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RI * VXFK WKDW�

� � WKH TXRWLHQW VLPSOLFLDO KRPRPRUSKLVP TQ � 3Q* � 3Q* LV D KRPRWRS\ HTXLY�

DOHQFH IRU HDFK Q�

� � WKH NHUQHO )Q* RI WKH TXRWLHQW VLPSOLFLDO KRPRPRUSKLVP UQ � 3Q* � 3Qb�*

LV WKH PLQLPDO VLPSOLFLDO JURXS . � }Q � *� � Q� IRU HDFK Q�

� � WKH VKRUW H[DFW VHTXHQFH RI VLPSOLFLDO JURXSV

� � ) Q* � 3Q* � 3Qb�* � �
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LV D FHQWUDO H[WHQVLRQ IRU HDFK Q�

� � * LV WKH LQYHUVH OLPLW RI WKH FRpOWUDWLRQ�

� � * LV WKH KRPRWRS\ LQYHUVH OLPLW RI WKH FRpOWUDWLRQ�

&RU ROODU \ ����� / HW * EH D FRQQHFWHG PLQLPDO VLPSOLFLDO JURXS DQG OHW I3Q*J EH

WKH 0 RRUH�3 RVWQLNRY V\VWHPV RI *� 7KHQ WKH VKRUW H[DFW VHTXHQFH RI VLPSOLFLDO JURXSV

� � )Q* � 3Q* � 3Qb�* � �

LV D FHQWUDO H[WHQVLRQ IRU HDFK Q�

,Q V R P H F D V H V � W K H K R P R W R S \ J U R X S }Q � *� LV W K H V D P H D V W K H F H Q W H U R I *Q %*Q�

'HpQLWLRQ ����� $ V LP S OLF LD O J U R X S * LV V D LG W R E H U�FHQWHUOHVV LI W K H F H Q W H U = � *Q �

LV W U LYLD O IR U Q y U�

3 U RSRVLWLRQ ����� / HW * EH D FRQQHFWHG U�FHQWHUOHVV VLPSOLFLDO JURXS� 7KHQ

}Q � *� | = � *Q %*Q �

IRU Q y U � � �

3 URRI� % \ / H P P D � �� � =*Q %*Q v = � *Q %*Q � � 6 R LW V X r F H V W R V K R Z W K D W

= � *Q %*Q � v =*Q %*Q

IR U Q y U � � � 1 R Z OH W a[ � = � *Q %*Q � � &K R R V H [ � *Q ZLW K S� [�  a[� ZK H U H

S � *Q � *Q %*Q LV W K H TX R W LH Q W K R P R P R U S K LV P � 7R F K H F N a[ � =*Q %*Q� LW
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V X r F H V W R V K R Z W K D W [ � =*Q R U GM[  � IR U D OO M� 6 LQ F H = � *Qb� �  I� J� GM[  �

LI D Q G R Q O\ LI >GM[� \@  � IR U D OO \ � *Qb�� 1 R Z >GM[� \@  GM>[� VMb�\@ IR U M ! � D Q G

>G�[� \@  G�>[� V�\@� 6 LQ F H a[ � = � *Q %*Q � � >[� ]@ � %*Q v =*Q IR U D OO ] � *Q D Q G

W K H U H IR U H >GM[� \@  � IR U D OO \ � *Qb�� : H p Q LV K W K H S U R R I�

7K H S U R R I D OV R J LYH V

3 U RSRVLWLRQ ����� / HW * EH D FRQQHFWHG U�FHQWHUOHVV VLPSOLFLDO JURXS� 7KHQ

= � *Q =*Q �  I� J

IRU Q y U � � �

$ V LP S OLF LD O J U R X S * LV F D OOH G UHGXFHG LI *�  I� J�

/HPPD ����� / HW * EH D UHGXFHG VLPSOLFLDO JURXS VXFK WKDW *Q LV F\FOLF RU FHQWHUOHVV

IRU HDFK Q� / HW q* EH WKH VPDOOHVW Q VXFK WKDW ZH KDYH *Q � I� J� 7KHQ = � *Q �  I� J

IRU Q ! q*�

7K LV S U R R I� ZK LF K V K R U W H Q V R X U R U LJ LQ D O S U R R I� ZD V S U R YLG H G D Q G V X J J H V W H G E \ W K H

U H IH U H H �

3 URRI� 7K H D V V H U W LR Q IR OOR ZV IU R P W ZR H D V \ U H P D U NV �

D � ,I *Q LV Q R W D E H OLD Q � D Q \ *T IR U T y Q LV D OV R Q R Q �D E H OLD Q E H F D X V H LW F R Q W D LQ V

F R S LH V R I *Q YLD G H J H Q H U D F LH V �
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E � ,I W K H V LP S OLF LD O J U R X S * LV D E H OLD Q D Q G *Q  1*Q LV F \F OLF IR U Q  q* ZLW K

q* y � � W K H Q E \ W K H ' R OG �. D Q W K H R U H P *Q�� F R Q W D LQ V Q � � G LoH U H Q W F R S LH V

R I *Q� 6 R LW F D Q Q R W E H F \F OLF �

&RU ROODU \ ����� / HW * EH D UHGXFHG VLPSOLFLDO JURXS VXFK WKDW *Q LV F\FOLF RU FHQ�

WHUOHVV IRU HDFK Q� 7KHQ }Q � *� | = � *Q %*Q � IRU Q � q* � � � ZKHUH q* LV GHpQHG

DV DERYH�

7 KHRU HP ����� / HW * EH D UHGXFHG VLPSOLFLDO JURXS VXFK WKDW *Q LV D IUHH JURXS IRU

HDFK Q� 7KHQ WKHUH H[LWV D XQLTXH LQWHJHU q* ! � VXFK WKDW *Q  I� J IRU Q � q* DQG

U D Q N� *Q � y � IRU Q ! q*� ) XUWKHUPRUH� }Q � *� | = � *Q %*Q � IRU Q � q* � � �

/ H W * E H D J U R X S D Q G OH W b Q* E H W K H G H V F H Q G LQ J F H Q W U D O V H U LH V R I * V W D U W LQ J

ZLW K b �  *� / H W 7R U � *�  I[ � *M[T  � IR U V R P H T ! � J� ,I * LV D Q

D E H OLD Q J U R X S � W K H Q 7R U � *� LV W K H W R U V LR Q V X E J U R X S R I *� )R U D J H Q H U D O J U R X S *�

7R U � *� LV Q R W D V X E J U R X S R I *� / H W * E H D F R Q Q H F W H G IU H H V LP S OLF LD O J U R X S � 7K H Q

W K H W R U V LR Q F R P S R Q H Q W R I W K H K R P R W R S \ J U R X S V }e � *� F D Q E H G H V F U LE H G D V IR OOR ZV �

5 H F D OO W K D W D V LP S OLF LD O J U R X S * LV F D OOH G IU H H LI H D F K *Q LV D IU H H J U R X S D Q G W K H U H

LV D F K R LF H R I J H Q H U D W R U V IR U H D F K *Q V X F K W K D W W K H G H J H Q H U D F LH V V H Q G J H Q H U D W R U V W R

J H Q H U D W R U V >� � � � � @�

7 KHRU HP ����� / HW * EH D FRQQHFWHG IUHH VLPSOLFLDO JURXS� OHW T y � EH DQ LQWHJHU

DQG OHW V y � QbT� 6XSSRVH WKDW }M � *�  � IRU M x T� 7KHQ 7R U � *Q K%*Q� b VL � LV D
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VXEJURXS RI *Q K%*Q� b VL� ) XUWKHUPRUH� WKHUH DUH LVRPRUSKLVPV RI JURXSV

7R U � }Q � *� � | 7R U � = � *Q K%*Q� b VL � � | 7R U � *Q K%*Q� b VL � �

ZLWK b V  b V*Q�

3 URRI� 1 R W LF H W K D W b V*  Ib V*QJQy� LV D Q R U P D O V LP S OLF LD O V X E J U R X S R I *� / H W

� � * � * b V* E H W K H TX R W LH Q W V LP S OLF LD O K R P R P R U S K LV P � 7K H Q

1 � �� � 1*Q � 1 � * b V*� Q LV D Q H S LP R U S K LV P IR U H D F K Q y � D Q G V R

% � �� � %*Q � % � * b V*� Q LV D Q H S LP R U S K LV P IR U H D F K Q y � � 7K X V W K H U H LV D

F D Q R Q LF D O LV R P R U S K LV P R I J U R X S V

� * b V*� Q
% � * b V*� Q

| *Q K%*Q� b VL�

% \ &X U W LV 7K H R U H P >� � @� ZH K D YH }M � b V*�  � IR U M x Q D Q G V R

�e � }M � *� � }M � * b V*�

LV D Q LV R P R U S K LV P IR U M x Q� % \ / H P P D � �� � W K H F R P S R V LW H

}Q � *�  =*Q %*Q

�e
| 

 = � * b V*� Q % � * b V*� Q ~
 = � *Q K%*Q� b V*QL �

LV D P R Q R P R U S K LV P � 7K X V W K H F R P S R V LW H

7R U � }Q � *� � 
 7R U � = � *Q K%*Q� b V*QL � � ~
 7R U � *Q K%*Q� b V*QL �

LV R Q H �W R �R Q H � ,W V X r F H V W R V K R Z W K D W W K LV F R P S R V LW H LV D Q H S LP R U S K LV P �



& 20 %,1 $ 7 25,$ / ' (6& 5,37 ,21 6 2) + 20 27 23< *528 36 2) & (57 $ ,1 63$ & (6 � �

/ H W [ � 7R U � *Q K%*Q� b VL � D Q G OH W o � � * b V*� Q V X F K W K D W [  o% � * b V*� Q�

7K H Q W K H U H H [LV W V N ! � V X F K W K D W oN � % � * b V*� Q v = � * b V*� Q� 7K X V � IR U H D F K

� x M x Q� ZH K D YH

� GM � o � �
N  GM � o

N �  �

LQ W K H J U R X S � * b V*� Qb�  *Qb� b V*Qb�� 2E V H U YH W K D W � * b V*� Qb�  *Qb� b V*Qb�

LV D W R U V LR Q �IU H H J U R X S � 7K X V

GM � o �  �

IR U H D F K � x M x Q D Q G V R o � =*Q� + H Q F H

[ �
= � * b V*� Q
% � * b V*� Q

? 7R U � *Q K%*Q� b V*QL � �

D Q G W K H D V V H U W LR Q IR OOR ZV �

5HPDU N ����� / H W ; E H D V LP S O\ F R Q Q H F W H G U H G X F H G V LP S OLF LD O V H W D Q G OH W *; E H

W K H . D Q �F R Q V W U X F W LR Q IR U ;� 7K H Q *; LV D IU H H V LP S OLF LD O J U R X S LQ W K H V H Q V H R I >� � @�

7K X V W K LV W K H R U H P V K R ZV W K D W W K H W R U V LR Q F R P S R Q H Q W R I D Q \ K R P R W R S \ J U R X S R I D

V LP S O\ F R Q Q H F W H G V S D F H LV W K H W R U V LR Q F R P S R Q H Q W R I W K H F H Q W H U R I D F H U W D LQ Q LOS R W H Q W

J U R X S �

( [DPSOH ����� $ F R P E LQ D W R U LD O F D OF X OD W LR Q R I }� � 6
� � K D V E H H Q F R P S X W H G E \ ' �

. D Q >� � @� $ F R P E LQ D W R U LD O F D OF X OD W LR Q R I }Q�� � 6
Q � IR U Q y � LV J LYH Q D V IR OOR ZV �

7K H IR OOR ZLQ J F D OF X OD W LR Q D OV R J LYH V F R P E LQ D W R U LD O U H S U H V H Q W D W LYH V IR U W K H J H Q H U D W R U

R I }Q�� � 6
Q � � W K D W LV W K H u�H OH P H Q W V �
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/ H W *  ) � 6Q � � 0LOQ R U 
V ) �F R Q V W U X F W LR Q R Q W K H V W D Q G D U G Q�V S K H U H IR U Q y � �

7K H Q *Q
| ) � � � | = � � � � W K H IU H H D E H OLD Q J U R X S J H Q H U D W H G E \ �� D Q G D OV R *Q��

| 

) � V��� V��� � � � � VQ� � D Q G *Q��
| ) � VLVM�M� x M � L x Q� � ,W LV H D V \ W R F K H F N W K D W

b �*Q��  =Q��� % \ / H P P D � �� � b �*Q��  >=*Q��� *Q��@ v %*Q���

)R U Q  � � LW ZLOO E H V K R ZQ W K D W b �*Q��  %*Q�� LQ 6 H F W LR Q � � D Q G W K H U H IR U H

}� � 6
� � | }� � ) � 6

� � � | =� J H Q H U D W H G E \ >V��� V��@�

6 X S S R V H W K D W Q ! � � &R Q V LG H U W K H H TX D W LR Q V IR U L� � � M x Q�

GN � >VMb�VL�� VM��VM�@�  

�!�
!�

� IR U N � M�

>VL�� VM�@ IR U N  M�

GN>VL��VL���� VL��VL�@  

�!!!!!�
!!!!!�

>VL���� VL���@ IR U N  L� � �

>VL���� VL�@ IR U N  L� � �

� R W K H U ZLV H �

D Q G

GN>VL��VL�� VL��VL���@  

�!!!!!!!!�
!!!!!!!!�

>VL���� VL���@ IR U N  L� � �

>VL�� VL���@ IR U N  L� � �

>VL�� VL���@ IR U N  L� � �

� R W K H U ZLV H �

% \ W K H + R P R W R S \ $ G G LW LR Q 7K H R U H P >� � � 7K H R U H P � �� @�

>VL�� VM�@ � %Q�� IR U L� � � M�

>VL���� VL���@ u >VL�� VL���@ P R G %Q���
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� u >VL�� VL���@ u >VL�� VL���@ � >VL���� VL���@ u � >VL�� VL���@ LI L� � x Q�

' LU H F W F D OF X OD W LR Q V K R ZV W K D W >V��� V��@ �� % � b �*Q�� b �*Q�� � � 7K X V

>V��� V��@  � %*Q��

D Q G � E \ W K H U H OD W LR Q V D E R YH �

}Q�� � 6
Q�� � | }Q�� � *� | =*Q�� %*Q��

| = �

IR U Q y � � ZK LF K F D Q E H U H S U H V H Q W H G E \ >VL�� VL���@ IR U � x L x Qb � �

� � ,QW HU VHF W LRQV RI F HU W DLQ VXEJU RXSV LQ I U HH JU RXSV

'HpQLWLRQ ���� OH W 6 E H D V H W D Q G OH W 7 v 6 E H D V X E V H W � 7K H SURMHFWLRQ KRPRPRU�

SKLVP

} � ) � 6 � � ) � 7 �

LV G H p Q H G E \

} � [ �  

�!�
!�

[ LI [ � 7 �

� LI [ �� 7 �

1 R Z OH W } � ) � 6 � � ) � 7 � E H W K H S U R MH F W LR Q K R P R P R U S K LV P D Q G OH W 5 E H W K H NH U Q H O

R I }� ' H p Q H V X E V H W V R I W K H IU H H J U R X S ) � 6 � D V IR OOR ZV �

)R U [ � 6 b 7 D Q G \ D U H G X F H G ZR U G LQ ) � 7 � G H p Q H z� [� \ � E \ LQ G X F W LR Q R Q W K H

OH Q J W K R I \�

z� [� \ �  [ LI \ LV W K H H P S W \ ZR U G �
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z� [� \ �  >z� [� \� � � ]s@ LI \  \�]s ZLW K ] � 7 D Q G s  h � �

/ H W $7 E H W K H V H W R I z � [� \ � � / H W %7 E H W K H V H W R I \
b�[\ IR U [ � 6b7 D Q G \ � ) � 7 � �

% \ W K H F OD V V LF D O . X U R V F K �6 F K U H LH U W K H R U H P � V H H >� � � 7K H R U H P � � �� @� � ZH K D YH

3 U RSRVLWLRQ ���� 7KH VXEJURXS 5 LV D IUHH JURXS IUHHO\ JHQHUDWHG E\ %7 �

,Q ID F W $7 LV D OV R D V H W R I IU H H J H Q H U D W R U V IR U 5�

3 U RSRVLWLRQ ���� 7KH VXEJURXS 5 LV D IUHH JURXS IUHHO\ JHQHUDWHG E\ $7 �

7K LV S U R R I� ZK LF K V K R U W H Q V R X U R U LJ LQ D O OR Q J S U R R I� ZD V S U R YLG H G D Q G V X J J H V W H G E \

W K H U H IH U H H �

3 URRI� 7K H S U R R I IR OOR ZV IU R P W K H IR OOR ZLQ J W ZR V W H S V �

D � $ Q \ p Q LW H S D U W R I %7 F D Q E H U H S OD F H G � X V LQ J 7LH W ] H P R YH V � V H H >� � @� E \ D p Q LW H

S D U W R I $7 � 7K X V $7 J H Q H U D W H V W K H V X E J U R X S 5�

E � ,Q W K H V D P H ZD \ D Q \ p Q LW H S D U W R I $7 F D Q E H U H S OD F H G E \ D p Q LW H S D U W R I %7 � 7K X V

$7 IU H H O\ J H Q H U D W H V 5�

1 R Z OH W 
V F R Q V LG H U W K H LQ W H U V H F W LR Q R I NH U Q H OV R I S U R MH F W LR Q K R P R P R U S K LV P V � / H W

6 E H D V H W D Q G OH W 7M E H D V X E V H W R I 6 IR U � x M x N� / H W }M � ) � 6 � � ) � 7M � E H W K H

S U R MH F W LR Q K R P R P R U S K LV P IR U � x M x N� : H F R Q V W U X F W D V X E V H W $� 7�� c c c � 7N � R I

) � 6 � E \ LQ G X F W LR Q R Q N D V IR OOR ZV �

$ � 7� �  $7��
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$� 7�� 7�� c c c � 7Nb� � D U H ZU LW W H Q G R ZQ D V F H U W D LQ F R P P X W D W R U V LQ ) � 6 � LQ W H U P V R I

H OH P H Q W V LQ 6� / H W 7
�N�
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�

7 KHRU HP ���� / HW 6 EH D VHW DQG OHW 7M EH D VXEVHW RI 6 IRU � x M x N� / HW

}M � ) � 6 � � ) � 7M � EH WKH SURMHFWLRQ KRPRPRUSKLVP IRU � x M x N� 7KHQ WKH LQWHU�

VHFWLRQ
7N

M � . H U � }M � LV D IUHH JURXS IUHHO\ JHQHUDWHG E\ $� 7�� 7�� c c c � 7N � �

3 URRI� 7K H S U R R I LV J LYH Q E \ LQ G X F W LR Q R Q N� ,I N  � � W K H D V V H U W LR Q IR OOR ZV IU R P

3 U R S R V LW LR Q � �� � 6 X S S R V H W K D W
7Nb�
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3 URRI RI 7KHRUHP ���� % \ / H P P D � �� D Q G 7K H R U H P � �� � . H U � G� �  K[�L  K\b�L D Q G

W K H U H IR U H

=Q��  >>K\�L� c c c � K\QL@@ ? K\b�L�

7K H D V V H U W LR Q IR OOR ZV �

� � 2Q W KH +RP RW RS\ * U RXSV RI h. � }� � �

,Q W K LV V H F W LR Q � IR U D Q \ J U R X S } ZH J LYH J U R X S W K H R U H W LF D O G H V F U LS W LR Q V IR U }e � h. � }� � � � �

7K H S U R R I R I 7K H R U H P � �� LV J LYH Q LQ W K LV V H F W LR Q � X V LQ J W K H Q R W D W LR Q G H p Q H G LQ 6 H F �

W LR Q � � : H Q H H G D V LP S OLF LD O J U R X S F R Q V W U X F W LR Q �

'HpQLWLRQ ���� / H W * E H D V LP S OLF LD O J U R X S D Q G OH W ; E H D S R LQ W H G V LP S OLF LD O V H W

ZLW K D E D V H �S R LQ W e� 7K H V LP S OLF LD O J U R X S )* � ;� LV G H p Q H G E \ V H W W LQ J

)* � ; � Q  
D
[�;Q

� *Q � [�

W K D W LV � W K H IU H H S U R G X F W � P R G X OR W K H U H OD W LR Q V � *Q � e� ZK H U H � *Q � [ LV D F R S \ R I *Q�

7K H ID F H D Q G G H J H Q H U D F \ K R P R P R U S K LV P V LQ )* � ; � D U H J LYH Q LQ W K H F D Q R Q LF D O ZD \

E \ W K H X Q LYH U V D O S U R S H U W \ R I W K H F R S U R G X F W LQ W K H F D W H J R U \ R I J U R X S V D Q G J U R X S

K R P R P R U S K LV P V �

/HPPD ��� � >� @� 7K H R U H P � � S S �� � � � / HW * EH D VLPSOLFLDO JURXS DQG OHW ; EH D

SRLQWHG VLPSOLFLDO VHW� 7KHQ WKH JHRPHWULF UHDOL]DWLRQ M)* � ; � M LV KRPRWRS\ HTXLYDOHQW

WR n� M;M A%M*M� �
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$ J H Q H U D OL] D W LR Q R I W K LV OH P P D E \ X V LQ J p E U H ZLV H V LP S OLF LD O J U R X S V LV J LYH Q LQ >� � @�

3 URRI RI 7KHRUHP ���� 6 LQ F H I[�o�Mo � -J LV D V H W R I J H Q H U D W R U V IR U }�

) � [�o�Mo � - � � } LV D Q H S LP R U S K LV P � 7K X V

) � Bo�-6
� � | ) ) �[� o� Mo�-� � 6� � � ) } � 6� �

LV D Q H S LP R U S K LV P � + H Q F H

1) � Bo�-6
� � � 1) } � 6� �

D Q G

%) � Bo�-6
� � � %) } � 6� �

D U H H S LP R U S K LV P V � 1 R Z W K H D V V H U W LR Q IR OOR ZV IU R P 7K H R U H P � �� � / H P P D � �� D Q G

3 U R S R V LW LR Q � �� � �

( [DPSOH ���� / H W } E H D Q D E H OLD Q J U R X S � 7K H Q

}� � h. � }� � � � | b � � } e } �  b � � } e } � | } n }�

ZK H U H * e+ LV W K H IU H H S U R G X F W R I W K H J U R X S V * D Q G +�

3 URRI� &R Q V LG H U W K H V LP S OLF LD O J U R X S ) } � 6� � � 7K H Q ) } � 6� � �  } D Q G ) } � 6� � �  }e}�

6 LQ F H } LV D E H OLD Q � W K H F R P P X W D W R U V X E J U R X S b � � } e } � LV F R Q W D LQ H G LQ W K H F \F OH V
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=) } � 6� � �� % \ / H P P D � �� � W K H V X E J U R X S b � � } e } � LV F R Q W D LQ H G LQ W K H E R X Q G D U LH V

%) } � 6� � �� 2Q W K H R W K H U K D Q G � E \ &R U R OOD U \ � �� D Q G 7K H R U H P � �� � W K H U H D U H LQ F OX V LR Q V

=) } � 6� � � v 1) } � 6� � � v b � � } e } �

D Q G

%) } � 6� � � v b � � } e } � �

7K X V

=) } � 6� � �  b � � } e } �

D Q G

%) } � 6� � �  b � � } e } � �

+ H Q F H W K H U H V X OW �

� � $SSO LF DW LRQV

,Q W K LV V H F W LR Q � ZH V W X G \ &R K H Q 
V .�F R Q V W U X F W LR Q � 2X U G H V F U LS W LR Q V R I W K H K R P R �

W R S \ J U R X S V R I W K H � �V S K H U H D OOR Z X V W R J LYH D F D OF X OD W LR Q IR U W K H .�F R Q V W U X F W LR Q R I

W K H � �V S K H U H �

'HpQLWLRQ ���� / H W ; E H D V H W � 7K H J U R X S .� ;� LV W K H TX R W LH Q W J U R X S R I W K H

IU H H J U R X S ) � ; � E \ W K H Q R U P D O V X E J U R X S J H Q H U D W H G E \ D OO R I W K H F R P P X W D W R U V

>>c c c >[�� [�@� c c c @� [W@ ZLW K [L � ; D Q G [L  [M IR U V R P H � x L � M x W� 1 R Z

OH W 6 E H D S R LQ W H G V LP S OLF LD O V H W � 7K H V LP S OLF LD O J U R X S .� 6 � LV G H p Q H G W R E H W K H

TX R W LH Q W V LP S OLF LD O J U R X S R I ) � 6 � P R G X OR W K H Q R U P D O V LP S OLF LD O V X E J U R X S J H Q H U D W H G



& 20 %,1 $ 7 25,$ / ' (6& 5,37 ,21 6 2) + 20 27 23< *528 36 2) & (57 $ ,1 63$ & (6 � �

E \ D OO R I W K H F R P P X W D W R U V >>c c c >[�� [�@� c c c @� [W@ ZLW K [L � 6 D Q G [L  [M IR U V R P H

� x L � M x W� ZK H U H ) � 6 � LV 0LOQ R U 
V ) � . � �F R Q V W U X F W LR Q IR U W K H V LP S OLF LD O V H W 6�

'HpQLWLRQ ���� 7K H J U R X S / LH � Q� F R Q V LV W V R I W K H H OH P H Q W V R I ZH LJ K W Q LQ W K H / LH

D OJ H E U D / LH � [�� [�� c c c � [Q � ZK LF K LV W K H TX R W LH Q W / LH D OJ H E U D R I W K H IU H H / LH D OJ H E U D

/� [�� [�� c c c � [Q � R YH U = E \ W K H W ZR V LG H G / LH LG H D O J H Q H U D W H G E \ W K H / LH H OH P H Q W V

>>[L�� [L�@� c c c � @� [LW@ ZLW K LO  LN IR U V R P H � x O � N x W�

7K H IR OOR ZLQ J OH P P D V D U H G X H W R )U H G &R K H Q �

/HPPD ��� � >� @� � b T. � [�� [�� c c c � [Q �  I� J IRU T y Q DQG

b Q. � [�� [�� c c c � [Q � | / LH � Q� �

/HPPD ��� � >� @� � ,Q WKH JURXS . � [�� [�� c c c � [Q � � IRU HDFK � x M x Q WKH QRUPDO

VXEJURXS JHQHUDWHG E\ [M LV DEHOLDQ IRU HDFK � x M x Q�

/HPPD ��� � >� @� � 7KH VHW I>>[�� [����@� c c c � [��Q�@M� � hQb�J LV D =�EDVLV IRU / LH � Q� �

ZKHUH hQb� DFWV RQ I� � � � c c c � QJ E\ SHUPXWDWLRQ�

5 H F D OO W K D W W K H V LP S OLF LD O � �V S K H U H 6� LV D IU H H V LP S OLF LD O V H W J H Q H U D W H G E \ D � �

V LP S OH [ �� 0R U H S U H F LV H O\� 6��  IeJ� 6��  I�� eJ D Q G 6�Q��  Ie� VQ c c c AVM c c c V��M � x

M x QJ� / H W [L G H Q R W H VQ c c c AVM c c c V��� 7K H Q
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/HPPD ���� 7KH IDFH IXQFWLRQV GL � 6
�
Q�� � 6�Q DQG WKH GHJHQHUDWH IXQFWLRQV

VL � 6
�
Q�� � 6�Q�� DUH DV IROORZV�

GL[M  

�!�
!�

[M IRU M � L�

[Mb� IRU M y L�

DQG

VL[M  

�!�
!�

[M IRU M � L�

[M�� IRU M y L�

ZKHUH ZH SXW [b�  e DQG [Q  e LQ 6�Q�

7 KHRU HP ���� }Q � . � 6
� � � LV LVRPRUSKLF WR / LH � Q� �

3 URRI� / H W } � ) � 6� � � . � 6� � E H W K H TX R W LH Q W K R P R P R U S K LV P � 7K H Q

1) � 6� � � 1. � 6� � LV D Q H S LP R U S K LV P � 5 H F D OO IU R P &R U R OOD U \ � �� W K D W 1) � 6� � Q��

LV J H Q H U D W H G E \ D OO R I W K H F R P P X W D W R U V

>\L�� \L�� c c c � \LW@

V X F K W K D W IL�� L�� c c c � LWJ  I� � � � c c c � QJ� E \ &R U R OOD U \ � �� � 7K X V

1) � 6� � Q�� v b Q��) � 6
� � Q�� D Q G W K H U H IR U H

1. � 6� � Q�� v b Q��. � 6
� � Q���

2E V H U YH W K D W ZH K D YH . � 6� � Q�� | . � [�� [�� c c c � [Q � � 7K X V

b Q��. � 6
� � Q�� | / LH � Q� � �



& 20 %,1 $ 7 25,$ / ' (6& 5,37 ,21 6 2) + 20 27 23< *528 36 2) & (57 $ ,1 63$ & (6 � �

D Q G b Q��. � 6
� � Q  I� J� 7K X V

GMMbQ��.�6��Q�� � b Q��. � 6
� � Q�� � . � 6� � Q

LV W U LYLD O IR U H D F K M y � � $ Q G W K H U H IR U H

1. � 6� � Q��  b Q��. � 6
� � Q�� | / LH � Q� � �

ZLW K G� � 1. � 6� � Q�� � 1. � 6� � Q LV D W U LYLD O G LoH U H Q W LD O� 7K H D V V H U W LR Q IR OOR ZV �

5HPDU N ���� / H W hQ D F W R Q / LH � Q� E \ S H U P X W LQ J OH W W H U V � 7K H 5 � hQ � �P R G X OH

/ LH 5 � Q�  / LH � Q� n5 K D V LP S R U W D Q W D S S OLF D W LR Q V LQ U H S U H V H Q W D W LR Q 7K H R U \ D Q G P D W K �

H P D W LF D O S K \V LF V �

7K H F D OF X OD W LR Q R I }Q � . � 6
� � � IR U Q  � � � V K R ZV W K D W }Q � ) � 6

� � � | }Q � . � 6
� � � IR U

Q  � � � � 2E V H U YH W K D W }Q � . � 6
� � � | / LH � Q � LV W R U V LR Q �IU H H E \ W K H W K H R U H P D E R YH � D Q G

}Q � ) � 6
� � � LV D W R U V LR Q J U R X S IR U Q y � � 7K X V ZH K D YH

&RU ROODU \ ���� / HW � � ) � 6� � � . � 6� � EH WKH TXRWLHQW VLPSOLFLDO KRPRPRUSKLVP�

7KHQ

�e � }Q � ) � 6
� � � � }Q � . � 6

� � �

LV DQ LVRPRUSKLVP IRU Q  � � � DQG ]HUR IRU Q ! � �

1 R Z ZH F R Q V LG H U W K H 6 D P H OV R Q S U R G X F W LQ }e � . � 6
� � � � $ V S U H YLR X V O\� OH W [M G H Q R W H

VQ c c c AVM c c c V�� LQ 6�Q��� 7K H IR OOR ZLQ J OH P P D IR OOR ZV G LU H F W O\ IU R P / H P P D � �� �
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/HPPD ����� / HW ,  � L�� L�� c c c � LP � EH D VHTXHQFH ZLWK L� � L� � c c c � LP� ' HpQH

V,  VLP c c c VL� DQG zV, WKH RUGHU�SUHVHUYLQJ LVRPRUSKLVP� 7KHQ

V, � 6
�
Q�� b e � 6�Q�P�� b e

LV WKH FRPSRVLWH

I[�� [�� c c c � [QJ
zV,
 I[�� [�� c c c � A[L�� c c c � A[L�� c c c � A[LP� c c c � [Q�PJ

~
 I[�� [�� c c c � [Q�PJ

5 H F D OO W K D W � IR U [ � }Q � *� D Q G \ � }P � *� � W K H 6 D P H OV R Q S U R G X F W >� � @ LV G H p Q H G W R

E H

� [� \ ! 
<
�D�E�

>VE[� VD\@
VLJQ �D�E��

ZK H U H * LV D V LP S OLF LD O J U R X S � � D� E �  � D�� c c c � DQ� E�� c c c � EP � U X Q V R YH U D OO S H U P X �

W D W LR Q V R I � � � � � c c c �P � Q b � � V X F K W K D W D� � D� � c c c � DQ� E� � E� � c c c � EP�

V LJ Q � D� E � LV W K H V LJ Q R I W K H S H U P X W D W LR Q � D� E� � W K H R U G H U R I W K H S U R G X F W
4
LV U LJ K W

OH [LF R J U D S K LF R Q D D Q G VD  VDQ c c c VD��

3 U RSRVLWLRQ ����� 7KH 6DPHOVRQ SURGXFW LQ }e � . � 6
� � � LV DV IROORZV�

� >[����� [����� c c c � [��Q�@� >[����� [����� c c c � [��P�@ !

 
;
�,�-�

V LJ Q � ,� - � >>[L� � �� � c c c � [L� � Q� @� >[M� � �� � c c c � [M� � P�
@@

IRU WKH FRPPXWDWRUV

>[����� [����� c c c � [��Q�@ � }Q�� � .6� � � | / LH � Q� � �
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DQG

>[����� [����� c c c � [��P�@ � }P�� � . � 6
� � � | / LH � P� � �

ZKHUH

� ,� - �  � L�� L�� c c c � LQ� M�� M�� c c c � MP �

UXQV RYHU DOO SHUPXWDWLRQV RQ � � � � � c c c �P � Q � � � VXFK WKDW L� � L� � c c c � LQ�

M� � M� � c c c � MP� V LJ Q � ,� - � LV WKH VLJQ RI WKH SHUPXWDWLRQ � ,� - � � � � hQ�� DFWV RQ

I� � � � c c c � QJ DQG � � hP�� DFWV RQ I� � � � c c c �PJ

3 URRI� 2E V H U YH W K D W ZH K D YH I[�� c c c � A[M�� c c c � A[MP� c c c � [Q�P��J  I[L�� c c c � [LQJ�

D Q G

zV- � I[�� c c c � [QJ � I[L�� c c c � [LQJ

LV D Q R U G H U H G LV R P R U S K LV P � 7K H D V V H U W LR Q IR OOR ZV E H F D X V H

V- � >[����� [����� c c c � [��Q�@�  >[L� � �� � c c c � [L� � Q� @

D Q G

V, � >[����� [����� c c c � [��P�@�  >[M� � �� � c c c � [M� � P�
@�

/ H W / LH 5  
/

�

Q � / LH � Q� n 5 E H D J U D G H G P R G X OH R YH U D U LQ J 5 ZLW K W K H J U D G H G

S D LU LQ J G H p Q H G LQ 3 U R S R V LW LR Q � �� � � 7K H Q / LH 5 LV D J U D G H G / LH D OJ H E U D �
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&RU ROODU \ ����� 7KHUH LV DQ LVRPRUSKLVP RI +RSI DOJHEUDV

+e � . � 6
� � �4 � | 8 � / LH 4 � �

ZKHUH 8 � /� LV WKH XQLYHUVDO HQYHORSLQJ DOJHEUD RI WKH / LH DOJHEUD /�

5 H F D OO W K D W D V LP S OLF LD O J U R X S * LV P LQ LP D O LI D Q G R Q O\ LI W K H 0R R U H F K D LQ F R P S OH [

1* LV P LQ LP D O >� � @�

7 KHRU HP ����� 7KH VLPSOLFLDO JURXS . � 6� � LV WKH XQLYHUVDO PLQLPDO VLPSOLFLDO TXR�

WLHQW VLPSOLFLDO JURXS RI ) � 6� � LQ WKH IROORZLQJ VHQVH�

� � . � 6� � LV D PLQLPDO VLPSOLFLDO JURXS�

� � / HW * EH D PLQLPDO VLPSOLFLDO JURXS� 7KHQ HYHU\ VLPSOLFLDO KRPRPRUSKLVP

I � ) � 6� � � * IDFWRUV XQLTXHO\ WKURXJK . � 6� � �

3 URRI� % \ LQ V S H F W LQ J W K H S U R R I R I 7K H R U H P � �� � . � 6� � LV D P LQ LP D O V LP S OLF LD O J U R X S �

7K H D V V H U W LR Q � � � IR OOR ZV IU R P W K H IR OOR ZLQ J OH P P D �

/HPPD ����� . � 6� � LV WKH TXRWLHQW VLPSOLFLDO JURXS RI ) � 6� � E\ WKH QRUPDO VLP�

SOLFLDO VXEJURXS JHQHUDWHG E\ WKH ERXQGDULHV�

3 URRI� / H W + G H Q R W H W K H NH U Q H O R I W K H TX R W LH Q W P D S S � ) � 6� � � . � 6� � D Q G OH W %

G H Q R W H W K H Q R U P D O V LP S OLF LD O V X E J U R X S R I ) � 6� � J H Q H U D W H G E \ W K H E R X Q G D U LH V %) � 6� � �

6 LQ F H . � 6� � LV D P LQ LP D O V LP S OLF LD O J U R X S � % LV F R Q W D LQ H G LQ +� / H W 4 G H Q R W H W K H
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TX R W LH Q W V LP S OLF LD O J U R X S ) � 6� �  %� 7K H Q 4 LV D P LQ LP D O V LP S OLF LD O J U R X S � % \

&R U R OOD U \ � �� � � W K H U H LV D F H Q W U D O H [W H Q V LR Q

� � . � }Q��4� Q� � � � 3Q��4 � 3Q4 � � �

ZK H U H 3Q4 LV W K H Q W K V W D J H R I W K H 0R R U H �3 R V W Q LNR Y V \V W H P R I 4� 6 LQ F H

3�4  . � }� � 4 � � � �  . � =� � � �

b Q��3Q��4  � E \ LQ G X F W LR Q R Q Q� % H F D X V H 4Q��
| � 3Q��4� Q��� b Q��4Q��  � �

1 R Z ZH V K R Z W K D W + LV F R Q W D LQ H G LQ % E \ LQ G X F W LR Q R Q W K H G LP H Q V LR Q � V W D U W LQ J ZLW K

+�  %�  � � 6 X S S R V H W K D W +Q v %Q ZLW K Q ! � � 1 R W H ) � 6� � Q��  ) � [�� c c c � [Q �

D Q G . � 6� � Q��  . � [�� c c c � [Q � � 7K X V +Q�� LV W K H Q R U P D O V X E J U R X S R I ) � [�� c c c � [Q �

J H Q H U D W H G E \ W K H F R P P X W D W R U V

>>[L�� [L�@� c c c � [LW@� [LW @

V X F K W K D W LS � LT IR U S � T� 1 R Z OH W Z E H V X F K D F R P P X W D W R U �

,I W y Q� � � W K H Q Z � b Q��) � [�� c c c � [Q � � 7K X V Z � %Q�� V LQ F H b Q��4Q��  � �

,I W � Q� � � W K H Q W K H U H H [LV W V D Q LQ G H [ M � I� � � � c c c � QJb IL�� c c c � LWJ� 5 H F D OO W K D W

VL[N  

�!�
!�

[N N � L�

[N�� N y L�

IR U [N  VQb� c c c AVN c c c V�� � 6�Q� 7K X V

VM>>[L��� [L��@� c c c � [L�W@� [L�W@  >>[L�� [L�@� c c c � [LW@� [LW@�
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ZLW K L�N  LN LI LN � M D Q G L�N  LN b � LI LN ! M� % \ LQ G X F W LR Q �

>>[L��� [L��@� c c c � [L�W@� [L�W @ � %�

7K X V Z  >>[L�� [L�@� c c c � [LW@� [LW@ � %� 7K H LQ G X F W LR Q LV p Q LV K H G D Q G W K H D V V H U W LR Q

IR OOR ZV �

7K H V LP S OLF LD O J U R X S . � 6� � LV K R P R W R S \ H TX LYD OH Q W W R D S U R G X F W R I W K H ( LOH Q E H U J �
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3 U RSRVLWLRQ ����� n. � 6� � ZLWK WKH ORRS PXOWLSOLFDWLRQ LV DQ DEHOLDQ VLPSOLFLDO JURXS�

7KHUHIRUH� DV D VLPSOLFLDO VHW� . � 6� � LV KRPRWRS\ HTXLYDOHQW WR D SURGXFW RI WKH

( LOHQEHUJ�0 DF/ DQH VSDFHV�
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>�@ -� )� $GDPV� 2Q SURGXFWV LQ PLQLPDO FRPSOH[HV� 7UDQV� $PHU� 0DWK� 6RF� �� �������

��������

>�@ 0� $UWLQ DQG %� 0D]XU� 2Q WKH YDQ .DPSHQ WKHRUHP� 7RSRORJ\ �������� ��������

>�@ +� -� %DXHV DQG '� &RQGXFKwH� 2Q WKH WHQVRU DOJHEUD RI D QRQ�DEHOLDQ JURXS DQG

DSSOLFDWLRQV� .�7KHRU\ � ������� ��������

>�@ 5� %URZQ DQG -��/� /RGD\� 9DQ .DPSHQ WKHRUHPV IRU GLDJUDPV RI VSDFHV� 7RSRORJ\�

�� ������� �������

>�@ 5� %URZQ� '� /� -RKQVRQ DQG (� )� 5REHUWVRQ� 6RPH FRPSXWDWLRQV RI QRQDEHOLDQ

WHQVRU SURGXFWV RI JURXSV� -� RI $OJHEUD� ��� ������� ��������
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>�@ :� $� %RJOH\� -� +� &� :KLWHKHDG
V $VSKHULFLW\ 4XHVWLRQ� /RQGRQ 0DWK� 6RF� /HFW�

1RWH 6HULHV ��� ������� ��������

>�@ *� &DUOVVRQ� $ VLPSOLFLDO JURXS FRQVWUXFWLRQ IRU EDODQFHG SURGXFWV � 7RSRORJ\� YRO����

QR�� ������ ��^���

>�@ )� &RKHQ� 2Q WKH FRPELQDWRULDO JURXS WKHRU\ LQ KRPRWRS\� &RQWHPS� 0DWK��

���������� ������

>�@ '� &RQGXFKwH� 0RGXOHV FURLVHV JHQHUDOLVHV GH ORQJHXU �� -� 3XUH� $SSO� $OJHEUD ��

������� ��������

>��@ (� %� &XUWLV� 6RPH UHODWLRQV EHWZHHQ KRPRWRS\ DQG KRPRORJ\� $QQ� RI 0DWK� ��

������� ���^����

>��@ (� %� &XUWLV� 6LPSOLFLDO KRPRWRS\ WKHRU\� $GYDQFHV LQ 0DWK� ������� �������

>��@ *� (OOLV� 7KH QRQDEHOLDQ WHQVRU SURGXFW RI pQLWH JURXSV LV pQLWH� -� RI $OJHEUD� ���

�������������

>��@ *� -� (OOLV� &URVVHG VTXDUHV DQG FRPELQDWRULDO KRPRWRS\� 0DWK� =�� ��� ������� �������

>��@ * (OOLV DQG )� /HRQDUG� &RPSXWLQJ 6FKXU PXOWLSOLHU DQG WHQVRU SURGXFWV RI pQLWH

JURXSV� 3URF� 5R\DO ,ULVK $FDGHP\� ��$ ������� ��������

>��@ 1� '� *LOEHUW DQG 3� -� +LJJLQV� 7KH QRQDEHOLDQ WHQVRU SURGXFW RI JURXSV DQG UHODWHG

FRQVWUXFWLRQV� *ODVJRZ 0DWK� -�� �� ������� ������

>��@ '� .DQ� 2Q F�V�V� FRPSOH[HV� $PHU� -� 0DWK�� �� ������� ��������

>��@ '� .DQ� $ FRPELQDWRULDO GHpQLWLRQ RI KRPRWRS\ JURXSV� $QQ� RI 0DWK� �� �������
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>��@ '� .DQ� 0LQLPDO IUHH F� V� V� JURXSV� ,OOLQRLV -� 0DWK� � ������� ��������

>��@ '� .DQ DQG :� 7KXUVWRQ� (YHU\ FRQQHFWHG VSDFHV KDV WKH KRPRORJ\ RI D .�}� ���

7RSRORJ\ �� ������� ��������
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>��@ -� 3� 0D\� 6LPSOLFLDO REMHFWV LQ $OJHEUDLF 7RSRORJ\� 0DWK 6WXGLHV ��� YDQ 1RVWUDQG
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>��@ -� 0LOQRU� 2Q WKH FRQVWUXFWLRQ ) �.�� $OJHEUDLF 7RSRORJ\� $ 6WXGHQW *XLGH� E\ -�)�

$GDPV� �������� &DPEULGJH 8QLY� 3UHVV�

>��@ -� &� 0RRUH� +RPRWRSLH GHV FRPSOH[HV PRQR�LGDX[� 6HPLQDLUH +HQUL &DUWDQ� ��������

>��@ -� &� 0RRUH� $OJHEUDLF KRPRWRS\ WKHRU\� PLPHRJUDSKHG QRWHV� 3ULQFHWRQ������

>��@ -�&� 0RRUH� 6HPL�VLPSOLFLDO FRPSOH[HV DQG 3RVWQLNRY V\VWHPV� 6\PSRVLXP ,QWHUQD�

WLRQDOH GH 7RSRORJLFD $OJHEUDLFD� SS��������������

>��@ $� 0XWOX DQG 7� 3RUWHU� ,WHUDWHG 3HLoHU SDLULQJV LQ WKH 0RRUH FRPSOH[ RI D VLPSOLFLDO

JURXS� $SSO� &DWHJRU\ 6WUXFW�� WR DSSHDU�

>��@ 7� 3RUWHU� 1�W\SHV RI VLPSOLFLDO JURXSV DQG FURVVHG 1�FXEHV� 7RSRORJ\� 9RO���� 1R���

������� �^���

>��@ 1� 5� 5RFFR� 2Q D FRQVWUXFWLRQ UHODWHG WR WKH QRQDEHOLDQ WHQVRU VTXDUH RI D JURXS�

%ROHWLQ GD 6RFLHGDGH %UDVLOHLUD GH 0DWHPDWLFD� ����� ������� ������

>��@ 3DXO 6HOLFN DQG -LH :X� 2Q QDWXUDO FRDOJHEUD GHFRPSRVLWLRQV RI WHQVRU DOJHEUDV DQG

QDWXUDO GHFRPSRVLWLRQV RI ORRS VXVSHQVLRQV� WR DSSHDU�

>��@ &� 5� 6WRYHU� $ 9DQ .DPSHQ VSHFWUDO VHTXHQFH IRU KLJKHU KRPRWRS\ JURXSV� 7RSRORJ\

��������� �����

>��@ -LH :X� 2Q pEUHZLVH VLPSOLFLDO PRQRLGV DQG WKH 0LOQRU�&DUOVVRQ FRQVWUXFWLRQV�

7RSRORJ\� ��������� 1R� �� ����������

>��@ -LH :X� 2Q SURGXFWV RQ PLQLPDO VLPSOLFLDO VHWV� -� 3XUH $SSO� $OJ�� WR DSSHDU�
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