has the product structure. For simplicity, we
only discuss for the cases when the (co-)homology is given with coefficients in a field and X is of
finite type, that is, each Hn(X; F) is a finite dimensional vector space over F. In this case,

Hn(X ×X; F) ∼= HomF(Hn(X ×X; F); F)
= HomF(

⊕
i+j=nHi(X; F)⊗Hj(X; F); F)

=
⊕

i+j=n

HomF(Hi(X; F)⊗Hj(X; F); F)

=
⊕

i+j=n

HomF(Hi(X; F); F)⊗HomF(Hj(X; F); F)

∼=
⊕

i+j=n

Hi(X; F)⊗Hj(X; F).

In other words, H∗(X ×X; F) ∼= H∗(X; F)⊗H∗(X; F). Now the diagonal map

∆: X → X ×X
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induces a multiplication

∆∗ : H∗(X ×X; F) ∼= H∗(X; F)⊗H∗(X; F) - H∗(X; F)

such that H∗(X; F) is a graded commutative algebra, that is

ab = (−1)|a||b|ba

for a ∈ H |a|(X; F) and b ∈ H |b|(X; F). This product is called the cup product. By keeping this fact
in mind, it may help you to read cup product in more general setting. Also there is a cup product
for some general cohomology theory. One can see Switzer’s book [25] for details.

In dual situation, the diagonal map

∆: X → X ×X

induces a comultiplication

∆∗ : H∗(X; F) - H∗(X ⊗X; F) ∼= H∗(X; F)⊗H∗(X; F).

In this case, you do not have to assume that X is of finite type because the right side isomor-
phism directly follows from the Künneth formula. This means that H∗(X; F) is always a graded
cocommutative coalgebra. (Think about coalgebras as the dual version of algebras.)
A Connection between Cohomology and Homotopy: Given any group π, there exists a path-
connected CW -complex K(π, 1) which has the property that π1(K(π, 1)) = π and πj(K(π, 1)) = 0
for j > 1. For any abelian group π, there exists a path-connected CW -complex K(π, n) such that
πn(K(π, n)) = π and πj(K(π, n)) = 0 for j 6= π. The spaces K(π, n) are called Eilenberg-MacLane
Spaces. Such a space exists and unique up to homotopy for each π and n. (For n > 1, we need to
require that π is abelian.) In Hatcher’s book, K(π, 1) is constructed in chapter 1, as the classifying
space of the group π, and K(π, n) is constructed in chapter 4 with a proof of uniqueness.

There is another way to construct K(π, n) for abelian group π by using simplicial sets. Let Sn

be the standard simplicial n-sphere and let π be any abelian group. Consider the simplicial group

G = (Z(Sn)/Z(∗))⊗ π,

that Gq = Z(Sn
q ) ⊗ π, is a direct sum of copies of π with labeled by elements in Sn

q modulo the
relation ∗ = 0. The faces and degeneracies in G are induced from the faces and degeneracies in Sn.
Then the geometric realization |G| of G is K(π, n). The proof can be given by the following steps:

(1). It suffices to show that πi(|G|) = π for i = n and πi(|G|) = 0 for i 6= n.
(2). There is a combinatorial way to define homotopy group πn(Γ) for any simplicial group Γ,

called Moore homotopy group, with the property that πn(Γ) ∼= πn(|Γ|). (We will give a
brief review for Moore homotopy groups later.)

(3). If Γ is an abelian simplicial group, then the Moore homotopy group π∗(Γ) is isomorphic
to the homology by regarding Γ as a chain complex with ∂n =

∑n
i=0(−1)idi.

(4). Now come back to the abelian simplicial group G. The homology of G with the differential
given by ∂n =

∑n
i=0(−1)idi is just the reduced homology of the sphere with coefficients

in π. From the above step, we have the Moore homotopy group πi(G) = π for i = n and
πi(G) = 0 for i 6= n. From the previous step, we conclude that πi(|G|) = π for i = n and
πi(|G|) = 0 for i 6= n.

Theorem 6.7. There is an isomorphism

Hn(X;G) ∼= [X,K(G,n)]
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for each n and any abelian group G.

One can find this theorem in Whitehead’s book [26, Theorem 7.14, p.250]. There are similar
results for general homology theories discussed in Switzer’s book [25].
Steenrod Operations: These operations play a key role in algebraic topology. One can read
Steenrod’s book [22]. The operations are on mod p cohomology. The ideas can be described as
follows:

We want to consider natural transformations: H∗(X; Z/p) → H∗(X; Z/p). According to the
above theorem,

Hn(X; Z/p) ∼= [X,K(Z/p, n)].
Consider the mod p cohomology H∗(K(Z/p, n); Z/p). Let

α ∈ Hq(K(Z/p, n); Z/p) ∼= [K(Z/p, n),K(Z/p, q)]
Then α determines a map

fα : K(Z/p, n) - K(Z/p, q)
and so we have a natural transformation

fα∗ : Hn(X; Z/p) = [X,K(Z/p, n)] - Hq(X; Z/p) = [X,K(Z/p, q)].
The cohomology H∗(K(Z/p, n); Z/p) has been determined by H. Cartan. By using that, Steenrod
studied self natural transformations of H∗(−; Z/p) and produced so-called Steenrod algebra.

1.3. Hopf Algebras. Let H∗(X) denote the homology of X with coefficients in a field. As we
have seen, the diagonal map ∆: X → X ×X induces a comultiplication

ψ = ∆∗ : H∗(X) - H∗(X ×X) = H∗(X)⊗H∗(X).

Thus for any space X, the homology of X with coefficients in a field is a graded cocommutative
coalgebra. Let f : X → Y be a map. Then there is a commutative diagram

X
f - Y

X ×X

∆

? f × f- Y × Y.

∆

?

By taking homology, we have the commutative diagram

H∗(X)
f∗ - H∗(Y )

H∗(X)⊗H∗(X)

∆∗

? f∗ ⊗ f∗- H∗(Y )⊗H∗(Y ).

∆∗

?

It follows that f∗ : H∗(X)→ H∗(Y ) is a coalgebra map.
Now assume that X is an H-space. Then the multiplication µ : X ×X → X induces a product

µ∗ : H∗(X)⊗H∗(X) = H∗(X ×X) - H∗(X).

Moreover µ∗ is a morphism of coalgebras. This arises an algebraic notion called Hopf algebra.
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A Hopf algebra A means (1). A is a graded algebra with a multiplication µ : A ⊗ A → A,
(2). A is a graded coalgebra with a comultiplication ψ : A → A ⊗ A, and (3). the multiplication
µ : A ⊗ A → A is a coalgebra map. (Note. The assumption (3) is equivalent to say that the
comultiplication ψ is an algebra map.) A is called connected if A0 = F.

In algebraic topology, we assume that the comultiplication is graded cocommutative and coas-
sociative if we think that the Hopf algebra comes from the homology of an H-space. But we may
not assume that the multiplication is associative if we think that our H-space may not be homotopy
associative. Some people [19] called such kind of objects as quasi-Hopf algebra, namely associativity
may not hold for multiplication. If X is a path-connected H-space, then H0(X) = F and H∗(X) is
connected. Algebraically, any connected quasi-Hopf algebra A is isomorphic to the tensor product
of a collection of the following monogenic Hopf algebras H with the property that H is generated
by single element x ∈ Hn:

(1). If n is odd and char(F) 6= 2, then H = E(x) the exterior algebra generated by x.
(2). If n is even and char(F) = 0, H = P (x) the polynomial algebra P (x) generated by x.
(3). If n is even and char(F) = 0, either H ∼= P (x) or H is the truncated polynomial algebra

P (x)/(xpt

).
(4). If char(F) = 2, either H ∼= P (x) or H is the truncated polynomial algebra P (x)/(x2t

).
See [19] for details.

As an application, we can see many finite complex does not has H-space structure: Let X
be a path-connected finite CW -complex such that X is an H-space. Then H∗(X; Q) must be a
tensor product of exterior algebra with generators in odd dimensions and polynomial algebra with
generators in even dimensions. Since X is finite complex, H∗(X; Q) has to be exterior algebra with
generators in odd dimensions. In particular, we can see many complex such as S2n, CPn and HPn

are not H-spaces.
A finite H-space means a finite CW -complex with an H-space structure.

Problem 6.8. Classify path-connected finite H-spaces.

This is one of open problems in algebraic topology. There have been a lot of people to study
this problem.

2. Hurewicz Theorem and Whitehead Theorem

The statements in this section are some fundamental theorems in algebraic topology. The proofs
can be found in Hatcher’s book [7].

A relation between homotopy groups and homology is as follows: Let X be a pointed space and
[f ] ∈ πn(X). Then the map

f : Sn → X

induces a group homomorphism

f∗ : Hn(Sn) = Z - Hn(X).

Denote by ι the generator for Hn(Sn) = Z. Define

hn : πn(X)→ Hn(X)

by setting hn([f ]) = f∗(ι). The function H is well defined because if f ' f ′ then f∗ = f ′∗.

Lemma 6.9. The function hn : πn(X)→ Hn(X) is a group homomorphism for n ≥ 1.
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Proof. Let [f ], [g] ∈ πn(X). By definition, the product [f ][g] is the homotopy class represented
by the composite

Sn pinch- Sn ∨ Sn f∨g- X ∨X fold-- X.

By taking homology, we have

Hn(Sn)
pinch∗- Hn(Sn∨Sn) = Hn(Sn)⊕Hn(Sn)

(f∨g)∗=f∗⊕g∗- Hn(X∨X) = Hn(X)⊕Hn(X)
fold∗- Hn(X).

Since pinch∗(ι) = (ι, ι),

hn([f ][g]) = f∗(ι) + g∗(ι) = hn([f ]) + hn([g])

and hence the result. �

The group homomorphism hn : πn(X)→ Hn(X) is called Hurewicz map.

2.1. The Relation between the Fundamental Group and the First Homology. Now
consider the first case n = 1. Let G be a group. The abelianization Gab of G is defined to be the
quotient group of G modulo the commutator subgroup. Observe that Gab has the following universal
property:

Let φ : G → A be a group homomorphism. If A is abelian, then φ factors through the
abelianization Gab.

The Hurewicz map h1 : π1(X) → H1(X) is a group homomorphism and it incudes a group homo-
morphism

h̄1 : π1(X)ab - H1(X).

Theorem 6.10. Let X be a path-connected space. Then the induced group homomorphism

h̄1 : π1(X)ab - H1(X)

is an isomorphism. �

In Hatcher’s book, the proof of this theorem is given in Section 2.A.

2.2. Whitehead Theorem and Hurewicz Theorem. The Whitehead Theorem is as follows
(See [7, Theorem 4.5, p.346]):

Theorem 6.11 (Whitehead Theorem). If a map f : X → Y between connected CW -complex
induces isomorphisms f∗ : πn(X) → πn(Y ) for all n, then f is a homotopy equivalence. In case f
is the inclusion of a subcomplex X ⊂ - Y , the conclusion is stronger: X is a strong deformation
retract of Y . �

The Hurewicz Theorem is as follows.

Theorem 6.12 (Hurewicz Theorem). Let X be a path-connected CW -complex. Suppose that
πi(X) = 0 for 1 ≤ i < n with n ≥ 2. Then

hn : πn(X)→ Hn(X)

is an isomorphism. �

In Hatcher’s book, this theorem is given in a more general form discussed in Section 4.2.
A space X is called k-connected if X is path-connected and πi(X) = 0 for i ≤ k. Since

homology groups are usually more computable than homotopy groups, the following theorem is
useful for checking whether a CW -complex is k-connected.
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Corollary 6.13. Let X be a connected CW -complex. Suppose that
(1). π1(X) is trivial and
(2). Hi(X) = 0 for i < n.

Then X is (n− 1)-connected, that is πi(X) = 0 for i < n, and πn(X) ∼= Hn(X).

Proof. Show by induction that πi(X) = 0 for i < n. By the assumption, π1(X) = 0. Suppose
that πj(X) = 0 for j < i with i < n. Then

πi(X) ∼= Hi(X) = 0

by Hurewicz Theorem. The induction is finished and so πi(X) = 0 for all i < n. By using Hurewicz
Theorem again, πn(X) ∼= Hn(X). �

In practice, the following version of Whitehead Theorem is often easier to apply (See [7, Corol-
lary 4.33]):

Theorem 6.14 (Whitehead Theorem). Let f : X → Y be a map between simply-connected CW -
complexes. Suppose that f∗ : Hn(X)→ Hn(Y ) is an isomorphism for all n. Then f is a homotopy
equivalence. �

A map f : X → Y is called a weak homotopy equivalence if f∗ : πn(X,x0) → πn(Y, f(x0)) is
an isomorphism for each n ≥ 0 and all choices of basepoint x0. A map f : X → Y is called
homology equivalence if f∗ : Hq(X) ∼= Hq(Y ) for all q. Whitehead Theorem states that a homology
equivalence between simply connected CW -complexes is a homotopy equivalence. The following
Theorem is given in Hatcher’s book [7, Proposition 4.22, p.357].

Theorem 6.15. Let f : X → Y be a map. Then f is a weak homotopy equivalence if and only
if

f∗ : [K,X] −→ [K,Y ]
is one-to-one and onto for every CW -complexes K. �

We conclude this section with some examples from Whitehead’s book [26, pp.183-184] relevant
to proceeding important theorems.

Example 6.16. There are path-connected CW -complexes X and Y with πn(X) ∼= πn(Y ) for
all n, but H∗(X) 6∼= H∗(Y ). (Therefore there is no map f : X → Y inducing isomorphisms of the
homotopy groups.)

For giving an example, let X = RPm×Sn and Y = Sm×RPn for m > n > 1 with m even and
n odd. Since Sq → RPq is a 2-sheeted covering,

Sm × Sn - X Sn × Sm - Y

are 2-sheeted covering. Thus
π1(X) ∼= π1(Y ) ∼= Z/2

and
πj(X) ∼= πj(Y ) ∼= πj(Sm × Sn)

for j > 1. By Künneth Formula,

Hn+m(X) ∼= Hm(RPm)⊗Hn(Sn) = Hm(RPm) = 0

Hn+m(Y ) ∼= Hm(Sm)⊗Hn(RPn) = Hn(RPn) = Z.
Thus Hn+m(X) 6∼= Hn+m(Y ) �
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Example 6.17. There are simply connected CW -complexes X and Y with Hn(X) ∼= Hn(Y )
for all n, but π∗(X) 6∼= π∗(Y ). (Therefore there is no map f : X → Y inducing isomorphisms of the
homotopy groups.)

For giving an example, let X = S2∨S4 and Y = CP2. Then X and Y do indeed have isomorphic
homology with H0 = Z, H2 = Z, H4 = Z and Hj = 0 for j 6= 0, 2, 4. Since S4 is a retract of X,
π4(S4) = Z is a summand of π4(X) and so π4(X) 6= 0. On the other hand, there is a fibre bundle

S1 - S5 - CP2.

(We will briefly go through fibrations and fibre bundles later.) It induces a long exact sequence on
homotopy groups

· · · - π4(S1) - π4(S5) = 0 - π4(CP2) - π3(S1) = 0 - · · · .

Thus π4(Y ) = 0. Hence π4(X) 6∼= π4(Y ). �

Example 6.18. The reader may wonder whether a map f : X → Y between path-connected CW -
complexes is a homotopy equivalence provided that f∗ : π1(X) → π1(Y ) and f∗ : Hq(X) → Hq(Y )
are isomorphisms for all q. The example in Whitehead’s book [26, Example 3, p.183] shows that
this is not the case. �

3. Fibrations and Fibre Sequences

3.1. Exact Sequences. Let f : A→ B be a pointed map. Let PB be the path space over B,
that is

PB = {λ : I → B |λ(1) = b0}
with compact open topology. The basepoint in PB is the constant path ω0 with ω0(t) = b0 for
0 ≤ t ≤ 1. Define the mapping path space

Pf = {(a, λ) ∈ A× PB | f(a) = λ(0)},

that is there is a pull-back diagram

Pf
⊂ - PB

A

f1

? f - B,

q

?

where q(λ) = λ(0).

Lemma 6.19. Let f : A→ B be a pointed map. Then there is an exact sequence

[X,Pf ]
f1∗- [X,A]

f∗- [X,B]

for any pointed space X.

Proof. Let g : X → A such that f ◦ g : X → B is null homotopic under a pointed homotopy.
Then G : X × I → B such that G0 = f ◦ g, G1(x) = b0 and G(x0, t) = b0 for 0 ≤ t ≤ 1. Let

G̃ : X → Map(I,B)
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be the adjoint map of G. Since G̃(x)(1) = G(x, 1) = b0, G̃ maps into the path space PB ⊆
Map(I,B). Since G̃(x0)(t) = b0, G̃(x0) = ω0 and so the map G̃ : X → PB is a pointed map. Now

(g, G̃) : X - A× PB

maps X into Pf because G̃(x)(0) = G(x, 0) = f(g(x)). This defines a map (g, G̃) : X → Pf with

f1(g, G̃) = g.

Thus f1∗([(g, G̃)]) = [g] and hence the result. �

Thus we have a tower

· · · - Pf2

f3 - Pf1

f2 - Pf
f1 - A

f - B

with the long exact sequence

· · · - [X,Pf2 ]
f3∗- [X,Pf1 ]

f2∗- [X,Pf ]
f1∗- [X,A]

f∗- [X,B]

for any pointed space X.
From the construction, Pf ⊆ A×PB and with f1 : Pf → A by first coordinate projection, that

is f1(a, λ) = a. Thus
Pf1 ⊆ Pf × PA ⊆ A× PB × PA.

More precisely
Pf1 = {(a, λ, µ) ∈ A× PB × PA | λ(0) = f(a), µ(0) = a}.

Lemma 6.20. The space Pf1 is homeomorphic to the subspace

{(λ, µ) ∈ PB × PA |λ(0) = f(µ(0))}

of PB × PA.

Proof. Let
T = {(λ, µ) ∈ PB × PA |λ(0) = f(µ(0))}.

The coordinate projection
A× PB × PA - PB × PA

induces a map φ : Pf1 → T . Now the map

PB × PA - A× PB × PA (λ, µ) 7→ (µ(0), λ, µ)

induces a map ψ : T → Pf1 . Clearly φ ◦ ψ = idT and ψ ◦ φ = idPf1
. The proof is finished. �

By using the identification of Lemma 6.20, the map f2 is given by the following commutative
diagram:

(5)

Pf1
⊂ - PB × PA (λ, µ)

Pf

f2

?
⊂ - A× PB

?
(µ(0), λ).

?

Theorem 6.21. There is a homotopy equivalence: Pf1 ' ΩB
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Proof. From the previous lemma,

Pf1 = {(λ, µ) ∈ PB × PA | λ(0) = f(µ(0))}.
Let j : ΩB → Pf1 be the map given by

j(ω) = (ω, ωA
0 ),

where ωA
0 is the constant path in A with ωA

0 (t) = a0 for 0 ≤ t ≤ 1.
Define the map θ : Pf1 → ΩB by

θ(λ, µ)(t) =
{
f(µ(1− 2t)) if 0 ≤ t ≤ 1

2
λ(2t− 1) if 1

2 ≤ t ≤ 1,

that is θ(λ, µ) = f(µ)−1 ∗ λ as path product. Then

θ ◦ j(ω)(t) = θ(ω, ωA
0 )(t) =

{
b0 if 0 ≤ t ≤ 1

2
λ(2t− 1) if 1

2 ≤ t ≤ 1,

It follows that θ ◦ j ' idΩB by the homotopy

G(ω, s)(t) =

{
b0 if 0 ≤ t ≤ s

2

λ( t− s
2

1− s
2
) if s

2 ≤ t ≤ 1,

Define FA : Pf1 × I → PA and FB : Pf1 × I - PB by

FA(λ, µ; s)(t) = µ(1− s(1− t));

FB(λ, µ; s)(t) =
{

f(µ(1− s− 2t)) if 0 ≤ t ≤ 1−s
2

λ( 2
1+s

(
t− 1−s

2

)
) if 1−s

2 ≤ t ≤ 1.
For each 0 ≤ s ≤ 1, we have

f(FA(λ, µ; s)(0)) = f(µ(1− s)) = FB(λ, µ; s)(0)

and so it defines a pointed homotopy

(FB , FA) : Pf1 × I - Pf1 (λ, µ; s) 7→ (FB(λ, µ; s), FA(λ, µ; s)).

When s = 1, then
(FB , FA)(λ, µ; 1)(t) = (λ(t), µ(t)

and (FB , FA)1 = idPf1
. When s = 0,

(FB , FA)(λ, µ; 0)(t) = j ◦ θ(t)
for 0 ≤ t ≤ 1. Thus j ◦ θ ' idPf1

. The proof is finished. �

Proposition 6.22. There is a homotopy commutative diagram

Pf2

f3 - Pf1

ΩA

j

∪

6

fν
- ΩB,

θ

?

where θ and j are given in the proof of Theorem 6.21 and ν : S1 → S1 is the inverse map.
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Proof. From the commutative diagram (5), there is a commutative diagram
Pf2 ⊆ PA× PPf (µ,Λ)

Pf1

f3

?
⊆ Pf × PA

?
(Λ(0), µ).

?

Let µΩA be a loop in A. Then j(µ) = (µ, e), where e is the constant path in PPf . Thus

θ ◦ f3 ◦ j(µ) = θ(e(0), µ) =
{
f(µ(1− 2t)) if 0 ≤ t ≤ 1

2
b0 if 1

2 ≤ t ≤ 1,

Thus θ ◦ f3 ◦ j ' fν and hence the result. �

Thus we have the homotopy commutative diagram

Pf2 ======= Pf2

f3 - Pf1 ========= Pf1 ======= Pf1

f2 - Pf

ΩA

θ

?
======= ΩA

j

6

Ωf - ΩB
idν

B = −1- ΩB

θ

?
======= ΩB.

j

6

Define ∂ : ΩB → Pf to be the composite

ΩB
idν

B- ΩB
j - Pf1

f2 - Pf .

Then we have the following theorem.

Theorem 6.23. Let f : A→ B be any pointed map. Then there is a natural long exact sequence

· · ·
Ω∂∗- [X,ΩPf ]

Ωf1∗- [X,ΩA]
Ωf∗- [X,ΩB]

∂∗- [X,Pf ]
f1∗- [X,A]

f∗- [X,B]

for any pointed space X. �

Proposition 6.24. A commutative diagram

A
f - B

A′

g

? f ′ - B′

h

?

induces a commutative diagram

· · · - ΩA
Ωf - ΩB

∂ - Pf
f1 - A

f - B

· · · - ΩA′

Ωg

? Ωf ′- ΩB′

Ωh

? ∂′ - Pf ′

k

? f ′1 - A′

g

? f ′ - B′.

h

?
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Proof. Let k : Pf → Pf ′ be given by k(a, λ) = (g(a), hid(λ). �

3.2. Fibrations. A map p : E → B be a map. A homotopy lifting problem can be symbolized
by a commutative diagram

(6)

X × 0
g - E

X × I
?

∩

G -

-

B.

p

?

A map p : E → B is called to have homotopy lifting property with respect toX if the above homotopy
lifting problem has a solution for every g : X → E and G : I ×X → B such that p ◦ g = G0. A map
p : E → B is called a fibration if it has the homotopy lifting property with respect to all spaces.

Let p : E → B be a fibration. The subspace p−1(b) is called the fibre over b ∈ B. If b0 is the
basepoint, then F = p−1(b0) is called the fibre of p.

Proposition 6.25. Let (X,A) be a pair of spaces. Suppose that the inclusion i : A → X is a
cofibration. Then

p = idi
Z : Map(X,Z)→ Map(A,Z)

is a fibration for any space Z.

Proof. By taking adjoint to the homotopy lifting problem
Y × 0 - Map(X,Z)

Y × I
?

∩

-

-

Map(A,Z),

p = idi
Z

?

we have the following diagram
X × Y × 0 - Z

X × Y × I
?

∩

�⊃

-

A× Y × I

6

and the assertion follows from the homotopy extension property of

(X × Y,A× Y ) = (X,A)× (Y, ∅).
�

Corollary 6.26. The Maps

Map(I,X) - X ×X λ 7→ (λ(0), λ(1)),

Map(I,X) - X λ 7→ λ(1)
are fibrations. �

A basepoint x0 of X is called nondegenerate if x0 → X is a cofibration.
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Corollary 6.27. Let X be a pointed space with nondegenerate basepoint x0. Then the evalu-
ation map

Map(X,Y ) - Y f 7→ f(x0)
is a fibration.

Proposition 6.28. If p : E → B is a fibration, then

pidZ : Map(Z,E) - Map(Z,B)

is a fibration for any locally compact space Z.

Proof. By taking adjoint to the homotopy lifting problem

X × 0 - Map(Z,E)

X × I
?

∩

-

-

Map(Z,B),

pid

?

we have the following diagram
Z ×X × 0 - E

Z ×X × I
?

∩

-

-

B

p

?

and hence the result. �

Proposition 6.29. If p : E → B and q : B → C are fibrations, then the composite q ◦p : E → C
is a fibration.

Proof. The assertion follows from the following commutative diagram

X × 0
g - E

X × I

2n
d
lift

ing
-

X × 0

wwwwwwwwwwwwwwwwwwwwwwww
p ◦ g -

⊂

-

B

p

?

X × I

wwwwwwwwwwwwwwwwwwwwwwww
G -

1s
t lift

ing
-

⊂

-

C.

q

?
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�

Proposition 6.30. Let p : E → B be a fibration. Let f : A→ B be any map. Let

Ẽ = {(a, y) ∈ A× E | f(a) = p(y)}

with q : Ẽ → X, q(a, y) = a, that is there is pull-back

Ẽ
f̃ - E

A

q

? f - B.

p

?

Then q : Ẽ → A is a fibration.

Proof. The assertion follows from the commutative diagram

X × 0
g - Ẽ

f̃ - E

X × 0

wwwwwwwwww
⊂ - X × I

lift
ing

-
�

pull-back

A

q

? f -
�

G

B.

p

?

�

Corollary 6.31. The map PB → B, λ 7→ λ(0) is a fibration. Moreover for any map f : A→ B
the map f1 : Pf → A is a fibration.

Proof. The assertions follow from the following commutative diagram

Pf
- PB ⊂ - Map(I,B) λ

pull− back pull− back

A
? f - B = B × ∗

?
⊂ - B ×B

fibration

?
(λ(0), λ(1)).

?

�

Let f : A→ B be a pointed map. Define

P̃f = {(x, b, λ) ∈ A×Map(I,B) | f(x) = λ(0) λ(1) = b},
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that is P̃f is the pull-back of the diagram

P̃f
- Map(I,B) λ

A×B

q̃

? f × idB- B ×B
?

(λ(0), λ(1)).
?

Define q : P̃f → B by
q(x, b, λ) = λ(1).

Then q : P̃f → B is a fibration with fibre Pf because q is given by the composite of fibrations

P̃f
q̃- A×B proj.- B.

Define j : A→ P̃f by setting
j(x) = (x, f(x), ωf(x)),

where ωf(x) is the constant path with ωf(x)(t) = f(x) for 0 ≤ t ≤ 1. The space A can identified
with the subspace of P̃f consisting of Ã = {(x, f(x), ωf(x)} because the inverse map Ã→ A of j can
be given by projecting to the first coordinate. Note that

f = q ◦ j : A→ B

with q a fibration.

Theorem 6.32. The subspace Ã is a strong deformation retract of P̃f . Thus any pointed map
f : A→ B admits a decomposition

A
f - B

P̃f

' j

?

q

-

with j a homotopy equivalence and q : P̃f → B a fibration with fibre Pf .

The importance of this theorem is that for any pointed map we can always write it as the
composite of a fibration with a homotopy equivalence. This is very useful in practice.

Proof. Define the homotopy
H : P̃f × I - Pf

by setting
H(x, b, λ; t) = (x, b, φ(λ, t)),

where
φ(λ, t)(s) = λ(s(1− t)).

Then
H(x, b, λ; 0) = (x, b, λ)
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for any (x, b, λ) ∈ P̃f . For any (x, f(x), ωf(x)),

H(x, f(x), ωf(x)) = (x, f(x), ωf(x))

because ωf(x) is a constant path. When t = 1, then

φ(λ, 1)(s) = λ(0)

for 1 ≤ s ≤ 1. Thus
H(x, b, λ; 1) = (x, b, ωλ(0)) = (x, f(x), ωf(x)) ⊆ Ã

and hence the result. �

A pair of space (X,A) is called aDR-pair if there are continuous maps u : X → I and h : X×I →
X such that

(1). A = u−1(0).
(2). h(x, 0) = x for all x ∈ X;
(3). h(x, t) = x for all x ∈ A and t ∈ I;
(4). h(X × 1) ⊆ A.

Conditions (2) − (4) tell that A is a strong deformation retract of X. Condition (1) tells that
A = u−1(0) for a map u : X → I. The pair (u, h) is said to represent (X,A) as a DR-pair.

A pair of space (X,A) is called an NDR-pair if there are continuous maps u : X → I and
h : X × I → X such that

(1). A = u−1(0).
(2). h(x, 0) = x for all x ∈ X;
(3). h(x, t) = x for all x ∈ A and t ∈ I;
(4). h(x, 1) ⊆ A for all x ∈ X such that u(x) < 1.

The pair (u, h) is said to represent (X,A) as an NDR-pair.
The following theorem is from Steenrod’s paper [22]

Lemma 6.33. If X is compactly generated and A is closed in X, then the following statements
are equivalent each other:

(1). (X,A) is an NDR-pair.
(2). (X × I,X × 0 ∪A× I) is a DR-pair.
(3). X × 0 ∪A× I is a retract of X × I.
(4). (X,A) has the homotopy extension property with respect to any spaces, that is the inclusion

A→ X is a cofibration.

Proof. We only prove (1) =⇒ (2) (without using the assumption that X is compactly gener-
ated). We refer to Steenrod’s paper for having a complete proof.

(1) =⇒ (2). Assume that (X,A) is an NDR-pair represented by (u, h). Define

ũ : X × I → I

by setting
ũ(x, t) = tu(x).

Then
ũ−1(0) = X × 0 ∪A× I.

Now define
H : (X × I)× I → X × I
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by setting
H(x, s, t) = (h(x, t), (1− tu(x))s).

Then
H(x, s, 0) = (h(x, 0), s) = (x, s).

For x ∈ A, since u(x) = 0 and h(x, t) = x,

H(x, s, t) = (h(x, t), s) = (x, s).

Now
H(x, s, 1) = (h(x, 1), (1− u(x))s).

If u(x) < 1, then h(x, 1) ∈ A and so H(x, s, 1) ∈ A× I. If u(x) = 1, then

H(x, s, 1) = (h(x, 1), 0) ∈ X × 0.

It follows that
H(X × I × 1) ⊆ X × 0 ∪A× I.

This shows that (X × I,X × 0 ∪A× I) is a DR-pair represented by (ũ, H). �

Lemma 6.34. Let p : E → B be a fibration and let (X,A) be a pair of spaces. Suppose that
(X,A) is DR-pair. Then every lifting problem

A
g - E

X
?

∩

f -

f̃

-

B

p

?

has a solution.

Proof. Let u : X → I and h : X × I → X satisfy the conditions for (X,A) to be a DR-pair.
Let r : X → A be the map given by r(x) = h(x, 1). Define a new homotopy Φ: X × I → X by
setting

Φ(x, t) =


h(x, 1) if u(x) = 0,

h
(
x, 1− t

u(x)

)
if 0 ≤ t < u(x),

h(x, 0) = x if t ≥ u(x) > 0.
We need to show that Φ is continuous. Observe that Φ restricted to the open subset (X r A) × I
is continuous as u(x) > 0 for x ∈ X rA. Let (x, t) ∈ A× I. Let U be any open neighborhood of x.
Then

{x} × I ⊆ h−1(U)
as h(x, s) = x for x ∈ A and 0 ≤ s ≤ 1. There exists an open neighborhood V of x such that

V × I ⊆ h−1(U)

because h−1(U) is open in X × I containing {x} × I. Note that Φ(y, s) = h(y, s′) for some s′

depending on y and s. It follows that

Φ(V × I) ⊆ h(V × I) ⊆ U.
and so Φ is continuous.
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Now let H : X × I → E be a solution to the lifting problem

X × 0
g ◦ r- E

X × I
?

∩

f ◦ Φ-

H

-

B.

p

?

Define f̃ : X → E by setting
f̃(x) = H(x, u(x)).

Then
p ◦ f̃(x) = p ◦H(x, u(x))

= f ◦ Φ(x, u(x))

=
f ◦ h(x, 0) = f(x) if u(x) > 0
f ◦ h(x, 1) = f(x) if u(x) = 0

= f(x)

and, for x ∈ A, we have u(x) = 0 and r(x). Thus

f̃(x) = H(x, u(x))
= H(x, 0)
= g ◦ r(x)
= g(x)

for x ∈ A and so f̃ is a solution to the lifting problem. The proof is finished. �

Note. The technical part in the proof is that the function Φ is continuous although the function

θ(s, t) =

 1 if s = 0
1− t

s if 0 ≤ t < s
0 if t ≥ s

is NOT continuous on I × I.
A homotopy lifting problem for a pair of spaces (X,A) can be symbolized by a commutative

diagram

(7)

X × 0 ∪A× I
g - E

X × I
?

∩

G -

-

B.

p

?

Lemma 6.34 has the following important consequence.

Theorem 6.35. Let p : E → B be a fibration and let (X,A) be a pair of spaces. Suppose that
(1). X is compactly generated.
(2). A is a closed subspace of X.
(3). the inclusion A→ X is a fibration.
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Then every homotopy lifting problem

X × 0 ∪A× I
g - E

X × I
?

∩

G -

-

B.

p

?

has a solution.

Proof. By the assumptions, (X × I,X × 0 ∪A× I) is a DR-pair. The assertion follows from
Lemma 6.34. �

Theorem 6.36. Let p : E → B be a fibration. Suppose that (Pp, ∗) is an NDR-pair, where
∗ = (x0, ω0) is the basepoint of Pp. Then Pp ' F as pointed spaces.

The following proof is a modification of the proof of Theorem 6.5.7 in Maunder’s book [14,
Theorem 6.5.7]. The careful reader may find out that the assumption that (Pp, ∗) is an NDR-pair
is needed for having pointed homotopies constructed in Maunder’s book.

Proof. Consider the sequence

Pp
p1- E

p- B.

Define the map
j : F - Pp

by j(x) = (x, ω0), where ω0(t) = b0 is the constant path.
The composite p ◦ p1 : Pp → B is null homotopic under the homotopy G : Pp × I → B given by

G(x, λ, t) = λ(t).

Since
G(x0, ω0, t) = ω0(t) = b0

for 0 ≤ t ≤ 1, G is a pointed homotopy. Since (Pp, ∗) is an NDR-pair, (Pp × I, Pp × 0 ∪ ∗ × I) is a
DR-pair. Thus there exists a pointed homotopy H : Pp × I → E such that the diagram

(Pp × 0)× ((x0, ω0)× I)
p1 - E

Pp × I
?

∩

G -

H

-

B

p

?

commutes.
Since p(H1(Pp)) = G1(Pp) = b0, H1(Pp) ⊆ F . Regard H1 as a map into F by µ, that is

µ : Pp → F such that i ◦ µ = H1, where i : F → E is the inclusion.
Consider the composite

F × I j×id- Pp × I
H- E

p- B.
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For (x, t) ∈ F × I,

p ◦H(j(x), t) = p ◦H(x, ω0, t) = G(x, ω0, t) = ω0(t) = b0.

Thus the composite

F × I j×id- Pp × I
H- E

maps into the subspace F with

H(g(x0), t) = H(x0, ω0, t) = x0

for 0 ≤ t ≤ 1, which gives a pointed homotopy between idF and µ ◦ j.
Now define J : Pp × I → PB by setting

J(x, λ, s)(t) = λ(s+ t(1− s)).

This is continuous because under the association map it corresponds to a continuous map

(Pp × I) ∧ I - B.

Now
(H,J) : Pp × I - E × PB

maps into Pp because

J(x, λ, s)(0) = λ(s) = G(x, λ, s) = p(H(x, λ, s)).

Thus it gives a homotopy (H,J) : Pp × I → Pp with

(H,J)(x0, ω0, s) = (H(x0, ω0, s), J(x0, ω0, s)) = (x0, ω0).

Note that
(H,J)(x, λ, 0) = (H(x, λ, 0), J(x, λ, 0)) = (x, λ) = idPf

(x, λ)

and
(H,J)(x, λ, 1) = (H1(x, λ), J(x, λ, 1)) = (H1(x, λ), ω0) = j ◦ µ(x, λ).

We obtain j ◦ µ ' idPp
and hence the result. �

3.3. Serre Fibration. A map p : E → B is called Serre fibration if it has the homotopy lifting
property with respect to the disks Dn for all n ≥ 0. In other words, p : E → B is a Serre fibration
if and only if every homotopy lifting problem

Dn × 0
g - E

Dn × I
?

∩

G -

-

B

p

?

has a solution.

Proposition 6.37 (Path-lifting Property). Let p : E → B be a Serre fibration. Then for any
point x ∈ E and any path λ : I → B such that λ(0) = p(x). Then there is a lifting path λ̃ : I → E

such that λ̃(0) = x and p ◦ λ̃ = λ.
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Proof. The assertion follows from a solution to the homotopy lifting problem

0
g - E

I
?

∩

λ -

λ̃

-

B,

p

?

where g(0) = x. �

Note. For covering spaces, the lifting path is unique. But for Serre fibrations, the lifting path may
not be unique in general.

Proposition 6.38. If p : E → B is a Serre fibration, then it has the homotopy lifting property
with respect to the pairs (Dn, ∂Dn) for all n ≥ 0.

Proof. The assertion follows from the fact that

(Dn × I,Dn × 0) ∼= (Dn × I,Dn × 0 ∪ ∂Dn × I).

�

More generally, we have the following theorem for Serre fibrations.

Theorem 6.39. If p : E → B is a Serre fibration, then it has the homotopy lifting property with
respect to any pairs (X,A) of CW -complexes.

Proof. Given a homotopy lifting problem

X × 0 ∪A× I
g - E

X × I
?

∩

G -

H

-

B.

p

?

We are going to construct a sequence of homotopies Hn : (skn(X)∪A)× I → E such that each Hn

is a solution of the homotopy lifting problem

(skn(X) ∪A)× 0 ∪ (skn−1(X) ∪A)× I
(g|skn(X)∪A) ∪Hn−1

- E

(skn(X) ∪A)× I
?

∩

G|(skn(X)∪A)×I -

H
n

-

B

p

?

by induction on n. The assertion will follow from this statement by setting

H =
⋃
n

Hn : X × I =
⋃
n

(skn(X) ∪A)× I - E.
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When n = 0, then sk0(X) ∪ A is the union of A with a discrete set of points. For each x ∈
sk0(X)∪ArA, there is a lifting path λ̃ : x× I → E such that λ̃(x, 0) = g(x) and pλ̃(x, t) = G(x, t).
This defines a map

H0 : (sk0(X) ∪A)× I - E

which is a solution of the above diagram in the case n = 0.
Suppose that Hn−1 has constructed with the desired property. Let en

α be any n-cell such that

en ∩ (skn−1(X) ∪A) = ∂(en) ∩ (skn−1(X) ∪A),

that en
α is any n-cell that does not lie in skn−1(X) ∪ A. Let Hn

α be a solution of the following
homotopy lifting problem

(skn(X) ∪A)× 0 ∪ (skn−1(X) ∪A)× I
(g|skn(X)∪A) ∪Hn−1

- E

Dn × 0 ∪ Sn−1 × I ⊂ -

�
iα ∪ (fα × id

I )

Dn × I

H
n
α

-

Dn × I
?

∩

====
====

====
====

====
====

====

(skn(X) ∪A)× I
?

∩

G|(skn(X)∪A)×I -
�

iα×
idI

B,

p

?

where
(iα, fα) : (Dn, Sn−1) - (skn(X) ∪A, skn−1(X) ∪A)

is the characteristic map of the n-cell en
α. The maps {Hn

α} induce a map

Hn : (skn(X) ∪A)× I → E

with the desired property. The induction is finished and hence the result. �

Proposition 6.40. Let p : E → B be a Serre fibration with fibre F . Then Ωp : ΩE → ΩB is a
Serre fibration with fibre ΩF . Thus Ωnp : ΩnE → ΩnB is a Serre fibration with fibre ΩnF for any
n ≥ 0.

Proof. By taking the adjoint, the homotopy lifting problem

Dn × 0
g - ΩE

Dn × I
?

∩

G -

-

ΩB

Ωp

?
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is equivalent to the homotopy lifting problem

(8)

(Dn × 0) ∧ S1 g′ - E

(Dn × I) ∧ S1
?

∩

G′ -

-

B,

p

?

where g′ and G′ are the adjoint maps of g and G, respectively. Note that

(Dn × I) ∧ S1 = (Dn × I × I)/((∗ × 0× I) ∪ (Dn × I × ∂I)).
Let Ḡ be the composite

Ḡ : Dn × I × I pinch-- (Dn × I) ∧ S1 G′
- B,

that is Ḡ(x, s, t) = G′(x, s, t). Then Ḡ maps the subspace (∗×0×I)∪(Dn×I×∂I) to the basepoint
b0 of B. Define the map

ḡ : (Dn × 0× I) ∪ (Dn × I × ∂I) - E

by setting

ḡ(x) =
{
g′(x) if x ∈ Dn × 0× I,
e0 if x ∈ Dn × I × ∂I,

where e0 is the basepoint of E with p(e0) = b0. The map ḡ is well-defined (and so continuous)
because for

x ∈ (Dn × 0× I) ∩ (Dn × I × ∂I) = Dn × 0× ∂I
we have g′(x) = e0 as g′ is pointed map from (Dn × 0) ∧ S1 to E. Let H̄ be a solution to the
homotopy lifting problem

(Dn × I × 0) ∪ (Dn × ∂I)× I ∼= (Dn × 0× I) ∪ (Dn × I × ∂I)
ḡ - E

Dn × I × I ∼= Dn × I × I
?

∩

Ḡ -

H̄

-

B,

p

?

where the homeomorphisms in the left column are given by switching the last two coordinates. Then
H̄ maps the subspace

(∗ × 0× I) ∪ (Dn × I × ∂I)
to the basepoint e0 and so it induces a map

H ′ : (Dn × I) ∧ S1 - E

which is a solution to the homotopy lifting problem in Diagram (8). This finishes the proof. �

Given a Serre fibration p : E → B with fibre F . We are going to define a boundary map

∂n+1 : πn+1(B)→ πn(F )

for each n ≥ 0. Recall that πn+1(B) = π1(ΩnB). Let [λ] ∈ π1(ΩnB). By Proposition 6.40,
Ωnp : ΩnE → ΩnB is a Serre fibration. Thus there is a lifting path

λ̃ : I → E
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such that λ̃(0) = e0 and p ◦ λ̃ = λ. In particular.

p(λ̃(1)) = λ(1) = b0

and so
λ̃(1) ∈ ΩnF.

Note πn(F ) = π0(ΩnF ) = ΩnF/ ' is the set of path-connected components of ΩnF . Define

∂n+1([λ]) = [λ̃(1)] ∈ π0(ΩnF ).

Lemma 6.41. Let p : E → B be a Serre fibration with fibre F . Then

∂n+1 : πn+1(B)→ πn(F )

is a well-defined function for each n ≥ 0. Moreover ∂n+1 is natural in the following sense: If

E
p - B

E′

f

? p′ - B′

f̄

?

is a commutative diagram with the property that p and p′ are Serre fibrations with fibres F and F ′,
respectively, then there is a commutative diagram

πn+1(B)
∂p

n+1- πn(F )

πn+1(B′)

f̄∗

? ∂p′

n+1- πn(F ′).

f |F∗

?

Proof. The second statement follows immediately from the construction of the boundary ∂n+1

whence it is well-defined.
For proving the first statement, let λ, λ′ : S1 → ΩnB be loops such that λ ' λ′ rel b0. Then

there is a homotopy
G : I × I - ΩnB

such that G(s, 0) = λ(s), G(s, 1) = λ′(s), G(0, t) = G(1, t) = b0 for 0 ≤ s, t ≤ 1. Let λ̃, λ̃′ : I → ΩnE
be lifting paths of λ and λ′, respectively, starting from e0. Let

g : (0× I) ∪ (I × ∂I) - ΩnE

be the map defined by g(0, t) = e0, g(s, 0) = λ̃(s) and g(s, 1) = λ̃′(s). Let H be a solution to the
homotopy lifting problem

(0× I) ∪ (I × ∂I)
g - ΩnE

I × I
?

∩

G-

H

-

ΩnB.

Ωnp

?



3. FIBRATIONS AND FIBRE SEQUENCES 151

Since
ΩnpH(1, t) = G(1, t) = b0,

we have a path t 7→ H(1, t) in ΩnF starting from H(1, 0) = λ̃(1) and ending with H(1, 1) = λ̃′(1).
Thus

[λ̃(1)] = [λ̃′(1)]

in π0(ΩnF ) and hence ∂n+1 is well-defined. �

Proposition 6.42. Let p : E → B be a Serre fibration. Then the boundary

∂n+1 : πn+1(B)→ πn(F )

is a group homomorphism for n ≥ 1.

Proof. Consider the commutative diagram

ΩnF × ΩnF ⊂- ΩnE × ΩnE
Ωnp× Ωnp- ΩnB × ΩnB

ΩnF

µ

?
⊂ - ΩnE

µ

? p - ΩnB,

µ

?

where µ : ΩnZ × ΩnZ → ΩnZ is the multiplication on ΩnZ = Map∗(Sn, Z) induced by the comul-
tiplication of Sn. Since Ωnp : ΩnE → ΩnB is a Serre fibration, so is

Ωnp× Ωnp : ΩnE × ΩnE - ΩnB × ΩnB.

Let [λi] be an element in πn+1(B) = π1(ΩnB) for i = 1, 2. Let λ̃i : I → ΩnE be a lifting path
of λi starting from e0. Then the path

t 7→ (λ̃1(t), λ̃2(t))

in ΩnE × ΩnE is a lifting of the loop

(λ1, λ2) : S1 - ΩnB × ΩnB.

By the definition of the boundary, we have

∂p×p
n+1([λ1], [λ2]) = [(λ̃1(1), λ̃2(1))]

= ([λ̃1(1)], [λ̃2(1)])
= (∂n+1([λ1]), ∂n+1([λ2]))

in π0(ΩnF × ΩnF ) = π0(ΩnF )× π0(ΩnF ). From the commutative diagram

πn+1(B ×B) = π1(ΩnB × ΩnB)
∂p×p

n+1- π0(ΩnF × ΩnF )

πn+1(B) = π1(ΩnB)

µ∗

? ∂n+1- π0(ΩnF ) = πn(F ),

µ∗

?
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we have
∂n+1([λ1][λ2]) = ∂n+1 ◦ µ∗([λ1], [λ2])

= µ∗ ◦ ∂p×p
n+1([λ1], [λ2])

= µ∗(∂n+1([λ1]), ∂n+1([λ2]))
= ∂n+1([λ1])∂n+1([λ2])

and hence the result. �

Theorem 6.43. Suppose that p : E → B is a Serre fibration with fibre F . Then there is a long
exact sequence

· · · ∂n+1- πn(F )
i∗- πn(E)

p∗- πn(B)
∂n- πn−1(F ) - · · · - π0(F )

i∗- π0(E)
p∗- π0(B),

where i : F → E is the inclusion.

Proof. (1). πn(F )
i∗- πn(E)

p∗- πn(B) is exact.
Since p : E → B is a Serre fibration, so is Ωnp : ΩnE → ΩnB. Let x ∈ ΩnE such that Ωnp∗(x) is

trivial in π0(ΩnB). Then there is a path λ in B starting from Ωnp(x) and ending with the basepoint.
Let λ̃ be a lifting path of λ starting from x. Then λ̃(1)ΩnF because

Ωnp(λ̃(1)) = λ(1) = ∗.
It follows that

i∗([λ̃(1)]) = [x]

because x and λ̃(1) are connected by the path λ̃ in ΩnE.
(2). πn+1(E)

p∗- πn+1(B)
∂n+1- πn(F ) is exact.

Let [λ] ∈ π1(ΩnB) and let λ̃ : I → ΩnE be a lifting path of λ with λ̃(0) = ∗. Suppose that

∂n+1([λ]) = [λ̃(1)]

is trivial in π0(ΩnF ). Then there is a path

µ : I → ΩnF

with µ(0) = λ̃(1) and µ(1) = ∗. Define
λ̄ = λ̃ ∗ µ

be the path product in ΩnE. Then λ̄(0) = λ̃(0) = ∗ and λ̄(1) = µ(1) = ∗. Hence λ̄ is a loop in
ΩnE. Now

p∗([λ̄]) = p∗([λ̃] ∗ [µ])
= [Ωnp(λ̃)] ∗ [Ωnp(µ)]
= [λ] ∗ [Ωnp(µ)]
= [λ]

because Ωnp(µ) is the constant loop in ΩnB as µ is a path in the fibre ΩnF . It follows that
[λ] ∈ Im(p∗).

(3). πn+1(B)
∂n+1- πn(F )

i∗- πn(E) is exact.
Let x ∈ ΩnF be a point such that i∗([x]) is trivial in π0(E). Then there is a path λ in ΩnE

from the basepoint ∗ to x. Then
λ̄ = Ωnp ◦ λ

is a loop in ΩnB. Since λ is a lifting path of λ̄, by the definition of ∂n+1

∂n+1([λ̄]) = [λ(1)] = [x]
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and so [x] ∈ Im(∂n+1). The proof is finished now. �

Let p : E → B be a Serre fibration. Then there is a commutative diagram

Pp
⊂ - P̃p

q - B

F

j′

∪

6

⊂ - E

j

∪

6

p - B,

wwwwwwwwww
where j is a homotopy equivalence and q is a fibration.

Proposition 6.44. Let p : E → B be a Serre fibration. Then j′ : F → Pp is a weak homotopy
equivalence, that is

j′∗ : πn(F ) - πn(Pp)
is an isomorphism for each n.

Proof. Since q : P̃p → B is a fibration, it is a Serre fibration. Thus there is a commutative
diagram of long exact sequences

· · · - πn+1(P̃p)
q∗- πn+1(B)

∂n+1- πn(Pp) - πn(P̃p)
q∗- πn(B)

∂n - · · ·

· · · - πn+1(E)

∼= j∗

6

p∗- πn+1(B)

wwwwwwwww
∂n+1- πn(F )

j′∗

6

i∗- πn(E)

∼= j∗

6

p∗- πn(B)

wwwwwwwww
∂n - · · · .

Thus
j′∗ : πn(F ) - πn(Pp)

is an isomorphism for n ≥ 1 by the Five Lemma.
We show that j′∗ : π0(F ) → π0(Pp) is one-to-one. Let x1, x2 ∈ F such that j′∗([x1]) = j′∗([x2]),

that is there is a path λ̃ : I → Pp such that λ̃(0) = x1 and λ̃(1) = x2. Recall that

Pp = {(x, λ) ∈ E × PB | p(x) = λ(0)}
with p1 : Pp → E given by p1(x, λ) = x and p2 : Pp → PB given by p2(x, λ) = λ. Observe that

j′(x) = (x, ω0)

for x ∈ F , where ω0(t) = b0 for 0 ≤ t ≤ 1. Let

λ = p1 ◦ λ̃ : I → E.

Then λ(0) = x1 and λ(1) = x2. By taking the adjoint of the path p2 ◦ λ̃ : I → PB, we have the map

G : I × I → B

with G(s, t) = p2(λ̃(s))(t). Then the following conditions hold
(1). G(s, 0) = p2(λ̃(s))(0) = p(λ(s)) for 0 ≤ s ≤ 1.
(2). G(0, t) = p2(λ̃(0))(t) = p2(x1, ω0)(t) = b0 for 0 ≤ t ≤ 1.
(3). G(1, t) = p2(λ̃(1))(t) = p2(x2, ω0)(t) = b0 for 0 ≤ t ≤ 1.
(4). G(s, 1) = p2(λ̃(s))(1) = b0 for 0 ≤ t ≤ 1.
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Define g : I × 0 ∪ (∂I × I) → E by setting g(s, 0) = λ(s), g(0, t) = x1, g(1, t) = x2. Let H be a
solution to the homotopy lifting problem

I × 0 ∪ (∂I × I)
g - E

I × I
?

∩

G -

H

-

B.

p

?

Then pH(s, 1) = G(s, 1) = b0 for 0 ≤ s ≤ 1 with H(0, 1) = g(0, 1) = x1 and H(1, 1) = g(1, 1) = x2.
Thus H(s, 1) is a path in F from x1 to x2 and so [x1] = [x2]. This proves that j′∗ is one-to-one.

Now we show that j′∗ : π0(F )→ π0(Pp) is onto. Let

(x, λ) ∈ Pp

be a point, where x ∈ E and λ ∈ PB with λ(0) = p(x) and λ(1) = b0. Since p : E → B is a Serre
fibration, there is a lifting path λ̃ : I → E such that λ̃(0) = x and p ◦ λ̃ = λ. Then y = λ̃(1) ∈ F
because

pλ̃(1) = λ(1) = b0.

Define θ : I × I → B by setting

θ(s, t) = λ((1− t)s+ t).

Then

(1). θ(s, 1) = λ(1) = b0 and so θ(s,−) ∈ PB.
(2). θ(s, 0) = λ(s) = p(λ̃(s)).
(3). θ(1, t) = λ(1) = b0 and so θ(1,−) = ω0.
(4). θ(0, t) = λ(t) and so θ(0,−)λ.

Now define a path λ̄ : I → Pp by

λ̄(s) = (λ̃(s), θ(s,−)).

Then λ̄(0) = (x, λ) and λ̄(1) = (y, ω0) = j′(y). Thus j′(y) ' (x, λ). This proves that

j′∗ : π0(F )→ π0(Pp)

is onto and hence the result. �

By Theorems 6.15 and 6.23, we have the following:

Proposition 6.45. Suppose that p : E → B is a Serre fibration with fibre F . Then there is long
exact sequence

· · ·
Ω∂∗- [X,ΩF ]

i∗- [X,ΩE]
Ωp∗- [X,ΩB]

∂∗- [X,F ]
i∗- [X,E]

p∗- [X,B]

for any pointed CW -complexes X. �
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3.4. Fibre Sequences. A sequence X
f- Y

g- Z is called a fibre sequence if there exists
a a fibration p : E → B with fibre F with a homotopy commutative diagram

X
f - Y

g - Z

F

φ

? i - E

ψ

? p - B

θ

?

such that the columns are (weak) homotopy equivalences.

Lemma 6.46 (Cohen-Moore-Neisendorfer Lemma). A homotopy commutative diagram

A1
f1 - B1

A2

g1

? f2 - B2

g2

?

can be embedded into a homotopy commutative diagram
F - F1

- F2

G1

?
- A1

?
- B1

?

G2

?
- A2

?
- B2

?

in which the rows and columns are fibre sequences.

Proof. First we replace g2 and f2 by fibrations as in the following diagram

A1
f1 - B1

⊂
j1

'
- P̃g2

A2

g1

? f2 - B2

g2

?�
g̃ 2

P̃f2 ,

' j2

?

∩

f̃ 2

-
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where f̃2 and g̃2 are fibrations with homotopy equivalences j1 and j2.
Now let E be the pull-back in the following diagram

E
f ′2 - P̃g2

P̃f2

g′2

?
f̃2 - B2,

g̃2

?

that is
E = {(x, y) ∈ P̃f2 × P̃g2 | f̃2(x) = g̃2(y)}.

Since f̃2 and g̃2 are fibrations, so are f ′2 and g′2.
Let

G : A1 × I - B2

be a homotopy such that G0 = f2 ◦ g1 = f̃2 ◦ (j2 ◦ g1) and G1 = g2 ◦ f1 = g̃2 ◦ (j1 ◦ f1). Then there
are solutions H ′ and H ′′ for the homotopy lifting problem:

A1 × 1
j1 ◦ f1- P̃g2

A1 × 0 ⊂ - A1 × I
?

∩

H
′′

-

P̃f2

j1 ◦ g1
?

f̃2 -
�

H
′

B2.

g̃2

?

G

-

Define the map H : A1 × I → E by setting

H(x, t) = (H ′(x, t),H ′′(x, t)).

This map is well-defined because g̃2 ◦H ′′ = f̃2 ◦H ′ = G. The map H has a decomposition

A1 × I ⊂
j3

'
- P̃H

H̃- E

with H̃ a fibration. Now we obtain a commutative diagram of fibrations

P̃H
f ′2 ◦ H̃- P̃g2

P̃f2

g′2 ◦ H̃
?

f̃2 - B2,

g̃2

?
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where f ′2 ◦ H̃2 and g′2 ◦ H̃ are fibrations because they are the compositions of fibrations. Since the
composites

A1 × 1 ⊂
'
- A1 × I ⊂

j3

'
- P̃H

f ′2◦H̃- P̃g2

A1 × 0 ⊂
'
- A1 × I ⊂

j3

'
- P̃H

g′2◦H̃- P̃f2

are homotopic to j1 ◦ f1 and j2 ◦ g1, respectively with homotopy equivalences j1 and j2. The above
diagram is a replacement of the homotopy commutative diagram

A1
f1 - B1

A2

g1

? f2 - B2.

g2

?

Now we obtain a commutative diagram

F ⊂ - F1
- F2

G1

?

∩

⊂ - P̃H

?

∩

f ′2 ◦ H̃- P̃g2

i1

?

∩

G2

?
⊂

i2 - P̃f2

g′2 ◦ H̃
?

f̃2 - B2

g̃2

?

of fibrations, where the top row is a fibration because it is the induced fibration via the inclusion
i1 : F2 → P̃g2 and the left column is a fibration as it is induced by i2 : G2

⊂ - P̃f2 . The proof is
finished. �

3.5. Fibre Bundles. A bundle means a triple (E, p,B), where p : E → B is a (continuous)
map. The space B is called the base space, the space E is called the total space, and the map p is
called the projection of the bundle. For each b ∈ B, p−1(b) is called the fibre of the bundle over
b ∈ B.

Intuitively, a bundle can be thought as a union of fibres f−1(b) for b ∈ B parameterized by B
and glued together by the topology of the space E. Usually a Greek letter ( ξ, η, ζ, λ, etc) is used to
denote a bundle; then E(ξ) denotes the total space of ξ, and B(ξ) denotes the base space of ξ.
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A morphism of bundles (φ, φ̄) : ξ → ξ′ is a pair of (continuous) maps φ : E(ξ) → E(ξ′) and
φ̄ : B(ξ)→ B(ξ′) such that the diagram

E(ξ)
φ- E(ξ′)

B(ξ)

p(ξ)

? φ̄- B(ξ′)

p(ξ′)

?

commutes.
The trivial bundle is the projection of the Cartesian product:

p : B × F → B, (x, y) 7→ x.

Roughly speaking, a fibre bundle p : E → B is a “locally trivial” bundle with a “fixed fibre”
F . More precisely, for any x ∈ B, there exists an open neighborhood U of x such that p−1(U) is
a trivial bundle, in other words, there is a homeomorphism φU : p−1(U) → U × F such that the
diagram

U × F
φx- p−1(U)

U

π1

?
========= U

p

?

commutes, that is, p(φ(x′, y)) = x′ for any x′ ∈ U and y ∈ F .
Similar to manifolds, we can use “chart” to describe fibre bundles. A chart (U, φ) for a bundle

p : E → B is (1) an open set U of B and (2) a homeomorphism φ : U × F → p−1(U) such that
p(φ(x′, y)) = x′ for any x′ ∈ U and y ∈ F . An atlas is a collection of charts {(Uα, φα)} such that
{Uα} is an open covering of B.

Proposition 6.47. A bundle p : E → B is a fibre bundle with fibre F if and only if it has an
atlas.

Proof. Suppose that p : E → B is a fibre bundle. Then the collection {(U(x), φx)|x ∈ B} is
an atlas.

Conversely suppose that p : E → B has an atlas. For any x ∈ B there exists α such that x ∈ Uα

and so Uα is an open neighborhood of x with the property that p|p−1(U) : p−1(Uα)→ Uα is a trivial
bundle. Thus p : E → B is a fibre bundle. �

Theorem 6.48. Let p : E → B be a fibre bundle. Then p is a Serre fibration.

A theorem of Huebsch and Hurewicz proved in Spanier’s book [21, Section 2.7] says that fibre
bundles over paracompact base spaces are fibrations.
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Proof. We show that p : E → B has the homotopy lifting property for disks, or equivalently,
cubes. Given a homotopy lifting problem

In × 0
g - E

In × I
?

∩

G -

H

-

B.

p

?

Let {(Uα, φα)} be an atlas. Since {Uα} is an open cover of B, {G−1(Uα)} is an open cover of In×I,
that is ⋃

α

G−1(Uα) = In × I.

Since In × I is compact, there exist finite open sets G−1(Uα1), . . . G
−1(UαK

) such that
K⋃

k=1

G−1(Uαk
) = In × I.

Subdivide In into small cubes C and I into intervals Ij = [tj , tj+1], 0 ≤ j ≤ m, so that each
product C × Ij is mapped by G into Uαk

for some 1 ≤ k ≤ K. Let the small cubes C be ordered by
C1, C2, . . . , CT . Define an order on {Ci × Ij} by the dictionary order:

C1 × I0, C2 × I0, . . . , CT × I0, C1 × I1, C2 × I1, . . . , CT × I1, . . . , C1 × Im, C2 × Im, . . . , CT × Im.
Let G(Ci × Ij) ⊆ Uαki,j

for some 1 ≤ ki,j ≤ K. The homotopy lifting problem can be solved by
constructing H|Ci×Ij with desired properties by induction. In the first case, from the commutative
diagram

C1 × 0
g|C1- p−1(Uαk1,0

)⊆ E

C1 × I0
?

∩

G|C1×I0 -

H
|C1

×I0
-

Uαk1,0

p

?
⊆ B,

p

?

the lifting H|C1×I0 exists because p : p−1(Uαk1,0
) → Uαk1,0

is the trivial bundle. Suppose that
HCi′×Ij′ are constructed for all Ci′ × Cj′ preceding to Ci × Ij . Then there is a subcomplex A of
∂Ci such that the map H is already defined on Ci × tj and A× Ij . Since

p−1(Uαki,j
)→ Uαki,j

is the trivial bundle, there is a solution H|Ci×Ij
to the homotopy lifting problem

(Ci × tj) ∪ (A× Ij) - p−1(Uαki,j
)⊆ E

Ci × Ij
?

∩

G|Ci×Ij -

H|Ci×
Ij

-

Uαki,j

p

?
⊆ B.

p

?
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The induction is finished and hence the result. �

Corollary 6.49. Suppose that p : E → B is a Serre fibration with fibre F . Then there is a
long exact sequence

· · · ∂n+1- πn(F )
i∗- πn(E)

p∗- πn(B)
∂n- πn−1(F ) - · · · - π0(F )

i∗- π0(E)
p∗- π0(B),

where i : F → E is the inclusion. �

3.5.1. Further Properties of Fibre Bundles. Let ξ be a fibre bundle with fibre F and an atlas
{(Uα, φα)}. The composite

φ−1
α ◦ φβ : (Uα ∩ Uβ)× F φβ- p−1(Uα ∩ Uβ)

φ−1
α- (Uα ∩ Uβ)× F

has the property that
φ−1

α ◦ φβ(x, y) = (x, gαβ(x, y))

for any x ∈ Uα ∩ Uβ and y ∈ F . Consider the continuous map gαβ : Uαβ × F → F . Fixing any x,
gαβ(x,−) : F → F , y 7→ gαβ(x, y) is a homeomorphism with inverse given by gβα(x,−). This gives
a transition function

gαβ : Uα ∩ Uβ
- Homeo(F, F ),

where Homeo(F, F ) is the group of all homeomorphisms from F to F .

Exercise 3.1. Prove that the transition functions {gαβ} satisfy the following equation

(9) gαβ(x) ◦ gβγ(x) = gαγ(x) x ∈ Uα ∩ Uβ ∩ Uγ .

By choosing α = β = γ, gαα(x) ◦ gαα(x) = gαα(x) and so

(10) gαα(x) = x x ∈ Uα

.
By choosing α = γ, gαβ(x) ◦ gβα(x) = gαα(x) = x and so

(11) gβα(x) = gαβ(x)−1 x ∈ Uα ∩ Uβ .

We need to introduce a topology on Homeo(F, F ) such that the transition functions gαβ are
continuous. The topology on Homeo(F, F ) is given by compact-open topology briefly reviewed as
follows:

Let X and Y be topological spaces. Let Map(X,Y ) denote the set of all continuous maps from
X to Y . Given any compact set K of X and any open set U of Y , let

WK,U = {f ∈ Map(X,Y ) | f(K) ⊆ U}.

Then the compact-open topology is generated by WK,U , that is, an open set in Map(X,Y ) is an
arbitrary union of a finite intersection of subsets with the form WK,U .

Map(F, F ) be the set of all continuous maps from F to F with compact open topology. Then
Homeo(F, F ) is a subset of Map(F, F ) with subspace topology.

Proposition 6.50. If Homeo(F, F ) has the compact-open topology, then the transition functions
gαβ : Uα ∩ Uβ → Homeo(F, F ) are continuous.
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Proof. Given WK,U , we show that g−1
αβ (WK,U ) is open in Uα∩Uβ . Let x0 ∈ Uα∩Uβ such that

gαβ(x0) ∈W(K,U). We need to show that there is a neighborhood V is x0 such that gαβ(V ) ⊆WK,U ,
or gαβ(V × K) ⊆ U . Since U is open and gαβ : (Uα ∩ Uβ) × F → F is continuous, g−1(U) is an
open set of (Uα ∩Uβ)× F with x0 ×K ⊆ g−1

αβ (U). For each y ∈ K, there exist open neighborhoods
V (y) of x and N(y) of y such that V (x)×N(y) ⊆ g−1

αβ (U). Since {N(y) | y ∈ K} is an open cover

of the compact set K, there is a finite cover {N(y1), . . . , N(yn)} of K. Let V =
n⋂

j=1

V (yj). Then

V ×K ⊆ g−1
αβ (U) and so gαβ(V ) ⊆WK,U . �

Proposition 6.51. If F regular and locally compact, then the composition and evaluation maps

Homeo(F, F )×Homeo(F, F ) - Homeo(F, F ) (g, f) 7→ f ◦ g

Homeo(F, F )× F - F (f, y) 7→ f(y)
are continuous.

Proof. Suppose that f ◦ g ∈ WK,U . Then f(g(K)) ⊆ U , or g(K) ⊆ f−1(U), and the latter is
open. Since F is regular and locally compact, there is an open set V such that

g(K) ⊆ V ⊆ V̄ ⊆ f−1(U)

and the closure V̄ is compact. If g′ ∈ WK,V and f ′ ∈ WV̄ ,U , then f ′ ◦ g′ ∈ WK,U . Thus WK,V and
WV̄ ,U are neighborhoods of g and f whose composition product lies in WK,U . This implies that
Homeo(F, F )×Homeo(F, F )→ Homeo(F, F ) is continuous.

Let U be an open set of F and let f0(y0) ∈ U or y0 ∈ f−1
0 (U). Since F is regular an locally

compact, there is a neighborhood V of y0 such that V̄ is compact and y0 ∈ V ⊆ V̄ ⊆ g−1
0 (U).

If g ∈ WV̄ ,U and y ∈ V , then g(y) ∈ U and so the evaluation map Homeo(F, F ) × F → F is
continuous. �

Proposition 6.52. If F is compact Hausdorff, then the inverse map

Homeo(F, F ) - Homeo(F, F ) f 7→ f−1

is continuous.

Proof. Suppose that g−1
0 ∈WK,U . Then g−1

0 (K) ⊆ U or K ⊆ g0(U). It follows that

F rK ⊇ F r g0(U) = g0(F r U)

because g0 is a homeomorphism. Note that F rU is compact, F rK is open and g0 ∈WFrU,FrK .
If g ∈WFrU,FrK , then, from the above arguments, g−1 ∈WK,U and hence the result. �

Note. If F is regular and locally compact, then Homeo(F, F ) is a topological monoid, namely
compact-open topology only fails in the continuity of g−1. A modification on compact-open topology
eliminates this defect [2].

Let G be a topological group and let X be a space. A right G-action on X means a(continuous)
map µ : X ×G→ X, (x, g) 7→ x · g such that x · 1 = x and (x · g) · h = x · (gh). In this case, we call
X a (right) G-space. Let X and Y be (right) G-spaces. A continuous map f : X → Y is called a
G-map if f(x · g) = f(x) · g for any x ∈ X and g ∈ G. Let X/G be the set of G-orbits xG, x ∈ X,
with quotient topology.

Proposition 6.53. Let X be a G-space.
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1) For fixing any g ∈ G, the map x 7→ x · g is a homeomorphism.
2) The projection π : X → X/G is an open map.

Proof. (1). The inverse is given by x 7→ x · g−1.
(2) If U is an open set of X,

π−1(π(U)) =
⋃
g∈G

U · g

is open because it is a union of open sets, and so π(U) is open by quotient topology. Thus π is an
open map. �

We are going to find some conditions such that π : X → X/G has canonical fibre bundle structure
with fibre G. Given any point x̄ ∈ X/G, choose x ∈ X such that π(x) = x̄. Then

π−1(x̄) = {x · g | g ∈ G} = G/Hx,

where Hx = {g ∈ G | x · g = x}.
For having constant fibre G, we need to assume that the G-action on X is free, namely

x · g = x =⇒ g = 1

for any x ∈ X. This is equivalent to the property that

x · g = x · h =⇒ g = h

for any x ∈ X. In this case we call X a free G-space.
Since a fibre bundle is locally trivial (locally Cartesian product), there is always a local cross-

section from the base space to the total space. Our second condition is that the projection π : X →
X/G has local cross-sections. More precisely, for any x̄ ∈ X/G, there is an open neighborhood U(x̄)
with a continuous map sx̄ : U(x̄)→ X such that π ◦ sx̄ = idU(x̄).

(Note. For every point x̄, we can always choose a pre-image of π, the local cross-section means
the pre-images can be chosen “continuously” in a neighborhood. This property depends on the
topology structure of X and X/G.)

Assume that X is a (right) free G-space with local cross-sections to π : X → X/G. Let x̄ be any
point in X/G. Let U(x̄) be a neighborhood of x̄ with a (continuous) crosse-section sx̄ : U(x̄)→ X.
Define

φx̄ : U(x̄)×G - π−1(U(x̄)) (ȳ, g) - sx̄(ȳ) · g
for any y ∈ U(x̄).

Exercise 3.2. Let X be a (right) free G-space with local cross-sections to π : X → X/G. Then
the continuous map φx̄ : U(x̄)×G→ π−1(U(x̄)) is one-to-one and onto. �

We need to find the third condition such that φx̄ is a homeomorphism. Let

X∗ = {(x, x · g) | x ∈ X, g ∈ G} ⊆ X ×X.
A function

τ : X∗ - G

such that
x · τ(x, x′) = x′ for all (x, x′) ∈ X

is called a translation function. (Note. If X is a free G-space, then translation function is unique
because, for any (x, x′) ∈ X∗, there is a unique g ∈ G such that x′ = x · g, and so, by definition,
τ(x, x′) = g.)
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Proposition 6.54. Let X be a (right) free G-space with local cross-sections to π : X → X/G.
Then the following statements are equivalent each other:

1) The translation function τ : X∗ → G is continuous.
2) For any x̄ ∈ X/G, the map φx̄ : U(x̄)×G→ π−1(U(x̄)) is a homeomorphism.
3) There is an atlas {(Uα, φα} of X/G such that the homeomorphisms

φα : Uα ×G - π−1(Uα)

satisfy the condition φα(ȳ, gh) = φα(ȳ, g) · h, that is φα is a homeomorphism of G-spaces.

Proof. (1) =⇒ (2). Consider the (continuous) map

θ : π−1(U(x̄)) - U(x̄)×G z 7→ (π(z), τ(sx̄(π(z)), z)).

Then
θ ◦ φx̄(ȳ, g) = θ(sx̄(ȳ) · g) = (ȳ, τ(sx̄(ȳ), sx̄(ȳ) · g)) = (ȳ, g),

φx̄ ◦ θ(z) = φx̄(π(z), τ(sx̄(π(z)), z)) = sx̄(π(z)) · τ(sx̄(π(z)), z) = z.

Thus φx̄ is a homeomorphism.
(2) =⇒ (3) is obvious.
(3) =⇒ (1). Note that the translation function is unique for free G-spaces. It suffices to show

that the restriction

τ(X) : X∗ ∩ (π−1(Uα)× π−1(Uα)) =
(
π−1(Uα)

)∗ - G

is continuous. Consider the commutative diagram

(Uα ×G)∗
φ∗α
∼=
-
(
π−1(Uα)

)∗

G

τ(Uα ×G)

?
=========== G.

τ(X)

?

Since
τ(Uα ×G)((ȳ, g), (ȳ, h)) = g−1h

is continuous, the translation function restricted to
(
π−1(Uα)

)∗
τ(X) = τ(Uα ×G) ◦ ((φα)∗)−1

is continuous for each α and so τ(X) is continuous. �

Now we give the definition. A principal G-bundle is a free G-space X such that

π : X → X/G

has local cross-sections and one of the (equivalent) conditions in the above Proposition holds.

Example. Let Γ be a topological group and let G be a closed subgroup. Then the action of G
on Γ given by (a, g) 7→ ag for a ∈ Γ and g ∈ G is free. Then translation function is given by
τ(a, b) = a−1b, which is continuous. Thus Γ→ Γ/G is principal G-bundle if and only if it has local
cross-sections.
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3.5.2. The Associated Principal G-Bundles of Fibre Bundles. We come back to look at fibre
bundles ξ given by p : E → B with fibre F . Let {(Uα, φα)} be an atlas and let

gαβ : Uα ∩ Uβ
- Homeo(F, F )

be the transition functions. A topological group G is called a group of the bundle ξ if

1) There is a group homomorphism

θ : G - Homeo(F, F ).

2) There exists an atlas of ξ such that the transition functions gαβ lift to G via θ, that is,
there is commutative diagram

Uα ∩ Uβ

gαβ- Homeo(F, F )

Uα ∩ Uβ

wwwwwwwww
gαβ - G,

θ

6

(where we use the same notation gαβ .)
3) The transition functions

gαβ : Uα ∩ Uβ
- G

are continuous.
4) The G-action on F via θ is continuous, that is, the composite

G× F θ×idF- Homeo(F, F )× F evaluation- F

is continuous.

We write ξ̄ = {(Uα, gαβ)} for the set of transition functions to the atlas {(Uα, φα)}.

Note. In Steenrod’s definition [24, p.7], θ is assume to be a monomorphism (equivalently, the
G-action on F is effective, that is, if y · g = y for all y ∈ F , then g = 1.).

We are going to construct a principal G-bundle π : EG → B. Then prove that the total space
E = F ×G EG and p : E → B can be obtained canonically from π : EG → B. In other words,
all fibre bundles can obtained through principal G-bundles through this way. Also the topological
group G plays an important role for fibre bundles. Namely, by choosing different topological groups
G, we may get different properties for the fibre bundle ξ. For instance, if we can choose G to be
trivial (that is, gαβ lifts to the trivial group), then fibre bundle is trivial. We will see that the bundle
group G for n-dimensional vector bundles can be chosen as the general linear group GLn(R). The
vector bundle is oriented if and only if the transition functions can left to the subgroup of GLn(R)
consisting of n × n matrices whose determinant is positive. If n = 2m, then GLm(C) ⊆ GL2m(R).
The vector bundle admits (almost) complex structure if and only if the transition functions can left
to GLm(C). (For manifolds, one can consider the structure on the tangent bundles. For instance,
an oriented manifold means its tangent bundle is oriented.)
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Proposition 6.55. If ξ̄ is the set of transition functions for the space B and topological group
G, then there is a principal G-bundle ξG given by

π : EG - B

and an atlas {(Uα, φα)} such that ξ̄ is the set of transition functions to this atlas.

Proof. The proof is given by construction. Let

Ē =
⋃
α

Uα ×G× α,

that is Ē is the disjoint union of Uα ×G. Now define a relation on Ē by

(b, g, α) ∼ (b′, g′, β)⇐⇒ b = b′, g = gαβ(b)g′.

This is an equivalence relation by Equations (9)-(11). Let EG = Ē/ ∼ with quotient topology and
let {b, g, α} for the class of (b, g, α) in EG. Define π : EG → B by

π{b, g, α} = b,

then π is clearly well-defined (and so continuous). The right G-action on EG is defined by

{b, g, α} · h = {b, gh, α}.

This is well-defined (and so continuous) because if (b′, g′, β) ∼ (b, g, α), then

(b′, g′h, β) = (b, (gαβ(b)g)h, β) = (b, gαβ(b)(gh), β) ∼ (b, gh, α).

Define φα : Uα ×G→ π−1(Uα) by setting

φα(b, g) = {b, g, α},

then φα is continuous and satisfies π ◦ φα(b, g) = b and

φα(b, g) = {b, 1 · g, α} = {b, 1, α} · g

for b ∈ Uα and g ∈ G. The map φα is a homeomorphism because, for fixing α, the map∐
β

(Uα ∩ Uβ)×G× β - Uα ×G (b, g′, β) 7→ (b, gαβ(b)g′)

induces a map π−1(Uα)→ Uα ×G which the inverse of φα. Moreover,

φα(b, gαβ(b)g) = {b, gαβ(b)g, α} = {b, g, β} = θβ(b, g)

for b ∈ Uα ∩ Uβ and g ∈ G. Thus the {(Uα, gαβ)} is the set of transition function to the atlas
{(Uα, φα)}. �

Let X be a right G-space and let Y be a left G-space. The product over G is defined by

X ×G Y = X × Y/(xg, y) ∼ (x, gy)

with quotient topology. Note that the composite

X × Y
πX - X

π - X/G

(x, y) 7→ x 7→ x̄
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factors through X ×G Y . Let p : X ×G Y → X/G be the resulting map. For any x̄ ∈ X/G, choose
x ∈ π−1(x̄) ⊆ X, then

p−1(x̄) = π−1(x̄)×G Y = x× Y/Hx,

where Hx = {g ∈ G | xg = x}. Thus if X is a free right G-space, then the projection p : X ×G Y →
X/G has the constant fibre Y .

Proposition 6.56. Let π : X → X/G be a (right) principal G-bundle and let Y be any left
G-space. Then

p : X ×G Y - X/G

is a fibre bundle with fibre Y .

Proof. Consider a chart (Uα, φα) for π : X → X/G. Since the homeomorphism φα : Uα×G→
π−1(Uα) is a G-map, there is a commutative diagram

Uα × Y === (Uα ×G)×G Y
φα

∼=
- π−1(Uα)×G Y === p−1(Uα)

Uα

πUα

?
=========== Uα

πUα

?
============= Uα

p

?
========== Uα

p

?

and hence the result. �

Let ξ be a (right) principal G-bundle given by π : X → X/G. Let Y be any left G-space. Then
fibre bundle

p : X ×G Y - X/G

is called induced fibre bundle of ξ, denoted by ξ[Y ].
Now let p : E → B is a fibre bundle with fibre F and bundle group G. Observe that the action

of Homeo(F, F ) on F is a left action because (f ◦ g)(x) = f(g(x)). Thus G acts by left on F via
θ : G→ Homeo(F, F ).

A bundle morphism

E(ξ)
φ- E(ξ′)

B(ξ)

p(ξ)

? φ̄- B(ξ′)

p(ξ′)

?

is call an isomorphism if both φ and φ̄ are homeomorphisms. (Note. this means that (φ−1, (φ̄)−1)
are continuous.) In this case, we write ξ ∼= ξ′.

Theorem 6.57. Let ξ be a fibre bundle given by p : E → B with fibre F and bundle group G.
Let ξG be the principal G-bundle constructed in Proposition 6.55 according to a set of transitions
functions to ξ Then ξG[F ] ∼= ξ.
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Proof. Let {(Uα, φα)} be an atlas for ξ. We write φ̃α for φα in the proof of Proposition 6.55.
Consider the map θα given by the composite:

π−1(Uα)×G F �φ̃α × idF

∼=
(Uα ×G× α)G × F === Uα × F

φα

∼=
- p−1(Uα).

From the commutative diagram

((Uα ∩ Uβ)×G× β)×G F
(b, g′, y) 7→ (b, g′, gαβ(b)(y))

((b, g′, β), y) 7→ ((b, gαβ(b)g′, α), y)
- ((Uα ∩ Uβ)×G× α)×G F

(Uα ∩ Uβ)× F

wwwwwwwww
(b, y) 7→ (b, gαβ(b, y)) - (Uα ∩ Uβ)× F

wwwwwwwww

p−1(Uα ∩ Uβ)

∼= φβ

?

=========================================== p−1(Uα ∩ Uβ),

∼= φα

?

the map θα induces a bundle map

EG ×G F
θ - E(ξ)

B(ξ)
?

====== B(ξ).
?

This is an bundle isomorphism because θ is one-to-one and onto, and θ is a local homeomorphic by
restricting each chart. The assertion follows. �

This theorem tells that any fibre bundle with a bundle group G is an induced fibre bundle of
a principal G-bundle. Thus, for classifying fibre bundles over a fixed base space B, it suffices to
classify the principal G-bundles over B. The latter is actually done by the homotopy classes from
B to the classifying space BG of G. (There are few assumptions on the topology on B such as B is
paracompact.) The theory for classifying fibre bundles is also called (unstable) K-theory, which is
one of important applications of homotopy theory to geometry. Rough introduction to this theory
is as follows:

There exists a universal G-bundle ωG as π : EG → BG. Given any principal G-bundle ξ over
B, there exists a (continuous) map f : B → BG such that ξ, as a principal G-bundle, is isomorphic
to the pull-back bundle f∗ωG given by

E(f∗ωG) = {(x, y) ∈ B × EG | f(x) = π(y)} - EG

B

(x, y) 7→ x

? f - BG.

π

?
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Moreover, for continuous maps f, g : B → BG, f∗ωG
∼= g∗ωG if and only if f ' g. In other words,

the set of homotopy classes [B,BG] is one-to-one correspondent to the set of isomorphic classes of
principal G-bundles over G.

Seminar Topic: The classification of principal G-bundles and fibre bundles. (References: for
instance [9, pp.48-58] Or [17, 18].)
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