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CHAPTER 1

Introduction

1. Sets

Let X and Y be sets. The notation Y € X means that Y is a subset of X and Y C X means
that Y is a proper subset of X, that is Y C X and Y # X. Let X \ Y denote the set

X\Y={zjlzreX and z¢Y}.
The empty set is denoted by 0.
Let X and Y be sets. The Cartesian product is defined by
X xY ={(z,y)lr € X,y e Y}

Note: If X and Y are finite sets of m and n elements, respectively, then X x Y is a finite set of
mn elements.
Let X1, .-, X, be sets. The Cartesian product is defined by

X1><X2X"'XXHZ{(£L'1,1'2,"',.’En)‘.’EiGXi,lg’ign}.

The infinite Cartesian product is defined similarly. For example, let {X,|a € I} be a family of sets.
Then

H Xo ={(za)|za € Xo, a0 € I}
ael
The a-coordinate projection
Mot H X — Xo
a’el
is defined by

To(Tar)) = Zq.

THEOREM 1.1. Let {X,|a € I} be a family of set. Then the Cartesian product [ |
the following universal lifting property:

act Xa satisfies

Let X be any set and let fo: X — X, be any function for each o € I. Then there is a
unique function

f: X =] Xa
acl
such that
Joa=maof

for each a.

ot
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PRrOOF. Let f: X — [],c; Xo be a function defined by
f(@) = (fa(=))

for each x € X. Then f is a function with the property that f,(z) = 7, o f(x) for any x and so
foa = ma o f. This shows the existence of the universal lifting property. Let g: X — [[,c; Xa be
any function with the property that f, = m, o g for each a. Then the a-th coordinate of g(z) is
fa(z) for each x € X. Thus g = f defined above. This shows the uniqueness of the universal lifting

property. g
Let f: X — Y be a function. Then the image of f is defined by
Im(f)=f(X)={yeYly= f(z) for some z€ X}.
The identity function on X is denoted by idx, id or 1. Thus id(z) = =.

EXERCISE 1.1. Let f: X — Y be a function. Let {X,|a € I} be a family of subsets of X. Then
1) show that

f(U Xa) = U f(on);
acl acl
2) show that
F(N) Xa) € [ F(Xa);
acl aecl
3) show by example that
() Xa) # () F(Xa)
acl ael
i general.

Let f: X — Y be a function. Let A be a subset of X. Then the restriction f|4: A — Y is the
function defined by

fla(a) = f(a)
for a € A. Let B be a subset of Y. The pre-image f~!(B) is defined by
f7H(B) = {z € X|f(x) € B}.
Note that f~!(B) could be an empty set.

EXERCISE 1.2. Let f: X — Y be a function. Let {Bg|B € J} be a family of subsets of Y. Then
1) show that
U Be) = | £71(By);
BeJ BeJ
2) show that
) Ba) =) £ (Bo);
peJ peJ
3) show that
FTHY \Bg) = X\ f1(Bp).
A function f: X — Y is said to be bijective if it is one-to-one and onto. In this case the inverse
is denoted by f~!': Y — X. Note that f~! is also bijective. If there is a bijective function f from
X to Y, we call that X is isomorphic to Y as sets.
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EXERCISE 1.3. Let X be a set. Let X, be a family of sets with indices o in a set I. Suppose
that X, = X for each a. Show that [],.; Xa is isomorphic to the set of functions from I to X.

A relation on a set X is a subset ~ of X x X. We write z ~ y if (z,y) €~. A relation on X is
an equivalence relation if it satisfies

acl

1) the reflexive condition: x ~ x for all x € X;
2) the symmetric condition: If z ~ y, then y ~ x;
3) the transitive condition: If z ~ y and y ~ z, then x ~ z.

The equivalence class of z is the set
{z} ={y € X[z ~y}.

EXERCISE 1.4. Let ~ be an equivalence relation on X. Show that each element of X belongs to
exactly one equivalence class.

2. Monoids and Groups

A binary operation (multiplication) on a set X is a function p: X x X — X. We abbreviate
w(x,y) to zy or x +y. A monoid M is a set M together with a multiplication u: M x M — M
satisfying the following conditions:

1) (identity) there exists an element 1 € M such that
lr=zl==2

for any =z € M,
2) (associativity) the equation

(r122)73 = T1(T273)
holds for any x1,zs,x3 € M.
A group is a monoid G satisfying

3) (inverse) For each x € G, there exists an element 2~ € G such that

rxl=z"lz =1

In other words, a group is a monoid in which every element is invertible. Note that if x is invertible,
then the inverse of x is unique. A group (or monoid) G is said to abelian or commutative if zy = yx
for any z,y € G. Let G and H be monoids (or groups). Then the Cartesian product G x H is a

monoid (or group) under the multiplication defined by

(9,h)(g", 1) = (99", hl).
In additive case, we write G & H for G x H.
A subset H of a group (monoid) is a subgroup (submonoid) of G if H is a group (monoid) under
the binary operation of G. Let H be a subgroup (submonoid) of G and let ¢ € G. The left and
right cosets of H by g are defined by

gH = {ghlh € H} Hg = {hg|lh € H}.

EXAMPLE 1.2. Let ZT be the set of non-negative integers. Then Z™T is a monoid under the
addition +. ZT is a submonoid of Z. Z is often called the group completion of the monoid ZT,
i.e. the “smallest group” that contains Z*. The set of natural numbers is a monoid under the
multiplication. The “group completion” of natural numbers is the set of positive rational numbers
with the multiplication.
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In general, monoids and the “group completion” of monoids are very complicated and there are
many research papers about these topics.
Let G and H be monoids (or groups). A homomorphism f: G — H is a function such that
f(1)=1and
flay) = f(2) f(y)
for any z,y € G.
EXERCISE 2.1. Let G and Hbe groups and let f: G — H be a function such that f(xy) =
f(@)f(y) for any z,y € G. Show that
1) f(1)=1
2) f(z=1) = f(x)~! for any x € G.
Let G and H be monoids (or groups). The kernel of a homomorphism f: G — H is the set

Ker(f) = {z € G|f(z) = 1}.

Note that a homomorphism f is one-to-one (a monomorphism) if and only if

Ker(f) = {1}.
A monoid (or group) G is called isomorphic to H if there is a bijective homomorphism f: G — H.
In this case, we write G 2 H or f: G = H.

A subgroup K of G is normal if grg=' € K for all g € G and € K. Let G and H be groups.
Then the kernel of a homomorphism f: G — H is a normal subgroup of G. The image of f is a
subgroup of H which is not normal in general.

EXERCISE 2.2. Let K be a normal subgroup of a group G. Show that

1) gK = Kg for any g € G;
2) the set
G/K ={gKl|g € G}
s a group under the operation
(9K)(9'K) = (99" ) K.
The group G/K is called the quotient group of G by K.

Let G be a group and let g € G. The subgroup generated by ¢ is the subset
(9) ={9"In € Z}.

PROPOSITION 1.3. Let G be a group and let g € G. Then (g) is isomorphic to Z or Z/nZ for
some n.

PROOF. Let ¢: Z — (g) be the function defined by
¢(n) = g".
Then ¢ is a homomorphism of groups because
p(m+mn) = g""" =g"g" = (m)¢(n).

Note that ¢ is an epimorphism, that is ¢ is onto. If g™ # 1 for any positive integer m, then ¢ is an
isomorphism. Suppose that ¢™ = 1 for some positive integer m. Let

n = min{m|g™ = 1,m > 0}.
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Then
Ker(¢) = nZ
and so
(9) 2 Z/nZ.
O

If G = (g) for some g, we say that G is a cyclic group with generator g. A set of generators for
a group G is a subset S of GG such that each element in G is a product of powers of elements taken
from S. A group G is called finitely generated if it is generated by a finite subset.

A free abelian group of rank n is the direct sum

ARV AR VA
THEOREM 1.4 (Decomposition Theorem). Let G be a finitely generated abelian group. Then G
s isomorphic to
Hy®H®H, @ ---© Hp,
where Hy is a free abelian group and H; is a cyclic group of prime power order for 1 <i < m.

The proof can be found in any text book of algebra.
A commutator in a group G is an element

l9,h] = ghg~'h™ 1.

for some elements g, h € G. The commutator subgroup [G,G] is the subgroup of G generated by
all commutators of G. The commutator subgroup [G, G| is normal. The group G/[G, G] is called
the abelianization of the group G. Note that a group G is abelian if and only if the commutator
subgroup [G, G| is trivial. A group G is called perfect if [G,G] = G. An example of perfect groups
is the alternating groups A, for n > 4. Non-commutative groups are much more complicated than
abelian groups.

3. G-sets

Let G be a group. A set X is called a left G-set if there is an operation p: G x X — X
(g,x) — g - x, such that

1) 1-z=zforall z € X;
2) (gh) - x=g-(h-x)forall gh € Gand z € X.

A set X is called a right G-set if there is an operation u: X x G — X, (g,2) — x - g, such that

1) z-1=zforal z € X;
2) x-(gh)=(x-g) -hforal gheGanduzelX.

EXAMPLE 1.5. Let H be a subgroup of a group G. Then the set of left cosets {gH|g € G} is a
left G-set and the set of right cosets {Hglg € G} is a right G-set.

THEOREM 1.6. Let X be a left G-set. For any g € G, the function 0,: X — X defined by
xT—g-x

s a bijective.
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Proor. From the definition, we have that 0,0, = 0,4, and 6; = idx. Thus
04041 =idx = 0,-10,

and so 0, is a bijective.
Similarly, if X is a right G-set, then the function 6,: X — X defined by v — z-g is a
bijective. O

4. Categories and Functors

A category may be thought of intuitively as consisting of sets, possibly with additional structure,
and functions, possibly preserving additional structure. More precisely, a category C consists of
1) A class of objects
2) For every ordered pair of objects X and Y, a set Hom(X,Y") of morphisms with domain
X and range Y; if f € Hom(X,Y), we write f: X - Y or X Sy
3) For every ordered triple of objects X,Y and Z, a function associating to a pair of mor-
phisms f: X — Y and g: Y — Z their composite

gof: X —Z2
These satisfy the following two axioms:
Associativity. If f: X =Y, g:Y — Zand h: Z — W, then
ho(gof)=(hog)of: X — W.

Identity. For every object Y there is a morphism idy: Y — Y such that if f: X — Y,
then idy of = f, and if h: Y — Z, then hoidy = h.

A category is said to be small if the class of objects is a set. The category of sets means the
category in which the objects are sets and the morphisms are functions. The category of sets is
NOT small. But there are many small categories. For instance, the category of finite sets, that is in
which the objects are finite sets and the morphisms are functions between finite sets. We list some
examples of categories:

1) The category of sets and functions.

2) The category of pointed sets (A pointed set means a non-empty set X with a base point
xo € X) and pointed functions (that is the functions that preserving the base points).

3) The category of finite ordered sets and monotone functions (that is f(z) < f(y) is x < y).
This category is usually denoted by A. The objects in A are given by {0,1,--- ,n} for
n > 0 and the morphisms in A are given by monotone function from {0,1,---,m} to
{0,1,--- ,n} for any m,n.

4) The category of groups and homomorphisms.

5) The category of monoids and homomorphisms.

6) The category of topological spaces and continuous functions. Topological space is a gen-
eralization of the usual spaces such as Euclidian spaces R™, spheres, polyhedra, metric
spaces and etc. We will give the definition of topological space in the next chapter.

Let C be a category. A subcategory C' C C is a category such that

a) The objects of C’ are also objects of C;

b) For objects X’ and Y’ of C’, Home/ (X', Y”) is a subset of Home(X',Y”’) and

¢) If f: X Y’ and ¢': Y’ — Z’ are morphisms of C’, their composite in C’' equals their
composite in C.
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C’ is called a full subcategory of C if C' is a subcategory of C and for objects X’ and Y’ in
C’, Home/ (X', Y’) = Home (X', Y'). For example, the category of groups and homomorphisms is a
subcategory of the category of sets and functions but it is not a full subcategory. The category of
finite sets and functions is a full subcategory of the category of sets and functions.

Let C be a category. A morphism f: X — Y is called an equivalence if there is a morphism
g: Y — X such that go f =idx and fog =1idy.

Let C and D be categories. A covariant functor (or contravariant functor) T from C to D consists
of an object function which assigns to every object X of C an object T'(X) of D and a morphism
function which assigns to every morphism f: X — Y of C a morphism T(f): T(X) — T(Y) [or
T(f): T(Y) — T(X)] of D such that

a) T(idx) = idp(x) and
b) T(go f) =T(g) o T(f) [or T(go f) =T(f)oT(9)]-

THEOREM 1.7. Let T be a functor from a category C to a category D. Then T maps equivalences
in C to equivalences in D.

PROOF. Assume that 7" is covariant (the argument is similar if 7" is contravariant). Let f: X —
Y be an equivalence and let f~!': Y — X be its inverse. Since f~'o f =idyx and fo f~! = idy,
T(f~Y) oT(f)=idpx) and T(f) o T(f~') = idp(y). Thus T'(f) is an equivalence. O

A topological problem on spaces is to how to classify topological spaces. In other words, roughly
speaking, how to know whether a space X is homeomorphic to another space Y or not. Basic ideas
in algebraic topology is to introduce various functors from the category of topological spaces to
“algebraic” categories such as the category of groups, the category of abelian groups, and the
category of modules and etc. Homology, fundamental group and higher homotopy groups are most
important functors from the category of spaces to the category of groups.

For example, we will know that the fundamental group of R? \ {0} is Z but the fundamental
group of R\ {0} is {0}. By Theorem 1.7, we have that R\ {0} is not homeomorphic to R? \ {0}
and so R is not homeomorphic to R2. This is a simple example. Actually we will be able to classify
all of (2-dimensional) surfaces in this course using the fundamental group.

Let C be any category. A simplicial object over C means a contravariant functor X: A — C.
A simplicial set means a simplicial object over the category of sets. Similarly, we have simplicial
groups, simplicial monoids, simplicial algebras and etc. Simplicial sets and simplicial groups are
combinatorial models for spaces and topological groups, respectively, in homotopy sense. By its
combinatorial means, we can say that homotopy theory studies “functors”. On the other hand, by
its geometric means, homotopy theory studies continuous deformations of spaces and continuous
maps.






CHAPTER 2

General Topology

1. Metric spaces

Let X be a set. A metric d for X is a function d: X x X — R satisfying
1) d(z,y) =0 if and only if z = y;
2) (triangle inequality)
d(z,y) +d(z, z) > d(y, 2).

In this case X is called a metric space with the metric d.
PROPOSITION 2.1. If d is a metric for X, then d(x,y) > 0 and d(z,y) = d(y,x) for allz,y € X.

ProoOF. By the triangle inequality, we have

2d(z,y) = d(z,y) + d(z,y) > d(y,y) =0,
d(z,y) = d(z,y) +d(z,z) > d(y, =),
d(y,x) = d(y, ) + d(y,y) = d(z,y).
Thus d(z,y) > 0 and d(z,y) = d(y, z). O
EXERCISE 1.1. a) Show that each of the following is a metric for R™:

- 0 if z=
_ o \2\1/2 _ . _ Y,
(e9) = (=) =l =l awn={§ § oY

n
d(z,y) =D |wi—yil;  dle,y) = maxicicn 2 — yil.
i=1

b) Show that d(z,y) = x — y does not define a metric on R.
¢) Show that d(z,y) = mini<,<, |z; — y;| does not define a metric on R™.
d) Let d be a metric. Show that d’ defined by

d(z,y)
d e S L VA

(@,y) 1+ d(z,y)
is also a metric.

DEFINITION 2.2. Let (X,dx) and (Y, dy) be metric spaces. A function f: X — Y is said to be
continuous at x € X if for any e, > 0 there exists §, > 0 such that dy (f(z), f(y)) < €, whenever
dx(z,y) < 0. The function f is said to be continuous if it is continuous at all points = € X.

EXERCISE 1.2. Let X be a metric space with metric d. Let y € X.Show that the function
f: X — R defined by f(x) = d(z,y) is continuous.

13
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DEFINITION 2.3. A subset U of a metric space (X, d) is said to be open if for any « € U there
exists €; > 0 such that if y € X and d(y,z) < €, then y € U.
In other words U is open if for any x € U there exists an €, > 0 such that the open ball

Be,(x) = {y € X|d(y,2) < &z} CU.
EXERCISE 1.3. a) Show that B.(x) is always an open set for any = and any € > 0.
b) Which of the following subsets of R? (with the usual metric) are open?
{(z,y))z? +y* <13 U{(L0)}, {(z,y)]z* +y* <1},
{(@y)lle] <1}, A{(@,y)le+y <0},
{(@,y)lz+y =0}, {(z,y)lz+y =0}

EXERCISE 1.4. Show that if I/ is the family of open sets arising from a metric space then

i) The empty set ) and the whole set belong to U;
i) The intersection of two members of U belongs to U;
iii) The union of any number of members of & belongs to U.

THEOREM 2.4. A function f: X — Y between two metric spaces is continuous if and only if
for any open set U in'Y the set f~1(U) is open in X.

PROOF. Suppose that f is continuous and U is open in Y. Let x € f~1(U). Then f(z) € U.
Since U is open, there exists e > 0 such that B.(f(z)) C U. By the definition, there exists § > 0
such that f(y) € Bc(f(x)) whenever y € Bs(x), that is f(Bs(x)) C B(f(z). Thus

Bs(z) C f~H(Be(x)) € f7H(U)

and so f~1(U) is open.
Conversely let € X; then B.(f(z)) is an open subset of Y and so f~(B.(f(z))) is an open
subset of X. Thus there exists 6 > 0 with

Bs(z) € f~H(Be(f(2)))-
In other words dy (f(x), f(y)) < € whenever dx(x,y) < d, that is f is continuous. O

2. Topological Spaces

DEFINITION 2.5. Let X be a set. A topology U for X is a collection of subsets of X satisfying

i) 0 and X are in U;
ii) the intersection of two members of U is in U;
iii) the union of any number of members of U is in U.

The set X with U is called a topological space. The members U € U are called the open sets.

EXERCISE 2.1. Let U be a topology for X. Show that the intersection of a finite number of
members of U is in U.

Note: The intersection of infinitely many open sets is called a Borel set which is not open in general.

Let X be a metric space and let U be the family of open sets. Then U is a topology. This
topology is called the metric topology. Note that two different metrics may give rise to the same
topology.

EXERCISE 2.2. Let X be a metric space with metric d. Let d be the new metric defined in
Ezercise 1.1. Then (X,d) and (X,d') has the same topology.
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Given a set X there may be different choices of topologies for X.

EXERCISE 2.3. Let X = {a,b}. Show that there are four different topologies given as follows:
U = {(Z)v X}vu2 = {Q)v {a}v X},US = {®7 {b}a X},Z/[4 = {(Z)v {a}v {b}v X}

EXERCISE 2.4. Let X be a set. Let Uy = {0, X}, let Uy = S(X) be the set of all subsets of X
and let
Us; ={U C X|X\U is (finite}.
Show that Uy,Us and Us are topologies for X .
U, is called indiscrete topology, Us is called discrete topology and Us is called finite complement
topology.

Let X be a topological space and let A be a subset of X. The largest open set contained in A,

this is denoted by ;1 and is called the interior of A. For example, let X = R™. Then the interior of
the closed ball

D, (x) = {yld(z,y) <r}
is the open ball B, (z) = {yld(z,y) < r}.

EXERCISE 2.5. Let X = R"™ with the usual topology. Let

n

I"=10,1] x --- x [0,1].

Show that

I"=1(0,1) x --- x (0,1).

Let X be a topological space. A subset N C X with x € N is called a neighborhood of x if there
is an open set U with x € U C N. For example, if X is a metric space, then the closed ball D.(z)
and the open ball B.(x) are neighborhoods of x.

EXERCISE 2.6. Let X be a topological space. Prove each of the following statements.
a) For each point x € X there is at least one neighborhood of x.
b) If N is a neighborhood of x and N C M then M s also a neighborhood of x.
¢) If M and N are neighborhoods of x then so is N N M.
d) For each x € X and each neighborhood N of x there exists a neighborhood U of x such
that U C N and U is a neighborhood of each of its points.

DEFINITION 2.6. A subset C' of a topological space X is said to closed if X \ C is open.

THEOREM 2.7. 1) 0 and X are closed;
ii) the union of any pair of closed sets is closed;
iii) the intersection of any number of closed sets is closed.

Note: The union of infinitely many closed sets is not closed in general.

EXERCISE 2.7. Let X be a set and let V be a family of subsets of X satisfying
i) 0,X eV;
ii) the union of any pair of members of V belongs to V;
ili) the intersection of any number of members of V belongs to V.

Show that U = {X — V|V € V} is a topology for X.
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Let Y be a subset of a topological space X. The set
Y = m{F|F DY F is closed}
is called the closure of Y. The set Y/ =Y \ Y is called the set of limit points of Y.

PROPOSITION 2.8. Let Y be a subset of a topological space X. Then x € Y if and only if for
every neighborhood N of v, NNY # (.

PROOF. Let x € Y and suppose that N is a neighborhood of zwith N N'Y = (). Then there is
an open neighborhood U of z with U C N. Thus X \ U is a closed set and Y C X \ U. It follows
that Y € X \ U and so = ¢ U. One gets a contradiction.

Conversely suppose that = ¢ Y. Since Y is closed, X \ Y is an (open) neighborhood of z so
that (X \Y)NY = () is a contradiction. O

EXERCISE 2.8. Let X = R with the usual topology. Find the closure of each of the following
subsets of X :

A=1{1,2,3,---},B={x|z is rational},C = {z|x is irrational}.

EXERCISE 2.9. Prove each of the following statements.
a) If Y is a subset of a topological space X with Y C F' C X and F is closed then Y CF.

)
c) Y=Y.
d) AUB=AUB.
e) X\y=X\Y.
f) Y =Y UdY where Y =Y N (X \ Y) (9Y is called the boundary of V).
g) Y is closed if and only if 0Y C Y.
h)
)

dY = () if and only if Y is both open and closed.
Fora<belR

d(a,b) = d[a,b] = {a,b}.

3. Continuous Functions

DEFINITION 2.9. A function f: X — Y between two topological spaces is said to be continuous
if for every open set U of Y the preimage f~1(U) is open in X.

A continuous function from a topological space to a topological space is often simply called a
map. The category of topological spaces is defined as follows: the objects are topological spaces and
the morphisms are maps, that is continuous functions.

THEOREM 2.10. Let X and Y be topological spaces. A function f: X — 'Y s continuous if and
only if f=1(C) is closed for any closed subset C of Y.

PROOF. Suppose that f is continuous and let C be a closed set in Y. Then Y \ C is an open
set and so f~1(Y \ C) = X \ f~1(C) is an open set. It follows that f~1(C) is a closed set. Now
suppose that f~1(C) is closed for any closed set C' and let U be an open set. Then Y \ U is a closed
set and so X \ f~1(U) = f~1(Y \ U). Thus f~}(U) is an open set. O
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So far we have two general methods to see whether a function is continuous or not, that is by
the definition or by the theorem above. If f: X — Y is a function between metric spaces, then we
can also use € — § method to test whether f is continuous or not. As we know in calculus that the
compositions of continuous functions is still continuous. This is actually true in general.

THEOREM 2.11. Let X,Y and Z be topological spaces. If f: X — Y and g: Y — Z are
continuous functions then the composite go f: X — Z 1is continuous.

PROOF. Let U be any open set in Z. Then ¢g~*(U) is an open set in Y and so (go f)~}(U) =
f1(g71(U)) is an open set in X. O

DEFINITION 2.12. Let X and Y be topological spaces. We say that X and Y are homeomorphic
if there exist continuous functions f: X — Y, ¢g: Y — X such that fog=idy and go f =idx. We
write X 2 Y and say that f and g are homeomorphisms between X and Y.

By the definition, a function f: X — Y is a homeomorphism if and only if
i) f is a bijective;
ii) f is continuous and
iii) f~!is also continuous.
Equivalently f is a homeomorphism if and only if 1) f is a bijective, 2) f is continuous and 3) f is
an open map, that is f sends open sets to open sets. Thus a homeomorphism between X and Y is
a bijective between the points and the open sets of X and Y.
A very general question in topology is how to classify topological spaces under homeomorphisms.
For example, we know (from complex analysis and others) that any simple closed loop is homeo-
morphic to the unit circle S'. Roughly speaking topological classification of curves is known. The
topological classification of (two-dimensional) surfaces is known as well. However the topological
classification of 3-dimensional manifolds (we will learn manifolds later.) is quite open. The famous
Poicaré conjecture is related to this problem.

EXERCISE 3.1. Give an example of spaces X,Y and a continuous bijective f: X — Y such that
f~1is NOT continuous. (Hint: Give a set X. Look at the discrete topology, the indiscrete topology
and the identity function.)

A pointed space means a topological space X together with a point xg € X. The point x is
called the base point of X. We often write * for zg. Let X and Y be pointed spaces with base points
xo and yo, respectively. A map f: X — Y is called a pointed map if f(xg) = yo. The category
of pointed topological spaces means a category in which the objects are pointed spaces and the
morphisms are pointed maps.

4. Induced Topology

DEFINITION 2.13. Let X be a topological space and let S be a subset of X. The topology on
S induced by the topology of X is the family of the sets of the form U NS where U is an open set
in X. We call that the subset S with induced topology is a subspace of X.

Note: By this definition, an open set V in S means V' = U N S for some open set U in X. The
induced topology is also called the subspace topology.

EXERCISE 4.1. Let X be a topological space with the topology U and let S be a subset of X.
Show that
UnsS={UnS|\U eU}
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is a topology for S.

EXAMPLE 2.14. Let S™ be the n-sphere, that is,
n+1
S" ={x= (21, ,Tns1) € R"MY fo =1} C R
i=1
with the induced topology. Then S™ is a (closed) subspace of R"*1. Note that S” = R"*1 1 S is
an open set in S™ but S™ is NOT open in R**!.

PROPOSITION 2.15. Let S be a subspace of a topological space X. Then the inclusion function
i: .S — X is continuous.

PROOF. Let U be an open set in X. Then i~}(U) = U N S is an open set in S. O

Note: One can show that the subspace topology is the smallest topology such that the inclusion is
continuous.

PROPOSITION 2.16. Let S be a subspace of a topological space X. Then

1) If S is open in X, then any open set in the subspace S is open in X;
2) If S is closed in X, then any closed set in the subspace S is closed in X.

PROOF. The proofs of 1) and 2) are more or less identical. We only prove assertion 2). Let V
be a closed set in S. Then S\ V is an open set in S. By the definition, there is an open set U in
X such that

S\V=UnS§s.
Thus V = (X \U)NS. Since S and X \ U are closed, V is closed. O

EXERCISE 4.2. Show that

1) the subspace (a,b) of R is homeomorphic to R. (Hint: Use functions like © — tan(w(cx +
d)) for suitable ¢ and d.)

2) the subspaces (1,00),(0,1) of R are homeomorphic. (Hint: x — 1/x.)

3) S™\ {(0,0,---,0,1)} is homeomorphic to R™ with the usual topology. (Hint: Define
¢: S™\{(0,0,---,0,1)} - R™ by

T ZTo Tn
O(x1, 2,00 Tngr) = (1 —Tpy1 1 —Tpa "1 — 21
and ¢: R — S™\ {(0,0,---,0,1)} by
1
Pl o) = Qg 20, 2 el 1))
L+ (=2

A map f: X — Y is called an embedding if f is one-to-one and X is homeomorphic to the image
f(X) with the subspace topology. The embedding problem in topology is as follows:

Given a topological space X. Can we embed X into R™ for some n? If not, can we
embed X into a Hilbert space? If yes, what is the minimal number n such that X can be
embedded in R™? This number is called the embedding number of X.

This question is important (and difficult in general) because a topological space X could be very
abstract but the spaces R™ are much easier to be understood. For instance, the circle S can embed
in R? but S! can not embed in R'. Thus the embedding number of S is 2. Well sometimes a space
X could be very simple but it could have a very complicated embedding in R"™.
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A knot K is a subspace of R? that is homeomorphic to the circle S*. Two knots K; and K,
are similar if there is a homeomorphism h: R?® — R3 such that h(K;) = K,. The knot theory is to
study the classification of knots under this relation.

5. Quotient Topology

DEFINITION 2.17. Let f: X — Y be a surjective function from a topological space X to a set
Y. The quotient topology on Y with respect to f is the family

U ={U|f*(U) is open in X}.
EXERCISE 5.1. Show that U/ above is a topology for Y.
Note: After giving the quotient topology on Y the function f: X — Y is continuous.

EXAMPLE 2.18 (Projective Spaces). Let set RP™ and CP" are defined as follows:
RP" ={I|l is a line in R"™ with 0¢€l},
CP"={ll is a complex line in C""' with 0¢l}.
The topologies in RP™ and CP" are given by the quotient topology under the quotient maps
R\ {0} — RP™ and C**1\ {0} — CP", respectively.

By this example, one can see that the quotient space Y could be much more complicated than
the original space X. The following theorem gives a general method to see whether a function from
Y to another space is continuous or not.

THEOREM 2.19. Let X be a topological space and let f: X — Y be a surjective. Suppose that'Y
are given the quotient topology with respect to f. Then a function g: Y — Z from'Y to a topological
space Z is continuous if and only if the composite g o f is continuous.

PROOF. Suppose that g is continuous. Since f is continuous, the composite go f is continuous.
Now suppose that the composite g o f is continuous. Let U be any open set in Z. Then

FHe7HU) = (g0 /)~H(U)
is open in X and so g~1(U) is open in Y by the definition of quotient topology. O
EXERCISE 5.2. Show that
1) RP! = St
2) CP! ~ §2
The famous Hopf fibration is the composite
S% — C?\ {0} — CP* = 5%
Let A be a subspace of a space X. The space X/A is the quotient space
X/A=X/~,
where ~ is the equivalence relation generated by
a~b

for any a,b € A. As aset X/A = (X \ A) U {x}, where x is the equivalence class of any particular
choice of elements in A. The topology in X/A is given by the quotient topology. Roughly speaking
X/A is the quotient space X by pinching out A to be one point.
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EXERCISE 5.3. Show that D™/S™1 is homeomorphic to S™.

The canonical inclusions R® — R**1 C* — C"*! given by (z1,---,2,) — (21, - ,7p,0)
induce the maps RP" — RP"*! and CP™ — CP"*!, respectively. Thus RP™ and CP"*! can be
considered as the subspaces of RP"*! and CP"*!, respectively, for each n.

EXERCISE 5.4. Show that RP™1!/RP™ 2 §n+1 gpd CP™+1 /CPm o §2n+1,

A fibrewise topological space means a map f: X — Y. In the case where f is an onto, it often
called a bundle. For each y € Y, the subspace f~!(y) C X is called the fibre at y. Let f: X — Y
be a bundle. Then

x=Ur'w

yey

and so X can be considered as the union of subspaces f~!(y) with indexes in a topological space Y.
Fibre bundles and covering spaces are special bundles. We will study covering spaces in the next
chapter. The category of fibrewise topological spaces is a category in which the objects are fibrewise
topological spaces and the morphisms are given by the commutative diagrams

¢

X X’

f f
Y v Y.

In other words, the working objects for fibrewise topology are continuous maps and the “relations”

between the working objects are the diagrams above. One finds surprisingly that many results in the

homotopy theory of topological spaces also holds for the homotopy theory of fibrewise topological

spaces. Well the latter one is much more “abstract”.

6. Product Spaces, Wedges and Smash Products
Let X and Y be topological spaces with topologies Ux and Uy, respectively. Let

Usxy ={{JUa x Va € X x YUy € Ux, Vo € Uy},

that is any member in Ux xy is the union of Cartesian products of open sets of X and Y.
EXERCISE 6.1. Let X and Y be topological spaces. Show that Ux «xy is a topology for X x Y.

DEFINITION 2.20. Let X and Y be topological spaces. The (Cartesian) product X x Y is the
set X x Y with the topology Ux xy .

EXERCISE 6.2. Show that R? with the usual topology is the Cartesian product R! x R!.

THEOREM 2.21. Let X XY be the Cartesian product of spaces X andY . Then a set W C X XY
s open if and only if for any w € W there exist U, and V,, such that U, is open in X, V,, is open
mY andwe U, xV, CW.
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PROOF. Let W be an open set in X x Y and let w € W. Then W = Ua U, x V,, where U,
and V,, are open in X and Y, respectively. Thus there exists an index « such that w € U, x V.
Choose U,, = U, and V,, = V,,. Conversely let w run over all elements in W we have

W= ] UsxVy
weW

and so W is open.

Let mx: X XY — X, (z,y) = z,and my: X XY =Y, (x,y) — y, be the coordinate projections.
Since 7' (U) = U x Y and 7' (V') = X x V, the coordinate projections 7y and 7y are continuous.
Let f: Z — X and g: Z — Y be any maps from a space Z to X and Y, respectively. Let
¢: Z — X x Y be the function defined by ¢(z) = (f(z),g(z). Then ¢ is the unique function such
that txy o= f and 7y o ¢ = g. g

LEMMA 2.22. The function ¢ defined above is continuous.

PRrROOF. Let U and V be open sets in X and Y, respectively. Then ¢~ (U x V) = {z|f(z) €
U,g(z) € V} = f~YU) N g=*(V) is an open set in Z. Now consider any open set W in X x Y.
Let z be any element in ¢~ 1(W) and let w = ¢(z). There exist open sets U, and V,, such that
w € Uy X Vi CW. Thus 2z € ¢~ (U, x Vi) € ¢~ H(W) and ¢~ 1 (W) is a neighborhood of each of
its points. It follows that ¢~ (W) is open. O

By using the categorical language, Lemma 2.22 shows

THEOREM 2.23. Let X and Y be topological spaces. Then Cartesian product X X Y is the
product of X andY in the category of topological spaces.

THEOREM 2.24. For any y € Y, the subspace X x {y} C X XY is homeomorphic to X.
PROOF. Let f: X x {y} — X be the function defined by f(z,y) = «. Since f is the composite
frX x{yt — X xY 25 X,

the function f is continuous. Clearly f is a bijective. It suffices to show that f is an open map,
that is f sends open sets to open sets. Suppose that W is an open set in X x {y}. Then

W = (| JUa x Vo) N X x {y}

for some open sets U, and V,, in X and Y, respectively. It follows that
= {J Ua
a,y€Vy
is open. O
Now we look at “infinite” Cartesian products. Let {X,|a € J} be a set of topological spaces.
Recall that the Cartesian product [, c7 Xao of the sets X, is the set of collections of elements (Za)s

one element z, in each X,. Now An open set in [] X, is defined to be the any union of the
following sets

acJ

Uy, om = {@a)|zay, € Uays 1 T4, € Ua, },

where ay, -+, a, is any finite set of elements of J. This gives the topology on the product [, ; Xa-
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PROPOSITION 2.25. The product topology on []
coordinate projection

acy Xa 1s the smallest topology such that each
Mo H Xo — Xg
a’'ed
18 continuous.

PROOF. Let V be a topology on ], ; Xo such that each coordinate projection 7, is contin-
uous. Let U, be an open set in X,. Then

(1) N U,) = {(z))|xa € Us} € V.
Since the product topology is given by the any union of any finite intersections of the sets of the
forms 1, it follows that the product topology is smaller than V. g

Let X and Y be pointed spaces with base points ¢ and yg, respectively. Then the wedge X VY
of X and Y is defined to be the quotient space

x JTY)/ w0, w0}

The topology in X VY is given by the quotient topology under the quotient map ¢: X [[Y — X VY.
This topology can be described as follows. A subset U in X VY is open if and only if ¢~ *(U) is
open. There are two cases. If * ¢ U, then ¢~ 1(U) is either an open set in X that does not contain
T or an open set in Y that does not contain yo. If * € U, then ¢~ 1(U) = U [[ Uz for some open
set Uy in X that contains xg and some open set Us in Y that contains yy. Thus

Uxvy = {q(U)|$0 gU e MX} U {q(V)|y0 gV e I/{Y} @] {q(U1 HU2)|£IZ’0 clU, elUx,y € Uz € Z/[}/}.

PROPOSITION 2.26. Let X and Y be pointed spaces with base points xg and yg, respectively.
Then X VY is homeomorphic to the subspace (X x {yo}) U ({zo} xY}) C X x Y.

PROOF. Let Z = (X x {yo}) U ({zo} X Y) be the subspace of X x Y. Let fx: X — X XY and
fr:Y — X xY be the maps defined by fx(x) = (z,y0) and fy(y) = (xo,y). The there is a unique
map ¢: X VY — Z such that ¢ o fx = ix and ¢ o fy = iy. Clearly ¢ is bijective. It suffices to
show that ¢ is an open map. If U € Ux with zg € U, then ¢(U) = ZN (U xY) is open in Z. If
V elUy withyo € V, then ¢(V) = ZN(X xV)isopenin Z. f U = q(U; [[Uz) with zg € U; € Ux
and yo € Us € Uy, then ¢(U) = Z N (Uy x Us). Thus ¢ is an open map. O

Let X and Y be pointed spaces. The smash product X A'Y is defined by
(X xY)/((X x {yo}) U ({zo} x Y)).
We write Ay for elements in X AY, wherez € X and y € Y.

THEOREM 2.27. Given three pointed spaces X, Y and Z, (X VY ) A Z is homeomorphic to
(XANZ)V (Y ANZ).

PROOF. The function f: X xY x Z — X X Z xY x Z, defined by f(x,y,2) = (x,2,y, 2), is
clearly continuous. Let g be the composite

G XxYxZ Lo XxZxYx2Z 2% (XAZ)x(YAZ).

Then
J(XVY)XxZ)C(XANZ)V(Y NZ).
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Moreover, the map g sends (X VY) V Z to the base point, so that g induces a map
g (XVYIANZ - (XNZ)V (Y ANZ),

where §((z,yo) A2) =z Azin X ANZ and g((zo,y) N2z) =yAzinY A Z.

Conversely, let h: (X ANZ)V (Y ANZ) — (X VY) A Z be the map such that h|xrz and hlyaz
are the inclusions X A Z —— (X AY)AZ and Y A Z —— (X AY) A Z, respectively. Then
h(x A z) = (z,90) Az and h(y A z) = (x0,y) A z) so that go h and h o g are identities, and hence §
is a homeomorphism. O

EXERCISE 6.3. Show that S™ A 8™ = S™™ for any n, m.

7. Topological Groups and Orbit Spaces

A pointed topological space X is called an H-space of there is a continuous multiplication
w: X x X — X, (z,y) — xy, such that zox = xxg = z. The base point z¢ is often denoted as * or
1. Equivalently, a pointed space X is an H-space if and only if there is a map p: X x X — X such
that p|xvx =V, where V: X VX — X is the fold map defined by V(x,2¢) = z and V(zg,z) = x.
An H-space is called associative if diagram

id

XxXxx 2% v o x
idx xp 1

Xx X a X

is commutative. An associative H-space is called a topological monoid. In other words, a topological
monoid is monoid as a set such that the multiplication is continuous. A topological group G means
a topological monoid such that there is a map v: G — G, x — z~ !, with zz=! = 1 = 272, that is
the inverse is a continuous function.

Let X be a space and let G be a topological group. We say that G acts on X and that X is a
G-space if there is map p: G x X — X, denoted by (g,2) — g -z, such that

i) 1.z ==z forall z € X,
ii) g-(h-2)=(gh) -« for all z € X and g,h € G, that is the diagram

id
GxGxXﬂGxX
pa X idx H
G x X i X

comiutes.

THEOREM 2.28. Suppose that X is a G-space. Then the functionfy: X — X given byx — g-x is

a homeomorphism. It follows that there is a homomorphism from G to the group of homeomorphisms
of X.
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Proor. The function 6, is the composite

X2{glxXCGxX 1 X

Thus 6, is continuous. From the definition of G-space we see that , 0 0, = 04, and ¢, = idx.
Thus 0, 00,-1 = idx = 04-1 00, and so 0, is a homeomorphism. Now the function g — 0, is a
homomorphism from G to the group of homeomorphisms of X. O

Let X be a G-space. We can define an equivalence relation ~ on X by

x~y<g-x=y for some g € G.

The quotient space X/ ~, denoted by X/G, with the quotient topology is called the quotient space

of X by G.
EXAMPLE 2.29. 1) Let G = Z/2 = {1} with discrete topology and let X = S™. The
G-action on X is given by £1-a = £x. Then S™/(Z/2) = RP™.

2) Let G = Z with the discrete topology and let X = R. The action of G on R is given by
n-x =n+z. Then R/Z = S*.

3) Let G = S C C. Then G is a topological group under the multiplication. Let S?"~! C
R?™ = C" be the unit sphere. Let G act on S?"~! by

(21,29, ,2n) = (@z1, 29, , zy).
Then §?n~1/81 =~ Cp".
4) Let M, be the set of n X n-matrices over R. Then M,, = R™ is a topological space. Let
GL(n,R) = {A € M,|det(A) #0} C M,
with the subspace topology. Then GL(n, R) is a topological group, which called the general
linear group.

5) Let O(n) be the group of (real) orthogonal n x n matrices. O(n) is regarded as a subspace
of R"” with the subspace topology. For k < n O(k) is regarded as the set of matrices of
the form

A 0
0 In—k
with A an orthogonal k X k-matrix and I,,_j the (n — k) x (n — k) identity matrix. Then
O(k) is a topological subgroup of O(n). In O(n) we also have the subgroup SO(n) of
orthogonal matrices with determinant 1, that is SO(n) is the kernel of det: O(n) — Z/2.
6) Let U(n) denote the group of n x n unitary matrices regarded as a subspace of C™. We

have the inclusions
U()SUR) CUB) S CUM)C -

Thus U(k) is a topological subgroup of U(n) for k& < n. We also have the subgroup
SU(n) C U(n) of n x n unitary matrices with determinant 1, that is SU(n) is the kernel
of det: U(n) — S*.

THEOREM 2.30. Suppose that X is a G-space. Then the canonical projection : X — X/G is
an open mapping.
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PROOF. Let U be an open set in X. Then
7 (@ (U)) = {z € X|n(z) € n(U)}
={x € X|zx =gy for some y € U some g € G} = Ug-U.

geG
Since f,: X — X is a homeomorphism for each g € G, g - U is open for each g then so 7= (7 (U))
is open and hence 7 (U) is open in X/G. O
EXERCISE 7.1. 1) Let X be a G-space and define the stabilizer of © € X to be the
subspace

Go={9€Glg-z=ux}
of G. Show that G, is a topological subgroup of G.
2) Let X be a G-space and define the orbit of z € X to be the subspace

G-z={g -z|g e G}
of X. Prove that G -z and G - y are either disjoint or equal for any z,y € X.

8. Compact Spaces, Hausdorff Spaces and Locally Compact Spaces
Let X be a space. A cover of a subset S is a collection of subsets {U;|j € J} of X such that
sclJu;.
jeJ
A cover is called finite if the indexing set J is finite. Let {U;|j € J} and {Vi|k € K} be covers of
the subset S of X. {U;|j € J} is called a subcover of {Vi|k € K} if

{Ujli € J} € {Vilk € K}.

DEFINITION 2.31. Let X be a space. A subset S is called to be compact if every open cover of
S has a finite subcover. In particular, a space X is compact if every open cover of X has a finite
subcover.

EXERCISE 8.1. Show that a subset S of a space X is compact if and only if it is compact as a
space given the induced topology.

EXERCISE 8.2. Show that [0,1] C R is compact.
The following theorem is useful.

THEOREM 2.32. Let f: X — Y be a map. If S C X is a compact subspace, then f(S) is
compact.

PROOF. Suppose that {U;|j € J} be an open cover of f(S). Then {f~!(U;)|j € J} is an open
cover of S. Since S is compact, there exists a finite subset K of J such that

st wnlk € K3
But f(f~'(Uy)) C Uy and so
) SOk € K} C {Uklk € K}
which is a finite subcover of {Uj|] € J}. O
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THEOREM 2.33. A closed subset of a compact space is compact.

PROOF. Let X be a compact space and let S be a closed subset of X. Let {U;} be an open

cover of S. Since S C (J{Uj|j € J} we see that

x cJtwilie HU(xX\8)
and so there is a finite subcover

X C | J{hlk e KU (X\ 9).
Thus

S < | J{Uklk € K}

which is a finite subcover of {U,|j € J}. O

THEOREM 2.34. Let X and Y be spaces. Then X and Y are compact if and only if X XY 1is
compact.

PROOF. Suppose that X x Y is compact. Since 7x: X XY — X and ny: X XY — Y are
continuous, X and Y are compact. Conversely assume that X and Y are compact. Let {W;|j € J}
be an open cover of X x Y. By definition

W= |J Wi x Vi)
keK(j)
where Uj; ; and Vj; are open in X and Y, respectively. Thus
Xxvc |J UpkxVig
jedkeK(j)
For each x € X the subspace {z} x Y is compact and so there is a finite subcover

{z} xY C U Ui(z) x Vi(x).

i=1
Let U'(z) = ("% U;(z). Then U’(z) is an open neighborhood of  and
xc U@

zeX

Since X is compact, there are finite points z1,- - - , x,, such that
m
xc U ().
j=1

It follows that
XxYC U U'(x;) x Vi(z;) € U Ui(x;) x Vi(x;).

Since for each U;(x;) x V;(z;) there is an index k such that
Ui(z;) x Vi(z;) € W,
there is a finite subcover of {W;|j € J} covering X x Y. O
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A space X is called Hausdorff if for every pair of distinct points x and y there are open sets U,
and Uy such that € U, y € Uy and U, N U, = (. In other words, X is Hausdorff if for any = # y
in X there are neighborhood N(x) and N(y) of = and y, respectively such that N(z) N N(y) = 0.
Hausdorff space is also called Ts-space. In a Hausdorff space X, any point x is a closed subset.
(This is not true for general topological space. For example, the indiscrete topology.)

THEOREM 2.35. A compact subset A of a Hausdorff space X is closed.

PROOF. We may assume that A # () and A # X. Given x € X \ A. For each a € A, there are
disjoint open sets U, (z) and V,(z) such that a € U,(x) and = € V(). Since

AC | Ua(a)
a€A
and A is compact, there are finite points aq,--- , a,, in A such that

AC|JUq (@)
i=1
Now the set V(z) = NI, V4, (z) is an open neighborhood of = with

ANV(z) C (U Ug, () NV (z) =10

and so V(z) C X \ A, which means that X \ A is open or A is closed. O
In particular, if X can be embedded into R™ then X must be Hausdorff.

THEOREM 2.36 (Heine-Borel). A subset S of R™ is compact if and only if it is closed and
bounded.

PROOF. Suppose that S is compact. By Theorem 2.35, S is closed. Now
€S
and so there exist finite points x1, -+ ,x,, in S such that

i=1
Thus S is bounded. Conversely suppose that S is closed and bounded. There exists positive number
r >> 0 such that
S g [_T7 T}n'

Since [—r, 7] is compact, [—r, r|™ is compact. By Theorem 2.33, the closed subspace S is compact. O

EXERCISE 8.3. Let X and Y be spaces. Then X and Y are Hausdorff if and only if X X Y is
Hausdorff.

Thus the spaces like n-Torus T" = S* x S x -+ x S are (compact) Hausdorff.

EXERCISE 8.4. Let X and Y be topological spaces. Show that

1) If X is Hausdorff, then any subspace of X is Hausdorff;
2) X and Y are Hausdorff if and only if X x Y is Hausdorff;
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3) X is Hausdorff if and only if the diagonal A(X) = {(z,2) € X?|z € X} is a closed subset
of X?;

4) O(n), SO(n), U(n) and SU(n) are compact Hausdorff spaces;

5) Let f: X — Y be a map. Suppose that X is compact Hausdorff and Y is Hausdorff.
Then f is a closed map. Reduce that a bijective map from a compact Hausdorff space to
a Hausdorff space is a homeomorphism.

A quotient map f: X — Y is also called identification map. A quotient space may not be
Hausdorff.

THEOREM 2.37. Let f: X — Y be an identification map. Suppose that X is Hausdorff. If f is
closed and f~1(y) is compact for any y € Y, then Y is Hausdorff.

PROOF. Let y; and y» be distinct points in Y. For each z € f~!(y;) and @ € f~1(y2), there
exist a pair of disjoint open sets U, , and V, , with € U, , and a € V,,. Fixed x € f~1(y1)
{Viala € f~(y2)} is an open cover of f~1(y2). By the assumption, f~!(ys) is compact and so
there are finite points a1(x),- -+, @m(q) (2) such that

m(x)
f_l(y2) C U Vz,ai(z)-
i=1
Let V(z) = UZZ(f) Va.ai () and let U(z) = ﬂ;i(lx) Us,a:()- Then U(z) is an open neighborhood of z
and V() is an open neighborhood of f~!(y,) with U(z)NV (z) = ). Since f~(y1) C Uses-1() Ul2)
and f~!(y;) is compact, there are finite points x1,--- , x5 € f~1(y;) such that

7 n) € U Ulz;).

Let U = U, U(x;) and V = (;_, V(z;). Then U and V are disjoint open sets with f~'(y1) C U
and f~l(y2) C V. Since f is closed, f(X \ U) and f(X \ V) are closed subsets in ¥ and so
Wy =Y\ f(X\U) and Wo =Y \ f(X \ V) are open subsets in Y with y; € W7 and yo € Wha.
We show that Wi N Wy = 0. Suppose that y € Wi N Wa. Then y &€ f(X\U) and y &€ f(X \ V).
Therfore f~1(y) N (X \U) =0 and f~(y) N (X \ V) = 0.1t follows that f~1(y) CUNV =0 and
hence Wi N Wy = 0. O

COROLLARY 2.38. Let X be a compact Hausdorff space. Then

i) If G is a finite group and X is a G-space, then X/G is a compact Hausdorff space;
il) If A is closed subspace of X, then X/A is compact Hausdorff.

EXERCISE 8.5. A space is called normal (Ty-space) if every point in X is closed and every pair
of disjoint closed sets has disjoint open neighborhood. Let G be a compact topological group and
let X be a normal G-space. Show that X/G is Hausdorff.

(Hint: Let 7: X — X/G be the quotient map. For each y € X/G, 7~ (y) = G - z for some
x € X with 7w(z) = y. Show that the orbit G - is a quotient of G. Since G is compact, the
orbit G - x is compact and so it is closed because Ty-space is Hausdorff. Let y; # yo be distinct
points in X/G. Then 7= 1(y;) and 7~ !(y2) are disjoint closed set and so they have disjoint open
neighborhood, say U and V. By Theorem 2.30, 7(U) and 7(V') are disjoint open neighborhoods of
y1 and yo, respectively.)
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For example, RP™ is compact Hausdorff space because RP" is the quotient of S™ by the action
of Z/2. CP™ is a compact Hausdorff space because it is the quotient of S?"~! by S*.
A space X is called locally compact if every point x in X has a compact neighborhood.

EXERCISE 8.6. Let X be a locally compact Hausdorff space. Given a point x € X and a
neighborhood U of . Show that there is an open set V such that # € V C V C U and V is
compact. (Hint: Let W be a compact neighborhood of x, that is there is an open set U; such that
x € Uy C W and W is compact. Let V; = U; NU. Then V; is an open neighborhood of x and
12 \ V1 is compact because it is a closed subset of the compact space W. Let A = i \ V7. For each
y € A, there exist disjoint open sets U(y) and V(y) such that y € U(y) and = € V(y) because X
is Hausdorff.Since A is compact and A C Uye 4 U(y), there are finite points y1,--- ,y, such that

ACUL, Ulys)- Let

V=vin(\V).
i=1
Then V is an open neighborhood of z with
1) VN A=0 (because V is disjoint with an open neighbor hood, U, U(y;), of 4;
2) V C V1 because V C Vi and B
3) V is compact because it is a closed subset of V;.
By 1) and 2) above, we have that V C V; C U.

THEOREM 2.39. (a) If p: X =Y is a quotient map and Z is a locally compact Hausdorff
space, then p X idz: X x Z =Y X Z is a quotient map.
(b) If A is a compact subspace of a space X and p: X — X /A is the quotient map, then for
any space Z, p x idz: X x Z — (X/A) x Z is a quotient map.

PROOF. Let m = p x idz.
(a) Let A be a subset of Y x Z such that m=1(A) is open in X x Z. We show that A is open. Let
(y0,20) €Y x Z. Choose xy € X such that p(zg) = yo.

Since 77 1(A) is open and Z is locally compact, there are open sets U; in X and V in Z such that
V is compact, U; x V is an open neighborhood of (g, z9) and Uy x V C 7= 1(A). The point here is
that p~1(p(Uy)) is not necessarily open in X but it contains U;. We do the following construction.

Suppose that U; is an open neighborhood of z such that U; x V' C (pxidz)~1(A). We construct
an open set U; 11 of X such that

pH(pU) x V C Uiy x VSl (A),

as follows: For each point x € p~!(p(U;)) the space {z} x V lies in 771(A). Using compactness of
V, we choose a neighborhood W, of  such that W, x V C 7~%(A). Let U;;; be the union of the
open sets W ; then U, is the desired open set of X.

Finally, let U be the union of the open sets Uy C Us C ---. Then U x V is a neighborhood of
(w0,20) and U x V C 77 1(A). Since

o) infty o)
UCp @) =p (Jr0)) = J » ' eU)) € JUin =T,
i=1 i=1 i=1
we have p~1(p(U)) = U and so p(U) is open in Y. Thus
pU)yxV=nUxV)CA
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is a neighborhood of (xg, z0) lying in A, as desired.
(b) Again it suffices to show that a subset U in X/A x Z is open if 771(U) is open in X x Z. As
in case (a), let (yo,20) € U and let g € X such that p(zo) = yo.
If 7o € A, then A x {29} € 7~}(U). Since A is compact, a similar argument to that used in
case (a) shows that there exist open sets V' C X and W C Z such that
Ax{z} CVxW Cr }U).

But then (yo,20) € p(V) x W C U; p(V) is open since p~1(p(V)) = V (because A C V), and so
p(V) x W is open.

If on the other hand = ¢ A, there certainly exit open sets V. C X and W C Z such that
(20,20) €V xW C 7 Y(U) and if VN A = (), then p(V) x W is open. However, if V N A # (), then
(p(A), z0) € U, and we have already seen that we can then write

(p(A),20) €p(V) x W C U.
But then (yo,20) € p(VUV) x (WNW) C U; p(VUV) is open since A C V, and so once again
(20, 20) is contained in an open subset of U. It follows that U is open. 0

COROLLARY 2.40. Ifp: A — B and q: C — D are quotient maps and if the domain of p and
the range of q are locally compact Hausdorff spaces, then

pXxq:AxB—CxD
18 a quotient map.
PROOF. We can write p X ¢ as the composite
pXidD

AXBMAXD%CXD.

Since each of these maps is a quotient map, so is the composite p x q. O

THEOREM 2.41. If X andY are compact and X is Hausdorff, then (X AY)AZ is homeomorphic
to X N(YNZ).

PROOF. Write p for the various quotient maps of the form X x Y — X AY, and consider the
diagram

X XY xZ—XxY xZ
pXidZ idxxp
Y Y

(XAY)XZ  Xx(YAZ)

p p

Y

Y
(XAY)NZ XANYANZ).
Since X and Y are compact, X VY is compact. By Theorem 2.39, the map
pxidg: X XY xZ - (XAY)xZ
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is a quotient map. Since X is locally compact and Hausdorff, again by Theorem 2.39, the map
idx xp is a quotient map. It follows that both po (p x idz) and p o (idx xp) are quotient maps.
The identity map id: X XY x Z — X XY X Z induces maps

T XAY)AZ - XA(Y AZ) and
G XANYNANZ) = (XAY)ANZ

that are clearly homeomorphisms. O

EXERCISE 8.7. Show that X A (Y A Z) is homeomorphic to X A (Y A Z) if X and Z are locally
compact and Hausdorff.

9. Mapping Spaces and Compact-open Topology

Given spaces X and Y, the mapping space Map(X,Y") consists of all (continuous) maps from
X to Y. The topology in Map(X,Y) is given by so-called compact-open topology that is defined as
follows.

Let K be a compact set in X and let U be an open set in Y. Let
Wku ={f € Map(X,Y)|f(K) CU}.

The compact-open topology in Map(X,Y’) is generated by Wk v where K runs over all
compact subsets in X and U runs over all open sets in Y. In other words, an open set in
Map(X,Y’) is a union of a finite intersection of the subsets with the form W 1.

If X and Y are pointed spaces. Then pointed mapping space, denoted by Y X or Map, (X,Y), is
the subspace of Map(X,Y’) consisting of all pointed (continuous) maps, that all of maps f: X - Y
with f(zo) = yo-

EXERCISE 9.1. Let Y be a space and let X be a space with discrete topology. Show that the
compact-open topology on

Map(X,Y) H Y,,
zeX

where Y, is a copy of Y, is the same as the product topology.

Let f: A — X and g: Y — B be maps. Then the function g/: Map(X,Y) — Map(A4, B) is
defined by

g'(N)=gorof

for \: X — Y. If f and g are pointed maps, then g/ induces the map g/: Map,(X,Y) —
Map, (4, B) because if A € Map, (X,Y), that is ) is a pointed map, then g/()) is a pointed map.

PROPOSITION 2.42. Let f: A — X and g: Y — B be [ pointed] maps. Then g/: Map(X,Y) —
Map(A, B) [¢/: Map, (X,Y) — Map, (A, B)] is continuous.

PrOOF. Take a sub-basic open set Wik in Map(A, B), where K is compact in A and U is
open in B. Then
(07 Wicw) = {\: X = YlgoAf(K) C U}
=X = YIAf(K) Cg7 U)} = Wyik)g1w)

because f(K) is compact in X and g~ (U) is open in Y. Thus g/ is continuous. O
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Let X and Y be pointed spaces. Then both Map,(X,Y) and Map(X,Y) are pointed spaces,
where the base-point is the constant map ¢: X — Y, ¢(z) = yo. Let i: {zg} — X be the inclusion,
then we have the sequence

Map, (X,Y) ©— Map(X,Y) -2 Map({zo},Y) 2 Y.

This sequence is called the canonical fibration for mapping spaces. Observe that A € Map,(X,Y")
is and only if id% (\) is the base-point. As sets, one can see that Map(X,Y) is isomorphic to
Map, (X,Y) x Y. But as spaces Map(X,Y) is quite different from Map,(X,Y) X Y in general.
The pointed mapping space Map, (S*,Y) is denoted by QY, which is called the loop space of Y.
The mapping space Map(S*,Y) is often denoted by AY and is call the free loop space of Y in
many references. We will see that (1Y is actually an H-space, while AY is not in general. It was
found in physics that some problems related to so-called n-body problem in physics are related to the
homology of AY for certain spaces Y. There are many machines in algebraic topology for computing
the homology of QY, but the determination of the homology of AY for many interesting spaces Y
remains as interesting problems and have been studied by people.

PROPOSITION 2.43. (a) If Z is a subspace of Y, then Map(X, Z) is a subspace of Map(X,Y);
(b) If Z is a pointed subspace of Y, then Map, (X, Z) is a subspace of Map,(X,Y).

PRrROOF. The proofs of assertions (a) and (b) are similar. So we only prove assertion (a). We have
to show that a set is open in Map(X, Z) if and only if it is the intersection with Map(X, Z) of a set
that is open in Map(X,Y). Let j: Z — Y be the inclusion. Then j'4x: Map(X, Z) — Map(X,Y) is
continuous, so that if U C Map(X,Y) is open, U NMap(X, Z) = (j14x)~1(U) is open in Map(X, Z).
To prove the converse, it sufficient to consider an open set in Map(X, Z) of the form Wy 7, where
K C X is compact and U C Z is open. But U = V N Z for some open set V in Y and

Wy NMap(X,Z)={f: X - Y|f(K) CV and f(X)C Z}
= {f X — Z|f(K) cCVvnz= U} = WK,U~
That is an open set in Map(X, Z) is the intersection with Map(X, Z) of an open set in Map(X,Y).
0

Given spaces X and Y, the evaluation map
e: Map(X,Y)x X =Y
is defined by
e(A\,z) = A(x)
forzx € X and A\: X — Y. If X and Y are pointed spaces, the restriction of e gives the evaluation

map e: Map, (X,Y)x X — Y. If A is the constant map or z is the base point zg, then e(\, z) = yo.
That is e(Map, (X,Y) V X) = yo and so e induces the evaluation map

e: Map, (X, Y)AX =Y.
THEOREM 2.44. Let X and Y be pointed spaces. If X is locally compact Hausdorff, then the

evaluation maps
e: Map(X,Y) x X - Y and

e: Map,(X,)Y)ANX =Y

are continuous.
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PROOF. Let U be an open set in Y and that e(\,z) = A(x) € U. Then x € A™!(U) which is
open in X. Since X is locally compact and Hausdorff, there exists an open set V' in X such that
x €V CV CAYU), and V is compact. Consider Wy, ;; x V' C Map(X,Y) x X; this contains
(A, x) and if (N, 2') is another point in it, then

e(N, 2"y = N(2') e N(V) CU.
Thus Wy ; x V C e }(U) and so e~ *(U) is open or e: Map(X,Y) x X — Y is continuous. It
follows that the restriction
e: Map, (X, V) x X —-Y

is continuous and so e: Map, (X,Y) A X — Y is continuous. O

Note: The evaluation e: Map(X,Y) x X — Y may NOT be continuous in general. This is
somewhat “not-so-good” in the category of topological spaces. Norman Steenrod then introduced
“compact generated topological spaces” as a convenient category of topological spaces [22]. We just
give the definition of compactly generated space. A space X is called compactly generated if X is
Hausdorff and each subset A of X with the property that AN C is closed for every compact subset
C of X is itself closed. A locally compact Hausdorff space is compactly generated.

THEOREM 2.45. Let X, Y and Z be pointed spaces. Suppose that X and Y are Hausdorff. Then
(a) Map(X []Y, Z) = Map(X, Z) x Map(Y, 2);
(b) Map, (X V'Y, Z) = Map, (X, Z) x Map, (Y, 2).
PROOF. We only prove assertion (b). Let zp and yo are base points of X and Y respectively,
and define
ix: X = XVY, iy:Y > XVY
by ix(z) = (z,y0) and iy (y) = (x0,y). Then ix and iy are continuous. Define a function
6: Map, (X, Z) x Map,(Y,Z) — Map, (X VY, ZV Z)
by O(A, u) = AV pufor \: X — Z and p: Y — Z. Consider the composites

A X xidy
(b: ZXVY ZXVY X ZX\/Y z z ZX % ZY and

v: 25 x 2V e (v 2)XVY T ZXVY

where A is the diagonal map and VZ V Z — Z is the fold map, that is V(z,z9) = V(z0,2) = =
for z € Z. Givenv: XVY — Z, ¢(v = (voix,voiy) and given \: X — Z and u: Y — Z,
(A, ) = V(AV p). Thus ¢ o) and 9 o ¢ are identity functions, and the only point that remains
in showing ¢ is a homeomorphism is to show that 6 is continuous.
To do so, consider the set Wi 7, where K C X VY is compact and U C Z V Z is open. Now
0~ (W) = {(\ WAV p)(K) C U}
={(MWIAMEKNX)CUN(Z x{z}and pf(KNY)CUN ({20} x 2)}.

Clearly Uy =UN(Z x {z0}) and Uy = U N ({20} X Z) are open. But since X and Y are Hausdorff,
sois X x Y and hence is X VY; thus K, X,Y are closed in X VY, so that K N X and K NY are
closed and hence compact. That is,

0 Wk,u) = Wknx,v, X Wkay,us

so that 0 is continuous and hence ¢ is a homeomorphism. O
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Let X be a topological space and let S be a family of subsets of X. S is called a sub-base of
open sets if any member in S is open and any open set in X is a union of finite intersections of
members in S. In other words if S is a sub-base of open sets then the topology on X is generated by
S. We are going to give a result involving (Y x Z)% and Y¥ x ZX. We need the following lemma.

LEMMA 2.46. Let X be a Hausdorff space and let S be a sub-base of open sets for a space Y.
Then the sets of the form Wiy for K C X compact and U € S, form a sub-base of open sets for
Map(X,Y).

Proor. Let K C X be compact, V C Y be open and let A € Wik yy. Then V = Ua V., where

V, is a finite intersection of members in S, and so

K cJr"va);

hence, since K is compact, a finite collection of the sets A™1(V4,), say A=1(V4),- -+, A~1(V,,), suffice
to cover K. Given x € K, there exists r such that z € A=(V,.). Since K is a compact Hausdorff
space and K N A~1(V;) is an open neighborhood of x, there exists an open set A, in K such that

reA, CA, CKNA V).

Again, a finite collection of the open sets A, will cover K, and their closures are each contained in
just one set of the form A~*(V;.). Thus by taking suitable unions of A,’s, we can write K = JI'_, K,,
where K, C A™1(V,.) and K, is closed and so compact. It follows that

n
AE ﬂ Wk, v € Wkyv,

r=1
since if p(K,) C V,, for each r, then u(K) C |J'_, V, C V. But if, say, V; = (.-, U for Us € S,
then Wk, v. = (.-, Wk, u,. Hence X is contained in a finite intersection of sets of the form W, .
for Us € S and this intersection is contained in W y . O
THEOREM 2.47. Let X, Y and Z be pointed spaces. Suppose that X is Hausdorff. Then
Map(X,Y x Z) =2 Map(X,Y) x Map(X,Z) and
Map, (X,Y x Z) = Map,(X,Y) x Map, (X, Z).
ProOOF. We only prove that
Map(X,Y x Z) =2 Map(X,Y) x Map(X, Z).
Let py: Y x Z =Y and pz: Y x Z — Z be coordinate projections. Define a function
0: Map(X,Y) x Map(X, Z) — Map(X x X,Y x Z)
by (A, u) =Ax pfor A: X - Y and pu: X — Z. Counsider the composites
dx _ idx

Xpy

¢: Map(X,Y x Z) —2» Map(X,Y x Z) x Map(X,Y x Z) 2 "PZ, Map(X,Y) x Map(X, Z)
A
¥: Map(X,Y) x Map(X, Z) —» Map(X x X,Y x Z) = Map(X,Y x 2),
where A is a diagonal map. If v: X — Y x Z, then ¢(v) = (py ov,pz ov) and if \: X — Y and
p: X — Z, then ¥(A\, u) = (A X p) o A. Thus ¢ o) and 1) o ¢ are identity functions, and it remains
only to prove that 6 is continuous.
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Since X is Hausdorff, by Lemma 2.46, it sufficient to consider sets of the form Wiy 17y, where
K C X x X is compact and U CY, V C Z are open. Then

07 (Wruxv) ={(\w)|(Ax p)(K) CU x V= {(\p|K CATHU) x p (V) }.
But if p1,p2: X x X — X be the first and the second coordinate projections, then p; (K) and ps(K)
are compact, and K C A~Y(U) x p=1(V) if and only if p1 (K) x p2(K) C A"1(U) x p~(V). Hence
07 (Wi wsv) = W, x0).v X Was(),v

and so 6 is continuous. O

At this point we posses rules for manipulating mapping spaces analogous to the index laws
a’t¢ =ab-a® and (a-b)¢ = a® - b¢ for real numbers, and it remains to investigate what rule, if any,
corresponds to the index law a®¢ = (a®)¢. Now we define the ‘association map’.

Given spaces X, Y and Z, the (unreduced) association map is the function a.: Map(X xY, Z) —

Map(X, Map(Y, Z)) defined by
[N (@)](y) = Az, y)

forre X,yeYand \: X XY — Z.
To justify this definition, we have to show that «()) is an element in Map(X, Map(Y, Z)). For
a fixed x, the function a(\)(z): Y — Z is continuous because it is the composite

Y2 {2} xY CX xY 2» Z.
Thus at least a(A) is a function from X to Map(Y, Z).
PROPOSITION 2.48. The function a(\): X — Map(Y, Z) is continuous.

Proor. Consider Wk 7, where K C Y is compact and U C Z is open. If z € X is a point such
that a(\)(x) € Wk, then A({z} x K) CU or {z} x K C (A\)"1(U). Since A=}(U) is open and K
is compact, there is an open set V' in X such that

{z} x KCV x K C A} U).

That is
€V C(a(\) ' Wkr)

and so a(A) is continuous. O

Thus the function a: Map(X x Y, Z) — Map(X,Map(Y, Z)) is well-defined. Now we consider
the pointed case. Let X, Y and Z be pointed spaces. Let p: X XY — X AY be the quotient map.
Then we have the map

id,: Map, (X AY,Z) — Map,(X xY,Z) C Map(X x Y, Z).
Clearly o maps the image of id?, into the subspace
Map, (X, Map, (Y, Z)) € Map(X, Map, (Y, Z)) € Map(X, Map(Y, Z))
because if A\: X AY — Z, then Aop: X XY — Z has the property that
Aoplxvy: XVY = Z

is the constant map and so a(\)(zo)(y) = a(z)(yo) = 2o for any x,y. Thus the association map
a: Map(X xY,Z) — Map(X,Map(Y, Z)) induces the reduced association map

a: Map, (X AY, Z) — Map, (X, Map, (Y, Z))
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with
[@(N)(@)](y) = Az Ay)
forre X,yeYand \: X ANY — Z.

PROPOSITION 2.49. If X is Hausdorff, then the association map
a: Map(X x Y, Z) — Map(X,Map(Y, Z))
s continuous and therefore the reduced association map
a: ZXNY L (z¥)X
18 continuous.

PROOF. By Lemma 2.46, it suffices to consider a~!'(Wk ), where K C X is compact and
U C Map(Y, Z) is of the form Wi v for L CY compact and V C Z open. Now

a ' Wry = {MaWN(K) CWryy={MNK xL)CV}=Wkxrv.
Thus « is continuous. O

THEOREM 2.50. (a) For all spaces X, Y and Z, the functions
a: Map(X xY,Z) — Map(X,Map(Y, Z)) and
a: ZX/\Y s (ZY)X
are one-to-one.
(b) If Y is locally compact Hausdorff, then both o and & are onto.
(¢) If both X andY are locally compact Hausdorff, then « is a homeomorphism.
(d) If both X andY are compact and Hausdorff, then & is homeomorphism.

PROOF. (a) We only show that & is one-to-one. Let A, u: X AY — Z such that a()\) = a(p).
Then for any z € X and y € Y, we have

Az Ay) =[N (@)](y) = [a(w)(@)](y) = plzAy),

so that A = p.
(b) Let A: X — Map(Y, Z) be a map. Let u: X XY — Z be the composite

X xV 2% Map(v,2) x Y —5» Z,
where e is the evaluation map. By Theorem 2.44, the evaluation e is continuous and so is p. Clearly
a(p) = A and so « is onto. Now given a pointed map \': X — Map, (Y, Z), let u': X AY — Z be
the composite

XAY 2 Nap (V,Z2)AY —s Z,
where e is the evaluation. Again by Theorem 2.44 e is continuous and so is p’. Clearly Zﬂ' )y =N
and so & is onto.
(c) Certainly « is continuous, one-to-one and onto, so we have only to show that the inverse to « is
continuous. Let 6 be the composite

0: Map(X,Map(Y, Z)) x X x ¥ 2% Map(v, 2) x ¥ —5» Z,
where e are evaluations. By Theorem 2.44, 6 is continuous. By Proposition 2.48, the function
a(f): Map(X,Map(Y, Z) — Map(X x Y, Z)

is continuous. Clearly «() is the inverse of the association map o.
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(d) By Theorem 2.41, there is a homeomorphism
(ZYXANXAY)=(Z))X AX)AY.
Let % be the composite
(ZVYXANXAY) 2 (2 AX)AY D Z2Y ay L 7
Then 1 is continuous and
aw): (2V)% - 25N
is the inverse to the reduced association &. 0

Let X be a pointed space. The n-fold loop space Q*(X) of X is defined by
Q"(X) = Map, (5", X).

EXERCISE 9.2. Let X and Y be pointed spaces. Show that Q"(X xY) =2 Q"(X) x Q™(Y) and
QUtm(X) =2 Qm(Q"(X)).

10. Manifolds and Configuration Spaces

A Hausdorff space M is called an n-manifold if each point of M has a neighborhood homeo-
morphic to an open set in R™.

For example, R™ and the n-sphere S™ is an n-manifold. A 2-dimensional manifold is called
a surface. The objects traditionally called ‘surfaces in 3-space’ can be made into manifolds in
a standard way. The compact surfaces have been classified as spheres or projective planes with
various numbers of handles attached.

EXERCISE 10.1. Show that the real projective space RP™ is an n-manifold and the complex
projective space CP" is a 2n-manifold.

By the definition of manifold, the closed n-disk D™ is not an m-manifold because it has the
‘boundary’ S"~!. D" is an example of ‘manifolds with boundary’. We give the definition of
manifold with boundary as follows.

A Hausdorff space M is called an n-manifold with boundary (n > 1) if each point in M has a
neighborhood homeomorphic to an open set in the half space

RY = {(z1,--- ,2,) € R"[x, > 0}.

Manifold is one of models that we can do calculus ‘locally’. By means of calculus, we need local
coordinate systems. Let © € M. By the definition, there is a an open neighborhood U(z) of = and
a homeomorphism ¢, from U(z) onto an open set in R’. The collection {(U(x),¢,)|x € M} has
the property that 1) {U(z)|x € M} is an open cover and 2) ¢, is a homeomorphism from U(x)
onto an open set in R’ . The subspace ¢,(U,) in R} plays a role as a local coordinate system. The
collection {(U(x), ¢ )|x € M} is somewhat too large and we may like less local coordinate systems.
This can be done as follows.

Let M be a space. A chart of M is a pair (U, ¢) such that 1) U is an open set in M and 2) ¢
is a homeomorphism from U onto an open set in R’}. An atlas for M means a collection of charts
{(Uq; ¢a)|a € J} such that {U,|o € J} is an open cover of M.

PROPOSITION 2.51. A Hausdorff space M is a manifold (with boundary) if and only if M has
an atlas.
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PROOF. Suppose that M is a manifold. Then the collection {(U(z),d.)|x € M} is an atlas.
Conversely suppose that M has an atlas. For any x € M there exists a such that z € U, and
so U, is an open neighborhood of z that is homeomorphic to an open set in R”. Thus M is a
manifold. O

We define a subset OM as follows: x € 9M if there is a chart (Uy,, o) such that = € U, and
do(r) € R*1 = {2 € R"|z,, = 0}. OM is called the boundary of M. For example the boundary of
D" is Sn1.

PROPOSITION 2.52. Let M be a n-manifold with boundary. Then OM is an (n — 1)-manifold

without boundary.

PROOF. Let {(Uy, ¢o)|e € J} be an atlas for M. Let J' C J be the set of indices such that
Uy NOM # 0 if o € J'. Then Clearly

{(Ua NOM, ¢o|v,nomla € J'}

can be made into an atlas for OM. O

DEFINITION 2.53. A Hausdorff space M is called a differential manifold of class C* if there is
an atlas of M
{(Ua, ¢ala € J}
such that
For any «, 8 € J, the composites

$aody s ¢5(UaNUs) = RY
is differentiable of class C*.
The atlas {(Uy, ¢ol|a € J} is called a differential atlas of class C* on M.

Two differential atlases of class C* {(Uy, ¢o)|o € I} and {(Vj,13)|B € J} are called equivalent

if
{(Ua, o)l € T} U{(Vs,95)|8 € J}

is again a differential atlas of class C* (this is an equivalence relation). A differential structure of
class C* on M is an equivalence class of differential atlases of class C* on M. Thus a differential
manifold of class C*¥ means a manifold with a differential structure of class C*. A smooth manifold
means a differential manifold of class C°°.
Note: A general manifold is also called topological manifold. Kervaire and Milnor [11] have shown
that the topological sphere S” has 28 distinct oriented smooth structures.

Let M be a smooth manifold and let {(Uy, ¢o)|a € J} be a C*®-atlas for M. For a, § € J, the
function

ba0d5": 03(Ua N Up) — RY

is a smooth map from an open set in R’ to an open set in R}. The Jacobian matrix

a(¢a OQSEl)i
Meop(z) = <8:cj "
B T

is invertible for any z € U, N Ug. A smooth manifold M is called oriented if there is an C*°-atlas
{(Uqdala € J} for M such that the determinant of the Jacobian

det(]\/[ag(x)) >0
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for any o, 8 € J and x € U, NUg. For example RP" is oriented if and only if n is odd. On the
other hand CP™ is oriented for any n.

DEFINITION 2.54. let M and N be smooth manifolds of dimensions m and n respectively. A map
f: M — N is called smooth if for some smooth atlases {(Un, ¢o|a € I} for M and {(V,v3)5 € J}
for N the functions

U 0 f oo pu(r1 (vt Galf T (Va) NUa) — RY
are of class C°.

PROPOSITION 2.55. If f: M — N is smooth with respect to atlases
{(Ua, ¢ala €1}, {(Vs,plB € J}

for M, N then it is smooth with respect to equivalent atlases
{(Us, 05l € I'}, {(V},my|B € J'}
PROOF. Since f is smooth with respect with the atlases

{(Ua7¢a|a € 1}7 {(Vﬁvd)ﬁ'ﬁ € J}7
f is smooth with respect to the smooth atlases

{(Ua, $ala € TYU{(Us, 0l € I}, {(V, dplB € T} U{(V], 4|8 € J'}

by look at the local coordinate systems. Thus f is smooth with respect to the atlases

{(Us, 5l € I'}, {(V),my[B € '
O

Thus the definition of smooth maps between two smooth manifolds is independent of choice of
atlas.
Let M be a m-manifold. The (ordered) configuration space F(M,n) is defined by

F(M,n) ={(z1,--- ,z,) € M"|x; # x; for i # j}.

In other words, the configuration space F(M,n) is the subspace of the Cartesian product M™ by
removing the ‘flat’ diagonals. The symmetric group ¥,, acts on F'(M,n) by permuting coordinates.
The (unordered) configuration space B(M,n) is the quotient of F'(M,n) by ¥,, that is

B(M,n) = F(M,n)/%,.

Clearly both F(M,n) and B(M,n) are mn-manifolds. configuration spaces are arisen from many
areas in mathematics and physics. In geometry and physics, the diagonals play as singularities in
many cases and so we have to remove them, then this gives the configuration space. In combinatorics,
the homology of configuration spaces is related to ‘subspace arrangements’. The determination of
the homology of F(M,n) and B(M, n) still remains open for general manifold M though it is known
for many cases. The fundamental groups of configuration spaces are interesting as well. A typical
example is that the fundamental group of F(R?,n) is the pure braid group K,, and the fundamental
group of B(R?,n) is the Artin braid group B,. The braid groups are important in group theory,
low dimensional topology and mathematical physics. In homotopy theory, configuration spaces are
used to construct various combinatorial models for mapping spaces. (As we have seen that mapping
spaces are quite complicated, the construction means that we construct certain ‘simpler spaces’ that
has the same homotopy groups and homology groups of a mapping space. So if one needs to know
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the homotopy groups and homology groups of a complicated mapping space, one may look at these
simpler spaces.)



CHAPTER 3

Elementary Homotopy Theory

1. Homotopy Sets

1.1. Homotopy Relative to a Subspace. The problem of classifying topological spaces and
continuous maps up to topological equivalence (homeomorphism) does not seem to be amenable to
attack directly by computable algebraic functors. Many of the computable functors, because they
are computable, are invariant under continuous deformation. Therefore they cannot distinguish
between spaces (or maps) that can be continuously deformed from one to the other; the most that
can be hoped for from such functors is that they characterize the space (or map) up to continuous
deformation.

The intuitive concept of a continuous deformation will be made precise in this section in the
concept of homotopy. This leads to the homotopy category which is fundamental for algebraic
topology. Its objects are topological spaces and its morphisms are equivalence classes of continuous
maps (two maps being equivalent of one can be continuously deformed into the other).

Roughly speaking two continuous maps fo, f1: X — Y are said to be homotopic if there is an
intermediate family of maps f;: X — Y for 0 < ¢ < 1 which vary continuously with respect to ¢.
Let I =10,1].

DEFINITION 3.1. Let f,g: X — Y be two maps. We say that f is homotopic to g if there is a
continuous map F': X x I — Y such that F(x,0) = f(z) and F(x,1) = g(z) for any z € X. The
map F' is called a homotopy between f and g. We write f ~ g or F': f ~g.

For each 0 <t < 1, we denote F(x,t) by Fi(z). So gives a family of maps F;: X — Y. Just
keep in mind that F; is continuous in ¢ as a map from I to Map(X,Y). A map f: X — Y is called
null homotopic if f is homotopic to a constant map.

DEFINITION 3.2. Suppose that A is a subset of X and that f,g: X — Y are maps. We say
that f is homotopic to g relative to A, denoted f ~ g rel A or F': f ~ g rel A, if there is a homotopy
F: X x I —Y such that

1) F(z,0) = f(z) for any = € X
2) F(z,1) = g() for any z € X and
3) F(a,t) = f(a) forany a € Aand t € I.

We say that f is null homotopic relative to A if f is homotopic to a constant map relative to A.

Note that f(a) = g(a) for alla € Aif f ~ grel A. When A =0, f ~ g rel A is equivalent to
f~g: X —Y. Given two maps f,g: X — Y such that f(a) = g(a) for a € A. The question

41
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whether f is homotopic to g relative to A is in fact an ‘extension question’ by the following diagram

Xx{0JUX x{1JUAX T — X xI

F

\4
Xx{0UXx{1judxT-2 oy

)

where ¢|x (01 = f, ¢lxx{1} = g and ¢(a,t) = f(a) = g(a) for a € A and t € I. In other words
such an extension F' exists if and only if f is homotopic to g relative to A.

THEOREM 3.3. Homotopy relative to A is an equivalence relation in the set of maps from X
toY.

PROOF. Reflexivity. For f: X — Y define F: X xI — Y by F(x,t) = f(x). Thus f ~ a rel A.
Symmetry. Given F: f ~ g rel A, define F': g ~ f rel A by

F'(z,t) = F(z,1—1t).
Transitivity. Given F': f ~grel A and G: g ~ h rel A, define H: f ~ h rel A by

[ F(a,2t) 0<t<1/2
H(x’t)_{ G(z,2t — 1) 1/2<t<1.

Note that H is continuous because its restriction to each of closed sets X x [0,1/2] and X x [1/2,1]
is continuous. O

It follows that the set of maps from X to Y is partitioned into disjoint equivalence classes by the
relation of homotopy relative to A. These equivalence classes are called homotopy classes relative
to A. We use the notation [X,Y]4 to denote this set of homotopy classes. Given f: X — Y, we
use [f]a to denote the element in [X,Y]4 determined by f. For (unpointed) spaces X and Y, the
notation [X, Y] usually means [X,Y]y.

THEOREM 3.4. Let A and B be subspaces of X and Y respectively. Let fo, f1: X — Y be
homotopic relative to A and go,g1: Y — Z be homotopic relative to B such that fi1(A) C B. Then
go o fo~gio firel A.

PrOOF. Let F': fog~ f; rel A and G: gg ~ g1 rel B. Then the composite
XxI-Toy 2.7

is a homotopy relative to A from gg o fy to go o f1, and the composite

Xx7 Iy o7 9

is a homotopy relative to f; *(B) from go o fi to g o fi. Since A C f;*(B), we have shown
thatgg o fo ~ go o f1 rel A and gg o f1 ~ g1 o f1 rel A. The result follows from Theorem 3.3. g



1. HOMOTOPY SETS 43

1.2. Pointed Homotopy. A pointed space means a topological space X with a fixed choice of
base-point zo. Let X and Y be pointed spaces with base-points xy and yg, respectively. A pointed
map f: X — Y means a continuous map f: X — Y such that f(zo) = yo.

Let X and Y be pointed spaces and let f,g: X — Y be pointed maps. f is called (pointed)
homotopic to g is f ~ g rel xg, where x is the base point. If there is no confusion, we simply denote
f ~gfor f ~ grelzy (in pointed case). For pointed spaces, the notation [X, Y] means the set of
equivalence classes of pointed maps from X to Y by the relation of homotopy relative to the base
point zg. For any pointed map f, [f] means the homotopy class determined by f. The homotopy
category of pointed spaces means the category in which objects are pointed spaces and morphisms
are homotopy classes [f]. The composition in the homotopy category of pointed spaces is defined
by [f]o[g] = [f o g]. Theorem 3.4 shows that this is a well-defined composition operation.

DEFINITION 3.5. Let X be a pointed space. The n-homotopy group m,(X) is defined by
T (X) = [S™, X]
for n > 0.

Note: my(X) is NOT a group in general. w1 (X) is also called the fundamental group of X. We will
show that the fundamental group 71 (X) is a group for any X (but non-commutative in general).
We will also show that m,(X) is an abelian group for n > 2.
THEOREM 3.6. A pointed map f: Yy — Y5 gives rise to a function
feor [X, 1] = [X, Y
for any pointed space X with the following properties:
1) If f': Y1 — Yy is another map, and f' ~ f, then f. = fi;
2) Ifid: Y =Y is the identity map, then id.: [X,Y] — [X,Y] is the identity function;
3) If g: Yo — Y3 is another map, then
(go f)e=g«o fu
PrOOF. Let [A] € [X,Y7] be the homotopy class of a map A: X — Y. Define
() =[fe A € [X, V3]
The function f, is well-defined because if \': X — Y7 is another map with [A\'] = [A], that is A" ~ A,
then [f o M'] = [f o A] by Theorem 3.4. Properties 1 to 3 follow immediately from the definition and
Theorem 3.4. 0
Let f: X7 — X5 be any pointed map. Define
f*: [X27Y] - [Xh Y]
by
(D) = Ao f]
for any pointed map A\: Xs — Y. By the similar arguments, we have
THEOREM 3.7. A pointed map f: X1 — Xo gives rise to a function
f*I [X27Y] — [Xl,Y]
for any pointed space Y with the following properties:
1) If f': X1 — X5 is another map, and [’ ~ f, then f* = f"*;
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2) Ifid: X — X s the identity map, then id*: [X,Y] — [X,Y] is the identity function;
3) If g: Xo — X3 is another map, then
(gof)"=["og"

Let X and Y be pointed spaces with base points ¢ and yg, respectively. Then the wedge X VY
of X and Y is defined to be the quotient space

(XHY)/{mo,yo}*

The topology in X VY is given by the quotient topology under the quotient map ¢: X [[Y — X VY.
Note from general topology that X VY = (X x {yo}) U ({x0} x Y'}) as a subspace of X x Y.
Let X and Y be pointed spaces. The smash product X A'Y is defined by

(X xY)/((X x{yo}) U ({zo} x Y)).
We write x Ay for elements in X AY, where z € X and y € Y.

THEOREM 3.8. Let X, Y and Z be pointed spaces. Then
1) [XVY,Z]|2[X,Z] x [Y,Z] and
2) [X,)Y x Z] 2 [X,Y] x [X, Z].
PROOF. 1) Let
0: [XVY,Z] - [X, 7] x [V, 2]
be defined by
O([A) = (ix ([A], 55 ([A])
for any [\] € [X VY — Z], where ix: X - X VY and iy: Y — X VY be the inclusions. We first
show that 6 is onto. For any ([A\1],[A\2]) € [X,Z] X [V, Z], where A\1: X — Z and \y: Y — Z are

pointed maps. Then there is a unique pointed map A: X VY — Z such that A|x = A; and Aly = A
and so

0([A]) = ([M]; [A2])
or 6 is onto. Now we show that 8 is one-to-one. Let A\, \': X VY — Z such that 0([\]) = 6([N']).
Then i% ([A]) = i% ([N]) and #}-([A]) = #3-([\']) that is there are pointed homotopies

F:Nx~XNy and

G: /\|y =~ )\/|y

and so the map H: (X VY) x I — Z defined by

| F(z,t) for zeX
Hiz,t) = { G(z,t) for zeY

is a homotopy from A to ).
2). Let
0: [ X,)Y xZ] - [X,)Y] x [X, Z]
be the function defined by
0([A]) = (py«([A]), pz«(A]))

for any \: X — Y x Z. Similar arguments show that 6 is one-to-one and onto. O
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COROLLARY 3.9. Let X and Y be a pointed space. Then
(X XY) 271, (X) x 7, (Y)
for each n > 0.

Given spaces X and Y, the mapping space Map(X,Y") consists of all (continuous) maps from
X to Y. The topology in Map(X,Y) is given by so-called compact-open topology that is defined as
follows.

Let K be a compact set in X and let U be an open set in Y. Let
Wku ={f €Map(X,Y)|f(K) CU}.

The compact-open topology in Map(X,Y) is generated by Wk y where K runs over all
compact subsets in X and U runs over all open sets in Y. In other words, an open set in
Map(X,Y’) is a union of a finite intersection of the subsets with the form Wi .
If X and Y are pointed spaces. Then pointed mapping space, denoted by Y X or Map, (X,Y), is
the subspace of Map(X,Y’) consisting of all pointed (continuous) maps, that all of maps f: X — Y
with f(zo) = yo.
THEOREM 3.10. Let X, Y and Z be pointed spaces. If Y is locally compact and Hausdorff, then
the association map
a: Map, (X NY, Z) — Map, (X, Map, (Y, Z))
induces and one-to-one correspondence

a.: [X AY, Z] = [X,Map, (Y, Z)).

PROOF. Let p: X xY — X AY be the quotient map. Suppose that F': (X AY') x I be a pointed
homotopy between maps f,g: X AY — Z. Then the map

Fo(pxidy): X xY xI—2Z

sends X x {yo} x I and {zo} X Y X I to 29 and so induces a map F': (X x I) AY — Z. Then
a(F'): X x I — ZY sends x¢ x I to the base-point and is clearly a homotopy between a.(f) and
@x(g). Thus ay: [X AY, Z] — [X, ZY] is a well-defined function (though & may not be continuous
in general).

By assertion (b) of Theorem 2.50, the function

a: ZX/\Y N (ZY)X
is onto and so a.: [X AY, Z] — [X, ZY] is onto.

Now we show that @, is one-to-one. Let f,g: XAY — Z such that a(f) ~ a(g), that is there is a
pointed homotopy F': X x I — ZY such that Fy = f and F} = g. By assertion (b) of Theorem 2.50,
there is a map F’': (X x ) \Y — Z such that @(F') = F. Let ¢: X XY x I — (X x I) AY be the
quotient map defined by ¢(z,y,t) = (x,t) Ay. Then F’ og sends X X {yo} x I and {zo} x Y X I to
z0- BY Theorem 2.39, the map (X xY) x I — (X AY) x I is a quotient map because I is locally
compact and Hausdorff. Thus F o ¢ induces a map F"': (X AY) x I — Z, which is clearly a pointed
homotopy between f and g. O

COROLLARY 3.11. Let X be a pointed space. Then
T (X) 2 mo(Q"X) =2 m (Q"1X)
for anyn > 1.
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1.3. Path Connected Components. Let X be a topological space. A path in X means a
continuous map A: I — X. A(0) is called the initial point and A(1) is called the it final or it terminal
point. Clearly, a path in X is a homotopy from one point space to X. Given a space X, define an
equivalence relation by x ~ y if there is a path in X joining  and y. Let = be any point in X. The
path-connected component of X that contains x is defined to be the subspace

{ye X|y ~z} C X.

A space X is called path-connected if X has only one path-connected component. In other words, X
is path-connected if for any two points z,y in X there is a path joining x and y. By Theorem 3.3,
~ is an equivalence relation on X and so X is a disjoint union of its path-connected components.
Let X/ ~ be the set of equivalence classes of X by ~.

EXERCISE 1.1. Let f: X — Y be a map. If X is path-connected, then the image f(X) is
path-connected.

EXERCISE 1.2. Let X be a non-empty space and let £y be any point in X which is regarded as
the base point. Then

mo(X) = (X/ ).
In particular, X is path-connected if and only if 7o(X) is the one-point set {0}.
EXERCISE 1.3. Let X and Y be topological spaces. Then X and Y are path-connected if and
only if X x Y is path-connected. (Hint: 7o(X x Y) = m(X) x mo(Y).)
2. Homotopy Equivalences and Contractible Spaces

A map f: X — Y is called an homotopy equivalence if there is a map ¢g: ¥ — X such that
go f~idyxy and fog ~ idy. The map g is called a homotopy inverse of f. A space X is called
homotopy equivalent to Y if there is a homotopy equivalence between X and Y. In this case, we
call that X has the same homotopy type of Y, denoted by X ~ Y.

DEFINITION 3.12. A space X is called contractible if the identity map is homotopic to some
constant map from X to itself.

PRrROPOSITION 3.13. Any two maps of an arbitrary space to a contractible space are homotopic.

PROOF. Let Y be a contractible space and suppose that idy ~ ¢, where c: Y — Y is a constant
map. Let fy, fi: X — Y be any two maps. Then

Jo=idyofg~co fo=co fi ~idyof; = fi
and so fy >~ fi1. O

COROLLARY 3.14. IfY is a contractible space, then any two constant maps of Y to itself are
homotopic, and the identity map is homotopic to any constant map of Y to itself.

EXERCISE 2.1. Show that any vector space V over R is contractible. (Hint: Check that the map
F:VxI—-V,(zt)— (1—t)z, is a homotopy between the identity map and a constant map.)

THEOREM 3.15. A space is contractible if and only if it has the same homotopy type as a
one-point space.
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PROOF. Assume that X is contractible and let F' be a homotopy between the identity map and
a constant map ¢: X — X, x — x¢. Let P be the one-point space {z¢} and let f: X — P and
j: PCX. Then foj=idp and F': idx ~ jo f. Thus f is a homotopy equivalence from X to P.
Conversely, if X has the same homotopy type as a one-point space P, let f: X — P be a
homotopy equivalence with homotopy inverse g: P — X. Then idx ~ go f. Because go f is a
constant map, X is contractible. O

COROLLARY 3.16. Any two contractible spaces have the same homotopy type, and any contin-
uwous map between contractible spaces is a homotopy equivalence.

PROOF. Let X and Y be two contractible spaces. Let P be a one-point space. Then X ~ P ~Y
and so X ~ Y. The second part follows from Proposition 3.13. O

THEOREM 3.17. Let py be any point of S™ and let f: S™ — Y. The following are equivalent:
(a) f is null homotopic;
(b) f can be continuously extended over D" ;
(c) f is null homotopic relative to pg.

PROOF. (a) = (b). Let F': f ~ ¢, where c is the constant map of S™ to yp € Y. Define an
extension f of f over E™t1 by

BN Yo 0< ||z < 1/2
Jw) = { F(z/|lz||,2 - 2[|=|) 12< |z <1.

Since F'(z,1) = yo for all x € S™, the map f is well-defined. f is continuous because its restriction
to each of the closed sets {z € E"T10 < ||z|| < 1/2} and {z € E""![1/2 < ||z|| < 1} is continuous.
Since F'(z,0) = f(x) for z € S™, fls» = f and f is a continuous extension of f to D"T1.

(b) = (c). If f has the continuous extension f: E"™! — Y define F: §" x I — Y by

F(a,t) = f((1=t) +tpo).

Then F(z,0) = f(x) = f(z) and F(z,1) = f(po) for € S™. Since F(po,t) = f(po) for t € I, F is
a homotopy relative to {pp} from f to a constant map.
(¢) = (a). This is obvious. O

EXERCISE 2.2. Show that any continuous map from S™ to a contractible space has a continuous
extension over E"t1,

EXERCISE 2.3. The comb space Y is defined by
Y ={(x,y) eR*|0<y<1,2=0,1/nory=0,0<z <1}

Show that the identity map of Y is homotopic to the constant map to (0,1) € Y. (Hint: By
Proposition 3.13, it suffices to show that Y is contractible. Let F: Y x I — Y be defined by
F((z,y),t) = (z,(1 —t)y). Then F is a homotopy from idy to the projection of Y to the z-axis.
Since the latter map is homotopic to a constant map, Y is contractible.)

3. Retraction, Deformation and Homotopy Extension Property

This section is concerned mainly with inclusion maps. We consider whether such a map has a
left inverse, a right inverse and a two-sided inverse in either the category of spaces or the homotopy
category.
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3.1. Retraction.

DEFINITION 3.18. A subspace A of X is called a retract of X if the inclusion i: A — X has a
left inverse, that is, there is a map r: X — A such that r o1 =1ida. A subspace A is called a weak
retract of X if i: A C X has a left homotopy inverse, that is there is a map r: X — A such that
o idA.

EXAMPLE 3.19. Let A be the comb space of exercise 2.3 and let X = I2. Then A is a weak
retract of X because both A and X are contractible and so the inclusion i: A C X is a homotopy
equivalence (in particular i has a left inverse. We show that A is not a retract of X. Suppose that
there were a retraction r: X — A. Let g = (0,1) € A. Then r(zg) = x¢. Let U = {yl||ly — x| <
1/2} N A = B1/2(z0) N A be the open neighborhood of xg. There is an open neighborhood V' of
xo in I? such that 7(V) C U. Let € be a small positive number such that B.(z) N I? C V. Since
B.(xg) N I? is path-connected, the image r(B.(zo) N I?) C U is path connected in U. Let m # n
be positive integers such that 1/m,1/n < e. Then (1/m,1),(1/n,1) € r(B(zo) N I?) because r is
a retraction and so there is a path \ in r(B(x¢) N I?) C U joining them. This contracts to that
(1/m,1) and (1/n,1) lie in different path-connected components of U.

EXERCISE 3.1. Show that a subspace i: A C X is a weak retract if and only if i*: [X, A]p —
[A, A]gy is onto.

Despite the fact that, in general, a weak retract need not be a retract, these concepts do coincide
when A is a suitable subspace of X. This occurs frequently enough to warrant special consideration
and will prove of use later.

3.2. Homotopy Extension Property.

DEFINITION 3.20. Let (X, A) be a pair of spaces (that is A is a subspace of X ) andY be a space.
(X, A) is said to have the homotopy extension property with respect to 'Y if, given maps g: X —Y
and G: A x I =Y such that g(a) = G(a,0) for x € A, there is a map F: X x I — Y such that
F(z,0) = g(z) forx € X and F|ax; = G. In other words, the following commutative diagram holds

gUG

X x0UAXxIT Y

foranyg: X =Y and G: Ax I —Y such that gla = G axo.

PROPOSITION 3.21. Suppose that (X, A) has the homotopy extension property with respect to'Y
and fo, f1: A —Y are homotopic. If fy has an extension to X, then so is fi.

PRrROOF. Let G: A x I — Y be the homotopy from fy to fi and let g: X — Y be the extension
of fo. By the definition, there is a map F: X x I — Y such that F|xxouaxs = ¢ UG. Then
Fi: X — Y is an extension of fi. O
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3.3. Cofibration. Of particular importance is the case when (X, A) has the homotopy exten-
sion property with respect to any space. More generally, we have the following important concept:

DEFINITION 3.22. A map f: X' — X is called a cofibration if for any space Y and any given
maps g: X =Y and G: X' x I —'Y such that

G(2',0) = g(f(2"))
forany ' € X', there exists a map F': X xI —'Y such that F(x,0) = g(x) and F(f(2'),t) = G(2',t)
foranyre X, 2’ € X' andt e 1.

The existence of F' is equivalent to the existence of a map represented by the dotted arrow
which makes the following diagram commutative:

, ind[
X' X —5> X X[ «—>Xx0

G l
A\
Y Y Y.

Thus an inclusion i: A C X is a cofibration if and only if (X, A) has the homotopy extension
property with respect to any space Y.

PROPOSITION 3.23. An inclusion i: A C X is a cofibration if and only if X x OUA X I is a
retract of X x I.

PROOF. Suppose that i: A C X is a cofibration. Then the identity map of X x 0U A x I can
be extended to X x I and so X x QU A x [ is a retract of X x I.
Conversely, let
r: X xI—-Xx0UAxIT
be a retraction. Let Y be any space and let g: X — Y and G: A x I — Y be maps such that
Glaxo = g|a. Then the composite

XxI "+ Xx0uAdxI Sy

is an extension of g U G. a

EXERCISE 3.2. Let A C B C X be subspaces. Suppose that A C B and B C X are co-fibrations.
Show that A C X is a cofibration.

EXERCISE 3.3. Show that S™ C D™*t! is a cofibration.
3.4. A Relation between Retract and Weak Retract.

THEOREM 3.24. If (X, A) has the homotopy extension property with respect to A, then A is a
weak retract of X if and only if A is a retract of X.

PrOOF. We show that any weak retraction r: X — A is, in fact, homotopic to a retraction.
Let G: A x I — A be the homotopy from r o to id4. Because (X, A) has the homotopy extension
property with respect to A, there is an extension F': X x I — A such that F(x,0) = r(x) and
F(a,t) = G(a,t). Then F;: X — A is a retraction. O
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3.5. Deformation. Given X’ C X, a deformation D of X’ in X is a homotopy D: X' xI — X
such that D(z/,0) = a’ for 2/ € X'. If, moreover, D(X’ x 1) is contained in a subspace A of X, D
is said to be a deformation of X' into A and X’ is said to be deformable in X into A. A space X
is said to be deformable into a subspace A if it is deformable in itself into A. Thus a space X is
contractible if and only if it is deformable into one of its points.

EXERCISE 3.4. Show that a space X is deformable into a subspace A if and only if the inclusion
1: A C X has a right homotopy inverse.

Note that an inclusion ¢: A C X never has a right inverse in the category of topological spaces
except the trivial case A = X.

A subspace A C X is called a weak deformation retract of X if the inclusion i: A C X is a
homotopy equivalence.

EXERCISE 3.5. Show that A is a weak deformation retract of X if and only if A is a weak retract
of X and X is deformable into A.

A is called a deformation retract if there is a retraction r of X to A such that ior ~idx. A is
called a strong deformation retract of X if there is a retraction r of X to A such that ior ~ idx rel A.

EXERCISE 3.6. Suppose that X is deformable into a retract A. Show that A is a deformation
retraction of X.

PROPOSITION 3.25. If (X, A) has the homotopy extension property with respect to A, then A is
a weak deformation retract of X if and only if A is a deformation retract of X.

PRrOOF. Since (X, A) has the extension property with respect to A and A is a weak retract of
X, Ais aretract of X. Let r: X — A be a retraction. Since i: A C X is a homotopy equivalence,
i has a right homotopy inverse and so r is a right homotopy inverse of 7. Thus A is a deformation
retract of X. O

PROPOSITION 3.26. If (X X I, (X x0)U(Ax I)U(X x 1)) has the homotopy extension property
with respect to X and A is closed in X, then A is a deformation retract of X if and only if A is a
strong deformation retract of X.

PROOF. <« is obvious by definition.
= Let r: X — A be a retract and let F': X x I — X be a homotopy from idx to i o r, where
i: A C X. A homotopy
G: (X x0O)UAxTHU(X x1))xI—-X

is defined by the equations

G((z,0),t) = reX,t'el
G((a,t),t ):F(a7(1—t)) ac Attt el
G((z,1),t') = F(r(z),1 —1t) zeX,t' el

G is well-defined, because for a € A
G((a,0)t') = a = F(a,0)
by the first two equations and
G((a,1),t') = F(a,1 —t') = F(r(a),1 = t)
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by the last two equations. G is continuous because its restriction to each of the closed sets X x0x I,
AXxIxTand X x1 x [ is continuous. Furthermore

Gl((x x0)u(AxDUX x1))x0 = F(X x0)U(Ax T)U(X x1)
[because F(z,0) = x and since r is a retraction, F(r(z),1) = ir(r(z)) = F(z,1).] Thus G restrict
to (X x0)U(AxT)U(X x1))x0 can be extended to (X x I) x 0. From the homotopy extension
property in the hypothesis, G restrict to ((X x 0) U (A x I) U (X x 1)) x 1 can be extended to
(X xI)x1. Let G': (X xI)x1 — X be such an extension, and define H: X x I — X by
H(z,t) = G'((x,t),1). Then we have

H(z,0) = G'((,0),1) = G((,0),1) =« reX
H(z,1)=G((z,1),1) = F(r(z),0) = r(x) reX
H(za,t) = G((a,t),1) = F(a,0) =a acAtel

and so H is a homotopy relative to A from idx to i o7, or A is a strong deformation retract of
X. O

ProposSITION 3.27 (First Criteria for Homotopy Equivalence). If A is contractible and the
pair (X, A) satisfies the homotopy extension property with respect to X, then the quotient map
q: X — X/A is a homotopy equivalence.

PROOF. Let ag be a point in A. Since A is contractible, there exists a map F: A x I — A
such that Fy = ida and Fi(a) = ag for a € A. By the homotopy extension property, there exists
an extension F': X x I — X such that Fy = idx and F|ax; = F, that is, there is a commutative
diagram

idy UF

X x0UAxIT X

F
X xI X.

Since F(A xI)=F(AxI) C A, the composite g o F factors through the quotient ¢ x id;: X —
X /A, that is there exists maps F; such that the diagram

X x1I X

q X id] q
F

commutes. ~ .

Note that, for a € A, F(a,1) = F(a,1) = ag. Themap F;: X — X factors through the quotient
map q: X — X/A~7 that is, there exists a map g: X/A — X such that F; =gogq.

Now goq = F; ~ Fy =idx by F. From the above commutative diagram

gog=F ~Fy=idx/a

by F and hence the result. O
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Let (X, A) be a pair of spaces and let f: A — Y be a map. The adjunction space Y Uy X is
defined to the quotient space X [[Y/ ~, where ~ is generated by

z~ f(z)

for x € A. Roughly speaking, the space Y Uy X is obtained by gluing the subspace A of X to Y via
the map f.
Let (X, A) and (Y, B) be pairs of spaces. Write (X, A) x (Y, B) for (X xY, X x BUAXY).

PROPOSITION 3.28 (Second Criteria for Homotopy Equivalence). Let (X, A) be a pair of spaces
and let f,g: A —Y be maps. Suppose that
(1). fogi Aoy,
(2). A is closed in X, and
(3). (X,A)x(1,0) and (X, A) x (I1,0) x (I,{0,1}) have the homotopy extension property with
any spaces.

Then Y Uy X ~Y Uy X relY.

PROOF. Let F': A x I — Y be a a homotopy from f to g. Consider the space Y U (X x I).
Note that Y Uy X and Y U, X are subspaces of Y Up (X x I) as the quotients of X x 0][Y and
X x 1]]Y via F, respectively.

Observe that the inclusion X xOUAX I — X x I is a homotopy equivalence. By Propositions 3.25
and 3.26, X x 0U A x [ is a strong deformation retract of X x I. Let G; be a strong deformation
retraction of X x I onto X x 0U A x I. Then the homotopy

GtUidyZYUF(XXI)HYUF(XXI)

is a strong deformation retraction of Y Up (X xI) onto Y Uy X. Thus YUy X ~ Y Up (X xI) relY.
Similarly ¥ U, X is a strong deformation retract of Y Up (X x I). It follows that

YU XY Up (X XI)~Y Uy X relY

and hence the result. O

Remark. It was proved in Steenrod’s paper, A conventional category of topological spaces, Michigan
Math. J. 14(1967), 133-152, that if (X, A) and (Y, B) have the homotopy extension property with
respect to any spaces, then (X, A) x (Y, B) has the homotopy extension property with respect to
any spaces. In particular, if (X, A) has the homotopy extension property with respect to any spaces,
then both (X, A) x (1,0) and (X, A) x (1,0) x (1,{0,1}) have the homotopy extension property with
any spaces.

4. H-spaces and Co-H-spaces

In this section, a space X means a pointed space. The notation [X, Y] means the set of pointed
homotopy classes of pointed maps from X to Y.

4.1. H-spaces. An H-space consists of a pointed space P together with a continuous multi-
plication p: P x P — P for which the (unique) constant map c¢: P — P is a homotopy identity,
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that is, the following diagram

(C, idp) (idp, C)

P PxP P

I

P P P

commutes up to homotopy.

EXERCISE 4.1. Let P be a pointed space and let u: P X P — P be a map. Then p has a
homotopy identity if and only if there is a homotopy commutative diagram

L

P xP P

PVP P,

where V is the fold map defined by V(z,z0) = = and V(xo,y) = y.

An H-space P is called homotopy associative if the diagram
id

PxpPxp 8 pyp
idp xp p
1

PxP P
commutes up to homotopy. An H-space P is called homotopy commutative if the diagram

T
PxP——PxP

I I

P ———— P
commutes up to homotopy, where T'(z,y) = (y,x). A map v: P — P is called a homotopy inverse
if the diagram

pxp-t .pt pyp
(l/, ldp) (idp,V)
C C
P . P P

commutes up to homotopy.
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An H-space P is called an H-group if p is homotopy associative with a homotopy inverse.
Note: We have been to call a space X is an H-space if there is a multiplication p: X x X — X
such that p has a strict identity. In general, a multiplication u: X x X — X that has a homotopy
identity may not have a strict identity. But under certain conditions, homotopy identity = strict
identity.

PROPOSITION 3.29. Let X be a pointed space with a base point xg. Let u: X x X — X be a
multiplication with a homotopy identity, that is, X is an H-space. Suppose that X VX C X x X is
a cofibration. Then there is a multiplication p': X x X — X such that ' has a strict identity.

PROOF. Let V: X VX — X be the fold map. Since p|xvx: X VX — X is homotopic to V
and X VX —— X x X has homotopy extension property with respect to X, V has an extension
WX xX — X. O

Note: It is known that if {xg} — X is a cofibration, then X V X — X x X is a cofibration. A
base-point g of X is called non-degenerate if the inclusion {xo} — X is a cofibration.
Note: In homotopy theory, there are (were) many questions about H-spaces. We list few of them:

1) Suppose that P is a homotopy associative H-space. Do there exist a space @ and a
multiplication p’ on @ such that @ is a topological monoid under p’ and Q ~ P? Suppose
that P is path-connected. The answer of this question is: Yes if and only if P is homotopy
equivalent to a loop space QX for some X. James Stasheff studied this question in 1960’s
and produced a method to test whether a space is homotopy equivalent to a loop space.
His methods has been applied to Quantum Groups in 1980’s.

2) Since one knows that S*, S and S7 are H-spaces, people asked for which n S™ is an
H-space? The answer was given by Adams in 1950’s that S™ is an H-space if and only if
n=173T7.

3) We will show that the double loop spaces are homotopy associative and homotopy commu-
tative H-spaces. One has been to ask whether a double loop space is homotopy equivalent
to a (strict) commutative topological group. The answer, was given by Milnor in 1950’s,
is that if a path connected space X is homotopy equivalent to a commutative topological
space if and only if X is a product of the spaces Y with the property that Y has at most
one possible nontrivial commutative homotopy group, that is there is an integer n such
that 7;(Y) = 0 for ¢ # n and 7,(Y") is commutative.

Let P and @ be H-spaces. A (pointed) map f: P — @ is called an H-map if the diagram

pxp-t . p
fxf f
QXQL

commutes up to homotopy. If this diagram commutes strictly, we call f is a homomorphism. Clearly
a homomorphism is an H-map. On the other hand, an H-map may not be a homomorphism in
general.

PROBLEM 3.30. Let X and Y be H-spaces and let f: X — Y be an H-map. Under what
conditions on X, Y and f such that there exists a homomorphism g: X —Y with g ~ f?
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This problem has not been studied much and is related to a problem, so-called Freyd conjecture,
in homotopy theory.
Now we give some basic properties of H-spaces.

ProrosiTIiON 3.31. Let P be an H-space. Let Q be a space and let f: Q — P be a pointed
map. Suppose that f has a left pointed homotopy inverse. Then @ is an H-space.

PROOF. Let r: Q — P be a left pointed homotopy inverse of f, that is 7 o f ~ idg. Define a
multiplication pg: @ x @ — Q by the composite
oxQL% pxptrap L0
Since there is a homotopy commutative diagram

Ixrf %

QxQ—>PxP P
A
v u
Q\/QU»P\/P P
rvr r

' v
QVQ——0QVQ — Q,
1o has a homotopy identity and so () is an H-space. O

THEOREM 3.32. If P is a homotopy associative H-space (H-group), then [X,P] is a monoid
(group) for any X. Furthermore if P is homotopy commutative, then [X, P] is commutative.
PrOOF. The multiplication p: P x P — P induces a function
e [X, Pl x [X,P] 2 [X,P x P]— [X,P]
for any X. This makes [X, P] to be an H-set. Since p is homotopy associative, u, is associative

and so [X, P] is a monoid. Furthermore if x4 has a homotopy inverse, then p. has in inverse and so
[X, P] is a group. O

LEMMA 3.33. Let fo, f1: A — X and go,g91: Y — B be pointed maps. Suppose that fo ~ f1 and

go =~ g1 under pointed homotopies. Assume that A is Hausdorff. Then g(’;o ~ g{l: Map, (X,Y) —
Map, (4, B).

PRrOOF. First we show that
idfe ~idfl: yX -y
Let F: A x I — X be a homotopy from fy to fi. Then F' induces a map
id¥ a
¢: Map(X,Y) v, Map(A x I,Y) = Map(I x A,Y) — Map(I,Map(4,Y)),

where the association « is continuous because I is Hausdorff. Since [ is locally compact Hausdorff,
the association map

a: Map(Map(X,Y) x I, Map(A,Y)) — Map(Map(X,Y), Map(I, Map(4,Y)))
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is onto-to-onto and onto. Thus a~!(¢) defines a map
F' =a *(¢): Map(X,Y) x I — Map(A,Y).

The map F’ is given as follows:
F'(\t)(a) = Ao F(a,t)
for \: X — Y and ¢ € I. Clearly, F/ maps Map,(X,Y) x I into Map,(A,Y) with F} = id{/o,
F| =idf} and F'(%,t) = . Thus id{® ~ id{’.
Now we show that g(’)d"“‘ s glld“: Y4 — BA. Let G: go ~ g1 be a pointed homotopy. Consider
the map

G44: Map(A,Y) x Map(A4, ) = Map(A,Y x I) — Map(A4, B).
Let ag be the base-point of A. The constant map A — {ag} induces a map
0: I =Map({ao},I) — Map(A,I).
Note that 6(¢) is just the constant map from A to ¢ € I for each t. Let G’ be the composite

’. id x0 G
G': Map(A,Y) x I — Map(A,Y) x Map(A,I) — Map(A4, B).

Then
G'(\t)(a) = G(a,t).
Clearly G’ maps Map, (A,Y) x I into Map, (A, B), G} = g(i)d“, G| = gildA and G'(x,t) = *. Thus

gida ~ gida and so
id 4 ida

9 = g5 0id}? = g oid = gf!

and therefore we have the result. O

THEOREM 3.34. Let P be an H-space (H-group) and let X be a pointed Hausdorff space. Then
Map, (X, P) is an H-space (H-group). In particular, Q" P is an H-space for each n > 0.

PROOF. The multiplication on Map, (X, P) is defined by
p= ¥ PX x pPX = (P x P)X — pX,
The assertion follows from Lemma 3.33 g

4.2. co-H-space. A pointed space X is called a co-H-space if there is a comultiplication
w': X — XV X such that /' has a homotopy co-identity, that is there is a homotopy commu-
tative diagram

X (idx,c) (C,idx)

XVX X
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where c is the constant map. p’ is called homotopy coassociative if there is a homotopy commutative
diagram

XVvX

W pVidx

idx V'
xvx X xvxvx.
A homotopy inverse is a map v: X — X such that the diagram

/! !

xvx-t x_F,xvx

(id, v) (v,id)
X—°" x° .x
w' is called homotopy cocommutative if there is a homotopy commutative diagram
X _——— X
I '

T
XVX —+> XVX,

where T'(z,y) = (y,z). An co-H-space X is called an co-H-group if p is homotopy coassociative
with a homotopy inverse.

Let X and Y be co-H-spaces. A map f: X — Y is called a co-H-map if there is a homotopy
commutative diagram

!
x X xvx

f v

li
y — yvy
THEOREM 3.35. Let X be a pointed Hausdor(f space. Suppose that X is a co-H-space (co-H -
group) with a comultiplication p': X — XV X. Then Map,(X,Y) is an H-space (H-group) for any
Y. In particular, [X,Y] = mo(Map,(X,Y)) is a monoid (group).

PROOF. The multiplication on Y is defined by the composite
p=id s YX Y X =y XX Ly X

The assertion follows from Lemma 3.33. O
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EXERCISE 4.2. Let S! be identified with I/0I = [0,1]/{0,1}. Show that S! is a co-H-group
under the comultiplication u’ defined by

W (E) = (2, %) 0<t<1/2
(x,2t —1) 1/2<t<1.
and a homotopy inverse v defined by v(t) =1 —t.

By this exercise, we have the following important theorem.

THEOREM 3.36. Any loop space QX is an H-group. In particular,
T (X) = mo (2" X) = mo(QUQ" (X))
s a group for n > 1.
By the definition, the multiplication on X is induced by the comultiplication p/: ST — S1vS?!.
In other words, p: QX x QX — QX is given by
A(2t) 0<t<1/2
/ _ SU>
“(A’/\)(t)_{ N(2t—1) 1/2<t<1.
LeEMMA 3.37. Let fo, f1: X — A and gg,g1: Y — B be pointed maps. Suppose that fo ~ f1 and
go = g1 under pointed homotopies. Then

fohgo~fing: XANY — ANB.

PROOF. Let F': X x I — A be a pointed homotopy from fy to f;. Then we have the map

FloXxYxI2(Xx)xy 2% Axy 2o Any,

where p is the quotient map. Clearly F’ factors through (X AY) x I. Since I is locally compact
Hausdorff, the map p x id;: X xY xI — (X AY) x I is a quotient map and so F’ induces a
(pointed) homotopy

F'": (XANY)xI—ANY

with F! = fo Aidy and F/' = f; Aidy. Thus fo Aidy ~ f1 Aidy. Similarly, idg Ago ~ id4 Ags.
Thus

foNgo = (ida Ago) o (fo Nidy) =~ (ida Ag1) o (f1 Aidy) = fi A g
and hence the result. O

THEOREM 3.38. Let X andY be pointed spaces. Suppose that X is a co-H-space (co-H-group).
Then so is X NY.

PROOF. The comultiplication p’ is defined by
WX AY BNy X AY 2 (X AY) V(X AY).
By Lemma 3.37, X AY is a co-H-space (co-H-group if X is). O
Let X be a pointed space. The n-fold suspension of X is defined by
X = S"AX.

Note that
X =(S'ASTA - ASHAX =St AE Tl
if n > 1 by Theorem 2.41. Thus we have
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THEOREM 3.39. Let X be a pointed space. Then X" X is a co-H-group for each n > 1.
Now we want to show that m,(X) is abelian for n > 2.
LEMMA 3.40. Let S be an H-set. Suppose that there is a function
¢p: SxS—S8
such that
1) ¢(z,1) =2z =¢(1,z) for any x € S and

2) d(z122,y192) = d(x1,91)9(22,y2) for any x1,22,y1,42 € S.
Then S is a commutative monoid and ¢(x,y) = xy for any x,y € S.

PROOF. Let x % y denote ¢(x,y). Since
vy = (z*1)(1xy) = (z1) x (ly) = z *y,
we have zy = ¢(z,y) for any z,y. Since
wy =zxy = (lz)* (yl) = 1 xy)(z*1) = yz,
S is commutative. Since
z(yz) = x(y * z) = (zx1)(y » 2) = (zy) * (12) = (zy)2

S is associative. Thus S is a commutative monoid. O

Suppose that X is a co-H-space and Y is an H-space. Then there are two multiplications
on [X,Y], one is induced by the comultiplication X — X V X and another is induced by the
multiplication Y XY — Y.

THEOREM 3.41. Let X be a co-H-space and let Y be an H-space. Then the two multiplication
on [X,Y] induced by p'y and py agree and are both associative and commutative.

COROLLARY 3.42. Suppose that Y is an H-space. Let X be any pointed space. Then [XX,Y]
s an abelian group. In particular,
1) m1(Y) is abelian;
2) m,(Z) = [S1,Q"1Z] is an abelian group for any pointed space Z.
Note. One of differential geometers through the internet has been to asked whether S' Vv St is
homotopy equivalent to a topological group. We will see that 71 (S* Vv S1) is a free group of rank 2,

that is, two generators. In particular, 71 (S vV S!) is not abelian and so S* Vv S! is not an H-space
or S* v S! is not homotopy equivalent to a topological group.

EXERCISE 4.3. Let p; and pe be two multiplications on Y such that Y is an H-space under p;
and po. Show that
Qui ~ Qua: QY xY) — QY.

PROOF OF THEOREM 3.41. The multiplication on [X,Y] induced by py is given as follows:
For [f],[g] € [X,Y], [f]lg] is the homotopy class represented by the composite

x “sxvx M yvy Yoy,

where V is the fold map. The multiplication [X,Y] induced by py is given as follows: For [f],[g] €
[X,Y], [f] * [g] is the homotopy class represented by the composite

X S xxx % vy Aoy
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By Lemma 3.40, it suffices to show that

(1 LD ([ T+ gD = (LI = (9)lg'])

for any f, f’, g,g’. This follows from the following commutative diagram because the right column
represents (ff') x (gg’) and left column represents (f * g)(f’ * g’).

X X
I A
Y
XVvX X xX
AV A M/XM/

Y

(XXX)\/(XXX)%(XX*XXX*)U(*XXX*XX)L»(X\/X)X(X\/X)

(f.9.1.9) (f.f.9.9) (f. f9.9)
(YxYMhYxY}é»Wx*xYxﬂU@xYx*xYﬁ;>WvYﬁdeﬂ
v VXV
yvy Y xY
\Y %
v Y,

where (Z x Z) V (Z x Z) is considered as the subspace of Z x Z x Z x Z by
(ZXxZWWN(ZXxZ)=(ZXZxxx*x)U(xx*xXZXZ)

and the map ¢ switches the middle two coordinates which sends (21, 22, 23, 24) to (21, 23, 22, 24).
Clearly the middle two squares commute. For checking the top square, let p/(x) = (2/,2") €
XVX CXxX. Then

W x W) oA@) = (0 xp)(ea)
(x/’x//,x/,x//)
= ¢(x,7xl7x//’x,/)
b0 A, a")
— dolo()
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and so the top square commutes. For checking the bottom square, we have
po (v X V) © ¢(y17y2’ *, *) = MKO° (V X v)(y17*7y2’ *)
= n(y1,y2)
= V(u(y1,v2), %)
= Vol(uVu)(y,ysz,*, ).
Similarly
po (VX V)od(x#y1,y2) = Vo (uVp)(**y1,y2).
Thus the bottom square commutes and hence the result. O

Note. According to the proof, the identity

(f*9)(f"*g') = (f£) (99"
strictly holds in the mapping space Map,(X,Y) because the above diagram commutes strictly.
Recall that if *+ — Y is a cofibration, then there is a multiplication on Y with strict identity. In this
case, the multiplication on Map,(X,Y") induced from the multiplication on Y also has the strict
identity. Suppose that the multiplication on Map, (X,Y") induced from the comultiplication on X
has the strict identity. Then Map, (X,Y) is strictly associative and commutative by Lemma 3.40.
Unfortunately the comultiplication on X never has strict identity unless X is a point. This means
that the multiplication on Map,(X,Y) induced from the comultiplication on X does not have
a good chance to have strict identity even if in the simply case X = S and Y = QZ, that is
Map, (X,Y) = Q2Z. In homotopy theory, it was known that for any path-connected finite complex
Z that is not homotopy equivalent to a point or a wedge of circles, Q27 is never homotopy equivalent
to a commutative topological group. There are still a lot of mysteries on double loop spaces Q22
although there have been a lot of theories on double loop spaces.

4.3. The James Construction. Let X be a pointed (Hausdorff) space with the base-point
x. The James Construction J,(X) is defined by

In(X) = X"/ ~,
where ~ is the equivalence relation generated by
(L1, Tig, Ty 1)~ (T L1, %o Ty s Tp1)
for any 1 <i,5 <n and any z; € X. The elements in J,(X) is written as a word
W= T1Tg " Tp,
where we just keep in mind that, for example,
XL 1Xg = X1 * To = T1To*

in J3(X).
Let g,: X™ — J,(X) be the quotient map. The inclusion X"t —— X" (21, ,2,_1) —
(z1,"++ ,Zp-1,%*), induces a map i, : Jp_1(X) = J,(X) such that the diagram

XN 1 - X"
qn—1 dn

in

Jp_1 X —— Jn(X)
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commutes. We show that i, is a closed map. Let C be a closed set in J,,_;(X). Then ¢,*,(C) is a
closed set in X! and so

Ei = {(xla s, Ti—1, *,$i+1, e 7xn) S Xn'(xla e 7xi717xi+1; e ax’n) € q;il(c)}
is a closed set in X™ because E' is the intersection of X*~! x % x X"~ and 7; (¢, *,(C)), where

7Ti(961,"' ,xn) = (3317"' y Li—15 Li41y """ 7$n)

is the coordinate projection. Since
n

41 0a(0) = | B
i=1
q,;1(C) is a closed set in X" and so 4,(C) is a closed set in J,(X). Thus i, maps J,_1(X)
homeomorphically onto the closed subspace i, (J,—1(X)) in J,(X) and so we may identify J,,_1(X)
as a closed subspace of J,,(X). This gives a tower of closed spaces

J1(X) C J2(X) C J3(X) S
Define

oo
J(X) = U Jn(X)
n=1
with so-called weak topology, that is, C is a closed set in J(X) if and only if C' N J,(X) is closed in
Jn(X) for each n. This makes J(X) to be a topological spaces and each J,,(X) is a closed subspace
of J(X).

An exact definition of weak topology is as follows. Let X be a space and let {A,} be a family of
closed set in whose union is X. We say X has the weak topology with respect to {A,} if it satisfies
the following condition: a subset C' of X, whose intersection with each of A, is closed, is itself
closed. Let X be a set, and let {A,} be a family of topological spaces, each a subset of X. We shall
say that {A,} is a coherent family (of topological spaces) on X if

1) X = Ua Aa’
2) A, N Ag is a closed set of A, for each «, ;
3) for every «, 3, the topologies induced on A, N A by A, and Ag coincide.

Let A, be a coherent family on X. Define a subset C' of X to be closed if C'N A, is closed for each
. Then
1) X is a topological space (that is the completements of the closes sets form a topology on
X);
2) Each A, is a closed subspace of X;
3) X has the weak topology with respect to {A,}.

LEMMA 3.43. Suppose X has the weak topology with respect to {An}. Let U be a subset in X.
Then U is open if and only if U N A, is open for each c.

PROOF. If U is open, clearly UN A, is open because A, is a subspace. Conversely, assume that
U N A, is open for each a. Then

(X\U)NA,=A,\ (UNA,)

is closed in A, for each v and so X \ U is closed or U is open. O
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LEMMA 3.44. Suppose X has the weak topology with respect to {Ay|a € I} and Y has the weak
topology with respect to {Bg|B € J}. Then X XY has the weak topology with respect to

{Aa x Bgla € I,B€ J}.

PROOF. Let C' be a subset in X x Y such that C'N (A, x Bpg) is closed for any «, (. Let
U=X xY\C. We show that U is open. Since

UﬁAaXBBZAaXBﬁ\(CﬂAaXBg),

UNA, x Bg is open for any « and 5. Let ¢px: X xY — X and my: X XY — Y be the coordinate
projections. Given any « € I, then

mx(U)NAq = | 7x(UN Aq x Bg).
BeJ

Since U N A, x Bpg is open in A, X Bg and 7x|a, xB, is the first coordinate projection,
mx(UN Ay % Bg)
is open in A, for each 3 and so the union
mx(U)N Ay

is open in A, for any given «. It follows that mx (U) is open in X because X has the weak topology.
Similarly, 7y (U) is open in Y. Thus U is open in X X Y and hence the result. O

THEOREM 3.45. Let X be a pointed locally compact Hausdorff space. Then J(X) is a topological
monotd.

PRrROOF. The composite
X" x X™ = xrtm A g (X)

factors through J,,(X) x Jp,(X), that is there is a map pn m: Jn(X) X Jp(X) = Jngm(X) such
that the diagram

X" x XM ———— X"t
n X dm dn+m

Hon,m
Jn(X) X Jm(X) - 7L+77L(X)7

where ¢,, X ¢, is a quotient map because X is locally compact Hausdorff. By writing down the
elements, we have

,un,m(xliﬂz o Tp,Y1Y2 ym) =T1T2 " TplyY1Y2 " Ym
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and S0 iy, , induces a unique function p: J(X) x J(X) — J(X) such that the diagram

Tu(X) % T (X) 222 7,0 ()

I

J(X) x J(X) J(X)

commutes for any n,m. We show that p is continuous. Let C' be any closed set in J(X). For any
n,m, CN Jyym(X) is closed and so

p=HCO) N (Tn(X) % T (X)) = piz 3 (C' 0 T (X))

is closed. By Lemma 3.44, J(X) x J(X) has the weak topology with respect to {J,,(X) x J,(X)}.
Thus C' is closed and hence p is continuous. Clearly p has the identity * = 1 and is associative.
Thus J(X) is a topological monoid. O

We write X(™ for the n-fold self smash of X.
THEOREM 3.46. There is an homeomorphism
Jn (X)) Tp_1(X) = XM
for each n.

ProOOF. Let ¢,: X" — J,(X) and p,: X" — X be the quotient maps. Then p,, factors
Jn(X), that is, there is a function p/,: J,,(X) — X such that p,, = pl, 0 g,,. It follows that p/, is
quotient map. Since p/, (Jn—1(X)) = *, p/, induces a quotient map

Pt In(X)/Tn-1(X) — X
The map p] is a homeomorphism because it is one-to-one, onto and a quotient map. 0
One of applications of the James construction to H-spaces is as follows.

THEOREM 3.47. Let X be a pointed space. Then X is an H-space with a strict identity if and
only if X is a (pointed) retract of a topological monoid.

PROOF. Suppose that X is a retract of a topological monoid M. Let j: X — M be the inclusion
with j(*) = 1 and let 7: M — X be a retraction with (1) = *. Define a multiplication on X by

Xx X% st m—"s X

Then *x = xx = x for x € X. Conversely, suppose that there is a multiplication u: X x X — X
with a strict identity. We write = - y for u(x,y). Define a map

On: X" > X
by
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Since * = 1 is a strict identity for u, the map ¢, factors through the quotient J,,(X), that is there
is a map ¢, : J(X) — X such that the diagram

xn On X
In
/
Jn(X)LX

commutes. Clearly
Gl 1) = b1t Jno1(X) = X
and so ¢/, induces a unique function ¢’: J(X) — X such that
O = 1. (x)-
We show that ¢’ is continuous. Let C be a closed set in X. Then
¢ HO)IN Tu(X) = ¢, (0)

is a closed set in J,(X) for each n. Thus ¢'(C) is closed because J(X) has the weak topology with
respect to {J,(X)}. Since

Hlnxy=0¢1: h(X)=X =X
is the identity map, the map ¢’ is a retraction and hence the result because J(X) is a topological
monoid. d

Note. If * is non-degenerate, that is * — X is a cofibration, then X is an H-space with a homotopy
identity if and only if X is an H-space with a strict identity. (See Proposition 3.29) Thus suppose
that * is non-degenerate, then X is an H-space if and only if X is a retract of a topological monoid.
Note. It is known that J(X) ~ QXX if X is a path-connected CW-complex. (For this reason,
J(X) is known as a ‘combinatorial model’ for loop suspensions. For instance, J(S') ~ Q52.) Thus
suppose that X is a path-connected CW-complex with a non-degenerate base-point, then X is an
H-space is and only if X is a retract of a loop space.

5. Barratt-Puppe Exact Sequences

Let S and T be pointed sets with basepoints sy and ¢y, respectively and let f: S — T be
a pointed function. Denote by Ker(f) = f~1(to) the pre-image of the basepoint. A sequence of
pointed sets
T Pn+l Msni’ Sn—l —_—
is called ezact if each function f,, is pointed with Ker(f,) = Im(fn+1).
Let X be a pointed space with basepoint . The (reduced) cone CX is defined by

CX=XxI/(xgxINXx1).

Note that X can identified as the subspace of C' X consisting of (x,0) for x € X. Let f: X — Y be
a pointed map. The reduced mapping cone Y Uy CX is defined by

Y Uy CX = CX [[Y/(2,0) ~ f(x)

with quotient topology. In other words, the mapping cone if the adjunction space via the map
f: X =X x0—Y by attaching the cone CX to Y.
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Recall that for pointed spaces X and Y we write [X,Y] for the set of homotopy classes of
pointed maps under pointed homotopy.

LeEMMA 3.48. Let f: X — Y be any pointed map and let j: Y — Y Uy CX be the inclusion
map. Then the sequence
f J*

X, Z] Y,Z] «—— [YU; CX, Z]

1s exact for any pointed space Z.

PROOF. First we show that Im(j*) C Ker(f*), that is the composite
x-Ley Leyuox —24ez

is null homotopic (relative to the basepoint). It suffices to check that the composite jo f: X —
Y Uy CX is null homotopic. This follows from the commutative diagram

xx1 2% ox
x Ly, ex,

namely the composite of the right map with the top map is a homotopy from j o f to the constant
map relative to the basepoint.

Next we show that Ker(f*) C Im(j*). Let g: Y — Z be any pointed map such that the
composite g o f: X — Z is null homotopic relative to the basepoint. Then there is a homotopy
F: X xI — Z such that Fy = go f, Fy(xg) = 2o for each ¢t and Fj(x) = 2 for any € X. The map
F factors through the quotient ¢: X x I — CX and there is a unique pointed map F: CX — Z
such that F' = F o ¢q. Now the map

g[[F:Y]]cx — 2
factors the quotient Y Uy C'X and so
gUF: Y U; CX — Z

is a well-defined map with the property that gU F'|y = g, that is, g = (gUF)oj. Thus [g] € Im(5*).
This finishes the proof. O

Starting from any pointed map f: X — Y, there is a sequence
X Loy diyvuox e (YU OX) U O <le (YU CX) U CY) Uy C(Y Uy CX) -+

LEMMA 3.49. There is a commutative diagram up to homotopy

!
(Y U CX)U; CY —» ((Y Uy CX)U; CY) Uy, C(Y Uy CX)

1
1

b
X ! - VY,
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Ef ([, t]) = [f (@), 1].

PROOF. There is

YU CX)U; CY < > (YU CX)U; CY) U, C(Y Uy CX)

1R
1R

[=1/Cj

(Y U; CX)U; CY)/CY (Y Up CX)U; CY) U C(Y Uy OX))/C(Y Uy CX)).

Now
(Y Us CX)U; CY)/CY=(Y Uy CX) )Y
~  CX/X
= %X
(Y Up CX)U; CY) Uy C(Y Uy CX))/C(Y Up CX)2(((Y Uy CX) U, CY) /(Y Uy CX)
~ Y)Y
= Y.
Let

q¢: (YU CX)U; CY —= XX

q’: ((Y Uy CX) Uj CY) Uk C(Y Uy CX) — Y

be the quotient maps. Regard (Y Uy CX)U; CY as CX UCY with identification [z, 0] ~ [f(x),0].
Define

f: XX —» (Y U; CX)U; CY = CX UCY

[z,2(t—1/2)] e CX if 1/2<t<1
9([“]):{ [fz),1 -2t eCY if 0<t<1/2.
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Then there is a homotopy commutative diagram

X »X
A
=g
0
X (YUfOX)Uj cY

1

(YU CX)U; CY) U, C(Y Uy CX)

where v/([z,t]) = [z,1 —t]. Thus

with [0] = [¢]~!. Tt follows that
[¢Te () =[gTe o8] olq] = [Ef]o [V,

that is there is a commutative diagram up to homotopy

l
YU CX)U; CY — (YU CX)U; CY) U, C(Y Us CX)

R

(2) ~|v ogq q

Xf
¥X - YY
and hence the result. O

By the above lemmas, we obtain the following important general theorem:

THEOREM 3.50 (Barratt-Puppe). Let f: X — Y be any pointed map. Then there is a long
exact sequence

.2 L vz L yupex, 2 mx. 2 E mvz 2 my o ex,z) e
for any pointed spaces Z. O

REMARK 3.51. We give some remarks:
(1). The map [Y Uy CX, Z] «— [¥X, Z] is induced by the composite

pinch

YU, ox 2y o, ox/y 2 vx e X

according to Diagram (9).
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(2). In the Barratt-Puppe exact sequence, the functions are group homomorphisms except the
first three terms.

(3). The map XX, Z] — [YUyCX, Z] admits the action of the group [XX, Z] on [YU;CX, Z],
see the book R. M. Switzer, Algebraic Topology-Homotopy and Homology, Proposition 2.48
for details.

(4). If f: X — Y is the inclusion of closed subspace such th at f is a cofibration, then
Y Uy CX ~Y/X and so one can replace Y Uy CX by Y/X.

(5). For any pointed map f: X — Y, there is a dual version of the Barratt-Puppe exact
sequence given by

- — [Z,QPf] — [Z,QX] % Z,QY] — [Z,Pf] — [Z,X] i» [Z,Y]

for any pointed space Z, where
Pr={(z,)) e X x PY | f(z) = A1)}

and PY = {\: I =Y | \(0) = yo} the space of paths starting from the basepoint.

(6). From the view of the Barratt-Puppe exact sequence, the mapping cone ¥ Uy CX can
be thought as the cokernel in homotopy sense, which is also called the homotopy cofibre
of f: X — Y. Similarly, the mapping path-space Py can be thought as the kernel in
homotopy sense, which is also called the homotopy fibre of f: X — Y.

EXAMPLE 3.52. Let f: S' — S' be given by f(z) = z?. Then RP? = S' U; CS? = S Uy D%
It follows that for any pointed space Z there is an exact sequence

[SY, Z] =m(Z) 2 (S, Z] = m1(Z) ~— [RP? Z] ~— mo(2) 2 7o (Z) =

and so there is a short exact sequence of groups

T (Z))210,(Z) > [E"2RP?, Z] - Ker(2: 7, 1(Z) — 7,_1(Z))
for n > 3. If n = 2, the above sequence is only the short exact sequence of sets because [RP?, Z] is
only a set in general.

For instance, if Z = 52, we will know that 71 (S?) = 0 and 72(S?) = Z. From the above short exact
sequence, we have

[RP?, 5% = 7/2
as sets. This means that there are only two homotopy classes for RP? to S2. One can check that

the pinch map ¢: RP? — $2? = RP2?/RP! is not homotopic to the constant map. Hence any pointed
map f: RP? — 52 is either homotopic to ¢ or null homotopic relative to the basepoint.






CHAPTER 4

The Fundamental Groups and Covering Spaces

1. The fundamental Group
1.1. The fundamental Groupoid. Let A and i be two paths in X with A(1) = u(0). Then
the product A * u is defined by
B A2t) 0<t<1/2
()\*u)(t)—{ n(2t — 1) 1/2<t<1.
Two paths A and )\ are briefly said to be homotopic, denoted by A ~ )X, if they are homotopic
relative to I = {0,1}. Note that if A ~ )| then A(0) = X' (0) and A(1) = N (1).
LEMMA 4.1. Let Ao, A1, fto, 1 are paths in X with A\o(1) = po(0) and A1 (1) = p1(0). If Ao =~ Ay
and Mo = U1, then )\0 * o = )\1 * 1.

PROOF. Let F': lambdag ~ A1 and G: g =~ u1 be the homotopies relative to 1. Then H: I x
I — X defined by

[ F(2ts) 0<t<1/2
H(t’s)_{ G(2t—1,s) 1/2<t<1
is a homotopy relative to 01 between Ao * pg and Ay * py. O

LEMMA 4.2. Suppose that Mg, A1, A2 are paths in X with A\g(1) = A1(0) and A1 (1) = A2(0). Then
(/\0 * Al) * Ag ~ )\0 * ()\1 * )\2)

PROOF. The map F': I x I — X defined by

Ao((4t) /(1 + s)) 0<t<(s+1)/4,
F(t,s) = M4t —s—1) (s+1)/4<t<(s+2)/4,
Ao((4t —s—2)/(2—9)) (s+2)/4<t<1;
is a homotopy relative to 91 between (Ag * A1) * Ao and Mg * (A1 * A2). O

For each x € X, we define ¢, : I — X as the constant path with €, (¢) = x for any ¢.
LEMMA 4.3. Let A be in path in X with A(0) = and A(1) =y. Then ez x A~ X and A€y > A,
PROOF. The map F': I x I — X defined by

F(t,s) = x 0<t<(1-s)/t,
T M@E=1+8)/(1+5)) (1—s)/2<t<1;
is a homotopy relative to I between €, x A and A\. The map G: I x I — X defined by
_ [ MY 0<t< i3
G(t,s)—{ ; L <<

is a homotopy relative to 91 between A * €, and A. O

71
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Given a path X in X, the inverse A~! is defined by A\=1(¢) = A(1 —¢).

LEMMA 4.4. Let A be a path in X with A\(0) = z and \(1) = y. Then A« A\~ ~ ¢, and
Al A~

PROOF. The map F': I x I — X defined by

_ A(2t(1 — s)) 0<t<1/2,
F(t’s)—{ M2 = 20)(1 = ) 12<t<1;
is a homotopy relative to OI between A * A~! and €,. Similarly A= x X ~ ¢,,. g

A category is called small if the class of objects is a set. A groupoid is a small category in which
every morphism is an equivalence. Let X be a space. Let category P(X) is defined by:

the objects in P(X) are points in X and morphisms from x to y are path classes from z
to y. The composite operation is defined by [u] o [A] = [ * p] for a path A from z to y
and a path p from y to z.

By the lemmas above, we have
THEOREM 4.5. Let X be a space. Then P(X) is a groupoid.

1.2. Change of Base. Let X be a space with € X. Consider z is the basepoint of X. Then
m (X, z) = m1(X) is called the fundamental group of X with base point . Recall that 71 (X, z) is
a group, where the multiplication is given by the path multiplication. Note that the fundamental
group depends on the choice of the base point x.

THEOREM 4.6. Let x,y € X. If there is a path in X from x to y, then the groups 71 (X, z) and
m1(X,y) are isomorphic.

PROOF. Let A be a path from z to y, that is A(0) = z and A(1) =y . Define a function
s (X, z) = m(X,y)
by
Xalu]) = N s AL
This is a homomorphism of groups because
XAl = N e x N = N e A AT % A
= AT e A] = () xa (1))
A~ ! is path from y to = and so
Xa-1: m(X,y) — m(X, 2).
For p € m (X, x), we have
xa-t o Xa([u]) == N+ AT e X AT = [
and so xy-1 o x» = id. Similarly x» o xy-1 =id. Thus x, is an isomorphism of groups. g
Let f: X — Y be a map. Then f induces a homomorphism of groups
for T (X, 2) =[S, X] — m (Y, f(x)) = [SY, Y]
If f ~ g relx, then
fe= g m(X,z) = m(Y,y),
where y = f(z) = g(x). If X =Y relative the base-point, then m (X) = m (V).
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EXERCISE 1.1. Prove that if there is a path in X from xy to x1, then 7, (X, xo) and 7, (X, 1)
are isomorphic.

1.3. The fundamental Group of a Circle. The map e¢: R — S! is defined by
e(t) = exp?™i .
Then e is continuous, e(t1 + t2) = e(t1) e(t2) and e(t1) = e(ta) if and only if ¢; — ¢2 is an integer. It
follows that €|(_1/2,1/2) is a homeomorphism of the open interval (—1/2,1/2) onto S* \ {exp(7i)}.
Let
log: S*\ {exp(mi)} — (—1/2,1/2)

be the inverse of e |(_1/2,1/2).

A subset X C R” is called starlike from a point xg if, whenever x € X, the closed segment
[0, z] from x to x lies in X.

LEMMA 4.7. Let X' be compact and starlike from xog € X. Given any continuous map f: X — St
and any tg € R such that e(ty) = f(xo), there exists a continuous map f: X — R such that
f(xo) =to and eof(z) = f(x) for allx € X.

ProOF. Clearly we can translate X so that it is starlike from the origin; hence there is no loss
of generality in assuming z¢o = 0. Since X is compact, f is uniformly continuous and there exists
€ > 0 such that if || — 2’| < e, then || f(x) — f(2')|| < 2 [that is, f(x) and f(z’) are not antipodes in
S1]. Since X is bounded, there exists a positive integer n such that ||z|/n < € for all x € X. Then
foreach0 < j<mnandall z € X
G+Dz jz

n n

I (LR () <2

It follows that the quotient f((j + 1)z/n)/f(jz/n) is a point of S'\ {exp(mi)}. Let g;: X —
S\ {exp(7i)} for 0 < j < n be the map defined by
f(G+D)z/n)
() = ———— 12,
9 = FGafm)

1=
n

and so

Then for all z € X, we see that
f(x) = F(0)go(z)g1(x) - - gn—1(2).

We define f: X — R by

(@) = to +log(go(x)) + log(g1(w)) + - - + log(gn-1(x)).
Since f’ is the sum of 7 + 1 continuous functions from X to R, it is continuous. Clearly f(0) =t
and eof = f. g
_ LEMMA 4.8. Let X be a connected space and let f,g: X — R be maps such that GOf =eog and
f(xzo) = g(zg) for some xzg € X. Then f =g.

PROOF. Let h = f — §: X — R. Since eof = eog, eoh is the constant map of X to 1 € S.
Thus h is a continuous map from X to R, taking only integral values. Because X is connected, h is
constant, and since h(zg) =0, h(z) =0 for all z € X. O
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Let a: I — S be a closed path at 1. Because [ is starlike from 0 and a(0) = 1 = ¢(0), it follows
from Lemmas 4.7 and 4.8 there exists a unique lifting &: I — R such that &(0) = 0 and eod = a.
Because e(a(1)) = (1) = 1, it follows that &(1) is an integer. We define the degree of o by

deg(a) = a(1).
LEMMA 4.9. Let o and 3 be homotopic closed paths in S* at 1. Then deg(a) = deg(f3).

PROOF. Let F': I xI — S* be a homotopy relative to I from a to 3. Because I x I is a starlike
set of R? from (0,0), it follows that there is a (unique) lifting F': I x I — R such that F(0,0) =0
and eoF = F. Since F is a homotopy relative to 01, F(0,t) = F(1,t) = 1 for all t € I. Thus F(0,t)
and F(1,t) take on only integral values for all t € I. Tt follows that F'(0,¢) must be constant and
F(1,t) must be constant. Because '(0,0) = 0, F(0,t) = 0 for all ¢. Let &,3: I — R be the maps
defined by @(t) = F(t,0) and ((t) = F(t,1). Then &(0) = 3(0) =0, eod = o and eof = 3. Thus

deg(a) = a(l) = F(1,0) = F(1,t) = F(1,1) = 5(1) = deg(p).
O

It follows that there is a well-defined function deg from (S, 1) to Z defined by

deg([a]) = deg(a).

THEOREM 4.10. The function deg is an isomorphism of groups

deg: m(S*,1) = Z.

PRrOOF. To prove that deg is a homomorphism, let o and 3 be two closed paths in S! at 1 and
let a8 be the closed path which is their pointwise product in the group multiplication of S L We
know from Theorem 3.41 that [a] * [8] = [af]. Let &,B: I — R be such that &(0) = (0) = 0,
eoad=aand eof = (. Let y =a+ : I — R. Then 4(0) = 0 and e(¥) = af. Thus

deg([o] * [8]) = deg([af)) = 3(1) = a(1) + S(1) = deg([a]) + deg([5)).

The map deg is an epimorphism: For any integer n, let a: I — R be the path defined by

a(t) =tn and let @ = eod: I — S1. Then clearly deg([a]) = n.

The map deg is a monomorphism: If deg([a]) = 0, then there is a path &: I — R with
a(0) = @(1) = 0 and eo& = «. Since R is contractible, & ~ ¢, and

= €eol ~ eo€ey = €7.

EXERCISE 1.2. Show that the map f: S' — S, z — 2" is of degree n.
COROLLARY 4.11. The fundamental group of the torus is Z x Z.

THEOREM 4.12 (The Fundamental Theorem of Algebra). Every non-constant complex polyno-
mial has a root.

PROOF. We may assume without loss of generality that our polynomial has the form
p(z) =2"4+a2" '+ +ap

with n > 1. Assume that p has no zero.
Let S, be the circle |z] = r of radius 7. Choose r >> 0 such that

r" > |(11|1""71 + \ag\r"72| + oot an—1]r + |an].
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Let F': S, x I — C be the map defined by
F(z,t) = 2" 4+ t(a12" ' + -+ ay).
Since
[F(z, )] > 2" = t(lag|l2]"" + - + |an]) > 0
for |z] = r and 0 < ¢ < 1, the image of F lies in C\ {0}. Let
G: 5 x1— S

be the composite
F(z,t) z
Tz

st s I8 e {0y L st
Then G(1,t) = (F(r,t)/F(r,t))/|F(r,t)/F(r,t)] = 1 for t € I, G(z,0) = 2" and
_ p(rz) |p(r)]
G0 =00 Wil

Thus f(z) = (|p(r)|/(p(r)|p(rz)))p(rz) ~ 2" is of degree n.
Let H: S' x I — S! be the map defined by

where H is well-defined (and so it is continuous) because p(z) is never zero. Then H(1,t) = 1 for
all t, H(z,0) = 1 and H(z,1) = f(z). It follows that f(z) is of degree 0, which is a contradiction
(unless n = 0).

THEOREM 4.13 (Brouwer Fixed Point Theorem). Any continuous map f: D?> — D? has a fized
point, that is a point x such that f(z) = x.

PROOF. Suppose that x # f(z) for all z € D?. Then we may define a map ¢: D? — St by
setting ¢(z) to be the point on S! obtained from the intersection of the line segment from f(z)
to = extended to meet S'. Let i: S' — D? be the inclusion. Then ¢ oi = idgi. Thus there is a
commutative diagram

7 = 7T1(Sl) —7Z = 7'('1(51)

0 =m(D?) = 0=m(D?),
which is impossible. This contradiction proves the result. O
EXERCISE 1.3. Show that 7,(S') = 0 for n > 1. (Hint: Let ¢: I™ — S™ = I"/OI" the pinch

map. Let f: S® — S! be any map. Consider f o q: I"™ — S'. Since I" is starlike, there is a unique
lifting «: I — R such that a(0) =0 and eoa = f o q. Since

con(w) = foq(x) = f(x) = 1

for © € OI™, eoa|srn is the constant map and so agr» is a continuous map from 9I™ to integers.
It follows that a|gr» is a constant map because dI™ =2 S"~1 is path-connected when n > 1. Since
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a(0) =0, a(r) =0 for z € JI"™ and so « induces a map &: S™ = I"/JI" — R. Since eoax = f o ¢,
we have eoa = f. Since R is contractible, & ~ ¢y and so

f =eoa~eoey =ce.
This show that any map from S™ to S! is null homotopic and so 7, (S!) = 0.)

1.4. Simply Connected Spaces. A space X is said to be n-connected for n > 0 if every
continuous map f: S* — X for k < n has a continuous extension over E**1. A 1-connected space
is also said to simply connected. Note that if 0 < m < n, an n-connected space is m-connected. It
follows from Theorem 3.17 that a space X is n-connected if and only if it is path-connected and
7k (X, x) is trivial for every base point x € X and 1 < k < n. By Exercise 1.1, X is n-connected if
and only if it is path-connected and (X, 2z9) = 0 for 1 < k < n and any particular choice of base
point zg. Note that X is 0-connected if and only if X is path-connected. By Exercise 2.2, we have

LEMMA 4.14. A contractible space is n-connected for every n > 0.

EXERCISE 1.4. Let A and p be paths in X from « to y. Suppose that X is simply connected.
Then A\ ~ pu.

LEMMA 4.15. Suppose that X = U UV with U,V open and simply connected and U NV non-
empty and path connected. Then X is simply connected.

PROOF. Let f be any path in X. Then f~1(U) is an open set of I and so f~1(U) is a disjoint
union of open intervals. Let

fﬁl(U) = U(aaa ba)

be a disjoint union of open intervals (aq, by ). Since f~1(V) is open in I,
71V = J(es, da).
B

Since

I= U(am ba) U (Cl%dﬁ)
a,B
and I is compact, there exists a finite subcover

m

I = U(ai,bi) U U(Cj’dj)'

i=1 j=1
It follows that there are finite numbers
h=0<ty<-<ty=1
such that [ts,ts41] is either contained in (a;,b;) for some ¢ or in (c¢;,d;) for some j. Let
fo(t) = f(ts + t(tsg1 — ts)).

Then fs is a path that starts with f(t;) and ends with f(ts11). If [ts,ts+1] € (a4, b;) for some ¢,
then fs(I) = f([ts,ts+1]) C U, that is fs is a path in U. Otherwise, [ts,ts+1] C (¢j,d;) for some j
and fs is a path in V. It follows that

f=Ffixfax-xfg,
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where f, is either in U or V' and so

[f] = [fl”fZ] e [fq]'

We show by induction that

If f is a loop with f(0) = f(1) € UNV such that [f] = [f1]lfa] - - - [[fq] with f; is either a
path in U or a path in V, then [f] = 0.

The assertion will follow from this statement.

If ¢ = 1, then [f] = [f1] and so fi must be a loop. If f is a loop in U, then [fi] = 0 because
U is simply connected and so [f] = 0. Otherwise f; is a loop in V and [f] = [f1] = 0 because V is
simply connected. Assume that the statement holds for < ¢. Let [f] = [f1] - [f,]. We may assume
that f; is a path in U without loss of generality. Let i > 1 be the largest integer such that f; is a
path in U for j <i. Then f1 % fo*x---* f; is a path in U and f;41 is a path in V. It follows that

fi(1) = fix1(0) eUNV.

Since U NV is path connected, there is a path A in U NV from f(0) to f;(1). Since U is simply
connected, and f1 % ---x f; and A are paths in U from f(0) to f;(1), we have

LAl [fi] =N
and so
(1= fisallfiva] - [fal = N * fia][fiva] -+ [fe] =0
by induction, where A * f;1 is a path in V. By induction. O

COROLLARY 4.16. S™ is simply connected for n > 2.

EXERCISE 1.5. Let X be a space. The unreduced suspension "X is the quotient space of
I x X obtained by identifying 0 x X to a point and 1 x X to a (different) point. Suppose that X
is path-connected. Show that X*X is simply connected.

Note: XX = X“X/T x . If I x x — X"X is a cofibration (this is true if x — X is a cofibration),
then 3" X ~ ¥ X. Thus if *x — X is a cofibration and X is path-connected, then XX is simply
connected.

2. The Seifert-Van Kampen Theorem

In this section, we provide a useful theorem for calculations of fundamental groups.

2.1. Free Groups and Free Products of groups. Let X be a set. The free group F(X)
generated by X is a group that satisfies the following universal property:
1) X C F(X) is a subset.
2) Let G be any group and let f: X — G be any function. There exists a unique homomor-
phism of groups f: F(X) — G such that f|x.
It is known that for any X F(X) exists and unique up to isomorphism. There is an explicit
construction of the free group F(X) in terms of words:

w=af---xk,
where z; € X and ¢; = £1. For instance, if X = {1,--- ,z,}, the words on X are given by

€ €
41...xk

iy ik
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for k<0, ¢ =+l and 1 <4; <n. A word w is called reduced if for each 1 < j < k x; # x4 or
x; = 11 with €; # —€j41. As a set F'(X) is given by all reduced words and the multiplication on
F(X) is given by the formal product of words, where we use the rule:

:L'i_ll’i = xixi_l =1
for each i. For example,
(I1£172_11'3) . (1:3_1331) = :1719:2_1x1.
Clearly F'(X) is NOT a commutative group if X has more than one element because z1z2 and xox;
are different words in F(X) for z1, 22 € X.

DEFINITION 4.17. Let f: H — G and g: H — K be homomorphisms of groups. The push-out
G]ly K is a group that satisfies the following universal properties:
1) There are homomorphisms of groups ¢: G — G[[4 K and ¢: K — G ][, K such that
¢o f =1 og, that is the diagram

H / G
g o

K ¥ GHK
H

commutes;
2) Let I be any group and let ¢': G — T" and ¢': K — T" be homomorphisms with ¢’ o f =
¢’ o g. Then there is a unique homomorphism 6: G[[,, K — T’ such that ¢/ = 6 o ¢ and
P =601
When H is the trivial group, G[[ K = GH{1} K is called the free product of G and K. It is
known in group theory that the push-out (so-called free product with amalgamation in group theory)
always exists. The universal property show that G [[, K must be unique up to isomorphism if it
exists. The combinatorial construction G ][], K can be given as follows:
First we construct the free product G [[ K can be given by the words

w=aoQq -,

where o; € G or K for each j. w is reduced if each a; # 1 and o; and a4, are not lie in the same
group. The product of two reduced words is the reduced words obtained from the formal product
of them. For instance, let a1, a0 € G and 7 € K. Then

(04151042)(042_151_1042) =109 € G.

The push-out G [[, K is the quotient group of G [[ K by the normal subgroup generated by
f(h)g(h)™!

for h € H. We can check that this construction satisfies the universal property: The homomorphisms
¢: G — Gy K and ¢: K — G ][ K are canonical map given by ¢(g) is word represented by g
and ¥ (k) is the word represented by k for ¢ € G and k € K. By the relation above ¢po f =1 og
in the group G5 K (NOT G]]K). Assume that ¢': G — I" and ¢': K — I' be homomorphisms
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with ¢’ o f =4’ o g. First there is a unique homomorphism ¢’: G][ K — T such that 6'(g) = ¢/(g)
and 0'(k) = ¢’ (k). Since ¢’ o f = ¢’ o g, we have that

0'(f(h)g(h)™") =1
for h € H and so # induces a unique homomorphism 6: G [, K — I' with the desired property.

ExXAMPLE 4.18. If K is the trivial group, then G[[ K = G and so G ][, K is the quotient
group of G by the normal subgroup generated by the image of f: H — G.

Z11Z = F(x1,z2) is a free group generated by two generators. In general, the n-fold free
product of Z is a free group of rank n, that is n free generators.

Z/m]]Z/n is the quotient group of F(x1,x2) by the relations:

' =125 = 1.
2.2. The Seifert-Van Kampen Theorem.
THEOREM 4.19 (Seifert-Van Kampen Theorem). Let X be a pointed space. Suppose that X =

Uy UUs such that Uy, Us are open and Uy N Us is non-empty and path connected. Let xog € U NUy
be a base-point of X. Then

m1 (X, ) = m1 (U1, 20) H 71(U2, 7o).
Wl(UlﬂUz,wo)
Sketch of Proof. Let j': Uy — X, j2: Uy — X, i': UyNUy — Uy and i2: Uy NUs — Us be inclusions.
Since j! oi! = j2 0i?, the homomorphisms j!: 71 (U;) — 71 (X) and j2: 7 (Us) — m1(X) induces a
homomorphism
0:mU) [ mU2)—m(X).
w1 (U1NU2)
Let A\: S — X be a loop in X. By the proof of Lemma 4.15, we have

Al = [A][A2] - [Ak],

where A; is a path either in U; or Up. We may assume that \; is a path in U;. Let ¢ be the largest
number such that Ai,---,\; are paths in U;. Then A;(1) = X\4+1(0) € Uy NUs. Since Uy NUs is
path connected, there is a path g in Uy N Us from A(0) to A;(1) = A;11(0). Then

Al = DA A i) [Niga] - [l

Now Ap %+~ % A; %« u~+ is a loop in Uy and p % A;41 is a path in Us. By repeating this step (one
can do this by induction), finally one can written down [A] as a product of elements from m (Uy) or
71(Uz) and so 6 is an epimorphism.

It is more complicated to show that 6 is a monomorphism. So we omit this part of proof.

1

O
A slight generalization of Seifert-Van Kampen Theorem can be found in Hatcher’s book.

COROLLARY 4.20. Let f: X — Y be a pointed map. Let j: Y — Y Uy CX be the inclusion.
Suppose that X is path-connected. Then m (Y Uy CX) is isomorphic to the cokernel of the group
homomorphism

*

7T1(X) —_— 7T1(Y).
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PROOF. Recall that Y U;CX =Y [[CX/(x,0) ~ f(z) and CX = X x [ /(X x1Uzo x I). Let
U be the image of Y [T X x [0,1/2) in Y Uy CX and let V be the image of X x (1/4,1] in Y U; CX.
Then UNV = X x (1/4,1/2)/(zo x (1/4,1/2) ~ X is path-connected. Note that V is contractible
and U ~ Y. By the Seifert-Van Kampen Theorem

mY U CX)=m@U) [ m(vV)=m@) [ {1}
™ (UNV) 1 (UAV)
is the cokernel of i,: m (U NV) — 71 (U), where i: U NV — U is the inclusion. From there is

homotopy commutative diagram

Unve—-_.u

X><{1/3}f—>Y7

there is a commutative diagram
Uy

mUNV) = 7 (U)

~ ~

(X)) — ).
Thus m (Y Uy CX) is the cokernel of f,: m(X) — m1(Y) and hence the result. O

LEMMA 4.21. Let (X, A) be a pair of spaces satisfying the homotopy extension property with
respect to any spaces. That is the inclusion A — X is a cofibration. Then X UCA ~ X/A.

PROOF. Let r: X x I — X x 0U A x [ be a retraction. Then
rUidcaxr: (XUCA)XI—» XXOU(CAXI)

is a well-defined retraction. Thus (X U CA, CA) satisfies the homotopy extension property with
respect to any spaces. Since C'A is contractible, X UCA ~ X UCA/CA = X/A and hence the
result. g

COROLLARY 4.22. Let (X, A) be a pair of spaces satisfying the homotopy extension property
with respect to any spaces. Suppose that A is path-connected. Then w1 (X/A) is the cokernel of the
group homomorphism

7T1(A) _— 7T1(X).
PROOF. By the above lemma, X UCA ~ X/A and hence the result. O

THEOREM 4.23. Let X and Y be path-connected spaces with basepoints xo and yg, Tespectively.
Suppose that (X X Y, X VY) satisfies the homotopy extension property with respect to any spaces.
Then X AY is simply connected.
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PROOF. Let i: X VY — X x Y be the inclusion. By Corollary 4.22, 71 (X AY) is the cokernel
of the group homomorphismthere is a right short exact sequence

(X VY) e m(X x V) = m(X) x m(Y).

The commutative diagram

induces a commutative diagram

MXVY) D m(X xY) = m(X) x m(Y)
jl* il*

7T1(X) —_— 7T1(X).
In particular, for any g € 71(X), the element (g,1) € 71(X) x 71(Y) is given by
(9,1) = 114(9) = i (1« (9))
and so (g,1) € Im(4,). Similarly
(1,h) € Im(i.)

for any h € m1(Y). It follows that

(9:h) = (9,1) - (1, h) € Im(i..)
for any (g,h) € m (X xY) =m(X) x m1(Y). Thus

ix: T (X VY) — m (X xY)

is onto and so w1 (X AY) = {1}. The assertion follows. O

Note. If zp — X and yg — Y are cofibrations, that is x¢ and yy are nondegenerate basepoints,
then the inclusion X VY — X x Y is a cofibration and so (X x Y, X VYY) satisfies the homotopy
extension property with respect to any spaces.

EXERCISE 2.1. Let X and Y be spaces with basepoints xo and yg, respectively. Suppose that
there exist small contractible open neighborhoods of xog and yo, respectively. Then m (X VY) =
T (X)) [[m(Y) is the free product.
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2.3. Calculations of the fundamental Group. By Using the Seifert-van Kampen theorem,
we can compute the fundamental groups of a lot of spaces.

EXAMPLE 4.24. 71(S1V S1) = F(z1,22). In general, 71 (V"SY) = F(x1,- -+ ,2p)-

PROOF. Let z be an element in S* different from the base point. Let U = S* v (S \ {z}) and
V = (St \ {z}) vV St Then U and V are open sets in S' Vv St. Since U ~ S and V ~ S!, we have
m(U)=Zand m (V) =2Z. Now UNV = (S'\ {z}) vV (S'\ {x}) is contractible, w1 (U N V) = {1}.
By the Seifert-van Kampen theorem, we have
7 (S'v St = ZHZ = F(x1,22).
{1}
By induction, one can show that 7y (V*SY) = F(z1, - ,2,). O

Note: By this example, we know that V"S! is NOT an H-space if n > 1.
EXAMPLE 4.25. m(RPY) = Z and 7 (RP™) = Z/2 for n > 2.

PRrROOF. Clearly RP! 2 S' and so 7 (RP!) = Z. Now we compute 71 RP2.

Recall that RP%Z/RP! = §2. Let x € RP? \ RP! and let U = RP?\ {z}. Then U is homotopy
equivalent to RP! and so 71 (U) = Z. Let V be an open neighborhood of x that is homeomorphic
to the open disk B? and is disjoint from RP!. Then mV = 0. Clearly UNV ~ S, 7 (UNV) = Z.
Let j: UNV — U be the inclusion. Then j.: m (U NV) — 71 (U) is multiple by 2. Thus by the
Seifert-van Kampen theorem 71 (RP?) = m(UUV) = Z/27Z.

Now we show that 71 (RP™) = Z/2 by induction. Assume that m(RP""!) = Z/2 with n > 3.
Let 2 € RP" \RP" ! Let U = Rp" \ {z}. Then U ~ RP"~! and 71 (U) = Z/2. Let V be a small
neighborhood of z with V' = B". Then 71(V) = 0. Clearly U NV ~ S"~1 Since n > 3, S !is
simply connected and so w1 (U N'V) = 0. It follows that m (RP™) =m(UUV) =17Z/2. O

EXERCISE 2.2. Show that CP™ is simply connected for each n > 1.

Note: By looking at fundamental groups, we already know that any RP™ is NOT homeomorphic
to CP™.

EXERCISE 2.3. Let Ty = T#T# - - #7T be the g-fold connected sum of the torus 7". Show that
m1(Ty) is the quotient group of the free group F(ci,dy,ca,da, -+ ,cq,dg) by the one relation:

—1 -1 —1 -1 151
crdicy “dy cadacy Tdy e cgdge, dyt =1

2.4. Groups and Spaces. Let X be a space. The unreduced cone CX = I x X/1 x X.
Clearly the cone C'X is contractible for any X. There is a relation between groups and so-called
2-complexes.

LEMMA 4.26. Let ¢: F(x1, -+ ,Zm) — F(y1,--+ ,yn) be a homomorphism. Then there is a
(continuous) map f: V™ St — vS such that

fe=¢:m(\[ ") = F(ar,--- am) = m(\/ ") = Fyr, -+ yn)-

PROOF. The homomorphism ¢ is uniquely determined by the elements ¢(z1),: -, d(2y) in
F(y1,-++ ,yn). Since m(V"SY) = F(y1,- -+ ,yn), there are maps

fla"' 7fm: Sl _)\n/Sl
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such that [f;] = (f;)«([id]) = é(z;). Let f: V™ St — v*S! be the map induced by f1,+, f. The
f* = ¢. O

Let G be a group with generators z1,- - ,z) and relations Ry, - , R4, where each R; is a word
in the free group F'(z1,--- ,xk). The group G is the quotient group of F(z1,- - ,xx) by the normal
subgroup generated by Ry, ---, R,. Now we can construct a space X = X (G) such that m(X) =G
as follows:

First we choose the wedges of circles, X; = V¥S! and X, = VIS'. Now we define a map
f: va 8l — vESL such that f restricted to the j-th copy of S' is a representative of the element
Rj € m(VFSY) = F(zy, -+ ,mp). Define

X=x][cXa/ ~,
where ~ is the equivalence relation generated by
(0,2) ~ f(x)

for x € V4S*. We show that m;(X) = G. Let = 1 x X3 be the element in CXy = I x X5/1 x X,
where Xy = V451, Let

U=X\z=X, [[(CX2\{2})/ ~.
Then U ~ X; = vVkSt and so w1 (U) = F(x1,- - ,z%). Let V be image of (2/1,1] x X3 in CX5. Then
V is an open neighborhood of z with 71 (V) = 0 (V is contractible). Clearly that UNV ~ X5 = V45!,
Thus 71(X) is the quotient group of F'(z1,---x) by the normal subgroup generated by
Im(m (UNV) = 71(U)) = Im(f,: m(VISY) — 7 (VFSY)),

which is the normal subgroup generated by R1,--- R,. Thus m(X) = G.
Now let ¢: G — H be a homomorphism. Suppose that G has generators x1, - - - x5 with relations

Ry, -+ R, and H has generators y1, - - -y, with relations Sp,---S;. Then there is a homomorphism
¢: F(xy,-- ,x) — F(y1, -+ ,y:) such that the diagram

G ¢ H

A A

F(x17”' 7:17,(:) e F(yla". 7y5)
commutes. Thus there is a map f: X1(G) — X1 (H) such that
fo=d: m(X1(G)) — m(X1(H)).
Let j: X;(H) — X (H) be the inclusion. Then the composite

0: Xo(G) — X1(G) —L X\ (H) — X(H)

is null homotopic because its restriction to each copy of S1 induces the trivial element in the
fundamental group of X (H). It follows that there is a map 6: CX3(G) — X (H) such that 0| x,(q) =

0. Now the map j o f and 6 defines a map
F: X(G) = X:(G) [[ CXa(G) ] ~— X(H).
Clearly f, = ¢: 71 (X(G)) — m1(X(H)). Thus we have the following theorem.
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THEOREM 4.27. For any group G, there is a space X (G) such that 7 (X (G)) =G. If : G — H
is a homomorphism, there is a map f: X(G) — X(H) such that

fi=¢:m(X(G)=G— m(X(H)) =H.

Note: The space X (G) is not unique (even up to homotopy) because a group G can be written down
in terms of different generator-relation systems.

ExaMPLE 4.28. If a group G has only one relation (such group are called one relator groups,
the construction of X (G) is quite simple which can be described as follows:

Let @1, -+, x) be generators for G and let R = z{! ---x{! be the only relation for G. We may
assume that R is an unreduced word such that all z4,--- , 2 occur in R.

Let Y be a t-sided polygonal region with counter-clockwise orientation. The sides in Y are
labeled by x;,,- - ,x;,. The j-th side is chosen to be in a positive direction [negative direction] if
€j =1 [lf Gj = 71]

Let X be the quotient space of Y by identifying 1) all vertices to be one point and 2) all oriented
sides labeled by the same letter.

We can show that m(X) = G. Let x be an inner point in Y. Let U = X\ {z}. Then U ~ V*S1.
Let V be an open e-neighborhood of  in Y (and so in X). Then (V) = 0. Clearly U NV ~ S!
and so 1 (UNV) =7Z. Let j: UNV — U be the inclusion and let o = [id§] be the generator for
m(UNV). Then

+e

€t

J*(a) = :I’fll o mlt'
Thus m(X) = G.

3. Covering Spaces

DEFINITION 4.29. A map p: X — X is a covering projection and X (or (X,p) is a covering
space of X if
1) p is onto, and
2) for any x € X there is an open neighbourhood U (called an elementary neighbourhood) of

x such that
p_l(U) = H Ua
aed

is a topological disjoint union of open sets (called sheets), each U, is mapped homeomor-
phically onto U by p. So p~1(U) = U x ( discrete space.)

Roughly speaking covering space just means that ‘locally’ the pre-image p~!(U) is disjoint union
of copies of U.

ExXAMPLE 4.30. (1). Any homeomorphism p: X — X is a one-sheeted covering projection.
(2). Let F be a discrete space and X = X x F. Then the coordinate projection p: X — X is
a covering projection.
(3). The projection p: S™ — RP™ is a two-sheeted covering projection.
(4). p: St — S 2+ 2" is an n-sheeted covering.
(5). The exponential map e: R — S is a covering with infinite sheets.

EXERCISE 3.1. Let p: X — X and ¢: Y — Y be covering projections. Show that pxq: X xY —
X xY is also a covering projection.
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Let G be a group and let Y be a G-space. For g € G and a subset S C Y, let ¢g- S denote the
set {g- x|z € S}.
DEFINITION 4.31. Let G be a (discrete) group and let Y be a G-space. A G-action on Y is
called properly discontinuous if
for any y € Y there exists a neighbourhood W,, such that

anFg = g -WnNg -W,=0
(or, equivalently, g #1 = ¢g-W,NW, =0).
THEOREM 4.32. Let X be a G-space. If the G-action on X is properly discontinuous, then
X — X/G is a covering.

PROOF. Let p: X — X/G be the quotient map. By Theorem 2.30, p is an open map. For any
xz € X, let W be an open neighbourhood satisfying the condition of proper discontinuity. Then
p(U) is an open neighbourhood of p(z) and

p W) =1]g-W
geG

is a disjoint union of open subsets of X. Furthermore p|g.w: g- W — p(WW) is a continuous open
bijective map and hence a homeomorphism. O

EXERCISE 3.2. Let X be a G-space. Suppose that X — X/G is a covering. Show that the
G-action on X is properly discontinuous.

Now the next question is how can we know a group-action is properly discontinuous. Recall
that a group G acts freely on X if g-x # x for all x € X and g € G with g # 1.

EXERCISE 3.3. Let X be a G-space. Suppose that the G-action on X is properly discontinuous.
Then G acts freely on X.

THEOREM 4.33. Let G be a finite group and let X be a Hausdorff G-space. Then the G-action
on X is properly discontinuous if and only if G acts freely on X.

PROOF. = is obvious (see Exercise 3.3).

< Let G = {90 = 1,01, ,gn}- Since X is Hausdorfl, there exist open neighbourhoods
Uo,---Upof go-z,-- -, gn-x, respectively such that UyNU; =@ for 1 < j <n. Let U = ﬂ;»’:ogj_l'Uj.
Then U is an open neighbourhood of  with g; - U NU = () for each 1 < j < n because

9 U=g;- (o 'Ui=()gilg:i" - U)
=0 =0

n
= (Vg9 ") - Ui € (959, ) - Uj = Uy
i=0
Thus the G-action on X is properly discontinuous. O

Note: If G has infinite elements, a free G-action may or may not be properly discontinuous. In
other words, the quotient X — X/G may or may not be a covering even if G acts freely on X and
X is Hausdorft.

Now we have more examples of covering spaces.
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EXAMPLE 4.34. 1) Let Z act on R by x +— x + n. Then this action is discontinuous and

2)

so R — R/Z = S is a covering.

Let Z™ = Z®"™ act on R™ by (z1,-++ ,x,) — (x1 + 11, -+ , 2 + 1,,) for z; e R and I; € Z.
Then this action is discontinuous and so R" — R"/Z" = S! x --- x S! is a covering. In
particular, when n = 2, we have the covering projection : R? — T = S x S*.

Let p be a prime integer and let ¢, - - - ¢, be integers prime to p. We define a Z/p-action
on

SQn-i-l — {(207... 7Zn) c (C"||z0|2 + |Z1|2 4t |Zn‘2 _ 1}
by
1- (20, 2n) = (627ril/P Zo7ez7rz'zq1/p 21, ’627rilqn/p ).

We show that this action is free. Suppose that

l- (ZOa"' ,Zn) = (ZOa"' 7Zn)~
Then
eZwilqj/p zj = z

for each 0 < j < n, where go = 1. Since (z¢, - 2,) € ST, there exists z;, # 0 for some
jo. It follows that

eQﬂ'ilq]-o/p -1

and so lgj, = 0 mod p. Since g;, # 0 mod p and p is a prime, [ = 0 modp, that is [ is the
identity in Z/p. Thus this action is free.

Since $?"*! is Hausdorff, $?" 1 — §2n+1 /(7 /p) is a covering. The quotient S?"*1/(Z/p),

denoted by L™(p,q1,- -+ ,qn), is called a lens space. Note that L™(2) = RP?"+1,
Let p be any non-zero integer. We define a Z/p-action on

S = {(20,+ -, 2n) € CM|20)* + |21 4+ -+ |za? = 1}

2mil /p 2mil 2mil/p
U (20, ,2n) = (€ P g, e2mP 2 e /zn).

The argument above show that this action is free. (Note: in this case, we do not need
to assume that p is a prime.) The quotient S?"*1/(Z/p) is denoted by L™(p). Again we
have a covering projection S?"+1 — L"(p).

Let M be a manifold and let

F(M7n) = {(xlv ;xn) GMnl,’EZ 74(1)3 fOI‘Z;ﬁ]}

be a ordered configuration space. Let the symmetric group ¥,, act on F'(M,n) by permut-
ing positions. Then F(M,n) — F(M,n)/%, is a covering. The quotient F(M,n)/%,,
denoted by B(M,n), is called the space of unordered configurations.

Let G be a (Hausdorff) topological group and let H be a finite subgroup of G. Let G/H
be the set of left cosets with quotient topology. Then G — G/H is a covering. (Note:
One can directly show that G — G/H is a covering if H is a discrete subgroup of G
(without assuming that H is finite).
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4. The Lifting Theorem For Covering Spaces

Ifp: X - X isa covering and f:Y — X is a map, then a lifting of f is a continuous map
f Y — X such that f = pof
The lifting problem is: Given a map f: Y — X.
i) When does there exist a lifting of f7
i) Must such a lifting be unique?

The ‘uniqueness’ can be answered as follows.

LEMMA 4.35. Let p: X — X be a covering and let f,f:Y — X be two lifting of f: Y — X.
Suppose that Y is connected and f(yo) f(yo) for some yo €Y. Then f=7F.

PROOF. Let Y' = {y € Y|f(y) = f(y)}. Then yo € Z. It suffices to show that Z is open and
closed. (Note: A space Y is connected if and only if Y and () are only open and closed subsets of Y
(or, equivalently, Y is not disjoint union of two open subsets). A path-connected space is connected,
but a connected space may not be path connected in general.)

First we show that Y’ is an open subset of Y. Let y € Y’ and let U be an elementary
neighbourhood of f( ) in X. There is a (unique) sheet U, of p~*(U) such that f(y) = f(y) € Ua,.
Then f~1(U,)N f~1(Uy) is an open neighbourhood of y. Since p|y, : Uy — U is a homeomorphism,

Arswoni-wa = flwani-rw.-
Thus
FHU) N FH(U) €Y
and so Y is open.

Now we show that Y\ Y’ is open. Let y € Y \ Y’ and let U be an elementary neighbourhood
of f(y) in X. Since f(y) # f(y), there are two different sheets U, and Us of p~(U) such that
f (y ) € U, and f(y) € Ug. (a # B because p restricted to each sheet is a homeomorphism.) Now
(Y )ﬂ f- (Uﬁ) is an open neighbourhood of y. Since U, N Us = 0, f(z) # f(z) for any
z € f~HU,) N f~1(Us) and so

F iU 1 Up) CY\ Y
Thus Y \ Y’ is open and hence the result. O

COROLLARY 4.36. Suppose that X is connected and ¢: X > Xisa map such that po ¢ = p.
If ¢(x1) = 1 for some x; € X, then ¢ is the identity map.

PROOF. Both ¢ and the identity map id ; are liftings of the map p: X — X. Since d(x1) =
id ¢ (1), the assertion follows from Lemma 4.35. O

Let X be a pointed space with a base-point x¢ and Zg € X such that p(Zo) = xo.

THEOREM 4.37 (Path-lifting Theorem). Let p: (X, o) — (X, 20) be a covering. Then

i) Every path \: (I,0) — (X,z0) has a unique lifting \: (I,0) - (X, &o). )

i) Every map F: (I x1,(0,0)) — (X,z0) has a unique lifting F: (I x 1,(0,0)) — (X, Zo).
PROOF. We already prove the uniqueness of a lifting. So we only need to prove the existence.

i) There exist 0 = t9 < t; < -+ -ty = 1 such that \([t;,%;41]) is contained in some elementary
neighborhood of each i. We show that there is a lifting A;: [0,%;] — X of A|[g,] by induction on i.
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When i = 0, Ag: [0,0] — X is given by A(0) = Zo. Suppose that there is a lifting ;: [0, ;] — X.
Since A([t;, t;+1]) lies in an elementary neighbourhood. There is a unique lifting z: [t;, ti11] — X of
Alfti,tipa) Such that p(t;) = Ai(t;) (The map g is obtained by composing Aljti tip,) With the inverse
homeomorphism to p-restricted-to-the-sheet-containing-\;(¢;). Let

tit1 it

S\i—i—l = ;\i U M [O,ti_;,_l] — X

Then 5\i+1 is a lifting of Aljp, ,)- This gives a construction of A by induction.

ii) The proof essentially follows from the same idea, that is there are sequence 0 = sg <
§1 < - < 8p=1and 0 =ty < t; < --- < t, = 1 such that F' maps each small rectangle
R; ; = [i, Sit1] X [tj,t;41] into an elementary neighbourhood and then defined F inductively over
the rectangles

Ry, Ro,1,+ , Rony R0, -
O

'COROLLARY 4.38 (Monodromy Lemma). Let o, Ar: (1,0) — (X, &) be paths with po Ao ~
poAi. Then \g =~ A\1. In particular, A\o(1) = A1(1).

PROOF. Let A\g = po X and \; = po A. Let F: I x I — X be a homotopy relative to ~{0, 1}
from Ao to A\;. Then there is a unique lifting F': T x I — X of F with F(0,0) = Ag(0) = A1(0).
Then

1) F(t,0) = Xo(t) for any t because both of them are lifting of Ay with F(0,0) = \o(0). And
F(1,0) = Xo(1)

2) F(0,s) = €5,(0) Pecause both of them are liftings of F'(0, s) = €5(9) with F(0,0) = \o(0).
And F(0,1) = Xo(0) = A (0).

3) F(t,1) = Ay (t) because F(0,1) = A;(0) and both of them are liftings of A;. In particular,
F(]-v 1) = 5\1(1)

4) F(1,s) = €5,(1) Pecause F(1,0) = Xo(1) and both of them are liftings of €xo(1)-

This show that F' is a path homotopy from Ao to Aq. O

If in Corollary 4.38 we consider only loops, then we immediately have

THEOREM 4.39. If p: (X,%0) — (X,z0) is a covering, then p.: m(X,Zo) — m(X,z0) is a
monomorphism. O

Let p: (X, %) — (X,z0) be a covering projection. The function ¢: m (X, z0) — p~H(zo) is
defined by [a] — &(1), where &: (1,0,1) — (X, &g, @(1)) is the unique lifting of « as in Theorem 4.37.
The function 1) is well-defined by the Monodromy Lemma (Corollary 4.38).

EXERCISE 4.1. Suppose that X is path-connected. Show that the function ¢: m (X, z9) —
p~1(xg) is onto.

Hint: Let y € p~!(x). There is a path 3 from Zg to y. Let @« = po 3. Then 3 = & by the
uniqueness of the lifting and so ¥([a]) = &(1) = (1) = v.

THEOREM 4.40. If X is simply connected, then 1 is a bijection.
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Proor. By Exercise 4.1, it suffices to show that 1) is one-to-one.

Suppose that [a], [8] € m1(X,zo) with ¢ ([a]) = %([8]) = y € p~* (), that is &(1) = A(1) =y,
where & and 3 are the liftings of [a] and 3, respectively. Since X is simply connected, [&@ * 71| =
1€ m(X,&). Thus

[R][B] 7 =[(pod@) * (po B =[po(@xf )] =p.(laxB7) =p.(1) =1,
Hence [a] = [4] € m1(X, z0). O

Now suppose that the quotient p: X — X/G, & — [i], is a covering space arising from a
properly discontinuous group action. Here we can do much better.

Since p~1([Zo]) = G+ 7 = {g-Tolg € G}, we can identify p~!([Zo]) with G by g-Fo < g. (Recall:
g %o =g Ty = g =g by the properly discontinuous property.)

THEOREM 4.41. If X is path-connected, then ¢: 7 (X /G, [Zo]) — G is a group epimorphism
with kernel p.m1(X, Zo).

PROOF. (i) By Exercise 4.1, the function ¢ is onto. .

(ii) To see that it’s a homomorphism, recall that the lifting &: (1,0,1) — (X, Zo,&(1)) of a loop «
representing [a] € m1(X /G, [To]) has (1) = g - Fo for some unique g, € G (independent of choice
of a € [a].)

Given [o, [8] € m(X /G, [Z]), with «, 8 lifting to &: (1,0,1) — (X, %o, g - To), B: (1,0,1) —
(X, %0, 98 - o), note that in general & * [ is not defined (since g, - To # Zo). However the map
Jo: X — X composes with § to give

9o B (I7Oa 1) - (Xmga '-%Oaga : (gﬁ fi;O))
which lifts 8 (Note g4 - (3 is from Ja - To 10 go - (g8 - To)). Thus

& (ga - B): (1,0,1) = (X, &0, gagp - T0)
is well-defined and lifts a* 3. Since this lifting of a:* 8 has final point g, gs - Zo, we have ¥ ([a*f]) =
Jgags and hence

P([a][B]) = d([ax B]) = gags = »([a)p([B))-
(iii) If ¥([e]) = e € G, then &(1) = e - &y = F¢, making & a loop. Hence
[a] = [poa] = p.([a)) € p.mi (X, &o).
Conversely, for any &: (I,01) — (X, &), pod has lifting & with &(1) = e-Zo, and so ¥ (p.([d])) =
Y(poa)) =e€d. d

COROLLARY 4.42. Suppose that X is path-connected space on which the group G acts properly
discontinuously. Then 3
Y:m(X/G, &) — G
is an isomorphism if and only if X is simply-connected.
EXAMPLE 4.43. 1) Since S™ is simply connected for n > 2, we have
m(RP™) =m (S"/Z/2) =7/2

for n > 2.
2) m(L"(p)) = m(S*"*/Z/p) =Z/p (n > 1).
3) m(SY) =m(R/Z) = Z.
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A space X is called to be locally path-connected if for each point z € X and any neighborhood
U of x there exists a path-connected open neighborhood V of z with V' C U. (Note. In Spanier’s
book [21], the definition of locally path-connected is as follows: A space X is said to be locally
path-connected if, for each x € X and any neighborhood U of z, there is an open neighborhood
V of x such that z € V C U and any two points in V' can be connected by a path in U. Thus
our definition of locally path-connected is stronger than Spanier’s definition. Our definition follows
from Hatcher’s book [7, pp.62]. This more restrictive definition simplifies the proofs. But keep in
mind that the following statements hold for locally path-connected in the sense of Spanier’s book.)

THEOREM 4.44 (Lifting Theorem). Let p: (X', Zo) — (X, x0) is a covering space. Let f: (Y, yo) —
(X,20) be a map. Suppose that~Y 18 path—con@ected and locally path-connected. Then f: (Y,yo) —
(X, o) admits a unique lifting f: (Y,yo) — (X, Z0) if and only if

fe(m(Yy0)) € pemri (X, Zo).

PROOF. = is obvious.
< By Lemma 4.35, if f admits a lifting, then the lifting is unique. Thus it suffices to prove the
existence of the lifting. The construction of f is as follows:
For each y € Y, since Y is path-connected, there is a path A: (1,0,1) — (Y, yo,y). So lift
foX: (I,0) — (X,z0) uniquely (by Theorem 4.37) to f o A: (I,0) — (X, Zg). Let
fly) = foA1).
Then po f = f.
We must prove that

i) f(y) is independent of choice of A: (I,0,1) — (Y,%0,¥), that is f is well-defined as a
function, and

ii) f is continuous.

To see (i), let A and ) be two paths in Y from g to y. Then the path product A * \'~! is a
loop in Y from yq to yo. By the assumption

[(foX) * FNTH] € fu(mi(Y0)) € pemi(X, Eo)-

Thus the loop (f o A) * f(N~!) admits a lifting in (X, Z,) as a loop. By uniqueness of lifting, the
first half lifting of this loop is given by ]TS/)\ and second half lifting is given m. In particular,
]773/)\(1) = m(l) because they form a loop.

For showing (ii), let W be an open neighborhood of f(y) Choose a small open neighborhood
U of f(y) such that p~(U) is disjoint union of open sets in X with one piece f(y) € U = U and
UcCWw. By the assumption of locally path-connected, there exists a path open neighborhood V' of
y with V C f~}(U). Fix a path X from yo to y. For any ¢y’ € V, there is a path 7 from y to v/’
Then the path product A * 7 is a path from yg to y’. Since

p: U—U
is a homeomorphism, p\gl(f on) is a path in U from f(y) from a point in U. Now the path product
ffc\D//\ * p\lfjl(f on) is a lifting of f(Axn). By the uniqueness of lifting,

—_~  _—~_

f(Axn) :fo)\*p|5l(fo77).
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In particular
f) = fA=n)(1) eU.
It follows that o 3
Ve e imw)
and so f is continuous. This finishes the proof.
O
COROLLARY 4.45. Any maps from a simply-connected locally path-connected (Y, yo) lifts (uniquely).
COROLLARY 4.46. Any map from (S™,(1,0,---,0)) lifts uniquely (n > 2).
COROLLARY 4.47. Forn > 2, p,: m,(X, &) — m,(X, 20) is an isomorphism.

Proor. By Corollary 4.46, p, is onto. By Corollary 4.45, p, is one-to-one because S™ x [ is
simply connected for n > 2. O

THEOREM 4.48 (Borsuk-Ulam). There exists no map f: S? — S such that f(—x) = —f(x) for
any x.

PROOF. Let q: S? — RP? be the covering projection, and suppose that for all z € S?

f(=z) = = f ().

Then we can define g: RP? — S! by g(+x) = (f(x))?, making go ¢ = po f, where p: S — St is

defined by z — 22.

f

s L gt

q p

rRpz 9, gt

Since 71 (RP?) = Z/2, g.m1(RP?) is a torsion subgroup of 71(S!') = Z and hence g.m; (RP?) = 0.
Thus, by Theorem 4.44, there is a lifting §: RP? — S* such that g = po §. (Note the map p is a
covering.) Since go ¢ and f are two liftings of g o ¢, we have

goq=f.
It follows that

a contradiction. O

COROLLARY 4.49. If g: S? — R? is an antipode-preserving map, that is g(—z) = —g(z), then
some x € S? has g(x) = 0.

PROOF. Otherwise f: S? — S! 2 — ”31((2)” contradicts Theorem 4.48. O

COROLLARY 4.50. If h: S? — R2, then some z € S? has h(x) = h(—x); so h is not injective.

PROOF. If this were not the case, then g: S?> — R? 1z + h(x) — h(—x) would contradicts
Corollary 4.49. O
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COROLLARY 4.51. No subspace of R? is homeomorphic to S?.

EXAMPLE 4.52. Regard the Earth as S? and the functions

P: S? - R, x + barometric pressure at z,
T:S? = R, z — temperature at

as continuous. Then Corollary 4.50 says that
h: S? = R? h(zx) = (P(x),T(z))

has h(—z) = h(z) for some z € S?, in other words, there are always two antipodal places on Earth
with the same temperature and pressure.

5. Universal Covering

Let X be a path-connected space. A covering p: X — X is called universal if X is simply
connected.

PROPOSITION 4.53. Let X be path-connected and locally path-connected. Then the universal
covering over X is unique provided that it exists.

PROOF. Suppose that p: X — X and p’: X’ — X be two universal coverings over X. By the
definition, both X and X’ are simply connected. In particular, both X and X’ are path-connected.
Since X is locally path-connected, so are X and X’. Let 2o be a basepoint of X. Choose basepoints
To € p~t(z0) and I, € p'~*(z0). By the lifting theorem, there exist liftings

f g ~

X - X’ - X

p Y p

X X X
with f(Zo) = # and g(&,) = &y because 71 (X) and 7, (X’) are trivial. By the uniqueness of the
lifting, go f =id; and f o g =idg, and hence the result. g

5.1. Existence of Universal Covering Space. A space X is called semi-locally simply-
connected if for each point x € X there exists a neighborhood U of x such that 71 (U, z) — m1 (X, z)
is trivial.

THEOREM 4.54. Let X be path-connected, locally path-connected, and semi-locally simply con-

nected. Then there exists the universal covering X — X.

PrOOF. The proof is given by constructing a universal covering over X. Let zy be a basepoint
of X.
Construction: Define
X = A [ A0) = o},
where [)] is the homotopy class relative to the ending points, that is, with respect to the homotopies
that fix the endpoints. Define p: X — X by p([\]) = A(1).
Topology on X. Let

U ={U C X |U path-connected open m1(U) — m1(X) is trivial }.
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By the assumption of semi-locally simply connected, for any x € X, there exists a neighborhood U
of = such that 7 (U) — 71 (X) is trivial. By the assumption of locally path-connected, there exists
a path-connected open neighborhood V of z such that V' C U with 7 (V) — m1(X) is trivial as it
is the composite 71 (V) — m1(U) — m1(X). Thus U is a basis for the topology on X. (Note. We
use the assumptions that X locally path-connected and semi-locally simply connected.)

For U € U and a path A from zg to a point in U, define

Uy = {[A*n] | 7 path in U with n(0) = A(1)}.

1) Uy depends only on the path homotopy class of A, that is, if \ ~ N rel0, 1, then Up =
U[)\/].

2) p: Uy — U is onto because U is path-connected.

3) p: Uy — U is one-to-one. Let n and 7’ be two paths in U such that 1(0) = 7'(0) = A(1)
and 7(1) = 7’(1). Then n* n'~! form a loop in U. Since 71 (U) — m1(X) is trivial,
[n] * [n’~1] is trivial in X and so the loop

()« (Ax) T = 1.
It follows that the path homotopy class [A *n] = [A *n/].

4) If [N'] € Upy, then Upyg = Upy). For seeing this, let A" = Ax 7. For any [A+n'] € Uy, let p
be a path in U from 1(1) to n/(1). Then n* u*n'~1 is a loop in U from A(1) to A(1). By
using the assumption that 71 (U) — 1 (X) is trivial, [n* p*n'~1] is trivial in 7 (X, A(1)).
Thus

[\ ) = ()1 =1
in 71 (X, zo) and so
Asen’] = (A n) = pl,
that is [A*x '] € Unn- Or Uy € U Similarly, Uy C ULy Thus U = Upy-
Now we show that
U= {Up | U €U, X path from x¢ a point in U}
forms a basis for a topology on X. Let Unps Vv € U with [\'] € Upx) N Viaq. Then
U =Un Vivy = Viag
by assertion (4) above. Let W be in U with A”(1) € W CUNV. Then
'] € Wiy © Upoy 0 Ve = Upy 0 Vi

and so U forms a basis for a topology on X.
p: Uy — U is a homeomorphism: Recall that the open subsets of Upy; is given by Upyy N'W for

open sets W in X.
First we show that p is continuous. Let [A % 5] be any element in Uy and let V' be an open
subset of U with x = A 7(1) € V. There exists V' € U such that z € V' C V.

p (V) ={ ] [ 0/(0) = A1) 7'(1) e V'}.
Note that
Nxn) € Vi = {xnxn"] [ 0"(0) =2, /(1) e V'} Sp~ ' (V) Sp 1 (V).

Thus p is continuous.
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Next we show that p|,}[1M is continuous. Let & be any point in U. Fix a path  in U from A(1)
to z. For any open subset W in X with p|5{1ﬂ () = [A*n] € WNU}y /since U is basis, there is Vv
such that
Axn] € Vixg SW N UL
Then
V =p(Ving) = (lg,,) " (Vi)

is open. Thus p|5[1M is continuous.

p: X — X is a covering: For U € U,

p ' (U) = U | A1) € U}

Assume that Uy N Upp # 0. Let [\'] € Uy N Upvp. By assertion (4) above, Upi = Upyy = Upy-
Thus p~1(U) is a disjoint union of Uy and so p is a covering map.

The space X is simply connected. First we show that X is path-connected. Given two points
[A,[N] € X. Since X is path connected, there is a path 1 in X from (1) to N(1). Let 5, be
part of the path 7 from 7(0) to 1(t). Then [\ * 1] gives a path in X from [A] to [N']. Thus X is
path-connected.

Finally we show that 7 (X, [x0]) is trivial. Since p is a covering map, p.: m (X, [0]) — ™1 (X, x0)
is a monomorphism. Let w be a loop in X, which means that w(t) is the path homotopy class of
a from zo to w(t)(1) with w(0) = w(1l) = [xo] the constant path. Consider the homotopy Fs :=
w(t)(s), namely the path w(t) evaluating at s. Then F;(0) = w(0)(s) = zo, Fs(1) = w(1)(s) = xo,
Fo(t) = w(t)(0) = g and Fi(t) = w(t)(1) = (pow)(t). Thus F defines a null homotopy for p o w.
Thus [pow] = 1 and so 71 (X) is trivial. O
Note. In Spanier’s book [21], the construction of the universal covering space is given as the
quotient space of the path space PX = {\: I — X | A(0)} with compact-open topology. In his
book, the arguments use the knowledge of compact-open topology.

COROLLARY 4.55. Let X be path-connected, locally path-connected, and semi-locally simply con-
nected. Then for every subgroup H C 71(X,xo) there exists a covering space p: X — X such that
p«(m1(XH, o)) = H for a suitably chosen basepoint &g € Xp.

PROOF. In the universal covering space X , define the equivalence relation

(Al ~ [N
if \(1) = N'(1) and [A* X~'] € H. Define Xz = X/ ~. Then the resulting covering Xy — X is
the desired coving. See Hatcher’s book [7] for details. O

An application to combinatorial group theory is to give a geometric proof of the following
theorem:

THEOREM 4.56. Any subgroup of a free group is free.

PROOF. Let F be a free group. Then we can choose X a connected 1-dimensional cell complex
such that m(X) = F. Let H be a subgroup of F. Then there is a covering p: Xz — X such that
p«(m1(Xp)) = H. Since any covering over X is still a 1-dimensional cell-complex, X is homotopy
to a wedge of circles. It follows that H = (X' 1) is a free group. d
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EXERCISE 5.1. Let p: X — X be a covering and let B be a subspace of X. Let B = p~!(B)
with projection
P =plsg: B— B
be the induced covering. Suppose that
(1). X, X and B are path-connected;
(2). m(B) — m(X) is onto.

Show that B is path-connected.

[Hint: Try a proof by the following steps:

Step 1. By using the Changing-base theorem, show that 7 (B,b) — 71(X, b) is onto for any b € B.
Step 2. Let x,y € B. Show that there is a path A in B such that A\(0) = x and p'(A(1)) = p/(y).
(Thus it suffices to show that there is a path in B joint any two points in the fibre. )

Step 3. Let z,y € B such that p/(z) = p/(y). Let b= p/(z). Since X is path-connected, there is a
path A in X from z to y. Then po X is a loop in X from b to b. By using the statement in Step 1,
there is a loop w in B from b to b such that w ~ po A. Let A’ be a path lifting of w with X' (0) = «.
By using Monodromy Theorem, X' ~ Arel0, 1. In particular, A’ is a path from x to y. Since X’ is a
lifting of a loop w in B, X is a path in B joint  and y.]

PROPOSITION 4.57. Let X be path-connected and let Y be a simply connected. Suppose that

(1). There exist small contractible open neighborhoods of xo and yg, respectively.
(2). p: X — X is the universal covering over X.

Then -
XVY ={(z,y) e X xY | (p(z),y) € X VY}

with p' = (p x idy )| XVY = X VY is the universal covering over X VY.
PROOF. Since p: X — X is a covering, so is p x idy: X x Y — X x Y. Thus
p = (px idy )|y XVY > XVY

is a covering because it is induced from p x idy. By the above exercise, X VY is path-connected.
From the commutative diagram

71 (X) x

) X 7T1

ﬁl(m/) = {1} and hence the result. O

(X VY) - (X x

Y) ={1}

7T1(X\/Y —7T1 {1}—7‘(’1( )—>7T1(X><Y —771 (X),

5.2. An Application to co-H-spaces.

THEOREM 4.58. Let X be a path-connected co-H-space. Suppose that there exists small con-
tractible open neighborhood of xo. Then m (X) is free.
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PrOOF. Let p/: X — XV X be the comultiplication. From the homotopy commutative diagram

!

x—H",xvx

X — "+ X x X,

there is a commutative diagram of groups
!/

’/Tl(X)i*”lTl(X\/X _7'('1 H7T1
Uy

’/Tl(X) —_— 7T1(X X X) :7T1(X) X ’/Tl(X).

Thus g, is a monomorphism with

Im(p}) C i (Ami(X).
By the following lemma, the subgroup i; ! (A(r1(X))) of w1 (X) ][] 71(X) is free. Since any subgroup
of a free group is also free, 71 (X) = Im(,u*) Ciy Y (A(m(X))) is a free group. O

Let G be a group. Write G and G® for copies of G. Consider the free product GIIG =
GWIIG®. For g € G, write g for the element g € GV, Let
AG)={gWg? eG]]Glge G}
be the subset of G G. Let
AG)={(g,9) eGx G |geG}

be the diagonal subgroup of G x G. Let X be a pointed set with basepoint *. Let F[X] be the free
group generated by X with the single relation x = 1, that is, F[X] is the free group generated by
X~ {x}.

LEMMA 4.59. Let G be a group and let g: G| G — G x G be the canonical quotient homomor-
phism. Then ¢~ (A(Q)) = FIA(G)] is the subgroup of G[ G freely generated by A(G) ~ {1}.

PROOF. Let I be the subgroup generated by A(G). Clearly T' C ¢~ (A(G)). We show that
¢ HA(G)) CT.
For words w and w’ in G][ G, denote w ~ w’ if w = w’ mod I'. Note that

g ~ (¢!

for any g € G. Now let
1)h(2 (1) h() . gMp®

be a word in ¢~} (A(G)) C G]] G, that is,
gng...gn:h1h2...hn.
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Then
gD g g2 (g(j))) 1h§; 2 hZ;gﬁihg;

~ (hll) 11 2)h22...gn1hn2
= ()" (glgg><1>h(> NCINC
~  ((g192)?)~ 1h(2 .. 1)h(2
= ((9192)” (hlhz))@)g(l)h@) g Dp@
~ 1L

Thus

GO DD 0y e p
and so ¢ 1 (A(G)) =T. i
Next we show that I is freely generated by A(G) \ {1}. Let
¢: FIG] — T
be the group homomorphism such that ¢(g) = gMg®@ for g € G and let

€1 €2

w=g1'95" - g;'
be a reduced word in F[G] for the letters g; € G~ {1}. Then

1) (2 € 1) _(2)\e
() = (9791) (689 ®) - (gt " 9P
The assertion will follow proved that we prove by induction on ¢ that
o(w) ends with g ) if e, = 1, and ends with (g7 DD if e = —

because if so, then ¢(w) # 1. Clearly this statement holds for ¢ = 1. Suppose that the statement
holds for less ¢.
Case I ¢, = 1. Then

1 2) \er_q (1 2
ow) = w'(gtig?) g g
g g2, 0 g ends ¢ if  epa=1

1
U Y 2
= w'(g; 1)(2)(%719 YDg® ends g if e =1,

where g; %, g; # 1 because w is a reduced word.
Case Il ¢, = —1. Then

p(w) = w'(g @) (g7 )P (g HD

1 2 _
wlgg )19t( )1(9t )( )(gt 1)(1)
= w'g! (gio197 )@ (g7 HD ends (g7 )@ if ey =1

w'(9,2) P gm) P g P (g HM ends (g7 )M i g =1,

where g;_19; ! £ 1 because w is a reduced word. The induction is finished and hence the proof. [
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REMARK 4.60. Theorem 4.58 has an important consequence on co-H-spaces. Let X be a path-
connected co-H cell-complex. Then there is homotopy decomposition

szyvx,

a wedge of circles and a simply connected co-H space. (This result was first given by Eilenberg-
Ganea in 1957 with some generalizations given by other people later.)



CHAPTER 5

Homology

In this chapter, we will first start with the Eilenberg-Steenrod axioms for homology and coho-
mology. By using the axioms, we will be able to do some computations of homology. After going
through some basic properties of A-groups and simplicial groups, we will then consider singular
homology and simplicial homology.

1. Eilenberg-Steenrod Axioms

1.1. Eilenberg-Steenrod Axioms. The axioms for homology theories are given in the book
of Eilenberg and Steenrod [?].

Let (X, A) be a pair of spaces, that is A is a subspace of X. A map f: (X, A) — (Y, B) means
amap f: X — Y such that f(A) C B. Let f,g: (X,A) — (Y, B). We call f is homotopic to g,
denoted by f =~ g, if there is a homotopy F': X x I — Y such that Fy = f, F} = gand F(AxI) C B.
In other words, the homotopy is a map F: (X, A) x I = (X xI,Ax I)— (Y, B).

An unreduced homology theory h, means:

(1). asequence of abelian groups {h,, (X, A) },,cz for each pair of spaces (X, A), called n-relative
homology group of X modulo A and simply denoted by h,(X) if A =0,

(2). a sequence of group homomorphisms fi: h,(X, A) — h,(Y,B) for n € Z and any map
f+(X,A) — (Y,B), and

(3). a group homomorphism

A(n, X, A): hy(X, A) — hy1(A)

for any n € Z and any pair of spaces (X, A), called boundary operator, with the following
six axioms:

AxioMm 1. If f =id: (X, A) — (X, A), then f. =id: h (X, A) — h (X, A).
AXIOM 2. (go f)« = g« 0 fu.
Explicitly, if f: (X, A4) — (Y, B) and g: (Y, B) — (Z,C), then

(o f)s=gxo fu: hi(X,A) — ho(Z,0).

Note. The above two axioms just means that h, is a functor from the category of pairs of spaces
to the category of sequences of abelian groups

AXIOM 3. do f. = (fla)x00

99
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Explicitly the diagram

ho(X, 4) L (v, B)
0 0
(fla)-

hg-1(A) =—— hg-1(B)
commutes.
Note. This axiom means that 9 is a natural transformation from h,, — h,_1 o R, where R is a
functor sending (X, A) to (A4, 0).
AxioMm 4 (Exactness Axiom). For any pair of spaces (X, A), there is a long exact sequence

i

e B (X A) P B (A) e (X)L (X, A) D
where i: (A,0) — (X,0) and j: (X,0) — (X, A) are the inclusion maps.
Axiom 5 (Homotopy Axiom). If f ~g: (X, A) — (Y, B), then f. = g«: ha(X, A) — h.(Y, B).
Axiom 6 (Excision Axiom). If U is an open subset of X whose closure U is contained in the

interior of A (that is U C'V C A for some open set V). Then the inclusion j: (X ~ U, A\ U) —
(X, A) induces an isomorphism

Jei hny (X NU,ANU) — hp(X, A)
for each n € Z.

An ordinary homology theory means a homology theory h, that satisfies the following additional
axiom:

AxioM 7 (Dimension Axiom). Let P be a space consisting of a single point. Then hqy(P) =0
for q #0.
In this case, h.(X, A) is called the homology of (X, A) with coefficients in G = ho(P), denoted
by H.(X, A;G). Write H,(X, A) for H.(X, A;7Z) the integral homology.
Axiom 5 can be replaced by the following axiom:
Axiom 5. Let jo,j1: (X, A) — (X, A) x I be defined by jo(x) = (z,0) and j; (z) = (=, 1).
Then jo* = jl*-

PROOF. Suppose that Axiom 5 holds. Since jo ~ j1, jox = Jix-
Conversely assume that Axiom 5" holds. Let f ~ ¢: (X,A4) — (Y, B) under a homotopy
F:(X,A)xI— (Y,B). Then f = Fojjand g = Foj;. Thus

f*:F*OjO*:F*Ojl*:g*~

Note. What we proved is Axioms 2 and Axiom 5 <= Axiom 2 and Axiom 5.
The Excision Axiom can be reformulated as follows
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Axiom 6'. Let X; and X5 be subspaces of X such that X7 is closed and X = Int(X;) U
Int(X2). Then the inclusion i: (X7, X7 N X5) — (X, X2) induces an isomorphism

iv hg(X1, X1 N Xs) — he(X, X)
for each ¢

PROOF. The equivalence of this axiom with the Excision Axiom is easily seen by setting A = X5
and U =X \U. O

EXERCISE 1.1. Prove the following statements:
1) If (X, A) =~ (Y, B), then h.(X, A) = h.(Y, B).
2) If A is a deformation retract of X, then H,(X,A) = 0 for all n € Z. In particular,
H,(X,X)=0forallneZ.

PROPOSITION 5.1. Let (X, A) be a pair of spaces such that the inclusion A — X is a cofibration.
Then the quotient map p: (X, A) — (X/A,{*}) induces an isomorphism

Pe: ha(X, A) = ho(X/A, {5})
for allm € 7.
PROOF. By Lemma 4.21, (X UCA, {x}) ~ (X/A, {*}). Thus
ho (X/A {x}) =2 H (X UCA, {x}).
By applying the long exact sequence to the sequence
(CA,x) — (X UCA, x) — (X UCA,CA),

we obtain
he( XUCA, x) 2 h, (X UCA,CA)

because h.(CA,*) = 0. Now we apply Axiom 6’. Let X; be the image of X [[Ax[0,1/2] in XUCA
and let Xy = CA. Then X; is closed and Int(X;) UInt(X3) = X. Then by Axiom 6

h (X UCA,CA) 2 H, (X1, X1 N X3).

Since (X1,X1 NX5) ~ (X, A),
he (X1, X1 N X2) 2 hio (X, A)
and hence the result. O

For a pointed space X with basepoint xo, the reduced homology h., is defined by setting h,(X) =
h«(X,{z0}). Note that h,(X) = h.(X) ® h.(P).

COROLLARY 5.2. Let (X, A) be a pair of spaces such that the inclusion A — X is a cofibration.
Then there is a long exact sequence

o R (X/A) Oty B (A) b (X)) —22 B (X/A) On,
where i: A — X is the inclusion and p: X — X /A is the pinch map. O

)

COROLLARY 5.3 (Suspension Isomorphism Theorem). Let X be a pointed space. Then there is
a natural isomorphism

0 hp(X) 2 hyy 1 (2X)
for alln € Z.
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PROOF. Recall that ¥X = CX/X. Since CX =~ *, h,(CX) = h,({*}) = 0. From the long
exact sequence
¢ B (CX/X) 22 B (X))~ R (CX) 22 Ry (CX/X) —22s -
we have
1 (BX) & by (X)
for all n € Z, which is the assertion. O
Note. From the Barratt-Puppe sequence, the boundary map
Ont1: Bn-ﬁ-l (X/A) — Bn(A)
in Corollary 5.2 is given by
pinch

Tin1 (X/A) = B (X UCA)/CA) 220 Ry (X U CA)

Ve=—1

— 1 (X UCA)/X) = hpya (BA) “— hnpa(SA) <—— ha(A).
The following theorem is useful for computing homology of CW-complexes.

THEOREM 5.4 (Mayer-Vietoris Sequence). Let X = AU B be a CW-complex with A and B
subcomplexes. Then there is a long exact sequence

o=(11x,52,%)
—_—

. 2 ha(ANB) ha(A) @ h(B) 22725 1 (X) 2 hyoi(ANB) — -

wherei;: ANB — A, is: ANB — B, j1: A — X and jo: B — X are the inclusions and A is given
by the composite

)

PROOF. Since B/(AN B) = X/A, there is a commutative diagram of long exact sequence

8/ ) * *
hoi1(B,ANB) —*% b, (A0 B) 2 ho(B) 22 ho(B,ANB) —— -

(a3

1%

On
e B (X, 4)

We only prove the following sequence

ho(AN B) S=Z020) Ay @y (B) 22T (X))

is exact.
From the commutative diagram
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Jj10i1 = jooig. Let @ € hyy(AN B). Then avo B(x) = j1x 0 i14(x) — Jox 0 G2x(x) = 0.
Let (a,b) € hyp(A) @ hy(B) such that ji.(a) = ja«(b). Then
0= q1x 0 j1+(a) = q1x © J2x (b) = P2 (D).
Thus there exists ¢ € h, (AN B) such that is.(z) = b. Now
Jixla—i1.(2)) = Jrs(a) = jix 0 iru(2)
= jl*(a) - j2* o Z2>x<(x)

= Jix(a) — j2+(b)
= 0.

There exists d € hy+1(X, A) such that
8n+1 (d) = a— ’Ll*(l‘)
Let 2’/ = 0!

n

4+1(d) + 2. Then
i14(2") = 114 (0)41(d) + @) = Opp1(d) + 14 (2) = a,
ie(0) = i (011 (d) +2) = 0+ i () = b.
This proves that h,, (AN B) o=lansian) hn(A) @ h,(B) i iy hn(X) is exact. O
EXERCISE 1.2. Finish the proof for the above theorem.
COROLLARY 5.5. Let hy be a homology theory and let X and Y be CW -complexes. Then
ho (X VY) 2 hy(X) @ h(Y).

Thus for a finite wedge of C'W-complexes, we have

n(V X = @B*(Xi).

For infinite wedge, we need to give an axiom which is true for many homology theory such as
ordinary homology: -
Wedge Axiom: h.(\/, Xa) = @, h«(Xq) for any wedge of CW-complexes.

THEOREM 5.6. Let T: hy, — b, be a natural transformation of homology theories, that is, there
are commutative diagrams

() T ) R % e (2X)
T(X) T(Y) T(X) T(Y)
M) LRy R~ B X

for any f: X =Y. Suppose that
T(S%): hye(S%) — hy(S?)
18 an isomorphism for each q. Then for every finite complex X
T(X): he(X) — hy(X)

is an isomorphism for each q.
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ProoOF. The commutative diagram

_ o _
h*(50> = has1(S™)

T(8°

~—

T(Y)

BL(S%) —2> By (S™),
shows that
T(S™): hy(S™) — h.(S™)

is an isomorphism.
Now we prove that

T(X): ha(X) — B.(X)

is an isomorphism for any finite C'W-complex by induction on the number of cells in X. The
assertion is true when X is 1-cell complex, that is X is a sphere. Suppose that the assertion holds
for all finite CW-complexes with the number of cells less n. Let X =Y Ue?. Then X/Y = S? and
so there is commutative diagram of long exact sequences

o hp 1 (81— hp(Y) —— hp(X) —— hp(S9) —— -

T(5) T(Y) T(X) T(5)

c— B (87) — W (Y) —— By (X) —— hp(ST) —— -+
By induction, T(Y): hy(Y) — A/ (Y) is an isomorphism. From the 5-lemma given below,
T(X): hi(X) — hi(X)
is an isomorphism. The induction is finished and hence the result. O

Note. If in addition h, and R’ satisfies the wedge axiom, then T(X): h.(X) — h.(X) is an
isomorphism for any CW-complexes X (including infinite CTW-complexes), see Switzer’s book [25,
Theorem 7.55].

LEMMA 5.7 (The Five-Lemma). Let

; ' k !

A ' .p—J) ¢ ) - E
>~ %ﬂ ol >~y e
P R S AL A L

be a commutative diagram of groups such that the rows are exact. Suppose that o, 3, § and € are
isomorphisms. Then ~ is an isomorphism also.
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PROOF. Let € C such that y(c) = 1. Then
d(k(x)) = K (y(x)) = L.
Since § is a monomorphism, k(z) = 1 and so there exists 2’ € B such that j(a’) = z. Since
7'(B") = (i) = ~(z) = 1,

there exists y' € A’ such that ¢'(y') = B(z’). Since a: A — A’ is onto, there exists 2" such that

y' = a(z”). Now
Bi(a")) = i'(a(a”)) =i'(y') = B(').
Thus i(2”) = 2’ because § is a monomorphism. It follows that
z=j(a') =j(i(z")) =1
and so « is a monomorphism.
Let y € C’. Then there exists Z € D such that §(Z) = k’'(y) because J is onto. Since

e(1(@)) =1(6(2)) =1'(K(y)) =1
and e is a monomorphism, /() = 1 and so there exists 2’ € C such that k(z’) = &. Since
K (y(a") = 0(k(a")) = 6(2) = ¥ (),
there exists an element 3’ € B’ such that j/(y') = yy(2’)~!. Since 3 is onto, there exists 2" € B
such that B(z"”) = y'. Now
Y(i(z")a") = (i)@' = 5" (Ba")y(@") = 5 (Y ) (2') = yy(@@) (") =y

and so <y is onto. This finishes the proof. O

1.2. Eilenberg-Steenrod Axioms for Cohomology. An unreduced cohomology theory h*
means:

(1). asequence of abelian groups {h™(X, A)},cz for each pair of spaces (X, A), called n-relative
cohomology group of X modulo A and simply denoted by h™(X) if A =0,

(2). a sequence of group homomorphisms f*: h,(X,A) < h,(Y,B) for n € Z and any map
f+(X,A4) — (Y,B), and

(3). a group homomorphism

5(n, X, A): h"(X, A) ~—— h""1(4)

for any n € Z and any pair of spaces (X, A), called boundary operator, with the following
six axioms:

Axiom 1. If f =id: (X, A) — (X, A), then f* =id: h*(X,A) — h*(X, A).
AXIOM 2. (go f)* = f* o g..

Axiom 3. f*od =8(f|a)*

Explicitly the diagram

BI(X, A) I ey B)

hq—l(A) (flA)* hq_l(B)
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commutes.
AxioM 4 (Exactness Axiom). For any pair of spaces (X, A), there is a long exact sequence
D B A) 2 prA) < (X)L an(X, A) <2
where i: (A,0) — (X,0) and 5: (X,0) — (X, A) are the inclusion maps.

Axiom 5 (Homotopy Axiom). If f ~ g: (X, A) — (Y, B), then f* = g*: h*(X, A) — h*(Y, B).

)

AxioMm 6 (Excisior_1 Axiom). If U is an open subset of X whose closure U is contained in the
interior of A (that is U CV C A for some open set V). Then the inclusion j: (X ~NU, ANU) —
(X, A) induces an isomorphism

JP RN XNU,ANU) — A" (X, A)
for each n € Z.

An ordinary cohomology theory means a cohomology theory h* that satisfies the following ad-
ditional axiom:

AxioM 7 (Dimension Axiom). Let P be a space consisting of a single point. Then h?(P) = 0

for q # 0.

In this case, h*(X, A) is called the cohomology of (X, A) with coefficients in G = H°(P), denoted
by H*(X, A; G). Write H*(X, A) for H*(X, A;Z) the integral homology.

2. Computations and Applications
2.1. Degree. Since S = X"S°,
H,(S™) = H,(S™) = Hy(S°) = Hy(P) = Z.
Any map f: S™ — S™ induces a homomorphism
fo: H(S™)=Z — H,(S") =Z.
Thus there exists a unique integer deg(f) such that

fi(a) = deg(f)a
for « € H,(S™).

PROPOSITION 5.8. Some basic properties of degree are as follows:

1). deg(id) = 1.

If f is not surjective, then deg(f) = 0.

f~g & deg(f) = deg(g)

deg(f o g) = deg(f) deg(g).

If f is a reflection fizing the points in a subspace S"~! pointwise, then deg(f) = —1.
The antipodal map S™ — S™, x — —z has degree of (—1)"*1.

Moreover if f: S™ — S™ has no fized points, then deg(f) = (—1)"+1.

The map f: S™FT" = §M A S — SMF1 = GV A S™ 2 Ay y Az, has degree of (—1)™"

2
3
4
)
6
7
8

N

~

Assertion (3) is equivalent to that m,(S™) = H,(S™) = Z. At moment we are only able to prove
f=g = deg(f) = deg(g).
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PROOF. (1) is obvious.

(2) Since f is not surjective, f null homotopic and so deg(f).

(3) f = g = deg(f) = deg(g) follows from the Homotopy Axiom.

(4) Follows from (g o f)s« = gx © fu.

(5) Consider S™ = S~ A St = 3718t Let v: S — St t — 1 —t, the inverse of the loop.
Then f =~ X"/, By the Suspension Isomorphism Theorem, there is a commutative diagram

H,(SY) =72~ H,(S") = H,(x" 15"
Vs f* - Enily*

Hy(S') =Z=H,(S") = H,(2"'S").

Thus deg(f) = deg(v'). Since the path product v’ * idg: is null homotopic (because [v'][idg:] = 1),
the composite
Sl pinch Sl v Sl I/,\/idsl Sl v Sl fold S]'
is null homotopic. By applying H; to the above composite,
0= l/:< + id g1,

and so deg(v') = —1.

(6) The antipodal map is the composite of n 4 1 reflections, each changing the sign of one of
the coordinates in R*+1,

(7) If f(x) # « for any x, then

(1= f(@) —ta
|(1 =) f(x) — ta|
gives a homotopy from f to the antipodal map. Thus deg(f) = (—1)"*1.

(8) Consider S™ = I™/9(I™) is the quotient space of I"™ by pinching out its boundary to a
point. Then there is a commutative diagram

F(z,t) =

Sm+n N f o Sm+n = 8§™M A S"

where
(@15 Ty Tt 1y -+ Tnpm) = (Tngds e oo Ty 1y - -+, Tn)-
Note 7;: I™*T" /9(I™F") — [™+™ /9(I™+™) given by
T(l‘l, ey L1, Ty T4 1y Lj-25 - - -y .T,‘n) = (.Z‘l, ey L1, L4115 Ly Li-25 « -« - ,xn)

has degree of —1 because the map 12/9(1?) — I%/0(I?), (x,y) — (y,x), is the reflection along the
circle obtained from the diagonal line in I2. Then the map g has degree of (—1)™" and so does
7 0
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THEOREM 5.9. There exists a continuous nowhere zero vector field over S™ if and only if n is
odd.

PrROOF. Assume that n is odd. Let n = 2k — 1. Define

V(3517$2» B IQk—la$2k) = (*172, L1y...y —T2k, l'zk—l)-

Then v(z) L x for any « € S™ with |v(z)| = 1. Thus v defines a nowhere vector field over S™.

Conversely suppose that there exists a nowhere zero vector field v over S™, that is, v(z) # 0
for any € 8™ and v(z) L z. Define o(x) = v(x)/|v(z)|. Then o: S™ — S™ with U(x) # « for any
x € S™ because 7(x) L z. It follows that deg(¥) = (—1)"*1. Now define the homotopy by

F(z,t) = cos(gt)a: + sin(gt)f/(a:).
Then Fy = id and F; = . Thus 7 ~ id and so
(=)™ = deg(?) = deg(id) = 1.
It follows that n is odd and hence the result. O

PROPOSITION 5.10. If n is even, then Z/27 is the only nontrivial group that can act freely on
ST
PROOF. Let G be a group that acts freely on S™. Then there is a group homomorphism:
¢: G — Aut(H,(S™)) = Aut(Z) = {£1} g (g«: Ho(S™) — H,(S™)).

Suppose that G # Z/2Z. There exists g € Ker(¢) with g # 1. Since G acts freely on S™, g has
no fixed point because G. Hence deg(g) = —1. This contradicts to that g € Ker(¢). The proof is
finished. O

2.2. Cellular Homology of CW-complexes. Let X be a CW-complex. Then there is a
skeleton filtration {sk, (X)},>0, where sk, (X) is the subspace of X consisting of the cells up to
dimension n. If X is a finite dimensional CW-complex, then this is a finite filtration, that is,
X = sk (X) for some large k.

PROPOSITION 5.11. Let H.(—; G) be the ordinary homology with coefficients in G. Let X be a
finite dimensional CW -complex. Then

(1). Hj(skn(X);G) =0 for j > n.
(2). the inclusion sk, (X) — X induces an isomorphism
Hj(skn(X); G) = Hj(X; G)
forj <n-—1.
(3). Hp(skn(X); G) = Huy1(X; G) is onto.

PROOF. Note that sk;,—1(X) < sk,(X) is a cofibration with sk, (X)/sk,-1(X) =V ,c; 5" a
wedge of n-spheres. The assertions follow by applying long exact sequence of the homology to the
sequence sky,_1(X) — sk, (X) — /S and by using the fact that

G if j=0
H;(\/S™G) =4 @,G if j=n

0 otherwise
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O
From the above proposition, H,(X;G) = H,(sk,+1(X); G). From the commutative diagram
Sknfl(X) Sknfl(X)
kn(X) © > skyp1(X) - sk (X)/skn(X) =/ s
\ a€Jdnt1
kn (X)/skn1(X) = \/ " <> skp1 (X)/skn_1(X) = sk 1 (X)/skn(X) = \/ S™T,
a€J, OzEJn+1
there is a commutative diagram of exact sequences of abelian groups
8’!1 n
Hua( ) 8"7G) = H(5Kn(X); G) > Hy(skn11(X); G)
a€Jnt1 g d
‘ p7L*
9 L v Y
3)  Haon(\ S™G) = Hy(skn(X) /skn—1(X); G) = Hy(skny1(X)/skn 1 (X); G)
()/GJ-,,+1
8n—1,n
Y Y
anl(Sknfl(X); G) _ anl(Sknfl(X); G)
Note that

Pn—1x: anl(Sknfl(X% G) - nfl(Sknfl(X)/Skn72(X)§ G)

is a monomorphism. The kernel of
On—1,n: Hy(skn(X)/skn_1(X); G) = Hp—1(skn—1(X); G)
is the same as the kernel of
On = Pn—1x © On—1,n: Hy(skn(X)/skn—1(X); G) = Hp_1(skp—1(X)/sk,—2(X); G).
From Diagram (3), we have 9,, 0 9,11 = 0 and
H,(X;G) = Hy(skn+1(X); G) 2 Ker(0,)/Im(0n41).
This proves the following theorem when X is a finite dimensional CW-complex.
THEOREM 5.12. Let X be a CW-complex. Define the groups

CWV(X; Q) = Hp(skn(X),5kp_1(X); G) = Hy (skn(X)/skn_1( =Ppc
acJ,
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with Oy, : CSWV(X; G) — CSW(X; G) as the composite
Ho (sken (X)), sk 1 (X); G) —— Houo (k1 (X): @) — Hoa (skn1 (X)), sken—2: ).
Then CEV(X;G) is a chain complex with
H.(X;G) = H(CPV(X;G)).
0

Remark. The proof for the case when X is an infinite dimensional CW-complex requires the follow-
ing lemma. A proof of this lemma can be found in Switzer’s book [25, pp.118-121], which requires a
construction for a sequence of spaces so-called infinite telescope. Also see Hatcher’s book [7] for the
proof for the case when X is an infinite dimensional CW-complex and the construction of telescope.

LEMMA 5.13. Let X be a CW -complex and let

be a sequence of subcomplexes of X such that X = J,, X,,. Let hy be a homology theory satisfying
the Wedge Aziom. Then hj(X) is given by the direct limit of the sequence of groups

hj(Xo) = hj(X1) = -+ = hj(Xn) = hj(Xn41) — -
for each j € Z. O

REMARK 5.14. Let f,: V Sn=1 — sk,,_1(X) be the attaching map. Then

OtEJn

skn(X) =skp_1(X)Uy,_, C | \/ s

a€Jn_1
and so there is a long exact sequence

C—— B\ 5756) L B sk (X); G) —> H.(ska(X);G)
a€dy,

— 7 fn*=an,* 7
— Ho 1\ S"") = Ha(skn(X)/skp1(X); G) =% Ho oy (skn_1(X);G) — -+
a€dn_1
with 0, « = — f. as in the Note to Corollary 5.2. Thus —0,, is given by the composite
n. ~ n—1, fra . .
Hn( \/ S ,G) = Hn—l( \/ S ,G) — Hn_l(Skn_l(X),G) —_— n_l(Skn_l(X)/Skn_Q(X),G).
acdy acJy,

The cellular homology will not be affected if we replace 9, by the above composite.

EXAMPLE 5.15 (Computation of H,(RP™)). Let p: S™ — RP™ be the quotient map, that is p
is a 2-sheeted covering map. Observe that

RP"*! = RP" U, CS".
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There is a commutative diagram

sn P - RP"
pinch
Y

Sn \/ S?’L

idgn Vantipodal

Y

' fold
25 §m = RP"/RP"!

S™v st

because one can think that S™ is union of the upper hemisphere and lower hemisphere and the lower

hemisphere is identified via the antipodal if we consider the upper hemisphere is identified as the
identity. It follows that

Ons1: 7 = H, 1 (RP":Z) = H,(S™;,Z) — H,(RP";Z) — H,(RP"/RP" 4 7) =7
has degree of (1 4 (—1)"*!) and so the cellular chain complex for RP™ is as follows

2 2 2
Z / 0 Y/ SRR 0 Y/ -7 0 -7 if m even,

Z 0 -7 2 -7 0 - 0 -7 2 -7 0 -7 if m odd.

7 if k=0
Z if k=modd

Z/2 if 0<k<nandkodd
0 otherwise.

Research Project. Study the skeleton filtration of C'W-complexes for a general homology theory.
You will then get Atiyah-Hizebruch-Whitehead spectral sequence: for any homology theory h, and
CW-complex X there is a spectral sequence {E}, ., d"} with E2, = H,(X; hy(point)) and converging
to h.(X). See Switzer’s book [25, Chapter 15].

2.3. Cellular Structure on Products of CW-complexes. For simplicity, in this subsection
we only consider finite CW-complexes and the attaching maps are pointed maps.

First let’s refresh the meaning of attaching a cell. Assume that we have sk, _;(X) already and
we want to attach an n-cell to sk, _1(X). This means that there is map f: S ! — sk,,_1(X) for
obtaining the new space

Skn_l(X) Uf Csnil,
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which is a subspace of sk, (X). (The construction of sk, (X) is obtained by attaching cell-by-cell.)
Thus there is a commutative diagram

pinch

Skip—1 (X) o sk (X) Ter sk (X) /sko1(X) = \/ 5"
acd,
(4) i i V
Sn—l c CSn—l . . CSn—l/Sn—l — Sn,
pinch

where CS"~1 = (I x S"71)/({1} x S"7 LU T x {x}).
Now let X and Y be CW-complexes. The product skeleton filtration on X x Y is given by

skn(X x V) = | ] ski(X) x sk;(Y).
itj<n

PROPOSITION 5.16. Let X and Y be finite CW -complezes. Then

sk (X X Y) fskn 1 (X x Y) = \/ (ska(X) /skio1 (X)) A (sk; (V) /sk;1 (V).
i+j=n

PROOF. The composite
sk; (X) x sk;j(Y) — sk, (X X Y) — sk, (X xY)/sk,—1(X xY)
factors through the quotient (sk;(X)/ski—1(X)) A (sk;(Y)/sk;—1(Y")) and so it induces a map
\/ (ski(X)/ski—1 (X)) A (sk;(Y)/skj—1(Y)) = sk, (X xY)/sk,—1(X xY),

i+j=n
which is one-to-one and onto. Since both sides are compact as they are finite wedges of spheres, the
above map is a homeomorphism. O
Let sk;(X)/ski—1(X) = \V S* and let sk;(Y)/sk;—1(Y) = \/ 8. For a € I; and 8 € J; with
acl; BEJJ'

t+ 7 =mnand ,j > 0, consider the attaching maps
fa: ST —ski (X)) fg: 8 — sk (Y).
Then there is a commutative diagram
skp_ 1 (X xY) &— sk, (X xY)

A A

(fa X fﬁ‘) U (fa X fﬁ)

> sk (X x V) /skp_1(X xY)
A

sk;(X) x sk; (V) == (sk;(X)/ski—1(X)) /;\ (sk; (Y)/sk;-1(Y))

A

.fozxfﬂ .foz/\.fﬁ

A~ S x 05! - STA S
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where
A= (Csifl % ijl) U (Sifl U Cijl) ~ giti—l
Define
fap = (faxfﬁ)u(faxfﬁ): ST =A — (ski (X)) xskj_1(Y))U(ski—1 (X) xsk; (Y)) — sk, —1 (X xY).

Then f, g is the attaching map for the n-cell of X x Y corresponding to («, 5) € I; x J;. Consider
the composite

giti—1 Jes sky_1 (X X Y) — sk, _1(X x Y)/sk,_o(X x Y).

There is a commutative diagram

o Hax f8)U (fa x f5) - (ski(X) x sk;_1(Y)) x (ski_1(X) x sk;(Y) skn_1(X x V)
g Ja N o)V (fa N f3) ((ski(X) /ski—1 (X)) Ask; (V) V (ski_1 (X) A (sk; (V) /skj_1(Y))) —> skn_1/skn_o,
where
B=(CSTH/STIASTTH V(STEACSTTH ST,
because

(ski (X)) x %) U (sk;j—1(X) x skj_1(Y)) U (% x sk;(Y)) C sky—2(X x Y).
Define
p: I xSt x S A=(CS ' xS Hu(S Tt xCcsi
by

(@ l-2ty) if 0<t<l
¢(t,x,y)—{([2t17x]7y) if %gtgri.

Since ¢(0,z,y) = (x,ast) and ¢(1,z,y) = (x,y), the map ¢ factors the join S*=1#S59~1 = Gi+i-1
and it induces a map

¢: STIHSITL A= (0SS x SITH U (ST x 08T,
which is a homotopy equivalence. Now the composite

SISt s A= (CSITE x §ITN) U (ST x 05ty PR (0git/gimty A §i

has degree of 1 because from the construction of ¢ this map is given by pinching [0,1/2] x S*~1x 71,
Then composite

SiTlggi=l o A= (CS! x ST U (ST x 08971y P giml A (0591 /50

has degree of (—1) because from the construction of ¢, by pinching [1/2,1] x S*=! x S9=1 this map
is given by switching = and ¢ and taking the inverse on ¢. Together with the above commutative
diagram, we prove the following theorem:
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THEOREM 5.17. Let X and Y be finite complexes. Then the integral cellular chain complex for
X xY s given by
V(X xY)= @@ PV (x) @ cfV(Y)
i+j=n
with
Y (a®b) =0 (a) @b+ (—1)'a® 0] (b)
fora e CEWV(X) and b € C’-CW(Y). Moreover for any abelian group G

CVX xY;6) = P V(X z) e V(Y Z) e G
i+j=n

with the differential induced from above. O

Note. The skeleton filtration on X x Y determines CSW (X x Y). The construction of the map ¢
together with above commutative diagram determine the differentials in the cellular chain complex
for X x Y, where one can see why there is a sign (—1)? by the construction of ¢. The sign (—1)°
can be understood in a way by thinking that a has degree of ¢ as it is in C; and the differential 9
has degree of —1 and the sign (—1)1%l1l = (=1)? occurs when interchange a and 9.

3. A-sets, Simplicial Sets and Homology

3.1. A-sets. A A-set means a sequence of sets X = {X,},>0 with faces d;: X,, — X,,_1,
0 < i <mn, such that
didj = djdi—i-l
for ¢ > j, which is called the A-identity.
Note. One can use coordinate projections for catching A-identity:

di: ($07"'axn) - (mo,'"7xi717xi+17"‘7$n)~

Let Ot be the category whose objects are finite ordered sets and whose morphisms are functions
f: X — Y such that f(z) < f(y) if z < y. Note that the objects in O are given by [n] =

{0,1,...,n} for n > 0 and the morphisms in O are generated by d’: [n — 1] — [n] with
i J if j<i
d(])_{j+1 it >
for 0 < i < n, that is d* is the ordered embedding missing i. We may write the function d’ in matrix
form:
A R e A e
SN0 1 - ¢—1 i+1 i+2 --- n. ’

The morphisms d satisfy the following identity:
dd = dttd
for i > j.
Note. For seeing that morphisms in OF are generated by d?, observe that any morphism in O%

means an ordered embedding, which can be written as the compositions of d*’s.
Let S denote the category of sets.

PROPOSITION 5.18. A-sets are one-to-one correspondent to cofunctors from O7F to S.
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PROOF. Let F: OF — & be a cofunctor. Define X,, = F([n]) and
di = F(d"): X, = F([n]) = X1 = F([n —1]).

Then X is a A-set.
Conversely suppose that X is a A-set. Define the F': Ot — S by setting F([n]) = X,, and
F(d") = d;. Then F is a cofunctor. O

A A-map f: X — Y means a sequence of functions f: X,, — Y,, for each n > 0 such that
fod; =d;o f, that is the diagram

Xn—l - Yn—l

commutes.

EXAMPLE 5.19 (n-simplex). The n-simplex AT [n], as a A-set, is as follows:
AT [n]y = {(io, i1, .- ik) | 0 <idg <iyp < -+ <ip <n}
for k <n and A*[n]; =0 for k > n. The face d;: AT [n], — At [n],_1 is given by

dj(ioyity -y di) = (G0y i1y -y igy e yik),
that is deleting ¢;. Let o,, = (0,1,...,n). Then
(i07i17"'7ik) :djldj2d

Jn-k0ns
where j1 < jo < ... < Jp—g with {j1,...,Jk} = {0,1,...,n} ~ {io,i1,...,ir}. In other words, any

elements in Aln] can be written an iterated face of o,,.

PROPOSITION 5.20. Let X be a A-set and let x € X,, be an element. Then there exists a unique
A-map
fo: AT[n] — X
such that fi(oy) = x.

PRrOOF. From the assumption f,(c,) = x, we have
fw(iO’ila EERE) Zk) = fiv(dj1dj2 o 'djn—kan) = djldjz T djnfkfw<0-n) = dj djz T djnka'
This defines a A-map f, such that f,(o,) = z. O

3.2. Homology of A-sets. A A-set G = {G,,}n>0 is called a A-group if each G,, is a group,
and each face d; is a group homomorphism. In other words, a A-group means a cofunctor from OF
to the category of groups. More abstractly, for any category C, a A-object over C means a cofunctor
from O to C. In other words, a A-object over C means a sequence of objects over C, X = {X,,}n>0
with faces d;: X,, — X,,_1 as morphisms in C.

Recall that a chain complex of groups means a sequence C' = {C),} of groups with differential
On: C,, — Cjp_q such that 9y, o 9,11 is trivial, that is Im(9,,41) C Ker(9,) and so the homology is
defined by

H,(C) = Ker(9,)/Im(On+1),
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which is a coset in general. A chain complex C' is called normal if Im(9,+1) is a normal subgroup
of Ker(9,) for each n. In this case H,(C) is a group for each n.

PRrROPOSITION 5.21. Let G be a A-abelian group. Define
On = (=1)'di: Gp — Gy,
i=0

Then Op—1 0 0p =0, that is, G is a chain complex under O.

PROOF.
On—100, = > (=1)'d; Y (=1)d,
1=0 j

= Y (=)Hddi+ ¥ (-1)Mdid;

0<i<j<n 0<j<i<n—1
= Y ()Mdidj+ 3 (-1)Mdidig
0<i<j<n 0<j<i+1<n

= Y (O)Pddi+ ¥ (=1)™7dyd;

0<i<j<n 0<j<i<n
= 0.

O

Let X be a A-set. The homology H.(X;G) of X with coefficients in an abelian group G is
defined by

H.(X;G) = H(Z(X) ® G,04),
where Z(X) = {Z(X,) }n>0 and Z(X,,) is the free abelian group generated by X,,.
PROPOSITION 5.22. Let
l— ¢ 0L 0" —1

be any short exact sequence of chain complexes of (possibly non-commutative) groups. Then there
is a long exact sequence

e Hr (C7) 2 H (€Y e HW(O) P Hy(C) —— -

Moreover if C' and C" are normal chain complezes, then Or11 18 a group homomorphism for each k.
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PRrOOF. Consider the commutative diagram
i P
N Ck:+2 — =

/ "
Ck:+2 k+2

{ P
/
Cip1 & Crp1 — Cipy

o 0 0"
Y Z y Y
Cl O - Y
o 0 0"

Y . y Y
? p
! 1
o et o, Lo

Let x € C}/,, with 0”(z) = 1. There exists Z € Cy4; such that p(Z) = . Since
p(0(F)) = 9" (p()) = 0"(x) = 1
there exists & € C}, such that i(z) = 9(&). Now
(0 (x)) = 90(i(x)) = Do d(z) = 1.
Thus Z is a circle in C” and so {Z} defines an element in Hy(C").
Let & be another element in Cj1; such that p(2) = z. Then
p(EE~t) =1
and so there exists an element z € €}, ; such that i(z) = 27'2. Now
i(20'(2)) = 0(2)(0(2)) ' 9(2) = O(%).
Thus {z} € Hy(C") is independent on the choice of the pre-image of z in Cj1.
Suppose that 2’ = 0" (y) with 9" (x) = 1 for some y € C}/,,. There exists § € Cr2 such that
p(7) = y. Then
a' = p(20(y))
with
¥ =0(z0(y)) = 0(z) = z.
This shows that
Op+1t Hiyr (C7) — Hy(C') {a} — {7}
is well-defined. Assume that C’ and C” are normal chain complexes. For z,2’ € Cj/ , with
0" (xz) = 9"(2') = 1. Then p(Z&’) = za’ and so

Ir1({zHz'}) = O ({2}) Ok 1 ({2'})

provided that C’ and C” are normal.
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The composite i, o Jg41 is trivial because i(z) = 9(Z). Let y € C}, with 9'(y) = 1 and i, (y) is
trivial in Hy(C'). Then there exists § € Ci4+1 such that

i(y) = 0().
By the construction of 941, Ok+1(p(g)) = y. This shows that
Ok+1 i
Hy11(C") = Hi(C") —— Hy(C)

is exact.
Now we show that

* / 3 1
Hy1(C) = Hy1(C") 25 Hy(CY)

is exact. Let y € Cky1 such that d(y) = 1. Then by the construction of Ox41, Ok+1(p(y)) = 1. Thus
the composite J1 0 p. is trivial. Suppose that xz € C}/ | with 9" (x) = 1 and T = k11 () is trivial
in Hy(C"). There exists an element z € C}_ | such that

J(z)=1.
Let # = i(2)~1Z. Then

with
(&) =0(i(2)"'2) =i(d(2) " 'z) = 1.
Thus & defines an elements in Hy11(C) with p.({Z}) = {z}.
Finally we show that

Hy(C") ==+ H(C) -~ Hg(C")
is exact. Since poi is trivial, so is p, 0 i,. Let y € Cy, with 9(y) = 1 and p.(y) is trivial in Hg(C").
There exists an element z € Cj, | such that

ply) = 9" (2).
Let Z € Ckyq such that p(2) = z. Then

p(yo(z™) = 9"(z)p(0(z™))
— a//(z)a//( -1
_ ?//(z)a//(z—l)

Thus there exists w € C}, such that i(w) = yd(27') with
i (w)) = 9(i(w)) = d(yd(z™1)) = 1.

and so ¢'(w) = 1. Hence i.({w}) = {y}. The proof is finished now. O

Let X’ be a A-subset of X. The relative homology H, (X, X’; G) is defined by

H.(X,X";G)=H.(Z(X))Z(X") @ G, d,).
COROLLARY 5.23. Let X' be a A-subset of X. Then there is a long exact sequence
e Hyn (X, X5 G) 2 (X 6) e Hy(X:G) P Hy (X, X G) —— -

for abelian group G. g
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3.3. Simplicial Sets. A simplicial set means a A-set X with degeneracies s;: X, — X1
such that
SjSi = Si+18j
for j <4 and
Si—1d; J<i
djsi: id j=11+1
Sidj,1 j >4+ 1.
The three identities for d;d;, s;s; and d;s; are called the simplicial identities.
Note. One can use deleting-doubling for catching simplicial identities:

di: (I’(),...,In) - (I07'"71'i—17xi+17"'7xn)-
Si. (1’0,. ..,.’En) — (1'0,...,xifl,il'i,l’i,l'prl,...,l’n).

Let O be the category whose objects are finite ordered sets and whose morphisms are functions

f: X — Y such that f(z) < f(y) if # < y. The objects in O are given by [n] = {0,...,n} for n > 0,

which are the same as the objects in OF. The morphisms in O are generated by d‘, which is defined
in O, and the following morphism

i i (01 - ¢—-1 4% i+1 542 -+ n+1l

st —n] s _<0 1 - i-1 4 i i+l - n )

for 0 < i < n, that is, s* hits i twice.

EXERCISE 3.1. Show that simplicial sets are one-to-one correspondent to cofunctors from O to

S.

A simplicial map f: X — Y means a sequence of functions f: X,, — Y,, for each n > 0 such
that fod; =d; o f and fos; =s; o f, that is the diagram

Si d;
Xn+1 - Xn > An—1
/ f f

d.
Yn+1 - % Yn S n—1

commutes.
EXAMPLE 5.24 (n-simplex). The n-simplex A[n], as a simplicial set, is as follows:
Aln)p = {(io i1, ..., ik) | 0<ip <iy <--- <ip <n}
for £ < n. The face d;: A[n], — A[n]x—1 is given by
dj(io,it, ..., dg) = (G0,i1, .-y sik),
that is deleting ¢;. The degeneracy s;: A[n]y — A[n]k41 is defined by
5i(t0y 01, di) = (G0, %1, -5 05,05, ..., k),

that is doubling i;. Let o, = (0,1,...,n) € A[n],. Then any elements in A[n] can be written as
iterated compositions of faces and degeneracies of o,.
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PropoSITION 5.25. Let X be a simplicial set and let x € X,, be an element. Then there exists
a unique simplicial map
foir An] = X
such that fy(on) = .
PROOF. We leave the proof as an exercise to the reader. (|

Let X be a simplicial set and A = {A4,,},>0 with 4,, C X,,. The simplicial subset of X generated
by A is defined by
(A) ={ACY C X |Y is a simplicial set},
namely (A) consists of elements in X that can be written as iterated compositions of faces and
degeneracies of the elements in A.

EXAMPLE 5.26 (n-sphere). The simplicial n-sphere S™ is defined by
S™ = Aln]/9(A[n]),

where 0(A[n]) is the simplicial subset of A[n] generated by A[n], for k < n. Let’s write explicitly
for the elements in the simplicial circle S*.
Now that
Allly = {@oy..yik) | 0<ip < -+ < <1}
——

= {(0,...,01,...,1|0<i<k+1}
has k + 2 elements. Now

(AN ={(0,...,0),(1,..., )}
By definition, S* = A[1]/d(A[1]). Thus

S}}; = {*a(20771k)|0§ZOSS1kS1}

—N—
= {(0,...,0,1,....1]1<i<k}

has k + 1 elements including the basepoint * = (0,...,0) ~ (1,...,1).
For general simplicial n-sphere S™, we have S} = {} for k¥ < n and

Sro= {x (ig,... ix) | 0<ig < -+ <igp < owith {ig,..., 05} = {0,1,...,n}}
for k > n. O
Let X be any simplicial set. Define
sk, (X) = (Xi | k < n).
Then we obtain the skeleton filtration of X
sko(X) Csky(X)C---
with X = (Jsk,(X) and sk, (X)/sk,—1(X) = Ve, S", a wedge of simplicial n-spheres.

PROPOSITION 5.27. Let G be an abelian group. Then the inclusion sk,(X) — X induces an
1isomorphism

H;(skn(X); G) —» H;(X;G)

for j < n and epimorphism for j =n.
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PROOF. Let C" = Z(sk, (X)) ® G and let C' = Z(sk, (X)) ® G. Then C’ is a sub chain complex
of C' with
Cp. = Ck
for kK < mn. Let C” = C/C’". Then C} = 0 for k < n. The assertion follows from the long exact
sequence from C' — C — C”. a

3.4. Geometric Realization of Simplicial Sets. The standard geometric n-simplex A™ is
defined by

n
A" = {(to,t1, ..., tn) |t > 0and Y t; =1}.

i=0

Define d*: A"~! — A" and s°: A"T! — A" by setting

di(thtla s 7tn71) = (t()v s ,tifla Oativ cee atnfl)a
8" (tost1s e stng1) = (tos s ticty ti + i1,y tnt1)
for0<i<n.
Let X be a simplicial set. Then its geometric realization | X| is a CW-complex defined by

xl= I @ua)/~=]]Aa"xXu/~,
e X, n=0
n>0
where (A", x) is A™ labeled by = € X,, and ~ is generated by
(2,d;x) ~ (d'z,x)
for any z € X,, and z € A"~ ! labeled by d;z, and
(z,8i2) ~ (s'2,2)
for any x € X,, and z € A™*! labeled by s;x. Note that the points in (A"*!, s;x) and (A"}, d;x)
are identified with the points in (A™, x).
EXERCISE 3.2. Prove that |A[n]| &2 A™ and |S™| & S™.

Let f: X — Y be a simplicial map. Then its geometric realization |f| is defined by
[fl(z,2) = (2, f(x))

for any x € X,, and z € A™ labeled by z. Clearly |f| is continuous. Thus the geometric realization
gives a functor from the category of simplicial sets to the category of CW-complexes.
Let X and Y be simplicial sets. The Cartesian product X x Y is defined by

(X xY),=X,xY,

with &Y = (dX,dY) and 53X *Y = (s,5)). There is an important theorem due to Milnor [16]

which can be described as follows:
THEOREM 5.28 (Milnor). Let X andY be simplicial sets. Then there is a one to one continuous
map
n: | X xY] — |X]| x|Y|
which is onto, and which is a homeomorphism if either a) K and L are countable, or b) K or L is
locally finite. O
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REMARK 5.29. We give some remarks:

(1). In Milnor’s theorem, the map 7 is always one-to-one and one. Following from Steenrod’s
notion, redefine a new topology on | X|x |Y| as a compact generated topology, that is, define
A C |X]| x |Y] to be closed if and only if AN C is closed for any compact subset C' of
|X| % Y. Under this new topology for | X| x |Y|, the map n is always a homeomorphism.
(2). One can also have the geometric realization | X| of a A-set X by setting

X =] A" x Xu/ ~,
n=0
where (A", x) is A™ labeled by z € X,, and ~ is generated by
(z,diz) ~ (d'z, x)

for any x € X,, and z € A"~! labeled by d;x. But it does not have such a good property
for Cartesian products in direct way.

(3). Research Project: Define the Cartesian product X x Y for A-sets X and Y such that
it has the property that | X x Y| 2 |X| x |Y].

A simplicial set G = {G,, } >0 is called a simplicial group if each G,, is a group, and all faces d;
and degeneracies s; are group homomorphisms.

COROLLARY 5.30. Let G be a simplicial group such that each G, is countable. Then |G| is a
topological group. Moreover this property holds for any simplicial group by Steenrod’s notion for
replacing any topology to be compact generated topology.

PrOOF. The multiplication p: G x G — G induces a continuous multiplication
u: |G x G| = |G| x |G| — [G]
such that |G| is a topological group. O

3.5. Singular Simplicial Sets and Singular Homology. Let A™ be the geometric n-
simplex. Recall that coface d’: A"~! — A" and codegeneracy s': A"t! — A" are defined by

d'(to,t1s .y tn1) = (to, .- tic1, 0,6, tn_1),

Si(to,tl, R ,tn+1) = (to, o tic, bt i, e ,tn+1)
for0<i<n.
For any space X, define
Sn(X) = Map(A"™, X)

be the set of all continuous maps from A™ to X with

di = d™: S,(X) = Map(A™, X) — S,,_1(X) = Map(A™ !, X),

5; =571 5,(X) = Map(A™, X) — S,;1(X) = Map(A™ !, X)
for 0 < i < m. Then S.(X) = {Sn(X)}n>0 is a simplicial set, called singular simplicial set. In
particular, S.(X) is a A-set. This allows us to define singular homology:

DEFINITION 5.31. For a pair of spaces (X, A), the singular homology H.(X, A; G) with coeffi-
cients in an abelian group G is defined by
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We suggest you to read Hatcher’s book [7] for checking that singular homology satisfies the
Eilenberg-Steenrod axioms.

3.6. A-complexes and Simplicial Homology. We still use the model of geometric n-simplex
A" together with d*: A"~! — A" given by

d'(to,t1, .y tn1) = (to, ..., tic1, 0,5, . tn_1)
for 0 < i < n. Note the boundary
OA™ = U d'(Aln — 1])
is the union of all faces of A™. Let Int(A™) = A™ \. OA™ be the interior of A", called open simplez.
DEFINITION 5.32. A A-complex structure on a space X is a collection of maps
C(X)={00: A" - X | a € J, n>0}
such that

(1). oalmeany: Int(A™) — X is injective, and each point of X is in the image of exactly one
such restriction o4 |me(an)-
(2). For each o, € C(X),

oo 0d €C(X).
(3). A set AC X is open if and only if o, !(A) is open in A™ for each o, € C(X).

Define
CHX)={04: A" - X | a € J,} CC(X)
with d;: C2(X) — C2 (X)) given by
di(04) = 0g 0 d’

for 0 < i < n. Then C2(X) = {C2(X)}n>0 is a A-set. The simplicial homology of X with
coefficients in an abelian group G is defined by

HE(X;G) = Ho(CH(X); G).
If A is a subcomplex of X, define
H2 (X, A;G) = Ho(C2(X), 02 (A); G).
Since each o,: A™ — X is a map, there is an inclusion of A-map
O2(X) — S5.(X)

and induces a natural transformation

H2 (X, A;G) — H. (X, A;G)
for any pair of A-complexes (X, A).

THEOREM 5.33. Let X be a A-complex and let A be a subcomplex. Then
H2(X,A;G) — H, (X, A;G)

s an isomorphism for each n.
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IDEAS OF PROOF. It suffices to show that the assertion holds for the absolute case that A =
() because there is a long exact sequence for homologies for relative cases. For showing that
H2(X;G) = H.(X;G), one can prove it by induction on the skeleton of X. Observe that

skn (X)/skn-1(X) = \/ S™
acd,
By the definition of simplicial homology, one directly gets that

G if k=n
HkA(Skn(X)?Skn_l(X); @)= { GBOlEOJn otherwise.

This proves that
H2 (skn(X),skn—1(X); G) 2 Hi(skn(X),sk—1(X); G),
where one needs to show that H,(sk,(X),sk,_1(X);G) = H*(\/aeb,n S™: @) is the same as the
simplicial homology. Assume that H2(sk, 1(X);G) = H,(sk,_1;G). Then one concludes that
H2(sk,(X); G) = H,(sk,(X); G) by applying the long exact sequence for homologies.
See Hatcher’s book for the details of the proof. O



CHAPTER 6

Some Suggested Topics for Your Further Reading/Study

The topics in this chapter will not be covered in class. These topics are only for your further
study on algebraic topology after this module in future.

1. Kiinneth Theorem, Cohomology and Hopf Algebras

1.1. Kiinneth Theorem. Let R be a commutative ring with identity and let C' and D be
chain complexes of R-modules. Define the tensor product C ® g D by setting

(C®r D)y = ® C; ®r Dj.
i+j=n
with differential
®(xey) =0 oy + (=) lzeay)
where |z| =i for x € C;.

LEMMA 6.1. The tensor product C ® D is a chain complex.

PROOF.
0%xwy) = 0°0@) y+ (—1)*lzea(y))
= %) @y) + (-1)"9%(x © d(y))
= P(x)@y+ (-1)P@I9(x) @ d(y) + (-1)"1d(z) ® O(y) + (=) (-1)llz © 97 (y)
=0
Thus C' ® D is a chain complex. O

Recall that for CW-complexes, the integral cellular chain complex
CV(X xY)=C(X)eCcM(Y),

where R = Z.

The Kiinneth Theorem arising from the problem how to computing H,(C ® g D). The algebraic
statement from homological algebra, see [8, Theorem 2.1, p.172], is as follows:

An R-module M is called flat if for every short exact sequence

A/ [ A s A//
of R-modules the induced sequence
0—-A®pM—->ARp M - A" @r M — 0

is exact. A chain complex C over R is called flat if each C,, is flat.
Let A be a right R-module and let B be a left R-module. Let

K~ P — A

125



126 6. SOME SUGGESTED TOPICS FOR YOUR FURTHER READING/STUDY

be a short exact sequence of R-modules such that P is projective, that is P is summand of a free
R-module. Then TorR(A, B) is defined to be the kernel of K @ g B — P ®pg B and so there is an
exact sequence

0 — Tor®(A4,B) — K@r B — P®r B —» A®p B — 0.
(Note. One needs to show that TorR(A7 B) is independent on the projective presentation K —— P —= A,
that is, if
Kc—sP A
is another short exact sequence with P’ projective. Then
Ker(K’ Qr B — P’ KRR B) = Ker(K Rr B — P Qg B)

THEOREM 6.2. Let R be a PID (principal ideal domain) and let C' and D be chain complexes

over R such that one of C' and D is flat. Then there is a natural short eract sequence
@ HP<C) ®R Hq(D) — Hn(C®D) - @ Tor(Hp(C)»Hq(DD'
ptg=n ptg=n—1

Mower the sequence splits, but not naturally. .

By using this algebraic theorem, we obtain the Kiinneth Formula:

THEOREM 6.3 (Kiinneth Formula). Let X and Y be CW -complexes and R be a PID. Then
there is a natural short exact sequence

P Hy(X;R)@r Hy(Y;R) — Hp(X xY;R) — P Tor(H,(X;R), Hy(Y; R)).

pt+g=n p+q=n—1

Mower the sequence splits, but not naturally.

PROOF.
CW(XxY;R) = CVXxY)®zR
(COV(X) x COV(Y)) @z R
CWV(X; R) @r CV (Y5 R),
because each CSW(Z) is a free abelian group for any CW-complex Z. The assertion follows from
the algebraic Kiinneth Formula. O

COROLLARY 6.4. Let X and Y be CW -complezes and let F be a field. Then
H. (X xY;F) > H.(X;F)® H.(Y;F),

that is Hy(X xY;F) = @ H(X;F)® H;(Y;F) for each n. O
i+j=n

This result tells that it is much easier to compute the homology with coefficients in a field for
Cartesian products. The typical coefficient fields used in algebra topology are F = Z/pZ (mod p
homology) and F = Q (rational homology).

REMARK 6.5. We give some remarks:

(1). Theorem 6.3 and Corollary 6.4 actually hold for singular homology for any spaces. As we
see that the singular homology was defined using singular simplicial sets. So one just show
that these statements holds for any simplicial sets by using the method similar to cellular
homology. Namely by looking at the skeleton filtration of simplicial sets, we will obtain
that the cellular chain complex for the product of simplicial sets is the tensor product,
and so we can apply the algebraic Kiinneth formula.
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(2). Kiinneth Formula also holds for smash product that there is a natural short exact sequence

P Hy(X;R)@r Hy(Y;R) — H,(X ANY;R) — @) Tor(H,(X;R), Hy(Y;R))
p+q=n p+g=n—1
for an PID R. Mover the sequence splits, but not naturally.

(3). One may ask how to generalize the Kiinneth formula for general homology theory. My
suggestions are to consider the skeleton filtration of the product of CW-complexes (or
the product of simplicial sets). Generally speaking, if we have a filtration on a space (or
simplicial set) X:

XO 5 Xl > ...

with X = |J X,,, we will obtain a long exact sequence in homology for
n

Xip—1 — Xy — (X, Xi—1),

for each k. By putting all of these long exact sequence in a system, one obtains a spectral
sequence. So I expect that you will obtain Kiinneth spectral sequence for the Cartesian
product for any homology theory.

The Universal Coefficient Theorem can be obtained from Kiinneth Formula. First let’s look at
algebraic situation:

Let R be a PID and let C be a flat chain complex over R. Let M be any R-module. We can
construct a chain complex D by setting Dy = M and D; = 0 for ¢ # 0. In this case, the tensor
product C' ® D is given by
Note that Hy(D) = M and H;(D) = 0 for ¢ # 0. By using Kiinneth Formula we have the natural
short exact sequence

H,(C)®r M — H,(C ®p M) — Tor®(H,_1(C), M).

This sequence splits, but the splitting is not natural in C'.
For any space X there is a natural short exact sequence (with un-natural splitting)

H,(X;R)®p M — H,(X; M) — Tor®(H,_1(X,R), M)
for any PID R and any R-module M. In particular, for any abelian group G, there is a natural
short exact sequence (with un-natural splitting)
H,(X)®G — H,(X;G) — Tor(H,—1(X),G)

because any abelian group G can be regarded as a Z-module.

1.2. Cohomology. Let X be a A-set. Recall that Z(X) is chain complex, where

n

On =Y (—1)'d;: Z(X,) = Z(Xp-1).

i=0
Let G be any abelian group. Consider

* *

Hom(Z(Xo), G) — 2+ Hom(Z(X1),G) 2> Hom(Z(Xs),G) — ---,

where

a;:(f):foan



128 6. SOME SUGGESTED TOPICS FOR YOUR FURTHER READING/STUDY

for f € Hom(Z(X,),G). Let 6, = 0};. Then
Ont100n = 0Opyy 00, = (0n 0 0ny1)" =0.
Thus the sequence of groups Hom(Z(X),G) = {Hom(Z(X,),G)} with differential § is cochain
complex. (Here we use the word cochain because the differential § has degree of +1. )
The cohomology of X with coefficients in G is defined by
H"(X;G) = H,(Hom(Z(X),G)) = Ker(d,,)/ Im(d,,—1)

for each n.

From this, one gets singular cohomology and simplicial cohomology. I suggest you to read
Chapter 3 of Hatcher’s book for cohomology theory. Below I just highlight few points:

First we need to have a relation between homology and cohomology. This will be so-called
universal coefficient theorem for cohomology. It needs a notion of extension groups. Let R be a
commutative ring with identity. Let A and let

KW P—» A

be a short exact sequence of R-modules with P projective, which is called a projective presentation
of A. Then for any R-module B there is an exact sequence

0 — Homg (A, B) — Homg(P, B) — Homg (K, B),
where Hompg(P, B) — Hompg (K, B) is not onto in general. Define
EXtR(A7 B)

to be the cokernel of Hompg (P, B) — Hompg (K, B), called the extension group. Again one needs to
check that Extr(A, B) is independent on the choice of the projective presentations of A. By using
this notion, we have the following theorem, which can be found in [8, Theorem 3.3, p.179).

THEOREM 6.6 (Universal Coefficient Theorem). Let R be a PID and let M be an R-module.
Then there is a natural short exact sequence
0 — Extr(H,-1(X;R),M) — H"(X; M) — Hompg(H,(X;R); M) — 0.
Moreover this sequence splits; but not natural in X. In particular, for a field F,
H™"(X;F) = Homp(H,(X;F);F)
which is the dual vector space of H,(X;TF). O
An important structure on cohomology is that it has the product structure. For simplicity, we
only discuss for the cases when the (co-)homology is given with coefficients in a field and X is of
finite type, that is, each H,,(X;F) is a finite dimensional vector space over F. In this case,
H™"(X x X;F) =2 Homyp(H,(X x X;F);F)
= @ Homp(H;(X;F)® H;(X;F);F)

1+j=n

= @ HOIH]F(HZ(X,F)7F)®HOH1]F(HJ(X,F),F)
i+j=n

~ @ HI(X;F) o HI(X;F),
i+j=n

In other words, H*(X x X;F) 2 H*(X;F) ® H*(X;F). Now the diagonal map
A X - X xX
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induces a multiplication
A" H* (X x X;F) =2 H*(X;F) @ H*(X;F) — H*(X;F)
such that H*(X;F) is a graded commutative algebra, that is
ab = (—1)1*1lpg

for a € H‘a|(X; F) and b € H|b|(X; F). This product is called the cup product. By keeping this fact
in mind, it may help you to read cup product in more general setting. Also there is a cup product
for some general cohomology theory. One can see Switzer’s book [25] for details.

In dual situation, the diagonal map

A: X - X x X
induces a comultiplication

In this case, you do not have to assume that X is of finite type because the right side isomor-
phism directly follows from the Kiinneth formula. This means that H.(X;F) is always a graded
cocommutative coalgebra. (Think about coalgebras as the dual version of algebras.)
A Connection between Cohomology and Homotopy: Given any group , there exists a path-
connected CW-complex K (m, 1) which has the property that = (K (7, 1)) = 7 and 7; (K (7, 1)) =0
for j > 1. For any abelian group m, there exists a path-connected CW-complex K (m,n) such that
(K (m,n)) = m and 7;(K(m,n)) = 0 for j # m. The spaces K(m,n) are called Eilenberg-MacLane
Spaces. Such a space exists and unique up to homotopy for each 7 and n. (For n > 1, we need to
require that 7 is abelian.) In Hatcher’s book, K (m,1) is constructed in chapter 1, as the classifying
space of the group 7, and K(m,n) is constructed in chapter 4 with a proof of uniqueness.

There is another way to construct K (m,n) for abelian group 7 by using simplicial sets. Let S™
be the standard simplicial n-sphere and let m be any abelian group. Consider the simplicial group

G = (Z(S")/2(x)) @ ,

that G, = Z(S;) @ , is a direct sum of copies of 7 with labeled by elements in S} modulo the
relation * = 0. The faces and degeneracies in G are induced from the faces and degeneracies in S™.
Then the geometric realization |G| of G is K(m,n). The proof can be given by the following steps:

(1). It suffices to show that m;(|G|) = 7 for i = n and m;(|G|) = 0 for i # n.

(2). There is a combinatorial way to define homotopy group 7, (T") for any simplicial group T,
called Moore homotopy group, with the property that m, (") = 7, (|T']). (We will give a
brief review for Moore homotopy groups later.)

(3). If T' is an abelian simplicial group, then the Moore homotopy group . (I") is isomorphic
to the homology by regarding I' as a chain complex with 9, = > (—1)d;.

(4). Now come back to the abelian simplicial group G. The homology of G with the differential
given by 9, = Y. (—1)%d; is just the reduced homology of the sphere with coefficients
in 7. From the above step, we have the Moore homotopy group 7;(G) = 7 for i« = n and
m;(G) = 0 for i # n. From the previous step, we conclude that 7;(|G|) = « for ¢ = n and

m(|G|) = 0 for i # n.
THEOREM 6.7. There is an isomorphism
H™"(X;G) = [X,K(G,n)]
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for each n and any abelian group G.

One can find this theorem in Whitehead’s book [26, Theorem 7.14, p.250]. There are similar
results for general homology theories discussed in Switzer’s book [25].
Steenrod Operations: These operations play a key role in algebraic topology. One can read
Steenrod’s book [22]. The operations are on mod p cohomology. The ideas can be described as
follows:
We want to consider natural transformations: H*(X;Z/p) — H*(X;Z/p). According to the
above theorem,
H™(X;Z/p) = [X, K(Z/p,n)].
Consider the mod p cohomology H*(K(Z/p,n);Z/p). Let
a € HY(K(Z/p,n); Z/p) = [K(Z/p,n), K(Z]p, q)]
Then « determines a map
fa: K(Z/p,n) — K(Z/p,q)
and so we have a natural transformation
fax: H*(X;2/p) = [X, K(Z/p,n)] — H*(X;Z/p) = [X, K(Z/p, q)].

The cohomology H*(K(Z/p,n);Z/p) has been determined by H. Cartan. By using that, Steenrod
studied self natural transformations of H*(—;Z/p) and produced so-called Steenrod algebra.

1.3. Hopf Algebras. Let H.(X) denote the homology of X with coefficients in a field. As we
have seen, the diagonal map A: X — X x X induces a comultiplication

Y=A Ho(X) —> H,(X x X) = H,(X) ® H.(X).

Thus for any space X, the homology of X with coeflicients in a field is a graded cocommutative
coalgebra. Let f: X — Y be a map. Then there is a commutative diagram

f

X Y

A A

xxxd L vy

By taking homology, we have the commutative diagram

f*

H,.(X) - H.(Y)

A, A,

() ® 1) 22 m vy e H().

Tt follows that f.: H.(X) — H.(Y) is a coalgebra map.
Now assume that X is an H-space. Then the multiplication p: X x X — X induces a product

fe: H (X)) ® Hy(X) = Hy(X x X) — H,(X).

Moreover p, is a morphism of coalgebras. This arises an algebraic notion called Hopf algebra.
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A Hopf algebra A means (1). A is a graded algebra with a multiplication pu: A ®@ A — A,
(2). A is a graded coalgebra with a comultiplication ¢¥»: A — A ® A, and (3). the multiplication
p: A® A — A is a coalgebra map. (Note. The assumption (3) is equivalent to say that the
comultiplication v is an algebra map.) A is called connected if Ay =F.

In algebraic topology, we assume that the comultiplication is graded cocommutative and coas-
sociative if we think that the Hopf algebra comes from the homology of an H-space. But we may
not assume that the multiplication is associative if we think that our H-space may not be homotopy
associative. Some people [19] called such kind of objects as quasi-Hopf algebra, namely associativity
may not hold for multiplication. If X is a path-connected H-space, then Hy(X) =TF and H,(X) is
connected. Algebraically, any connected quasi-Hopf algebra A is isomorphic to the tensor product
of a collection of the following monogenic Hopf algebras H with the property that H is generated
by single element x € H,,:

(1). If n is odd and char(F) # 2, then H = E(x) the exterior algebra generated by .

(2). If n is even and char(F) = 0, H = P(x) the polynomial algebra P(x) generated by x.
(3). If n is even and char(F) = 0, either H = P(z) or H is the truncated polynomial algebra
P()/(@). t

(4). If char(F) = 2, either H = P(x) or H is the truncated polynomial algebra P(z)/(x?).

See [19] for details.

As an application, we can see many finite complex does not has H-space structure: Let X
be a path-connected finite CW-complex such that X is an H-space. Then H,(X;Q) must be a
tensor product of exterior algebra with generators in odd dimensions and polynomial algebra with
generators in even dimensions. Since X is finite complex, H,(X; Q) has to be exterior algebra with
generators in odd dimensions. In particular, we can see many complex such as S?”, CP" and HP"
are not H-spaces.

A finite H-space means a finite CW-complex with an H-space structure.

PROBLEM 6.8. Classify path-connected finite H -spaces.
This is one of open problems in algebraic topology. There have been a lot of people to study
this problem.
2. Hurewicz Theorem and Whitehead Theorem

The statements in this section are some fundamental theorems in algebraic topology. The proofs
can be found in Hatcher’s book [7].
A relation between homotopy groups and homology is as follows: Let X be a pointed space and

[f] € m(X). Then the map
f:8"—=-X
induces a group homomorphism
fe: H(S™) =Z — H,(X).
Denote by ¢ the generator for H, (S™) = Z. Define
hy: mp(X) — Hy(X)
by setting hy, ([f]) = f«(¢). The function H is well defined because if f ~ f’ then f. = f..

LEMMA 6.9. The function h,: 7,(X) — H,(X) is a group homomorphism for n > 1.
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PROOF. Let [f],[g] € 7, (X). By definition, the product [f][g] is the homotopy class represented

by the composite

g P gy gn V9 vy x P x

By taking homology, we have
H,(S") 2205 H,(S"VS™) = H,(S™)®H,,(S™)
Since pinch, (¢) = (¢,¢),

(fVg)«=f.®gx fold.
—_—

ha([£1l9]) = £ () + g+ (t) = ha([f]) + hn([9])

and hence the result. O
The group homomorphism h,,: m,(X) — H,(X) is called Hurewicz map.

2.1. The Relation between the Fundamental Group and the First Homology. Now
consider the first case n = 1. Let G be a group. The abelianization G®" of G is defined to be the
quotient group of G modulo the commutator subgroup. Observe that G has the following universal
property:

Let ¢: G — A be a group homomorphism. If A is abelian, then ¢ factors through the
abelianization G?P.

The Hurewicz map hy: m1(X) — H1(X) is a group homomorphism and it incudes a group homo-
morphism -
hy:m (X)* — Hy(X).
THEOREM 6.10. Let X be a path-connected space. Then the induced group homomorphism
hy: (X)) — Hy(X)
18 an tsomorphism. O

In Hatcher’s book, the proof of this theorem is given in Section 2.A.

2.2. Whitehead Theorem and Hurewicz Theorem. The Whitehead Theorem is as follows
(See [7, Theorem 4.5, p.346]):

THEOREM 6.11 (Whitehead Theorem). If a map f: X — Y between connected CW -complex
induces isomorphisms fi: mp(X) — 7, (Y) for all n, then f is a homotopy equivalence. In case f
18 the inclusion of a subcomplex X —— Y, the conclusion is stronger: X is a strong deformation
retract of Y. O

The Hurewicz Theorem is as follows.

THEOREM 6.12 (Hurewicz Theorem). Let X be a path-connected CW -complex. Suppose that
m(X) =0 for1 <i<n withn >2. Then

Byt mp(X) — Hp(X)
s an isomorphism. O

In Hatcher’s book, this theorem is given in a more general form discussed in Section 4.2.

A space X is called k-connected if X is path-connected and m;(X) = 0 for ¢ < k. Since
homology groups are usually more computable than homotopy groups, the following theorem is
useful for checking whether a CW-complex is k-connected.

Hn(X\/X) = Hn(X)EBHn(X) - Hn(X)
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COROLLARY 6.13. Let X be a connected CW -complex. Suppose that
(1). m(X) is trivial and
(2). Hi(X) =0 fori<n.
Then X is (n — 1)-connected, that is mi(X) =0 fori <mn, and m,(X) = Hp(X).
PROOF. Show by induction that 7;(X) = 0 for ¢ < n. By the assumption, m1(X) = 0. Suppose
that 7;(X) = 0 for j < ¢ with ¢ < n. Then
by Hurewicz Theorem. The induction is finished and so 7;(X) = 0 for all ¢ < n. By using Hurewicz
Theorem again, m,(X) = H,(X). O

In practice, the following version of Whitehead Theorem is often easier to apply (See [7, Corol-
lary 4.33]):

THEOREM 6.14 (Whitehead Theorem). Let f: X — Y be a map between simply-connected CW -
complezes. Suppose that fi: H,(X) — H,(Y) is an isomorphism for all n. Then f is a homotopy
equivalence. O

A map f: X — Y is called a weak homotopy equivalence if f.: m,(X,z9) — m, (Y, f(x0)) is
an isomorphism for each n > 0 and all choices of basepoint xyg. A map f: X — Y is called
homology equivalence if f.: Hy(X) = Hy(Y) for all . Whitehead Theorem states that a homology
equivalence between simply connected CW-complexes is a homotopy equivalence. The following
Theorem is given in Hatcher’s book [7, Proposition 4.22, p.357].

THEOREM 6.15. Let f: X — Y be a map. Then f is a weak homotopy equivalence if and only
if
fer [K, X] — [K,Y]
is one-to-one and onto for every CW -complezes K. g

We conclude this section with some examples from Whitehead’s book [26, pp.183-184] relevant
to proceeding important theorems.

EXAMPLE 6.16. There are path-connected CW -complexes X and Y with m,(X) = 7,(Y) for
all n, but H,(X) 2 H.(Y). (Therefore there is no map f: X — Y inducing isomorphisms of the
homotopy groups.)

For giving an example, let X = RP" x S™ and Y = S™ x RP" for m > n > 1 with m even and
n odd. Since S? — RP? is a 2-sheeted covering,

STx S — X S"x ST —Y
are 2-sheeted covering. Thus
7T1(X) = 7T1(Y) = Z/2
and
75 (X) = 7y (Y) 2 7y (5™ x ™)

for j > 1. By Kiinneth Formula,

Hyy(X) 2 Hy,(RP™) @ Hy(S™) = Hp (RP™) =0

H,y (V)2 H,(S™")® H,(RP") = H,(RP") = Z.
Thus Hy4m(X) 2 Hygpm(Y) O

1%
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EXAMPLE 6.17. There are simply connected CW -complexes X and Y with H,(X) = H,(Y)
for all n, but m,(X) # m(Y). (Therefore there is no map f: X — Y inducing isomorphisms of the
homotopy groups.)

For giving an example, let X = S?VS% and Y = CP2. Then X and Y do indeed have isomorphic
homology with Hy = Z, Hy = Z, Hy = Z and H; = 0 for j # 0,2,4. Since S* is a retract of X,
74(S%) = Z is a summand of 74(X) and so m4(X) # 0. On the other hand, there is a fibre bundle

St ——~ 85 —» CP2
(We will briefly go through fibrations and fibre bundles later.) It induces a long exact sequence on
homotopy groups
o (S —> m(S%) =0 —> T (CP?) —» m3(SN) =0 —> ---
Thus 74(Y) = 0. Hence m4(X) 2 m4(Y). O

EXAMPLE 6.18. The reader may wonder whether a map f: X — Y between path-connected CW -

complexes is a homotopy equivalence provided that f.: m(X) — m(Y) and f.: Hy(X) — Hy(Y)

are isomorphisms for all q. The example in Whitehead’s book [26, Example 3, p.183] shows that
this is not the case. g

3. Fibrations and Fibre Sequences

3.1. Exact Sequences. Let f: A — B be a pointed map. Let PB be the path space over B,
that is

PB={\:1— B A1) =b}

with compact open topology. The basepoint in PB is the constant path wy with wg(t) = by for
0 <t < 1. Define the mapping path space

Py ={(a,A) € Ax PB| f(a) = A0)},

that is there is a pull-back diagram
P ——— PB

fi q

A

where ¢(\) = A(0).
LEMMA 6.19. Let f: A — B be a pointed map. Then there is an exact sequence

) I xoa L xop)

for any pointed space X .

PrOOF. Let g: X — A such that fog: X — B is null homotopic under a pointed homotopy.
Then G: X x I — B such that Gy = f o g, G1(x) = by and G(xg,t) = by for 0 <t < 1. Let

G: X — Map(I, B)
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be the adjoint map of G. Since G(x)(1) = G(z,1) = by, G maps into the path space PB C

Map(I, B). Since G(zo)(t) = by, G((2¢) = wo and so the map G: X — PB is a pointed map. Now

(9,G): X —= Ax PB
maps X into P because G(x)(0) = G(x,0) = f(g(z)). This defines a map (g,G): X — Py with

fi1(9.G) =g.
Thus f1.([(g, G)]) = [g] and hence the result. O
Thus we have a tower
. Py, f3-Pf1 f2 . P ho 4 f . B
with the long exact sequence
J3x fox fix fx

T~ [X7Pf2] - [XﬂPfl] - [X7Pf] — [X,A] — [X, B]

for any pointed space X.

From the construction, Py C A x PB and with f,: Py — A by first coordinate projection, that
is f1(a,A\) = a. Thus

Pr CPfx PACAXPBx PA.
More precisely
Py, ={(a,\,p) € Ax PB x PA | X\0) = f(a), n(0) =a}.
LEMMA 6.20. The space Py, is homeomorphic to the subspace
{(A,n) € PB x PA|X(0) = f(u(0))}

of PB x PA.

PROOF. Let

T ={(A ) € PB x PAN0) = £(1(0))}.
The coordinate projection
Ax PBx PA—— PBxPA

induces a map ¢: Pr, — T'. Now the map
PBxPA——+ AxPBxPA (Au)— (u(0), A un)
induces a map ¢: T'— Py,. Clearly ¢ o1 =idr and ¢ o ¢ =idp, . The proof is finished. O

By using the identification of Lemma 6.20, the map f5 is given by the following commutative
diagram:
Py —— PB x PA A\ )

(5) P

Py AxPB  (u(0),N).

THEOREM 6.21. There is a homotopy equivalence: Py ~ QB
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PROOF. From the previous lemma,

Pr, = {(\ 1) € PB x PA| A0) = f(u(0))}.
Let j: QB — Py, be the map given by
j(w) = (w7w64)7

where wy' is the constant path in A with wgl(t) = ag for 0 <t < 1.
Define the map 6: Py, — QB by

f fp(r=2t)) if 0<t<i
6O () = { A2t—1)  if L<i<],
that is O(\, ) = f(u) =1 * X as path product. Then
: b if o<t<i
o i) =ttt ={ ot ) 1SVE1

It follows that 6 o j ~ idgp by the homotopy

be i 0<t<3
Gls) =3 r\(22) it s<t<1
Define Fu: Py, x I — PA and Fp: Py, x I — PB by
Fa(A ps8)(t) = p(1 — s(1 = 1));

. _ f(,u(1*5*2t)) if 0<t< 1—s
Pt = { M2 (t-152)) it l=<i<t

For each 0 < s <1, we have

JFEa(A p55)(0)) = f(u(l = 5)) = Fp(A, p35)(0)
and so it defines a pointed homotopy
(Fp,Fa): Py, x I — Py, (A p58) = (F(A, 3 5), Fa(A, p; ).
When s =1, then
(Fp, Fa)(A, 13 1)(t) = (A(2), pu(t)
and (Fp,Fa)1 = idp, . When s =0,
(Fp, Fa)(A, 1 0)(t) = j 0 0(2)
for0<t<1. Thus jof ~ idpfl. The proof is finished.

PROPOSITION 6.22. There is a homotopy commutative diagram

I3
Pf2 Pf1
J 0
0A ! 9751

)

where 0 and j are given in the proof of Theorem 6.21 and v: S* — S is the inverse map.
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PROOF. From the commutative diagram (5), there is a commutative diagram
P, CPAxPP  (uA)

[

P, C PrxPA  (A(0)p).
Let QA be a loop in A. Then j(p) = (i, e), where e is the constant path in PPy. Thus

Gofgoj(,u)zg(e(o)’u):{f(M(l—Qt)) if 0<t<4i

bo it l<t<l,
Thus 6 o f3 0 j ~ f¥ and hence the result. O
Thus we have the homotopy commutative diagram
/3 f2
Py, === Py, Py, Py, Py, Py
0 J 0 J
Q id; = -1
oA——oa M opMs="lgp g
Define 0: QB — Py to be the composite
v :
op 8, op_ I ,p _f p

Then we have the following theorem.

THEOREM 6.23. Let f: A — B be any pointed map. Then there is a natural long exact sequence

(X, QP — [X,QA] — [X,QB] — [X, Pf] —— [X,A] —— [X, B]
for any pointed space X . O
PROPOSITION 6.24. A commutative diagram
A ! B
g h
A r B’

induces a commutative diagram

coa— M Logp 9 - P; ho 4 . p

Qg Qh k g h

RPN VNS | S
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PROOF. Let k: Py — Py be given by k(a,\) = (g(a), h'9(N). O
3.2. Fibrations. A map p: F — B be a map. A homotopy lifting problem can be symbolized

by a commutative diagram

X x0 g

(6) p
X xI B.
A map p: F — B is called to have homotopy lifting property with respect to X if the above homotopy
lifting problem has a solution for every g: X — F and G: I x X — B such that pog = Gg. A map
p: E — B is called a fibration if it has the homotopy lifting property with respect to all spaces.
Let p: E — B be a fibration. The subspace p~1(b) is called the fibre over b € B. If by is the
basepoint, then F = p~!(bg) is called the fibre of p.

PROPOSITION 6.25. Let (X, A) be a pair of spaces. Suppose that the inclusion i: A — X is a
cofibration. Then '
p=1id%: Map(X, Z) — Map(4, Z)
s a fibration for any space Z.

PRrROOF. By taking adjoint to the homotopy lifting problem
Y x 0 — Map(X, 2)

b 4

L i
. p =idy

s

Y x I — Map(4, 2),
we have the following diagram

X xY x0 A

XXYXxI<2AxY X1
and the assertion follows from the homotopy extension property of

(X xY,AxY)=(X,A) x (Y,0).

COROLLARY 6.26. The Maps
Map(I,X) — X x X A (A(0),A(1)),
Map(I,X) — X A — A(1)
are fibrations. O

A basepoint zg of X is called nondegenerate if g — X is a cofibration.
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COROLLARY 6.27. Let X be a pointed space with nondegenerate basepoint xo. Then the evalu-

ation map
Map(X,Y) — Y f — f(x0)

s a fibration.

PROPOSITION 6.28. If p: E — B is a fibration, then

p'97: Map(Z, E) — Map(Z, B)

s a fibration for any locally compact space Z.

PRrROOF. By taking adjoint to the homotopy lifting problem

X x0 —— Map(Z,FE)

we have the following diagram

-

XXX —B
and hence the result. O

PRroOPOSITION 6.29. Ifp: E — B and q: B — C are fibrations, then the composite gop: E — C
s a fibration.

PROOF. The assertion follows from the following commutative diagram

X %0 )
/4
.@&é?’
Nk
ﬁgl P
X x1I
X x 0229 -+ B
~
.Q//
KA ¢
X x1I C.
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O
PROPOSITION 6.30. Let p: E — B be a fibration. Let f: A — B be any map. Let
E={(a,y) € Ax E| f(a) = p(y)}
with ¢: E — X, q(a,y) = a, that is there is pull-back
E f E
q p
A / B.
Then q: E — A is a fibration.
PROOF. The assertion follows from the commutative diagram
xx0-9 g1 - E
v, <
ANNo) d
\\0// K
¢ 74, S |p
AN SsS
N , \\
X x0¢< - X x 1
G
Y Y
A ! - B.
O

COROLLARY 6.31. The map PB — B, A — X(0) is a fibration. Moreover for any map f: A — B
the map fi1: Py — A is a fibration.

PROOF. The assertions follow from the following commutative diagram

P ~ PB < » Map(I, B) A
pull — back pull — back fibration
A / B=Bx*~———> BxB (A0), A(1)).

Let f: A — B be a pointed map. Define
Py = {(z,b,\) € A x Map(I, B) | f(z) = A(0) A(1) = b},
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that is ]5f is the pull-back of the diagram
Py

Map(I, B) A

id
AxBIXE plp (0, A0).
Define ¢: Pf — B by

q(z,b,\) = A(1).

Then q: Pf — B is a fibration with fibre Py because ¢ is given by the composite of fibrations
ﬁf i» AxB Lo‘j.» B.

Define j: A — I5f by setting
](:L') = (iL’, f(l'), wf(x))a

where wy(, is the constant path with wg(,)(t) = f(x) for 0 <t < 1. The space A can identified

with the subspace of Py consisting of A= {(z, f(x),wp(s) } because the inverse map A — Aof j can
be given by projecting to the first coordinate. Note that

f=qoj: A= B
with ¢ a fibration.

THEOREM 6.32. The subspace A is a strong deformation retract of I:’f. Thus any pointed map
f: A — B admits a decomposition

L

~1j N
Py
with 5 a homotopy equivalence and q: Pf — B a fibration with fibre Py.

The importance of this theorem is that for any pointed map we can always write it as the
composite of a fibration with a homotopy equivalence. This is very useful in practice.

PROOF. Define the homotopy
H: Py x I — Py

by setting
H(z,b,At) = (2,0, 0(A, 1)),
where
PN 1)(s) = A(s(1 —1)).
Then

H(z,b,A;0) = (2,b,A)
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for any (z,b,\) € Py. For any (z, f(z),w()),
H(z, f(2),wpw) = (@, [(2),w5())

because wy(,) is a constant path. When ¢ = 1, then

¢(A, 1)(s) = A(0)

for 1 < s <1. Thus

H(.T,b,A; 1): (l’,b,w)\(o)) (.’1? f( ) Wr( z)) A
and hence the result. O

A pair of space (X, A) is called a D R-pair if there are continuous maps u: X — I'and h: X xI —
X such that
(1). A=u'(0).
(2). h(x,O) =z for all z € X;
(3). h(z,t) =z forallz € Aand t € [;
(4). (X x 1) C A.
Conditions (2) — (4) tell that A is a strong deformation retract of X. Condition (1) tells that
A =u"1(0) for a map u: X — I. The pair (u, h) is said to represent (X, A) as a DR-pair.
A pair of space (X, A) is called an NDR-pair if there are continuous maps u: X — I and
h: X x I — X such that
(1). A=u'(0).
(2). h(x 0) =z for all z € X;
(3). h(z, )—xforalleAanthI
(4). h(z,1) C A for all z € X such that u(z) < 1.
The pair (u, h) is said to represent (X, A) as an N D R-pair.
The following theorem is from Steenrod’s paper [22]

LEMMA 6.33. If X is compactly generated and A is closed in X, then the following statements
are equivalent each other:
(1). (X, A) is an NDR-pair.
(2). (X xI,Xx0UAXI)is a DR-pair.
(3). X x0UA X I is a retract of X x I.
(4). (X, A) has the homotopy extension property with respect to any spaces, that is the inclusion
A — X is a cofibration.

PROOF. We only prove (1) = (2) (without using the assumption that X is compactly gener-
ated). We refer to Steenrod’s paper for having a complete proof.
(1) = (2). Assume that (X, A) is an N DR-pair represented by (u, h). Define

u: X xI—1
by setting
w(x,t) = tu(x).
Then
' 0) =X x0UAxI.
Now define

H: (X xI)xI—XxI
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by setting
H(z,s,t) = (h(z,t), (1 — tu(x))s).
Then
H(z,s,0) = (h(z,0),s) = (,5).
For z € A, since u(z) = 0 and h(z,t) = =,
H(z,s,t) = (h(z,t),s) = (z,s).
Now
H(z,s,1) = (h(z,1), (1 —u(x))s).
If u(z) < 1, then h(z,1) € A and so H(x,s,1) € A x I. If u(x) = 1, then
H(z,s,1) = (h(z,1),0) € X x 0.
It follows that
HXxIx1)CXx0UAxI.
This shows that (X x I, X x 0U A x I) is a DR-pair represented by (a, H). O

LEMMA 6.34. Let p: E — B be a fibration and let (X, A) be a pair of spaces. Suppose that
(X, A) is DR-pair. Then every lifting problem

A E
x
o |P
20N
X / B

has a solution.

PROOF. Let u: X — I and h: X x I — X satisfy the conditions for (X, A) to be a DR-pair.
Let r: X — A be the map given by r(x) = h(z,1). Define a new homotopy ®: X x I — X by
setting

h(z,1) if  w(x)=0,
O(z,t) = h(x,l—ﬁ) it 0<t<u(x),
h(z,0) =z it ¢t>u(z)>0.
We need to show that ® is continuous. Observe that & restricted to the open subset (X \ A) x I
is continuous as u(z) > 0 for x € X \ A. Let (z,t) € Ax I. Let U be any open neighborhood of z.
Then
{z} x I Ch (V)

as h(z,s) =z for x € A and 0 < s < 1. There exists an open neighborhood V of x such that

V xICh Y U)
!

because h~1(U) is open in X x I containing {z} x I. Note that ®(y,s) = h(y,s’) for some s
depending on y and s. It follows that

SV xI)Ch(VxI)CU.

and so ® is continuous.
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Now let H: X x I — FE be a solution to the lifting problem

xxo0 22"

Define f: X — E by setting

Then ~
pof(z) = poH(z,u(z))
— fo®(r u(x)
_ foh(z,0)=f(x) if wu(x)>0
foh(x,1)=f(z) if w(x)=0
— f)

fle) = H(zu(x))
= H(z,0)
= gor(x)
= g(z)
for z € A and so f is a solution to the lifting problem. The proof is finished. O

Note. The technical part in the proof is that the function ® is continuous although the function

1 if s=0
O(s,t) =< 1—L if 0<t<s
0 if t>s

is NOT continuous on I x I.
A homotopy lifting problem for a pair of spaces (X, A) can be symbolized by a commutative
diagram

Xx0UAxI I + E

X x1TI

Lemma 6.34 has the following important consequence.

THEOREM 6.35. Let p: E — B be a fibration and let (X, A) be a pair of spaces. Suppose that

(1). X is compactly generated.
(2). A is a closed subspace of X.
(3). the inclusion A — X is a fibration.
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Then every homotopy lifting problem

Xx0UuAxI-Y + F

X x1I

has a solution.

PROOF. By the assumptions, (X x I, X x0U A x I) is a DR-pair. The assertion follows from
Lemma 6.34. O

THEOREM 6.36. Let p: E — B be a fibration. Suppose that (Pp,,*) is an NDR-pair, where
% = (zg,wp) s the basepoint of P,. Then P, ~ F as pointed spaces.

The following proof is a modification of the proof of Theorem 6.5.7 in Maunder’s book [14,
Theorem 6.5.7]. The careful reader may find out that the assumption that (P,,*) is an N D R-pair
is needed for having pointed homotopies constructed in Maunder’s book.

ProOF. Consider the sequence
P P
P, —~ E — B.
Define the map
j: F— P,

by j(x) = (x,wp), where wg(t) = by is the constant path.

The composite p o p;: P, — B is null homotopic under the homotopy G: P, x I — B given by

Gz, \t) = A(1).
Since
G(l‘o, wo, t) = WQ(t) = bo

for 0 <¢ <1, G is a pointed homotopy. Since (P,,*) is an NDR-pair, (P, x I, P, x 0Ux x I) is a
DR-pair. Thus there exists a pointed homotopy H: P, x I — E such that the diagram

(P, % 0) x ((z0,wo) x [) 22w B

o p

P G

» X I

B

commutes.

Since p(H1(P,)) = G1(P,) = by, H1(P,) C F. Regard H; as a map into F' by p, that is
p: P, — F such that i o p = H;, where i: ' — E is the inclusion.

Consider the composite

Fx1 2% px1-2e g . p
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For (z,t) € F' x I,
poH(j(z),t) =po H(z,wo,t) = G(z,wo,t) = wo(t) = bo.
Thus the composite
Fx1 28 pxr- g
maps into the subspace F' with
H(g(l'o), t) = H(x07w07 t) = o

for 0 <t <1, which gives a pointed homotopy between idr and p o j.
Now define J: P, x I — PB by setting

J(x, A, 8)(t) = A(s +t(1 — 5)).

This is continuous because under the association map it corresponds to a continuous map
(P, xI)NI — B.

Now

(H,J): P,xI —~ Ex PB
maps into P, because

J(xz, A, 8)(0) = A(s) = G(z, A\, s) = p(H(z, A, 5)).
Thus it gives a homotopy (H, J): P, x I — P, with
(H, J)(zo,wo, s) = (H(zg,wo, s), J(zg,wo, $)) = (20, wp).

Note that
(H,J)(x,\,0) = (H(x,),0),J(z,),0)) = (2, ) =idp, (2, A)
and
(H, J)(x, A\ 1) = (Hy(z,N), J (2, \, 1)) = (Hi(x,\),wp) = J o p(x, A).
We obtain j o 4 =~ idp, and hence the result. d

3.3. Serre Fibration. A map p: E — B is called Serre fibration if it has the homotopy lifting
property with respect to the disks D™ for all n > 0. In other words, p: F — B is a Serre fibration
if and only if every homotopy lifting problem

D'x0-4 L+ E
<

- p

D" x I B

has a solution.

PROPOSITION 6.37 (Path-lifting Property). Let p: E — B be a Serre fibration. Thezz for any
point x € ~E and any path ):: I — B such that AX(0) = p(z). Then there is a lifting path \: [ — E
such that A\(0) =z and po A= .
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PROOF. The assertion follows from a solution to the homotopy lifting problem

where ¢(0) = x. O

Note. For covering spaces, the lifting path is unique. But for Serre fibrations, the lifting path may
not be unique in general.

PROPOSITION 6.38. Ifp: E — B is a Serre fibration, then it has the homotopy lifting property
with respect to the pairs (D™, 0D™) for all n > 0.

PROOF. The assertion follows from the fact that

(D" x I,D" x 0) = (D" x I,D" x 0UJD"™ x I).

More generally, we have the following theorem for Serre fibrations.

THEOREM 6.39. If p: E — B is a Serre fibration, then it has the homotopy lifting property with
respect to any pairs (X, A) of CW -complezes.

PrOOF. Given a homotopy lifting problem

Xx0UAxI I + E

X x1 B.

We are going to construct a sequence of homotopies H": (sk, (X)UA) x I — E such that each H"
is a solution of the homotopy lifting problem

(9lsk, cyua) UH™

_-v

E

(skn(X)UA) x 0U (skp—1(X)UA) x T

/—”i{n p

(skn(X)U A) x T
by induction on n. The assertion will follow from this statement by setting

H=|JH": X xI=|Jska(X)UA) x I — E.

Gl(sk,(x)ua)xr B
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When n = 0, then sko(X) U A is ‘the union of A with a discrete set of points. For each z €
sko(X)UAN A, there is a lifting path A\: z x I — F such that A(z,0) = g(x) and pA(x,t) = G(z,1).
This defines a map

H: (sko(X)UA)x [ — E
which is a solution of the above diagram in the case n = 0.
Suppose that H"~1 has constructed with the desired property. Let e be any n-cell such that
e" N (skp—1(X)UA) =09(e™) N (skp—1(X) U A4),
that e is any n-cell that does not lie in sk,_1(X) U A. Let HY be a solution of the following
homotopy lifting problem

(9lsk, (x)ua) UH™ 1

(skp(X)UA) x 0U (sky,_1(X)UA) x T > E
n z X
QU(/:} X - ///
) o p
DPx0uS*IxIc D x 1T
D" x T
—
Lo
Y Y

Gls
(skp (X)UA) x I | (skn (X)UA) T o

where
(ias fa) 1 (D™, 8" —— (sk, (X) U A4, sk,_1(X) U A)
is the characteristic map of the n-cell €. The maps {H2} induce a map
H": (skpy(X)UA) XTI — E
with the desired property. The induction is finished and hence the result. O

PROPOSITION 6.40. Let p: E — B be a Serre fibration with fibre F. Then Qp: QFE — QB is a
Serre fibration with fibre QF. Thus Q"p: Q"E — Q"B is a Serre fibration with fibre Q™F' for any
n > 0.

PRrROOF. By taking the adjoint, the homotopy lifting problem

D" x0-9 +QF
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is equivalent to the homotopy lifting problem

/
D x0)AS' L B
(8) p

(D™ x I) A S* &, B,
where ¢’ and G’ are the adjoint maps of g and G, respectively. Note that
(D" x I)ANS*= (D" x I xI)/((x x 0 x I) U (D™ x I x 9I)).
Let G be the composite

pinch

G:D"xIx1™8% (Dvx1)A St S B,
that is G(x, s,t) = G’(z,s,t). Then G maps the subspace (* x 0x I)U (D" x I x 9I) to the basepoint
bg of B. Define the map
g: (D" x0x U (D" xIxdl) — E
by setting

€o if xeD"xIxadl,

where e is the basepoint of E with p(eg) = by. The map g is well-defined (and so continuous)
because for

_ () if xzeD"x0xI,
g(w)Z{ v

€ (D" x0xI)N(D" x I x9I)=D"x0x 0l
we have ¢/(z) = ep as ¢’ is pointed map from (D™ x 0) A S* to E. Let H be a solution to the
homotopy lifting problem

(DnXIXO)U(D”X@])XIE(DnXOXI)U(anfxaf)L»E

v

n P
-7 G
D' xIxI=2D"x1IxI > B,
where the homeomorphisms in the left column are given by switching the last two coordinates. Then
H maps the subspace

(xx0xI)U (D" x I x 0ol
to the basepoint eg and so it induces a map
H:(D*"xI)ANS' — E
which is a solution to the homotopy lifting problem in Diagram (8). This finishes the proof. O
Given a Serre fibration p: E — B with fibre F'. We are going to define a boundary map
Ont1: g1 (B) — mn(F)

for each n > 0. Recall that m,11(B) = m1(Q"B). Let [A\] € m1(Q2"B). By Proposition 6.40,
Q"p: Q"E — Q"B is a Serre fibration. Thus there is a lifting path

NI —F



150 6. SOME SUGGESTED TOPICS FOR YOUR FURTHER READING/STUDY

such that A(0) = eg and po A = A. In particular.
p(A(1)) = A1) = by

and so

A1) € Q"F.
Note 7, (F) = mo(Q"F) = Q"F/ ~ is the set of path-connected components of Q™ F'. Define
On1 () = A(1)] € mo(2"F).
LEMMA 6.41. Let p: E — B be a Serre fibration with fibre F. Then
8n+1 : 7Tn+]_(B) — 7Tn(F)

is a well-defined function for each n > 0. Moreover Opy1 is natural in the following sense: If

E—P . B
f f
/
Y ,p

is a commutative diagram with the property that p and p’ are Serre fibrations with fibres F' and F’,
respectively, then there is a commutative diagram

o
Tny1(B) s o (F)

f* f‘F*

’

D
i1 (B') =5 0 (F).

PRrROOF. The second statement follows immediately from the construction of the boundary 9,41
whence it is well-defined.

For proving the first statement, let X\, \': S' — Q"B be loops such that A ~ X relby. Then
there is a homotopy

G:IxI—QO"B
such that G(s,0) = A(s), G(s,1) = XN (s), G(0,t) = G(1,t) = by for 0 < s,t < 1. Let \,N: I — Q"E
be lifting paths of A and X, respectively, starting from eg. Let
g: (OxHu(I x9l) — Q"E

be the map defined by g(0,%) = eq, g(s,0) = A(s) and g(s,1) = XN (s). Let H be a solution to the
homotopy lifting problem

OxI)U(Ixdl) L qE
.7 Q”p

Q"B.
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Since
Q"pH(1,t) = G(1,t) = bo,

we have a path ¢t — H(1,t) in Q"F starting from H(1,0) = A(1) and ending with H(1,1) = X(1).
Thus

ADL)] = V(1))
in mo(Q2"F) and hence 0,11 is well-defined. O
PROPOSITION 6.42. Let p: E — B be a Serre fibration. Then the boundary
8n+1: 7Tn+1(B) — ﬂn(F)
s a group homomorphism for n > 1.

PrROOF. Consider the commutative diagram

Q"p x Q"p

Q"Fx Q"F < Q"Ex Q"E Q"B x Q"B
jz H 1
n n p n
Q"F < - Q"E > O"B,

where p: Q"Z x Q"Z — Q"7 is the multiplication on Q"Z = Map, (5™, Z) induced by the comul-
tiplication of S™. Since Q"p: Q"E — Q"B is a Serre fibration, so is

Q"p x Q"p: Q"E x Q"E —— Q"B x Q"B.

Let [\;] be an element in m,,1(B) = 71 (Q"B) for i = 1,2. Let A;: I — Q"F be a lifting path
of \; starting from eg. Then the path

t = (A1(t), A2(1))
in Q"E x Q"F is a lifting of the loop
(A1, Xo): St — Q"B x Q"B.
By the definition of the boundary, we have
a3 (Al [a])

[(A(1), A2(1))]
(A1), A2(1)])
= (Ont+1([M]); Ong1([A2]))

in mo(Q"F x Q"F) = 7 (Q"F) x mo(Q"F). From the commutative diagram

P XP

0
Tnp1(B x B) = m ("B x Q"B) e 70(Q"F x Q"F)

M [

On,
Tng1(B) = 1 (Q"B) —— 4L 20(Q"F) = 1, (F),
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we have
On1([M][X2]) = On1 o pa([M], [A2])
= Mx«© 6%11)([)\1]7 [A2])
= e (Ont1([M]), Onta([A2]))
= Ont1([M])O0nt1([A2])
and hence the result. O

THEOREM 6.43. Suppose that p: E — B is a Serre fibration with fibre F'. Then there is a long
exact sequence
On T * On iy .
- IR 1 (F) 2 1 (B) e 1 (B) — o1 (F) —> -+ — 7(F) —> m(E) 2> m0(B),
where 1: F' — FE 1s the inclusion.

PROOF. (1). 7 (F) —— m,(E) -2+ 7,(B) is exact.

Since p: E — B is a Serre fibration, so is Q"p: Q"E — Q" B. Let € Q™ E such that Q"p,.(z) is
trivial in mo(2"B). Then there is a path A in B starting from Q"p(x) and ending with the basepoint.
Let A be a lifting path of A starting from . Then A(1)Q2"F because

Q"p(A(1)) = A1) = *.
It follows that B
) L (M) = [a]

because x and A(1) are connected by the path A in Q"E.

(2). Tns1(E) o w0 (B) 255 7, (F) s exact. )

Let [\] € m(Q2"B) and let A: I — Q"FE be a lifting path of A with A(0) = . Suppose that

Ons1([A]) = [A(1)]

is trivial in mo(Q"F). Then there is a path

w:l— Q"F

with (0) = A(1) and p(1) = *. Define
A=X*p
be the path product in Q"E. Then A(0) = A(0) = % and A(1) = u(1) = *. Hence X is a loop in
Q"E. Now _ -
p«(A) = pa([A] % [u])

= [2"p(N)] * [2"p ()]

= [+ [@7p(w)]

=

because Q"p(u) is the constant loop in Q"B as u is a path in the fibre Q"F. It follows that
[A] € Im(p.). .
(3). Tpar(B) 25 7 (F) 2+ 1, (E) is exact.
Let 2 € Q"F be a point such that 4, ([z]) is trivial in mo(E). Then there is a path A in Q"F
from the basepoint * to x. Then
A=Q" o\
is a loop in Q™ B. Since A is a lifting path of ), by the definition of 8,41

On1([A]) = (AMD)] = [2]
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and so [z] € Im(9,,41). The proof is finished now. O

Let p: £ — B be a Serre fibration. Then there is a commutative diagram

q

P, < - P, - B
7’ J
Fe Ry ;

where j is a homotopy equivalence and g is a fibration.

PROPOSITION 6.44. Let p: E — B be a Serre fibration. Then j': F — P, is a weak homotopy
equivalence, that is

Ju: T (F) — 7o (Pp)
is an isomorphism for each n.

PROOF. Since g: Pp — B is a fibration, it is a Serre fibration. Thus there is a commutative
diagram of long exact sequences

~ ~ q* an
S 7Tn+1(Pp) — Tpt1(B) — W?L(Pp) - 7Tn(Pp) —— ma(B)

=1« Js =1«

On Tk * On
C > 1 (E) — Tag1(B) -t T (F) —— mn(E) L Tp(B) —— -

Thus
Jit T (F) —— T (Bp)
is an isomorphism for n > 1 by the Five Lemma.
We show that j.: mo(F) — mo(P,) is one-to-one. Let 1,22 € F such that j,([z1]) = ji([z2]),
that is there is a path X\: I — P, such that A(0) = z; and A\(1) = z5. Recall that

P, = {(,\) € E x PB | p(z) = \0)}
with p1: P, — E given by pi(z, ) = z and py: P, — PB given by pa(z,A\) = A. Observe that
J'(x) = (z,wo)
for x € F', where wo(t) = bo for 0 <t < 1. Let
A=pioX:I— E.
Then A(0) = z1 and A(1) = x5. By taking the adjoint of the path pyoX: I — PB, we have the map
G:IxI—B

with G(s,t) = pa(A(s))(t). Then the following conditions hold
(1). G(s,0) = pg(}(s))(O) =p(A(s)) for 0 < s < 1.
(2). G(0,1) = p2(A(0))(t) = p2(x1,w0)(t) = bo for 0 <t < 1.
(3). G(1,t) = p2(A(1))(t) = p2(z2,wo)(t) = by for 0 < ¢ < 1.
(4). G(s,1) = p2(A(s))(1) =bg for 0 < ¢ < 1.
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Define g: I x 0U (0 x I) — E by setting g(s,0) = A(s), ¢(0,t) = z1, g(1,t) = xz2. Let H be a
solution to the homotopy lifting problem

Ix0u@IxD) L E

Then pH(s,1) = G(s,1) = by for 0 < s <1 with H(0,1) =
Thus H(s,1) is a path in F' from x7 to z and so [z1] = [z
Now we show that j,: mo(F) — mo(P,) is onto. Let

9(0,1) =1 and H(1,1) = g(1,1) = 2.
2]. This proves that j. is one-to-one.

(x,\) € R,

be a point, where z € £ and A € PB with A\(0) = p(x) and A(1) = bo. Since p: E — B is a Serre
fibration, there is a lifting path A: I — FE such that A(0) = 2 and po A = A. Then y = A(1) € F
because

Define 6: I x I — B by setting
6(s,1) = A(1 = t)s +t).

Then
(1). (s, 1) = A(1) = bo and so 0(s,—) € PB.
(2)- 0(s,0) = A(s) = p(A(s))-
(3). 0(1,t) = A(1) = bg and so 0(1, —) = wy.
(4). 0(0,t) = A(t) and so 6(0, —) .

Now define a path \: I — P, by

A(s) = (A(s),6(s, ).
Then \(0) = (x,\) and A(1) = (y,wo) = j'(y). Thus j'(y) =~ (x, A). This proves that
Jut mo(F) = mo(Pp)

is onto and hence the result. O

By Theorems 6.15 and 6.23, we have the following:

PROPOSITION 6.45. Suppose that p: E — B is a Serre fibration with fibre F'. Then there is long
exact sequence

020, [X,QF] — [X,QF] —> . [X,QB] —— 0. [X,F] —— [X,FE] —— [X, B]

for any pointed CW -complexes X . g
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3.4. Fibre Sequences. A sequence X ey s Zis called a fibre sequence if there exists
a a fibration p: E — B with fibre ' with a homotopy commutative diagram

f g

X .Y . 7
] (G 0
r—' g P |p

such that the columns are (weak) homotopy equivalences.

LEMMA 6.46 (Cohen-Moore-Neisendorfer Lemma). A homotopy commutative diagram

f1

Al B4
g1 92
A —P g,
can be embedded into a homotopy commutative diagram
F - [y -
v 1
G1 - Ay - By
Y Y Y
G2 > A2 > BQ

in which the rows and columns are fibre sequences.

ProoOF. First we replace go and fo by fibrations as in the following diagram

Aq fl » By © o, ]592
g1 g2 v
Y
A 12 L g,
o
>\ )2 z\%
Y
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where fg and g9 are fibrations with homotopy equivalences j; and js.
Now let E be the pull-back in the following diagram

!
Bt 5
95 92
pr f2 By,

that is
E={(z,y) € Py, x Py, | fo(x) = §2(y)}-
Since f, and §o are fibrations, so are f5 and gj.
Let
G: Ay x I — By

be a homotopy such that Gg = fo0g; = fz o(jaog1) and Gy =ge0 fi = G20 (j1 o f1). Then there
are solutions H' and H” for the homotopy lifting problem:

o ~
Al x 1 z fl sz
x
§
Al X0 —— Al x I gg
. . o>
Jioq ‘8
»// s 4
5 f2
sz > BQ.

Define the map H: Ay x I — E by setting
H(z,t) = (H'(z,t), H"(z,1)).

This map is well-defined because §o o H” = fy 0 H' = G. The map H has a decomposition

s = @
Ay x T <L Py —+ E
with H a fibration. Now we obtain a commutative diagram of fibrations

. 'oH -
PH f2 sz
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where f} o H, and gh o H are fibrations because they are the compositions of fibrations. Since the
composites
leolfl

A1X1%A1XI%PHH ~92

A1X0?A1XI%>FH£P£PJ¢2

are homotopic to j; o f1 and js o g1, respectively with homotopy equivalences j; and j;. The above
diagram is a replacement of the homotopy commutative diagram

A —I B
9 g2
A — o,
Now we obtain a commutative diagram
F > Fy - Fy
N n n
i1
- f’ o [:[ -
Gy < - Py —=2—— P,
ghoH g2
4 r 4
) ~
Gy < 2 Pf2 f2 > By

of fibrations, where the top row is a fibration because it is the induced fibration via the inclusion
i1: Iy — P, and the left column is a fibration as it is induced by i2: Go —— Py,. The proof is
finished. 0

3.5. Fibre Bundles. A bundle means a triple (E,p, B), where p: E — B is a (continuous)
map. The space B is called the base space, the space E is called the total space, and the map p is
called the projection of the bundle. For each b € B, p~1(b) is called the fibre of the bundle over
be B.

Intuitively, a bundle can be thought as a union of fibres f~1(b) for b € B parameterized by B
and glued together by the topology of the space E. Usually a Greek letter ( £,7,(, A, etc) is used to
denote a bundle; then F(£) denotes the total space of £, and B(&) denotes the base space of €.
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A morphism of bundles (¢, }): € — ¢ is a pair of (continuous) maps ¢: E(§) — E(¢') and
¢: B(€) — B(&') such that the diagram

commutes.
The trivial bundle is the projection of the Cartesian product:

p: Bx F — B, (z,y) — x.

Roughly speaking, a fibre bundle p: E — B is a “locally trivial” bundle with a “fixed fibre”
F. More precisely, for any x € B, there exists an open neighborhood U of x such that p=(U) is
a trivial bundle, in other words, there is a homeomorphism ¢y : p~*(U) — U x F such that the
diagram

UxF 2, p L (U)
£t p
U:U

commutes, that is, p(¢(z’,y)) = 2’ for any 2’ € U and y € F.

Similar to manifolds, we can use “chart” to describe fibre bundles. A chart (U, ¢) for a bundle
p: E — B is (1) an open set U of B and (2) a homeomorphism ¢: U x F — p~!}(U) such that
p(d(2’,y)) = 2’ for any ' € U and y € F. An atlas is a collection of charts {(Uy, ¢o)} such that
{U,} is an open covering of B.

PROPOSITION 6.47. A bundle p: E — B is a fibre bundle with fibre F if and only if it has an
atlas.

PROOF. Suppose that p: E — B is a fibre bundle. Then the collection {(U(z), ¢, )|z € B} is
an atlas.

Conversely suppose that p: £ — B has an atlas. For any = € B there exists a such that z € U,
and so U, is an open neighborhood of z with the property that p|p_1(U): p 1 (Uy) — U, is a trivial
bundle. Thus p: E — B is a fibre bundle. O

THEOREM 6.48. Let p: E — B be a fibre bundle. Then p is a Serre fibration.

A theorem of Huebsch and Hurewicz proved in Spanier’s book [21, Section 2.7] says that fibre
bundles over paracompact base spaces are fibrations.



3. FIBRATIONS AND FIBRE SEQUENCES 159

PrRoOOF. We show that p: E — B has the homotopy lifting property for disks, or equivalently,
cubes. Given a homotopy lifting problem

I"x0—4 . E

‘é‘/ p
I"x1 B.

Let {(Uq, #a)} be an atlas. Since {U,} is an open cover of B, {G~1(U,)} is an open cover of I" x I,
that is

Ue'wa)=1"x1
Since I™ x I is compact, there exist finite open sets G=1(U,, ), ... G~ (Ua, ) such that
K
UG Ua)=1"x1
k=1

Subdivide I™ into small cubes C' and I into intervals I; = [t;,tj11], 0 < j < m, so that each
product C x I; is mapped by G into U,, for some 1 < k < K. Let the small cubes C be ordered by
C4,Cs, ...,Cr. Define an order on {C; x I} by the dictionary order:

Cl XI(),CQ XIo,...,OTXIo,Cl XIl,CQ XIl,...,CT XIl,...,Cl XIm,CQ XIm,...,CT XIm.

Let G(C; x Ij) C Uay, ; for some 1 < k; ; < K. The homotopy lifting problem can be solved by

constructing H|c,xr; with desired properties by induction. In the first case, from the commutative
diagram

C’le%pfl(U )g E

-+
AR p p

GC><I
Clxl0|140>

U B

-
akl,O = I

the lifting H|c, x1, exists because p: p_l(Uaklo) — Ua, , is the trivial bundle. Suppose that
He,, x 1, are constructed for all Cy x Cj preceding to C; x I ;. Then there is a subcomplex A of

0C; such that the map H is already defined on C; x t; and A x I;. Since
p_l(Uaki,j) - Uakm-
is the trivial bundle, there is a solution H|c,xr; to the homotopy lifting problem

(Cix 1)U (A x I)) P Ua, )C  E

v

b
PO~ p p

7 Glew,
Oy x I @t .y, < B

(2%
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The induction is finished and hence the result. O

COROLLARY 6.49. Suppose that p: E — B is a Serre fibration with fibre F'. Then there is a
long exact sequence

On . . On . *
O (F) e (B) 2 1 (B) 2 w1 (F) s es — mo(F) —s mo(E) o mo(B),
where i: ' — E is the inclusion. O

3.5.1. Further Properties of Fibre Bundles. Let £ be a fibre bundle with fibre F' and an atlas
{(Uqa, ¢a)}. The composite

_ b5 _ ¢!
¢t ods: (UyNUs) x F —2 p~ YU, NUs) —2» (U, NUg) x F
has the property that
$a ' 0 dp(r,y) = (2, gap(@,y))
for any x € U, NUp and y € F. Consider the continuous map gop: Usp X F' — F. Fixing any z,
gap(x,—): F — F, y— gop(z,y) is a homeomorphism with inverse given by ggq(z, —). This gives
a transition function
gap: Uy NUg — Homeo(F, F),

where Homeo(F,, F') is the group of all homeomorphisms from F' to F.

EXERCISE 3.1. Prove that the transition functions {gag} satisfy the following equation

©) 9ap () © 9oy () = gary(x) €U NUsNU,.
By choosing o = B = Ys gaa(x) © gaa($> = gaa(x) and so
(10) Joo(z) =1 z €U,

(11) 96a(®) = gap(z)™" @€ UaNUp.

We need to introduce a topology on Homeo(F, F') such that the transition functions gng are
continuous. The topology on Homeo(F, F) is given by compact-open topology briefly reviewed as
follows:

Let X and Y be topological spaces. Let Map(X,Y") denote the set of all continuous maps from
X to Y. Given any compact set K of X and any open set U of Y, let

Wk ={f €Map(X,Y) | f(K) CU}.

Then the compact-open topology is generated by Wi rr, that is, an open set in Map(X,Y) is an
arbitrary union of a finite intersection of subsets with the form Wy r.

Map(F, F) be the set of all continuous maps from F to F with compact open topology. Then
Homeo(F, F) is a subset of Map(F, F') with subspace topology.

PROPOSITION 6.50. If Homeo(F, F') has the compact-open topology, then the transition functions
gap: Uy NUg — Homeo(F, F) are continuous.
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Proor. Given Wi 17, we show that g;ﬁl(WKU) is open in U, NUg. Let 2y € U, NUpg such that
9ap(r0) € Wi ry. We need to show that there is a neighborhood V' is 2 such that g.5(V) € Wk v,
or gos(V x K) C U. Since U is open and gog: (U, NUp) x F — F is continuous, g~ '(U) is an
open set of (U, NUg) x F with g x K C g;é(U). For each y € K, there exist open neighborhoods
V(y) of  and N(y) of y such that V(z) x N(y) C g;[:;(U) Since {N(y) | y € K} is an open cover

n

of the compact set K, there is a finite cover {N(y1),...,N(yn)} of K. Let V.= [\ V(y;). Then
=1

VxKC g;é(U) and so gag(V) C Wk y. O

ProprosITION 6.51. If F regular and locally compact, then the composition and evaluation maps
Homeo(F, F') x Homeo(F, F) — Homeo(F, F) (9, f)— fog
Homeo(F, F) x F — F  (f,y) — f(y)

are continuous.

PROOF. Suppose that fog € Wk . Then f(g(K)) CU, or g(K) C f~1(U), and the latter is
open. Since F' is regular and locally compact, there is an open set V' such that

g(K)CV CVCfHU)

and the closure V is compact. If ¢’ € Wk v and f’ € Wiy, then f'og" € Wi py. Thus Wk v and
Wy v are neighborhoods of g and f whose composition product lies in Wy 7. This implies that
Homeo(F, F') x Homeo(F, F') — Homeo(F, F) is continuous.

Let U be an open set of F and let fo(yo) € U or yo € fy *(U). Since F is regular an locally
compact, there is a neighborhood V of yo such that V is compact and yg € V C V C 9o 1(U ).
If g € Wy and y € V, then g(y) € U and so the evaluation map Homeo(F, ) x F' — F is
continuous. U

PROPOSITION 6.52. If F' is compact Hausdorff, then the inverse map
Homeo(F, F) — Homeo(F, F) frft
18 continuous.

PROOF. Suppose that g;' € Wi . Then gy ' (K) C U or K C go(U). Tt follows that
FNKDF~Ng(U)=go(F\U)

because go is a homeomorphism. Note that F'\ U is compact, F'\ K is open and go € Wr. v, r k-
If g € Wp v, r K, then, from the above arguments, g le Wk.v and hence the result. O

Note. If F is regular and locally compact, then Homeo(F, F') is a topological monoid, namely
compact-open topology only fails in the continuity of g~ !. A modification on compact-open topology
eliminates this defect [2].

Let G be a topological group and let X be a space. A right G-action on X means a(continuous)
map p: X X G — X, (x,9) — x-gsuch that x-1 =z and (z-¢g)-h =2 - (gh). In this case, we call
X a (right) G-space. Let X and Y be (right) G-spaces. A continuous map f: X — Y is called a
G-map if f(z-g) = f(z) - g for any z € X and g € G. Let X/G be the set of G-orbits zG, z € X,
with quotient topology.

PROPOSITION 6.53. Let X be a G-space.
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1) For fizing any g € G, the map x — x - g is a homeomorphism.
2) The projection m: X — X/G is an open map.

PROOF. (1). The inverse is given by x — x - g~ 1.

(2) If U is an open set of X,
)= JU-g
geG
is open because it is a union of open sets, and so m(U) is open by quotient topology. Thus 7 is an
open map. O

We are going to find some conditions such that 7: X — X/G has canonical fibre bundle structure
with fibre G. Given any point Z € X/G, choose x € X such that m(x) = Z. Then

N z)={z-g|g€G}=G/H,,
where H, ={g € G |z -g =z}

For having constant fibre GG, we need to assume that the G-action on X is free, namely

r-g=x — g=1
for any x € X. This is equivalent to the property that
r-g=x-h = g=h
for any x € X. In this case we call X a free G-space.

Since a fibre bundle is locally trivial (locally Cartesian product), there is always a local cross-
section from the base space to the total space. Our second condition is that the projection 7: X —
X /G has local cross-sections. More precisely, for any & € X/G, there is an open neighborhood U(Z)
with a continuous map sz: U(Z) — X such that 7o sz = idy(z).

(Note. For every point Z, we can always choose a pre-image of 7, the local cross-section means
the pre-images can be chosen “continuously” in a neighborhood. This property depends on the
topology structure of X and X/G.)

Assume that X is a (right) free G-space with local cross-sections to 7: X — X/G. Let Z be any

point in X/G. Let U(Z) be a neighborhood of z with a (continuous) crosse-section sz: U(z) — X.
Define

¢5: U(2) x G —= 7 (U@))  (5,9) —= 5:(¥) - g
for any y € U(Z).

EXERCISE 3.2. Let X be a (right) free G-space with local cross-sections to 7: X — X/G. Then
the continuous map ¢z: U(Z) x G — 7~ 1(U(%)) is one-to-one and onto. O

We need to find the third condition such that ¢z is a homeomorphism. Let
X" ={(z,z-9) |z X, g€ G} C X x X.
A function
X" — G
such that
x-7(r,2’)=2"  forall (z,2") € X
is called a translation function. (Note. If X is a free G-space, then translation function is unique
because, for any (z,z') € X*, there is a unique g € G such that 2’ = z - g, and so, by definition,
T(z,2") = g.)
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PROPOSITION 6.54. Let X be a (right) free G-space with local cross-sections to m: X — X/G.
Then the following statements are equivalent each other:

1) The translation function 7: X* — G is continuous.
2) For any T € X/G, the map ¢z: U(z) x G — 7~ (U(Z)) is a homeomorphism.
3) There is an atlas {(Uy, ¢} of X/G such that the homeomorphisms
Ga: Uy x G —> 11 (Uy)
satisfy the condition ¢ (7, gh) = ¢a(T, g) - h, that is ¢4 is a homeomorphism of G-spaces.
PROOF. (1) = (2). Consider the (continuous) map
0: 7~ (U(z)) — U(Z) x G z = (w(2), 7(sz(7(2)), 2)).
Then
00 ¢z(7,9) =0(sz() - 9) = (4, 7(s2(¥), 5z(7) - 9)) = (¥, 9),
¢z 0 0(2) = ¢z(m(2), 7(s2(n(2)), 2)) = sz(n(2)) - 7(s2(7(2))
Thus ¢z is a homeomorphism.
(2) = (3) is obvious.
(3) = (1). Note that the translation function is unique for free G-spaces. It suffices to show
that the restriction

T(X): X* 0 (n7 N (Us) x 7Y UL)) = (71 (UL))" — G
is continuous. Consider the commutative diagram

(Uqy x G)* 23 (=1 (U))"

Il

T(Uy x G) 7(X)

G B ——— G'

Since

T(Ua % G)((7,9), (7, 1)) = g~"h
is continuous, the translation function restricted to (ﬂ"l(Ua))*

T(X) = 1(Ua x G) o ((¢a)") "
is continuous for each o and so 7(X) is continuous. O

Now we give the definition. A principal G-bundle is a free G-space X such that
7 X - X/G

has local cross-sections and one of the (equivalent) conditions in the above Proposition holds.
Example. Let I' be a topological group and let G be a closed subgroup. Then the action of G
on I' given by (a,g9) — ag for a € T and g € G is free. Then translation function is given by

7(a,b) = a~'b, which is continuous. Thus I' — I'/G is principal G-bundle if and only if it has local
cross-sections.
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3.5.2. The Associated Principal G-Bundles of Fibre Bundles. We come back to look at fibre
bundles £ given by p: E — B with fibre F. Let {(U,, ¢4)} be an atlas and let

9ap: Uy NUg — Homeo(F, F)

be the transition functions. A topological group G is called a group of the bundle £ if

1) There is a group homomorphism
0: G — Homeo(F, F).

2) There exists an atlas of & such that the transition functions g.g lift to G via 6, that is,
there is commutative diagram

U, NUg i Homeo(F, F)

Gap

U, NUg G,

(where we use the same notation gogs.)
3) The transition functions

gop: UaNUg —> G

are continuous.
4) The G-action on F via 6 is continuous, that is, the composite

Oxidp evaluation

G x F —— Homeo(F,F) x F ——— F

is continuous.

We write £ = {(Uy, gas)} for the set of transition functions to the atlas {(Ua, ¢a)}-

Note. In Steenrod’s definition [24, p.7], 6 is assume to be a monomorphism (equivalently, the
G-action on F is effective, that is, if y- g =y for all y € F, then g = 1.).

We are going to construct a principal G-bundle 7: E¢ — B. Then prove that the total space
E = F xg E¢ and p: E — B can be obtained canonically from 7: E¢ — B. In other words,
all fibre bundles can obtained through principal G-bundles through this way. Also the topological
group G plays an important role for fibre bundles. Namely, by choosing different topological groups
G, we may get different properties for the fibre bundle £. For instance, if we can choose G to be
trivial (that is, g lifts to the trivial group), then fibre bundle is trivial. We will see that the bundle
group G for n-dimensional vector bundles can be chosen as the general linear group GL,,(R). The
vector bundle is oriented if and only if the transition functions can left to the subgroup of GL,,(R)
consisting of n x n matrices whose determinant is positive. If n = 2m, then GL,,(C) C GLq,,(R).
The vector bundle admits (almost) complex structure if and only if the transition functions can left
to GL,,,(C). (For manifolds, one can consider the structure on the tangent bundles. For instance,
an oriented manifold means its tangent bundle is oriented.)
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PROPOSITION 6.55. If £ is the set of transition functions for the space B and topological group
G, then there is a principal G-bundle €& given by
7: B — B
and an atlas {(Us, ¢a)} such that & is the set of transition functions to this atlas.
PROOF. The proof is given by construction. Let

E:UUaxGxa,

that is E is the disjoint union of U, x G. Now define a relation on E by
(b,g,a) ~ (V,g',B) <= b="1,9=gap(b)g".

This is an equivalence relation by Equations (9)-(11). Let EY = E/ ~ with quotient topology and
let {b,g,a} for the class of (b,g,a) in E¢. Define 7: E¢ — B by

m{b, g,a} = b,
then 7 is clearly well-defined (and so continuous). The right G-action on E is defined by
{b,g,Oé} ~h= {b,gh,(]}.
This is well-defined (and so continuous) because if (V/,g’, 3) ~ (b, g, ), then
(b/v g/h7 6) = (b7 (gaﬁ(b)g)hv 5) = (ba gaﬁ(b)(gh)a /8) ~ (bv gh, a)'
Define ¢ : Uy x G — 7~ 1(U,) by setting
¢a(b,g) = {b. g, 0},
then ¢, is continuous and satisfies 7 o ¢, (b, g) = b and
¢a(b7g) = {ba 1 gva} = {b7 1,04} g
for b € U, and g € G. The map ¢,, is a homeomorphism because, for fixing «, the map
[TWanUs) x Gx B —+Uax G (b,g".0) > (b.gap(b)g)
B
induces a map 7~ !(U,) — U, x G which the inverse of ¢,. Moreover,
¢O¢(b7 gaﬁ(b)g) = {bv gaﬁ(b)g» a} = {ba g, ﬂ} = eﬁ(bv g)
for b € U, NUg and g € G. Thus the {(Ua, gap)} is the set of transition function to the atlas
{(Uas da)}- O
Let X be a right G-space and let Y be a left G-space. The product over G is defined by
X xgVY =X xY/(zg,y) ~ (z,9y)
with quotient topology. Note that the composite

X s

XxY - X - X/G

(Ty) — & =T
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factors through X x¢ Y. Let p: X xg Y — X/G be the resulting map. For any z € X/G, choose
z€m }(z) C X, then

p N Z)=7n"1Z) xqg Y =x x Y/H,,

where H, = {g € G | zg = x}. Thus if X is a free right G-space, then the projection p: X xgYV —
X/G has the constant fibre Y.

PROPOSITION 6.56. Let m: X — X/G be a (right) principal G-bundle and let Y be any left
G-space. Then

p: X xqgY — X/G
s a fibre bundle with fibre Y.

PROOF. Consider a chart (U, ¢q) for 7: X — X/G. Since the homeomorphism ¢, : U, X G —
7-Y(U,) is a G-map, there is a commutative diagram

Uy XY = (U, xG) xgY % 7 Us) xag Y == p 1 (Uy)

TU, TU, p p

Uy, U, Ua Ua

and hence the result. O

Let £ be a (right) principal G-bundle given by 7: X — X/G. Let Y be any left G-space. Then
fibre bundle

p: X xgY — X/G

is called induced fibre bundle of £, denoted by £[Y].

Now let p: E — B is a fibre bundle with fibre ' and bundle group G. Observe that the action
of Homeo(F, F) on F is a left action because (f o g)(x) = f(g(x)). Thus G acts by left on F via
0: G — Homeo(F, F).

A bundle morphism

B — 2 B
p(€) \p(w
B&) — 2 B(e)

is call an isomorphism if both ¢ and ¢ are homeomorphisms. (Note. this means that (¢, (¢)™1)
are continuous.) In this case, we write £ = &'.

THEOREM 6.57. Let € be a fibre bundle given by p: E — B with fibre F' and bundle group G.
Let €9 be the principal G-bundle constructed in Proposition 6.55 according to a set of transitions
functions to & Then ¢C[F) = €.
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PrOOF. Let {(Uy, ¢4)} be an atlas for £. We write $o for ¢ in the proof of Proposition 6.55.
Consider the map 6, given by the composite:

¢

b % id o
?ZJ(UaxGxa)GxF:UaxF?p’l(Ua).

Wﬁl(Ua) xag F

From the commutative diagram

05 ) = B 90s W)

((Ua N Uﬂ) x G % 5) xG F ((b7g’7ﬁ)7y) — ((b7ga,@(b)g ,a),y)

(b’ y) = (ba gaﬁ(b’ y))

(UaNUp) x F > (U, NUg) x F
=~ (;5[.3 = ¢a
p~ ' (Ua NUp) p~ ' (Ua NUp),
the map 6, induces a bundle map
0
E% xg F —— E(¢)
B(§) == B()
This is an bundle isomorphism because 6 is one-to-one and onto, and 6 is a local homeomorphic by
restricting each chart. The assertion follows. O

This theorem tells that any fibre bundle with a bundle group G is an induced fibre bundle of
a principal G-bundle. Thus, for classifying fibre bundles over a fixed base space B, it suffices to
classify the principal G-bundles over B. The latter is actually done by the homotopy classes from
B to the classifying space BG of G. (There are few assumptions on the topology on B such as B is
paracompact.) The theory for classifying fibre bundles is also called (unstable) K -theory, which is
one of important applications of homotopy theory to geometry. Rough introduction to this theory
is as follows:

There exists a universal G-bundle wg as m: EG — BG. Given any principal G-bundle £ over
B, there exists a (continuous) map f: B — BG such that &, as a principal G-bundle, is isomorphic
to the pull-back bundle f*wg given by

E(f*we) ={(z,y) € BX EG | f(x) =7(y)} — EG
(x,y) =T ™

B - BG.
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Moreover, for continuous maps f,g: B — BG, ffwg = g*wg if and only if f ~ ¢. In other words,
the set of homotopy classes [B, BG| is one-to-one correspondent to the set of isomorphic classes of
principal G-bundles over G.

Seminar Topic: The classification of principal G-bundles and fibre bundles. (References: for
instance [9, pp.48-58] Or [17, 18].)
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6.3. Seifert- Van Kampen Theorem for Simplicial Groups.

6.4. Constructing Simplicial Group Models for Loop Spaces.

7. Configuration Spaces and Combinatorial Models for Mapping Spaces
7.1. Configuration Spaces.
7.2. Configuration Spaces with Labels.

8. Homotopy Decompositions of Spaces
9. Cohen Groups
10. Homotopy Groups and the Exponent Problem in Homotopy Theory
10.1. EHP-Sequences.
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