COMBINATORIAL DESCRIPTIONS OF HOMOTOPY GROUPS OF
CERTAIN SPACES

JIE WU

ABSTRACT. We give a combinatorial description of the homotopy groups of the
suspension of a K(m, 1) and of wedges of 2-spheres. In particular, all of the ho-
motopy groups of the 2-sphere are given as the centres of certain combinatorially

described groups.

1. INTRODUCTION

In this article, we study homotopy groups and some related problems by using
simplicial homotopy theory. The point of view here is that combinatorial aspects of
group theory provide further information about homotopy groups. This view does
not yet admit computational applications to higher homotopy groups, but it does
provide a somewhat different approach than those given classically. In particular,
in this paper, homotopy groups are given as centres of groups that admit natural
combinatorial descriptions.

The homotopy groups of the 3-sphere, the suspension of a K (1) and wedges of
2-spheres are shown to be the centres of certain groups with specific generators and
specific relations. We list these group-theoretical descriptions as follows. Let G be a

group and let [z,y] = 7'y toy in G.
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Definition 1.1. A bracket arrangement of weight n in a group G is a map

f": G™ — G which is defined inductively as follows:

B =idg, B*(a1,a2) = [ar,as)]

for any ai,as € G. Suppose that the bracket arrangements of weight k are defined
for 1 <k <nwithn >3. Amap ": G" — G is called a bracket arrangement of
weight n if G is the composite

k n—k 2
gt X o Y g

for some bracket arrangements 5% and 37~* of weight k and n — k, respectively, with
1<k<n.
For instance, if n = 3, there are two bracket arrangements given by [[a1, as], as]

and [ay, [ag, as)].

Convention 1.2. Given an (ordered) finite set {yo, y1, - ,Yn} in a group G we write

y_1 for (yoy1 -+ yn) ', the inverse of their product.

Notations 1.3. Let G be a group and let S be a subset of G. Let (S) denote the
normal subgroup generated by S. Let H; be a sequence of subgroups of G for

1 < j <k Let|[H,...,H]] denote the subgroup of G generated by all of the
commutators ﬁt(hg), e hz(f)), where

1) 1<is <k

2) all integers in {1,2,--- ,k} appear as at least one of the integers is;
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3 h(S) H.
) b € Hj;

4) for each t > k, 8 runs over all of the bracket arrangements of weight .

Let VaesS? be a wedge of the 2-sphere with index set J. A group-theoretical

description of the homotopy groups . (VaesS?) is as follows.

Theorem 1.4. m,.2(VaesS?) is isomorphic to the center of the group generated by

yj(.a) forae J and 0 < j < n modulo the normal subgroup

[ oy € J), (5™ ao € ), -+, (g |am € Y]]

with 4% = (y§y!® -yl

By the equality m,.9(S?) = m,12(5?) for n > 1, we have the following important

corollary. Let F'(yo,y1,- -+ ,Yn) be the group freely generated by v, , Yn.

Corollary 1.5. Forn > 1, m,,2(S?%) is isomorphic to the centre of

Fyo,yrs -+ yn) /[0, @), - -, Gw]l-
Remark 1.6. The subgroup [[¢/—1), ¥, - - -, Un]] is generated by the commutators
Bl 2%, ay),
where

1) € = =£1;

2) s €Y1, Y0, Y1, 1 YUn )
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3) all elements in {y_1, Yo, 1, -+ ,Yn} appear as at least one of the z;;
4) for each t > n + 2, 8 runs over all of the commutator bracket arrangements

of weight .

This gives specific generators and relations for the combinatorial group
Fyo, v, )/ [[W-1), Wo), - - -, Wn]]. An alternative combinatorial description of 7, (S?)

is as follows.

Theorem 1.7. Letn > 1 and let F(yo, ..., ys) be the free group generated by yo, . .., Yn.

Then there is an isomorphism of groups

(oo @ - @l N0 =)/ [[4-1), @), -, )] = g (S7)

The method of the proofs of the theorems above is to study the Moore chain com-
plex of Milnor’s F'(K')-construction [22] and to use the modified Moore-Postnikov sys-
tem (Section 2). A group theoretical description of the homotopy groups 7, (K (m, 1))
for general 7 is as follows.

Observe that coproducts exist in the category of groups and they are given by
free products. We write [[*°""° G,, for the free product of the groups G,. Given
an integer n > 1, let m be any group and let {z(®|a € J} be a set of generators
for m. Let (7); be a copy of m with generators {:U§~a)|oz € J}for1 <j <n. Let

o o 0471 . o o o 0471 o o)y —
y§):x§)m§+)1 forlgjSn—l,yﬁl):m%)andy(_l):x((,) :(y(())---yfl)) L
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Theorem 1.8. Let m be any group with a set of generators {z*|a € J}. If n # 1,
then 7,1 2(XK(mw, 1)) is isomorphic to the centre of the quotient group of the free

product

groups

I ogjgn(ﬂ-)j

by the normal subgroup
(65 amr € I, (5™ lao € J), -, (e € J)]).
In particular, for 7 = Z/m, we have

Corollary 1.9. 7,,2(XK(Z/m,1)) is isomorphic to the centre of the group with gen-

erators o, . .., x, modulo the normal subgroup generated by:
I) 2 for 0 < j <n and

II) [[(y—l>7 <y0>7 T @nﬂ]

Theorem 1.8 is general in the following sense. By Kan-Thurston Theorem [19], for
any connected space X, there exist a group 7 and a map f: K(m, 1) — X such that
fo: H(K(m, 1)) — H,(X) is an isomorphism, that is, f is a homology equivalence.
Thus ¥f: ¥K(m,1) — XX is a (weak) homotopy equivalence. Hence Theorem 1.8
gives a combinatorial description of the homotopy groups of any suspension.

One of the features of Corollary 1.5 and Theorem 1.8 is that homotopy groups
embed in certain ‘enveloping groups’. These ‘enveloping groups’ have systematic and

uniform structure. The centers of these groups are of course more complicated to



6 JIE WU

analyze. Corollary 1.5 and Theorem 1.7 are the first descriptions, but not explicit
calculations, of the general homotopy groups of the 3-sphere. These descriptions give
new information about the homotopy groups of the 3-sphere. Also these descriptions
allow us to calculate the homotopy groups of Cohen’s K-construction of the 1-sphere.

The homotopy groups of XK (7, 1) have been studied by many people from dif-
ferent point of view (see, for examples, [2, 3, 4, 5, 12, 13, 14, 15, 30, 28]). Brown
and Loday [4] give a complete description of m3(XK (m, 1)), which leads to calcula-
tions of m3(X K (m,1)). In [3], Baues and Conduché give a different method to find
Brown-Loday results on 73(XK (7, 1)) and information on the group my(XK(m,1)).
Theorem 1.8 gives a description of the general higher homotopy groups. So far cal-
culations on the higher homotopy groups are still out of reach, but the combination
of these different techniques for describing the higher homotopy groups has been
pursued [26] after Theorem 1.8 was first announced in author’s thesis.

We emphasize that descriptions here are NOT calculations. In Corollary 1.5, we
give an explicit group which occurs naturally for which the homotopy group of the 3-
sphere is the center. These structures do not immediately give any new or informative
calculation on the higher homotopy groups in the classical sense, but they give a
different view of the underlying structure that occurs in a natural way. It is an
attempt to consider these groups in a systematic way.

Theorem 2.19 states that the torsion component of any homotopy group of a simply

connected space is the torsion component of the center of certain nilpotent group. In
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Proposition 4.10, we give an explicit finitely presented nilpotent group for which the
higher homotopy group of the 2-sphere is the torsion component of the center.

There is certain similarity between the combinatorial description of the homotopy
groups of the 2-sphere given in Theorem 1.7 and the combinatorial description of J.
H. C. Whitehead’s conjecture given in [6]. Observe that the homotopy groups of the
2-sphere and the Whitehead conjecture are different problems on low-dimensional
CW-complexes. This ‘incidental” relation can be seen in combinatorial group theory,
in that both combinatorial descriptions ask the same combinatorial question, namely,
how to understand the quotient groups (RN .S)/[R, S] for certain subgroups R and
S of a finitely generated free group. In Theorem 1.7, particular subgroups R and S
are given.

These combinatorial methods extend in a second direction which we now describe.
It is well known that any space is weakly homotopy equivalent to a minimal simplicial
set. An important feature of minimal simplicial sets is that these are the smallest
(fibrant) simplicial sets with which we can still do homotopy theory. There have been
uses of computers for studying homotopy groups. Minimal simplicial sets become
very important in computer homotopy theory. A minimal simplicial group means
a minimal simplicial set that is also a simplicial group. The group structure in a
minimal simplicial group helps us to control the homotopy groups. Moore’s problem
is whether a loop space has the (weak) homotopy type of a minimal simplicial group.

In [1], Adams proved that if X is a two-stage Postnikov system X with the only
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possible non-trivial homotopy groups being ,(X) and 7,1(X), then X has the
homotopy type of a minimal simplicial group. In [32], we proved that a two-stage
Postnikov system X, with the only non-trivial homotopy groups being 7, (X) = Z/2
and 7,4;(X) = Z/2 with n,i > 0, has the homotopy type of a minimal simplicial
group if and only if the Postnikov invariant is trivial or S¢**'. Milnor proved that the
three stage Postnikov system obtained by taking the first three non-trivial homotopy
groups of S™ with n > 1 does not have the homotopy type of a minimal simplicial
group. Unfortunately , this important example was never published. We will use
Cohen’s K-construction on pointed simplicial sets [8] to reprove Milnor’s example in
this paper. (See Proposition 6.19.)

Cohen’s K-construction arose in studying self-maps of the loop space of a sus-
pension. This construction is an important tool in studying the exponent problem
in homotopy theory. Also important relations between Cohen’s construction and
Goodwillie’s tower of the identity functor were found by Bill Dwyer and other peo-
ple recently. Cohen [8] showed that the homotopy classes of all self maps of QXX
that are natural in X form a progroup which is built up from the Moore complex of
Milnor’s construction F'(S'). Thus Corollary 4.6 provides detailed information about
this progroup. On the other hand, the homotopy classes of all functorial self-maps
of the loop spaces of a double suspension form a progroup which is built up by the
Moore complex of Cohen’s construction K(S') instead of F(S') [8]. By using Corol-

lary 1.5, we determine the general homotopy groups of K(S'). (See Theorem 6.7.)
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Furthermore, the Lie structure of ,(K(S')) is given. (See Proposition 6.11.) We find
out that in addition to considerable applications of the homotopy groups of K(S%)
to mathematical physics, the simplicial group K (S') itself plays an important role
classifying certain type of minimal simplicial groups. ( See Theorem 6.13.). Theo-
rems 6.7 and 6.13 are used to show that the three-stage Postnikov tower is not homo-
topy equivalent to a minimal simplicial group. In addition, Cohen’s K-construction
is extensively used to study functorial self coalgebra maps of primitively generated
tensor algebras with applications to functorial decompositions of loop suspensions.
(See [29].) It is known (unpublished) that all functorial self coalgebra maps of tensor
algebras (without assuming that the Hopf structure is primitively generated) over
the prime field F, form a progroup which is built up from the p-completion groups
of the Moore complex of F'(S'). This raises the possibility of studying the homotopy
by using representations of the Moore complex into the convolution algebra of self
linear maps of tensor algebras.

The article is organized as follows. In Section 2, we study some general properties
of simplicial groups, and examine central extensions in the Moore-Postnikov systems.
In Section 3, we study the intersection of certain subgroups in free groups. The proofs
of Theorems 1.4 and 1.7 are given in Section 4. Theorem 1.8 is proved in Section 5. In
Section 6, we give some applications of our descriptions. One example is to compute

the homotopy groups of Cohen’s construction on the 1-sphere.
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2. CENTRAL EXTENSIONS IN SIMPLICIAL GROUP THEORY

In this section, we study some general properties of simplicial groups. A simplicial
set K is called a Kan complex if it satisfies the extension condition, i.e, any simplicial
map f: Af[n] — K has an extension g: A[n] — K, where A[n] is the standard n
simplex, A¥[n] is the subcomplex of A[n] generated by all d;(o,,) for i # k with o,
as the nondegenerate n simplex in A[n] and d; as one of the face functions [16, 11].
Recall that any simplicial group is a Kan complex [23]. A space (or simplicial set)
X is called n-simple if the fundamental group m(X) acts trivially on m,(X). X is
called simple if 7 (X) acts trivially for m, (X) for all n > 1. Given a simplicial group
G, the Moore chain complex (NG, dp) is defined by NG, = [, Ker(d;) together
with do: NG, — NG, 1. The classical Moore Theorem is that m,(G) = H,(NG)
(see [23, Theorem 4], [11, Theorem 3.7] or [17, Proposition 5.4]]. Now let Z, =

Z,.(G) = ﬂj Ker(d;) denote the cycles and let B, = BG,, = do(NG,4+1) denote the
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boundaries. It is easy to check that B, is a normal subgroup of GG,, for any simplicial
group G.

Let G be a simplicial group and let o € Gy. The simplicial automorphism
b : G — G is defined by ¢, (z) = (sha) 'zsia for x € G,,, where s; is a degeneracy
function. Suppose that « is homotopic to 3, that is, there exists an element v € G4

such that dyy = o and dyy = 3. Then it is easy to check that ¢, is homotopic to ¢g.

Thus m(G) acts on 7.(G). Observe that my(G) acts on itself by conjugation.

Lemma 2.1. Let G be a simplicial group and let n > 0. Suppose that 7o(G) acts
trivially on m,(G). Then the homotopy group m,(G) is contained in the centre of

Gn/BG.

Proof. If n = 0, then my(G) = Go/BGy, which is abelian if mo(G) acts trivially on
itself. Thus we may assume that n > 1. Note 71,(G) = ZG,,/BG,,. It suffices to
show that the commutator [z,y| € BG,, for any x € ZG,, and y € G,,.

Now let z € ZG, and let y € G,. Let 2 denote sjdy(y~') - y. Observe that
x is a cycle. There is a simplicial map f,: S® — G such that f,(o,) = x, where
S™ is the standard n-sphere with a nondegenerate n-simplex o,. Let the simplicial
map f.: A[n] — G be the representative of z, i.e, f.(7,) = z for the nondegenerate

n-simplex 7,,. Consider the simplicial map

[for f2]: " x A[n] —» G
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defined by [fs, f:](a,b) = [fa(a), f2(0)] = (fo(a)) 7 (f2(0)) " fa(a) f2(b), the commuta-

tor of f,(a) and f,(b). Notice the equality
Fodg (7)) = dyspg (y™) - dgy = 1.

Let v be the simplicial subset of A[n| generated by the vertex di7 and let x be the
base-point of S™. Then [f,, f.] is trivial restricted to the simplicial subset
S"VA[n] = (8" xv)U(xx Aln]). Thus [f,, f.] factors through the quotient simplicial

set S™ A Aln|. Let ¢ be the composite

S" _J S™ A Aln] —»Uz’ J:] G

with j(o,) = o, A 7,. Notice that we have ¢(o,) = [x,z]. Let {[z, z]} denote the
homotopy class in 7,(G) represented by the cycle [z, z]. Then the map ¢: S” — G
is a representative of the cycle [z, z] and ¢.(t,,) = {[z, 2]}, where the homomorphism
¢ m(S") — m(G) is induced by the map ¢, where ¢, is a generator for ,(S™).
Observe that S"AA[n] is contractible. Thus {[x, z]} = 0in 7, (G) and so [z, 2| € BG,,.

Let a = djy. Then {(sja) 'zspa} = {x} since mo(G) acts trivially on 7, (G).
Thus [z, sja] € BG,, and so [z,y] = [z, sjaz] € BG,, by the Witt-Hall identity that

[a, be] = [a, c][a, b][[a, b], c]. The assertion follows. O

Remark 2.2. 1) Let G be a simplicial group. Then 7o(G) acts trivially on 7, (G)

if and only if the classifying space BG is n + 1-simple;



COMBINATORIAL DESCRIPTIONS OF HOMOTOPY GROUPS OF CERTAIN SPACES 13

2) As the referee pointed out, this lemma can also be derived from a theorem of

Conduché [9] extending a property of 1-cat groups as defined by Loday.

Corollary 2.3. Let G be a simplicial group. Suppose that BG is simple, for example,
if G is connected. Then the homotopy group m,(G) is contained in the center of

G./BG, for each n.
Now we consider the Moore-Postnikov systems of simplicial groups.

Definition 2.4. Let GG be a simplicial group. The simplicial subgroup R,,G is defined
by setting

(RaG)q = {z € Gyl fo(Al))™ = 13,

where f, is the representative of 2 and X™ is the n-skeleton of the simplicial set X.

The simplicial subgroup R,,G is defined by setting
(RnG)q = {z € Gl f((Ald])n) C BGy}-
Let P,G denote G/R,G and let P,G denote G/R,G.

It is easy to check that both R,G and R, G are normal simplicial subgroups of G.

Thus both P,G and P,G are quotient simplicial groups of G. Observe that
There is a cofiltration

G—---—PG—P,G— P, G— - — PyG.
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By checking the definition of Moore-Postnikov systems of a simplicial set [11, 23, 24,

25], we have

Lemma 2.5. The quotient simplicial group P,G is the standard nth stage of the

Moore-Postnikov system of the simplicial group G.
The quotient simplicial group P,G has the same homotopy type as P,G.

Lemma 2.6. The quotient simplicial homomorphism q,: P,G — P,G is a homotopy

equivalence for each n.

Proof. The Moore chain complex of P,G is as follows:

¢

1 for g>n+1,

N(P.G), = NG,.1/Z2Gpy for qg=n+1,

NG, for g<n+1.

\

The Moore chain complex of P,G is as follows:

4

1 for q>n,

N(P,G), = NG,/BG, for q=mn,

NG, for q<n.

\

Thus (gn)«: 7(P,G) — 7.(P,G) is an isomorphism and the assertion follows. [

Definition 2.7. A simplicial group is minimal if it is also a minimal simplicial set.
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Let F,, denote the kernel of the quotient simplicial homomorphism

rn: PpG — P,_1G for n > 0.

Lemma 2.8. The simplicial group F,, is the minimal simplicial group K (m,G,n) for

each n > 0.

Proof. The Moore chain complex of F,G is as follows:

_ 1 for q #n,

The assertion follows. O

Lemma 2.9. Let G be a simplicial group. Suppose that wo(G) acts trivially on m,(G).

Then the short exact sequence of simplicial groups
0—F,G— P,G— P,_.G—0
s a central extension.

Proof. Consider the relative commutator simplicial subgroup [F,G, P,G]. Notice the

equalities

FuGrn = Z2Gn/BGy = m,(G)

and

PG = Gn/BGh.



16 JIE WU

By Lemma 2.1, [F,,G, P,G],, = 1. Observe that [F,,G, P,,G] is a simplicial subgroup
of the minimal simplicial group F,,G = K(r,G,n). Thus [F,G, P,G] is a minimal

simplicial group of type K (m,n) and so [F,G, P,G] = 1. The assertion follows. [

Corollary 2.10. Let G be a simplicial group. Suppose that BG is simple, for exam-

ple, if G is connected. Then the short exact sequence of simplicial groups
0—F,G— P,G—P,_,G—0

s a central extension for each n.
By Lemmas 2.6, 2.8 and 2.9, we have

Theorem 2.11. Let G be a simplicial group. Suppose that BG is simple. Then there

is a cofiltration
G—.-—PG—P,G— P, 1G— - — PyG.

of G such that:
1) the quotient simplicial homomorphism q,: P,G — P,G is a homotopy equiv-
alence for each n;
2) the kernel F,G of the quotient simplicial homomorphism r,: P,G — P,_1G
is the minimal simplicial group K(m,(G),n) for each n;

3) the short exact sequence of simplicial groups

0—F,G—P,G— P, G—0
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s a central extension for each n;
4) G is the inverse limit of the cofiltration;

5) G is the homotopy inverse limit of the cofiltration.

Corollary 2.12. Let G be a connected minimal simplicial group and let {P,G} be

the Moore-Postnikov systems of G. Then the short exact sequence of simplicial groups
0—F,G—P,G—P,_1G—0

is a central extension for each n.

In some cases, the homotopy group 7,(G) is the same as the center of G,,/BG,,.

Definition 2.13. A simplicial group G is said to be r-centerless if the center Z(G,,)

is trivial for n > r.

Proposition 2.14. Let G be a connected r-centerless simplicial group. Then

1n(G) 22 Z(Gr/BGy)

form>nr+1.

Proof. By Lemma 2.1, ZG,,/BG,, C Z(G,,/BG,). So it suffices to show that

Z(Gn/BGy) C 2G,/BG,

for n > r+ 1. Now let # € Z(G,/BG,). Choose z € G, with p(z) = &, where

p: G, — G,/BG, is the quotient homomorphism. To check = € ZG,/BG,, it
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suffices to show that z € ZG,, or d;z = 1 for all j. Since Z(G,—1) = {1}, djz =1
if and only if [d;z,y] = 1 for all y € G,,—1. Now [d;z,y] = dj[x, s;_1y] for j > 0 and
[dox,y] = do[x, spy]. Since T € Z(G,/BG,), [z,z] € BG, C ZG,, for all z € G,, and

therefore [d;z,y] =1 for all y € G,,_1. We finish the proof. O

The proof also gives

Proposition 2.15. Let G be a connected r-centerless simplicial group. Then

Z(Gn/ZGn) = {1}

form>nr+1.

A simplicial group G is called reduced if Gy = {1}.

Lemma 2.16. Let G be a reduced simplicial group such that G, is cyclic or centerless
for each n. Let v be the smallest n such that we have G,, # {1}. Then Z(G,) = {1}

forn > ~q.

This proof, which shortens our original proof, was provided and suggested by the
referee.
Proof. The assertion follows from two easy remarks:

a) If G,, is not abelian, any G, for ¢ > n is also non-abelian because it contains

copies of GG, via degeneracies.
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b) If the simplicial group G is abelian and G,, = NG, is cyclic for n = 74 with
Yo > 1, then by the Dold-Kan theorem G, contains n + 1 different copies

of G,. So it cannot be cyclic.

O

Corollary 2.17. Let G be a reduced simplicial group such that G, is cyclic or cen-
terless for each n. Then m,(G) = Z(G, /BG,) for n # ~vg + 1, where v is defined

as above.

Theorem 2.18. Let G be a reduced simplicial group such that G,, is a free group for
each n. Then there exits a unique integer v > 0 such that G, = {1} forn < yg and

rank(G,) > 2 for n > ~yq. Furthermore, m,(G) = Z(G,/BG,) for n # ya + 1.

Let G be a group and let I',G be the descending central series of G starting
with Iy = G. Let Tor(G) = {z € GJ|z? = 1 for some ¢ > 0}. If G is an
abelian group, then Tor(G) is the torsion subgroup of G. For a general group G,
Tor(G) is not a subgroup of G. Let G be a connected free simplicial group. Then
the torsion component of the homotopy groups m,(G) can be described as follows.
Recall that a simplicial group G is called free if each G,, is a free group and there
is a choice of generators for each (G,, such that the degeneracies send generators to

generators [11, 21].

Theorem 2.19. Let G be a connected free simplicial group, let ¢ > 0 be an integer

and let s > 2", Suppose that 7;(G) = 0 for j < q. Then Tor(G,/(BG,,I's)) is a
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subgroup of G, /(BGy, ). Furthermore, there are isomorphisms of groups
Tor(m,(G)) = Tor(Z(G, /{(BG,,Ts))) = Tor(G,/(BGy, ),

with I's = T'sG,,.

Proof. Notice that I'sG = {['sG,},>0 is a normal simplicial subgroup of G. Let
¢: G — G/I';G be the quotient simplicial homomorphism. Then

N(¢): NG, — N(G/T'sG), is an epimorphism for each n > 0 and so

B(¢): BG,, — B(G/TsG), is an epimorphism for each n > 0. Thus there is a

canonical isomorphism of groups

GO0 g, a1,
By Curtis Theorem [10], we have 7;(I'sG) = 0 for 7 < n and so
¢ mi(G) — m(G/TLG)
is an isomorphism for 7 < n. By Lemma 2.1, the composite
m(G) = 2G,/BG, %» Z(G/TsG),/B(G/T:G),, — Z(Gn/(BG,,'sG,))
is a monomorphism. Thus the composite

Tor(m,(G)) —= Tor(Z(G/ (B, TyGn))) — Tor(Gr/ (BG, TsGn))

is one-to-one. It suffices to show that this composite is an epimorphism.
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Let z € Tor(G,/(BG,,Ts)) and let o € (G/I'sG),, such that x = aB(G/T:G),.
Then there exists k& > 0 such that o € B(G/T,G), C Z(G/T'sG),. Thus, for each

0 <j <n, we have

in the group (G/T'sG), 1 = G, 1 /TG, 1. Observe that (G/T'sG), 1 = Gp1/TsGrn 1
is a torsion-free group. Thus

dj(Oé) =1
for each 0 < j < n and so a € ZG,,. Hence

e %&gs: A Tor(Gr/ (BGo, ToG)),

and the assertion follows. O

Remark 2.20. Let X be a simply connected reduced simplicial set and let GX be
the Kan-construction for X. Then GX is a free simplicial group in the sense of [11].
Thus this theorem shows that the torsion component of any homotopy group of a

simply connected space is the torsion component of the center of a certain nilpotent

group.

Example 2.21. A combinatorial calculation of 73(S%) has been computed by D.
Kan [17]. A combinatorial calculation of m,41(S™) for n > 2 is given as follows.
The following calculation also gives combinatorial representatives for the generator

of m,11(S™), that is the n-elements.
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Let G = F(S™), Milnor’s F-construction on the standard n-sphere for n > 1.
Then G,, = F(o) = Z(0), the free abelian group generated by o, and also G, =
F(s00,510,...,5,0) and Gpya = F(s;5;0/0 < j < i < n). It is easy to check that
[9Gpi1 = Zp41. By Lemma 2.1, [5Gy = [2Gpi1, Gpyt] € BGry.

For n = 1, it will be shown that I'3G, 1 = BG, 1 in Section 4, and therefore
m3(S?) 2 mo(F(SY)) = Z, generated by [sqo, s10].

Suppose that n > 1. Consider the equations for i +1 < j < n:

1 for k#j,
di([sj-18i0,85+158;0]) =
[sio,s;o]  for k= j;

[Sit10, Siv00| for k=1i+1,

di[Si+25i410, 5i435;0] = [sit10,8;0]  for k=1i+3,

1 otherwise;
and

[siy10,55420] for k=i+1,

[si0, sji00]  for k=1i+2,
d[$i+25:0, 5,438i410) =

[sio, sio]  for  k=1i+3,

\ 1 otherwise.

By the Homotopy Addition Theorem [11, Theorem 2.4],

[sio, s;o] € Bpyy for i+1<j,

[$i+10, 8i420] = [si0, 5i110] mod By,
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0 = [si0, $;420] = [8:0, $i410] + [8i110, 8i4000] = 2[s;0, s;110] if i+2 < n.

Direct calculation shows that [sgo, s10] & B(I'2Gp11/T'3Gpy1). Thus
[s00, s10] & BGpri1
and, by the relations above,
7Tn+2(5n+1> = T41(G) = 26,11 /BGrit = Z)2
for n > 2, which can be represented by [s;0, s;110] for 0 < i <n — 1.

3. INTERSECTIONS OF CERTAIN SUBGROUPS IN FREE GROUPS

Definition 3.1. let S be a set and let T" C S be a subset. The projection homomor-
phism
w: F(S) — F(T)

is defined by

x if xeT,
m(x) =

1 if z¢T.

Now let m: F(S) — F(T') be the projection homomorphism and let R be the kernel
of m. Define subsets of the free group F(S) as follows.
For x € S — T and y a reduced word in F(T") define u(z,y) by induction on the

length of y:

p(z,y) = x if y is the empty word,;
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p(z,y) = [p(z,y'), 2] if y = y'2¢ with z € T and € = +1.
Let A7 be the set of u(z,y). Let Br be the set of y~'zy for x € S—T and y € F(T).

By the classical Kurosch-Schreier theorem ( see [20, Theorem 18.1]), we have
Proposition 3.2. The subgroup R is a free group freely generated by Br.

In fact Ar is also a set of free generators for R.
Proposition 3.3. The subgroup R is a free group freely generated by Ar.

This proof, which shortens our original long proof, was provided and suggested by

the referee.

Proof. The proof follows from the following two steps:

a) Any finite part of By can be replaced, using Tietze moves (see [20]) by a finite
part of Ap. Thus A generates the subgroup R.

b) In the same way any finite part of A7 can be replaced by a finite part of By. Thus
Ar freely generates R.

O

Now let’s consider the intersection of kernels of projection homomorphisms. Let
S be a set and let T} be a subset of S for 1 < j < k. Let 7;: F(S) — F(T}) be the
projection homomorphism for 1 < j < k. We construct a subset A(T},--- ,T})) of

F(S) by induction on k as follows.

A(Tl) = ATl )
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where Ar is defined in Definition 3.1. Let
T2(2) ={w e A(T)|w = [[x,y1'], -], y*] with z,y; € Ty for all j}

and define

.A(Tl, TQ) = A(Tl)T2(2)'
Suppose that A(T},Ts, -+ ,Tk—1) is well-defined such that all of the elements in

A(Ty, Ty, - -+, Tp—1) are written down as certain commutators in F'(S) in terms of

elements in S. Let T,gk) be the subset of A(T},T5,- -+, T} 1) defined by
Tlgk) ={we ATy, Ty, -, Tp—1)| w= [z}, ,x}'] with z; € T, for all j},

where [z{',- - ,z}'] are the elements in A(T},T5,--- ,T}_1) that are written down as

commutators. Then let A(71,T5,--- ,T)) be defined by
AT, Ty, -+ Ti) = A(Th, T, - - 7Tk—1)TI£k)~

Theorem 3.4. Let S be a set and let T; be a subset of S for 1 < j < k. Let
mj: F(S) — F(T}) be the projection homomorphism for 1 < j < k. Then the inter-

section ﬂ?zl Ker(m;) is a free group freely generated by A(Ty,Ts,--- ,T}).

Proof. The proof is given by induction on k. If k = 1, the assertion follows from
Proposition 3.3. Suppose that ﬂf;ll Ker(m;) = F(A(Ty, Ty, -+ ,Tx—1)), and consider

T . F(S) — F(Tk) Then

k
() Ker(m;) = Ker(m,: F(A(Ty, Ty, -, Temr)) — F(T})),
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where 7y, is 7, restricted to the subgroup F(A(Ty,Ts, -, T 1)). Let

w = [z, 5] € ATy, Ts,-- ,Thr). It w ¢ T,Ek), then z; ¢ T}, for some j
and 7i(w) = 1. Thus 7, factors through F (Tlgk)), that is, there is a homomorphism
R F(T,gk)) — F(T},) such that 7, = jom, where m: F(A(T\, 15, ,Ty—1)) — F(Tk(k))
is the projection homomorphism. We claim that j: F' (T,ik)) — F(T},) is a monomor-

phism. Consider the commutative diagram

F(A(T}, Ty, , T 1)) —— F(T}) ———— F(5)

J
FT®) — L F(T™) e FA(T), Ty, -, Ti1))
k k 1,42, yLk—1))

where F(TF) — F(A(T), Ty, -+, Ty—1)) and F(A(Ty, Ty, -+, Th1)) — F(S) are

inclusions of subgroups. Thus j: F/(7, k(k)) — F(T},) is a monomorphism and
Ker(7;) = Ker(F(A(Ty, Ty, - -+ . Thr)) — F(TM) = FA(TL, Ty, - -+, Th)).
The assertion follows. O

Corollary 3.5. Let 7; be the projection homomorphisms as in Theorem 3.4. If S
is the union of the sets T;, then the intersection subgroup ﬂ?zl Ker(7;) equals the

commutator subgroup [[(T1),- -, (I})]] defined in Notations 1.5.

4. ON THE HoMoTOPY GROUPS OF WEDGES OF 2-SPHERES

In this section, we give a combinatorial description of 7,(VaesS?). The proofs of

Theorems 1.4 and 1.7 are given in this section. Recall that Milnor’s construction



COMBINATORIAL DESCRIPTIONS OF HOMOTOPY GROUPS OF CERTAIN SPACES 27
F(K) for a (pointed) simplicial set K is a simplicial group model for QY| K|, see [22].
In particular, F'(VaesS') is a simplicial group model for (V,e75?). The combi-
natorial description of . (Vae7S5?) will follow from our general results on simplicial
groups given in Section 2 together with determination of the Moore chain complex
of Milnor’s construction F'(VaesSt).

Recall that (VaesS)o = * and (VaesS')1 = {04, *|a € J} and
(\/aGJSl)n—H = {sp 85004, *|a € J,0<i<n}

Let :EZ(O‘) denote s, -+ §; - - - S90,. Then

F(VaesS npr = Fa§ 2\ - [ 2@a e J),

rn

()

J

(@)

Let yj(.a) denote z\"7 - (:zcjﬂ)’1 for -1 <j<nwithz?, =2%,, =1in

F(VaesSY)ni1 = F(méa), xga), e ,x%a)|oz € J). By direct calculation, we have

Lemma 4.1. F(VaecsSH)pit = F(y](.a)|0 <j<mn,a€lJ) with

y o for <k,

dj(ylga)> =9 1 for j=k+1,

and
y for <Kk,

= y,(f) -y;(jr)l for j=k+1,

y@ for j> k41,

\

Jor0<j<n+1 withy'? = @y ) in F(VaesSY).

n—1
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Let CJ; denote the subgroup of F(VaesS')n+1 generated by all of the commutators

of the form
[yl g,
where
1) e = +1;
2) 0<is <m
3) a; € J;
4) all integers in {0,1,--- ,n} appear as at least one of the integers is;
5) for each t > n+1, [-- -] runs over all of the commutator bracket arrangements
of weight t.

We write Cpyq for CJ, if the index set J consists of one element. Observe that

Chy1 is a subgroup of F(S1).
Lemma 4.2. C/ ., C NF(VaesS") i1

Proof. For each 1 < j < n + 1, there exists some ¢, = j — 1. Thus dj(y.(as)es) =1 for

1s

some i, and therefore
di([e ey =1
for each 7 > 0. The assertion follows. O

Lemma 4.3. For each 1 <j<n+1,

Ker(d;) N F(VaesS i = (i |a € J),
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the normal subgroup generated by yﬁl with o € J.

Proof. By the definition of d;, there is a commutative diagram

o . p o N @
Fyilo <j<naed)——Fy 3 yDla e J)

d; =\d,;
F(y (a)|0<]<n—1a€J)—>F( (a)|0<j<n—1 aeJ),

where p is the projection and
djyl(f‘) =

The assertion follows.

Theorem 4.4. Let C,, be defined as above. Then

NF(\/aGJSI>n+1 - O}{_H

Proof. By lemma 4.1, each d; with j > 0 is a projection homomorphism. Thus, by

Theorem 3.4,
n+1
NF(VaesS )1 = ﬂ Ker(d;) = F(A(To, T, -~ . T))
where T; = {yéa), - ,y](a), P e J}. Tt suffices to show that
A(Tolev"' ) ) C On+1

This follows from the next lemma.
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Lemma 4.5. For 0 < j <mn, let W = [yg”)fl, - ,yi(tat)et] € A(Ty, Th,--- ,T;). Then

the set {0,1,--- .7} is contained in the set {iy, - ,i}.

Proof. The proof is by induction on j for 0 < j < n. Observe that, by the construc-
tion, each element in A(Ty, 11, - -+ ,71j) is written as a certain commutator. If j = 0,

then

A(Ty) = {y& (s, 0, -], yloo)y

where a, o € J, ¢; = £1 and yl(f”)el . ~y£to“)€t runs over all of the nontrivial reduced
words in F(yj(.a)|0z € J,1 < j <n). Thus the assertion holds for j = 0. Suppose that

the assertion holds for j — 1 with 5 < n. Recall that

Tj(j) =W e A(To,Th, -, Tj_)| W = [y(o”)“,yi(?)a, e ,y§f‘t)€t] with ) € T;}.

i1 s
Note that yl(f‘) € T; if and only if i, # j. Let

W = [yglo‘l)ﬂ?(%(;342)627 o 7y§tat)€t] c .A(To, o 77}71) _ T(])'

7

Then there exists some i; with 1 < s < ¢ such that ¢y, = j. By the induc-
tion hypothesis, the set {0,---,j — 1} is contained in the set {iy,--- ,i;}. Thus

{0,1,---, 7} € {i1,i2,--- ,4;}. Recall that, by construction,

A(To,"' 7Tj):A

@)
7

Thus we have

{0717"' 7j} - {i17i27"' 7it}
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for any W = [y(o‘l)el, yz-(M)Ez, e ,yz-(tat)et] € A(Ty,- -+ ,T;). This completes the proof.

i1

O
Corollary 4.6. NF(S'Y),,.1 = Cpy1.

Corollary 4.7. The Moore chain complex
NF(\/aEJsl)n—H g Fn+1F<vaerl)n+1

forn >0, where I';G' 1s the qth term in the lower central series of a group G' starting

with FlG =G.

Proof of Theorem 1.4. Evidently m,12(VaesS?) = T (F(VaesS')). By the theorem

above, B,y is generated by

[yi(im)ﬂ : yl(;zz)62’ o 7yi(t05t)‘5t]

By Proposition 2.14, the assertion holds for n > 1. For n = 0, By = Dy(F(y{|a € J))
and
F(y(ga)’a € J)/B = Bl = 7T2(VaeJ52)-

Hence assertion holds for all n. a

Let C'p41 be the subgroup of F(S'), 1 generated by all commutators of the form
Hy;la .%22]; i ,yfj], where
1) e=+1;

2) 0<izs <m
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3) all elements in {yg,y1, - ,yn} appear as one of the elements y;, .
Proposition 4.8. There is an isomorphism of groups
NF(Sl)nH/ (FS N NF<Sl)n+1) = C;+1/Fs N C:z—l—l

for each s, where I'y = T, F(SY)41 is the s-term in the lower central series of

F(SY)pe1.
Proof. Observe that we have C!, ., € NF(S"),11. The induced homomorphism
fs: Chin/ (Fs N C:z—l—l) — NF(5")11/ (Fs N NF(Sl)nH)

is a monomorphism. We check that f is an epimorphism. It suffices to show that, for
each w € NF(S"), there exists a sequence of elements {z;} such that z; € ;N C),_,

and wx g - - -xs € I'gyy for each s. In fact, if this statement holds, then
wrizy -2y =1 mod s N NF(S") ey
for each s and
w=(wzy51) (V129 T51) " € Clyy mod T.

Now we construct x; by induction, which depends on w. Observe that, for n > 1,

we have NF(S'),.1 C Tpyy C Iy, Choose z; = 1 for j < n. Suppose that there are
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Ty, ,%s1 such that z; € I'; N C},; and wx; ---25_1 € I's. Note that

' 1 CNF(S")p41. Thus

wxy -2 € DN NF(S ) nyt

and

dj(wzy - x5-1) =1

for j > 1. Let m: I’y — I'y/I'si1 be the quotient homomorphism. Then the ele-
ment 7(wxy -+ xs 1) is a linear combination of basic Lie products. We claim that
m(wxy - - - xs_1) is a linear combination of basic Lie products in which each y; appears
in the Lie product for 0 < 5 < n. If not, there exists 5 such that

m(wzy x5 1) = b+ ¢, where b is a nontrivial linear combination of basic Lie prod-
ucts in which y; does not appear, and c is a linear combination of basic Lie products

in which y; appears. Now the face homomorphism

dj—&—l: F(yOa 7yn) _)F(y07 7yn—1)

induces a homomorphism of abelian groups

dit1: TsF (o, ¥n)/Ts1 F (o, 3 Un) = TsF o, Un=1)/Tst1F(Wo, - s Yn—1)

and

1 =djm(wa - 251) = dja (b) + djyi (¢) = djia (b).
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Observe that

dj 1] Fyor s agenr ) s F W0 Yimts Yirts 2 Yn) — F(Yo,+  Un-1)

is an isomorphism. Thus b = 1. This contradicts the fact that b is a nontrivial
linear combination of a basis. So m(wz; - --xs_1) is a linear combination of basic Lie
products in which all of the y; appear. By [20, Theorem 5.12], there exists z, in C;, ,
such that 7m(wzx; ---z45) = 1, or wxy -+ - x5 € I'syy. The induction is finished now and

the assertion follows. O
Let B, be the subgroup of F(S'),,1 generated by all commutators of the form
Hy;la y:;]a o 7yze,f]7 where
1) e==+£1;
2) =1 <i, <n with y_1 = yoy1 - - - yn; and

3) all elements in {y 1,40, Y1, - ,Yn} appear as one of the elements y;_.

Corollary 4.9. There is an isomorphism of groups
BFE(S")ni1/(Ts NBE(S")ni1) 2 By /(DN B,y
for each s.

Let Df ., be the subgroup of F(S'),41 = F(yo, Y1, ,yn) generated by all com-

mutators of the form [[y;!, y;2],-- -, ¥i/], where

1) e = +1;
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2) =1 <i; <nwith y 1 = yoy1 -+ - Ya; and
3) if t < s, then all elements in {y_1, o, %1, ,Yn} appear as one of the elements

Yi; ort > s.

Recall that 7,(S5?) is a finite group for n > 4. By Theorem 2.19, we have

Proposition 4.10. Letn > 2. Then Tor(F(S'),1/D2\') is a subgroup of F(S"), 1/ D2

Furthermore there are isomorphisms of groups
Tnea(S?) = Tor (Z (F(Sl)nH/DTQLTf)) = Tor (F(Sl)nﬂ/Dng]) .

Remark 4.11. The group F(S'),.1/ Df;_fll is a finitely presented nilpotent group

with explicit generators and relations.
By Corollary 3.5, we have

Theorem 4.12. In the free group F(yo, -+ ,Yn), we have the identifications of sub-
groups

NF(S 1 = [[{yo), -+, ()],

BF(Sl>n+1 = H(y—1>a <y0>a B <yn>]]

Thus Corollary 1.5 can be rewritten as follows.

Theorem 4.13. Forn > 1 the free group F(yo,- - ,yn) has quotient with centre

Z(F(yOa T ayn)/([Ky—l)v <yo>v T <yn>”> = 7Tn+2(53>
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Proof of Theorem 1.7. By Lemma 4.1 and Theorem 3.4, Ker(dy) = (z¢) = (y_1) and

therefore
Znr = [[{yo), -+, (wn)]] N (y-1)-

The assertion follows. O

5. ON THE HoMoTOPY GROUPS OF XK (7, 1)

In this section, for any group 7 we give group theoretical descriptions for 7, (XK (7, 1)).
The proof of Theorem 1.8 is given in this section, using the notation defined in Sec-

tion 3. We need a simplicial group construction.

Definition 5.1. Let GG be a simplicial group and let X be a pointed simplicial set

with a base-point *. The simplicial group F&(X) is defined by setting

z€Xn
that is, the free product, modulo the relations (G,,)., where (G,), is a copy of G,.
The face and degeneracy homomorphisms in F¢(X) are given in the canonical way
by the universal property of the coproduct in the category of groups and group

homomorphisms.

Lemma 5.2 ( [7], Theorem 9, pp.88). Let G be a simplicial group and let X be a
pointed simplicial set. Then the geometric realization |F€(X)| is homotopy equivalent

to Q(|X| A B|G)).
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A generalization of this lemma by using fibrewise simplicial groups is given in [31].

Proof of Theorem 1.8. Since {(®)|a € J} is a set of generators for ,

F(z™|a € J) — 7 is an epimorphism. Thus
F(VaesS') = FIEIEN(8T) — Fr(st)
is an epimorphism. Hence
NF(VaesS') — NE™(SY)

and

BF(VaesS') — BF™(SY)

are epimorphisms. Now the assertion follows from Theorem 1.4, Lemma 5.2 and

Proposition 2.14. O
Example 5.3. Let m be an abelian group. Then

m3(XK(m, 1)) ZTy(m* ) /Ty(nxm) X,
where G * H is the free product of the groups G and H.

Proof. Consider the simplicial group F7(S'). Then F™(S'); = m and F™(S')y = w7

Since 7 is abelian, the commutator subgroup I's(7 * 7) is contained in the cycles
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ZF7™(S%),. By Lemma 2.1, the subgroup I's(m * ) is contained in the boundaries

BFE™(S')3. On the other hand, by Corollary 4.7 and Theorem 1.8, there are inclusions

ZF™(SY)y C NEF™(SY)y C Ty(m * )

and
BE™(SY), C Ts(m* ).
Thus
ZF™(SY)y = Do(m * 7)
and
BF™(S")y = I's(m * ).
Hence the result. O

6. APPLICATIONS

In this section, we study Cohen’s K-construction. Our descriptions of the homo-
topy groups of the 3-sphere allow us to give a calculation for the K-construction of

the 1-sphere.

Definition 6.1. Let X be a set. The group K(X) is the quotient group of the
free group F(X) by the normal subgroup generated by all of the commutators
[ [z1, 2], -], x¢) with x; € X and z; = x; for some 1 < ¢ < j < t. Now
let S be a pointed simplicial set. The simplicial group K(S) is defined to be the

quotient simplicial group of F'(S) modulo the normal simplicial subgroup generated
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by all of the commutators [[--- [y, 22], -], 2] with x; € S and z; = z; for some

1 <i < j <t, where F(S) is Milnor’s F'(K)-construction for the simplicial set S.

Definition 6.2. The group Lie(n) consists of the elements of weight n in the Lie
algebra Lie(xq, s, -+ ,x,) which is the quotient Lie algebra of the free Lie algebra
L(zy,xq,- -+ ,x,) over Z by the two sided Lie ideal generated by the Lie elements

([Zis @in), -+ 4], @i, with 4 = 4y for some 1 <[ < k < t.

The following lemmas are due to Fred Cohen.

Lemma 6.3 ( [8]). [',K(x1,x9, - ,xn) = {1} for ¢ >n and

LK (xy,x9,- -+, x,) = Lie(n).

Lemma 6.4 ( [8]). In the group K(xy,x2, -+ ,xy), for each 1 < j < n the normal

subgroup generated by x; is abelian for each 1 < j <n.

Lemma 6.5 ( [8]). The set {[[x1,Zo2)), s To(m)]|0 € Xn_1} is a Z-basis for Lie(n),

where ¥,_1 acts on {2,3,--- ,n} by permutation.

Recall that the simplicial 1-sphere S' is a free simplicial set generated by a 1-
simplex 0. More precisely, S§ = {*}, S} = {o,*} and S}, = {*,5, -+ §;- - 5000 <

j <n}. Let z; denote s,,- -+ §;---sp0. Then
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Lemma 6.6. The face functions d;: S}

r o1 — Sp and the degenerate functions

. ql 1 .
5i0 Sp1 — Spyo are as follows:
x;  for g <i,
diIL‘j =
xj—1 for j >,
and
x;  for j<i,
Silj =

i for >4,

where we put x_1 = % and x,, = * in S}L.
Theorem 6.7. 7,(K(S')) is isomorphic to Lie(n).

Proof. Let m: F(S') — K(S') be the quotient homomorphism. Then
NF(S') — NK(S') is an epimorphism. Recall from Corollary 4.6 that NF(S'),.,

is generated by all of the commutators

[yi17yi27 e 7yit]

such that {iy,d9, -+ 4t} = {0,1,--- ,n}. by Corollary 4.6. Thus

NE(SY)ps1 C T F(SY),41 and therefore
NK(Sl)n—H g Fn—i—lK(Sl)n—i-l-
Observe that we have K(S'),.1 = K(zo, 21, -+ ,,). Thus

[, 1 K(SY)y1 = Lie(n + 1)
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and [, 1 K(S"),, = {1}. Thus
dilro i (5 mes t Tt K(S ) nin = K (S,
is trivial for each 7 > 0. And therefore
NEK(SY)py1 =T K(SY)y1 = Lie(n + 1)
with do: NK(S1),11 — NK(S'), is a trivial differential. The assertion follows. [

Remark 6.8. Let X, act on Lie(n) by permuting letters. The R(3,)-module
Lie®(n) = Lie(n) ® R has important applications in representation Theory and math-

ematical physics.

The calculation of m,(K(S')) for n = 1,2 shows that m,(F(S')) & m,(K(S")) for
n = 1,2. Observe that 7, (K (S')) = Lie(n) is torsion-free by the theorem above, and

7, (F(SY)) is a torsion group for n > 3. Thus we have

Corollary 6.9. Let ¢: F(S') — K(S') be the quotient simplicial homomorphism.

Then

et Ta(F(SY)) — ma(K(S"))

s an isomorphism for n = 1,2 and zero for n > 2.

Now we consider the Samelson product in 7.(K(S')). As previously, let z; denote

Sp++ 8- Soo in S} .. The following lemma follows directly from Lemma 6.6.
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Lemma 6.10. Let I = (iy,i9, - ,im) be a sequence with iy < iy < -+ < i,. Define

Sr = Si,, "+ Si; and 51 the order-preserving isomorphism. Then
. al 1
Sr: Sn+1 —* = Sn—l—m—l—l —*

18 the composite

ST A N A
{LEo,LUl,"' ,$n}—>{$0,$1,"' s iyttt 3 Ligy " 3 Lipyy " 7xn+m}L'{$07x17"' wrn—&—m}

Recall that, for z € 7,(G) and y € 7,,(G), the Samelson product [10] is defined to

be
<x,y >= H[sba:, Sqy]PEN ),
(a,b)
where G is a simplicial group, (a,b) = (ay, -+ ,an, b1, ,by) runs over all permu-
tations of (0,1,--- ,m +n — 1) such that a1 < as < -+ < ay, by < by < -++ < by,

sign(a, b) is the sign of the permutation (a,b), the order of the product [] is right

lexicographic on a and s, = s, - - -

n

Sa; -
Proposition 6.11. The Samelson product in 7.(K(SY)) is as follows:
< [To0) To1)s s To]s [T Tr)s s Trm)] >

= Z sign(/, J)[I::Uio'(o)7 T =xig(n)]7 [xjf(o)ﬂ T 7$J'T(m)]]
(I,7)

for the commutators

[:UO'(O)7 Lo(1)s " 7'IJ(TL)] € Tl (KSI)) = Lle(” + 1)
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and
[0y, Tr1)s -+ Tr(my)] € Tt (K(S1)) 22 Lie(m + 1)
where
(1,J) = (ig, i1, s ims Jos s+ Jm)
runs over all permutations on (0,1,--- ;m +n + 1) such that ip < iy < -+ < iy,

Jo < g1 <+ < jm,sign(l,J) is the sign of the permutation (I,J), o € ¥,41 acts on

{0,1,--- ,n} and 7 € .11 acts on {0,1,--- ,m}

Proof. Observe that we have {xo, -+, Zjo, - , Tjms " > Tnbmt1} = {Tigs " s Tiy by

and
Syt {an"' 7xn} - {J:io"" 7xin}

is an ordered isomorphism. The assertion follows because

$1([Zo(0) Tatt)s  Tam]) = [Figyr Ty
and
ST([Tr), T2y Trm)]) = (L5005 T
O

Let Lie = @22, Lie(n) ® R be a graded module over a ring R with the graded

pairing defined in Proposition 6.11. Then Lie is a graded Lie algebra.
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Corollary 6.12. There is an isomorphism of Hopf algebras
H.(K(S');Q) = U(Lie¥),
where U(L) is the universal enveloping algebra of the Lie algebra L.

Recall that a simplicial group G is minimal if and only if the Moore chain complex

NG is minimal [11].

Theorem 6.13. The simplicial group K(S") is the universal minimal simplicial quo-
tient simplicial group of F(S') in the following sense.

1) K(S') is a minimal simplicial group.

2) Let G be a minimal simplicial group. Then every simplicial homomorphism

f: F(SY) — G factors uniquely through K(S').

Proof. By inspecting the proof of Theorem 6.7, K(S') is a minimal simplicial group.

The assertion (2) follows from the following lemma.

Lemma 6.14. K(S') is the quotient simplicial group of F(S') by the normal sim-

plicial subgroup generated by the boundaries.

Proof. Let H denote the kernel of the quotient map p: F(S') — K(S') and let B
denote the normal simplicial subgroup of F'(S!) generated by the boundaries BF(S!).

Since K(S') is a minimal simplicial group, B is contained in H. Let Q denote the
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quotient simplicial group F(S')/B. Then @ is a minimal simplicial group. By

Corollary 2.12, there is a central extension
0— K(mp1@Q,n+1) — P, 1Q — P,Q — 0,
where P,() is the nth stage of the Moore-Postnikov system of (). Since
PQ=K(m(Q)1) = K(Z,1),

0P, 1@Q = 1 by induction on n. Because Qni1 = (Phi1@)ntt, LnioQui1 = 1.
Now we show that H is contained in B by induction on the dimension, starting with
H, = B; = 1. Suppose that H,, C B,, with n > 0. Note F(S")41 = F(xq, -+ ,7y,)
and K(S'),11 = K(xo," -+ ,2,). Thus H,, is the normal subgroup of F(xg, -+ ,x,)

generated by the commutators

[[371'1; 331-2], T 737%]7 ‘rit]

such that i, # i, for p < ¢. Now let w be such a commutator.
Ift >n+1, then w € [y oF(x0,- -+ ,2,). Thus w € B, since [ 0Qpniq = 1.

If t <n+1, then there exists an index j € {0,1,--- ,n} — {iy,- - ,i;}. Recall that

Tk <i,
SiTk =
Th41 k > ia

for xp, = Sp1 - 8-+ S0 € S%. Thus

S][['rlq ) xzé]y T 7'171'2]7 xz;] = [[’rilyxig]a e 7'Iit]7 xit]7
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with i) = iy, if i < j and i} = i — 1 if 4 > j. By induction,

Thus w = [[x4, 4], ,24,],7;,] € B. The induction is finished and the assertion

follows. 0

The simplicial group K (S') is homotopy equivalent to a product of the Eilenberg-

MacLane spaces with a different multiplication.

Proposition 6.15. QK (S) with the loop multiplication is an abelian simplicial group.
Therefore, as a simplicial set, K(S') is homotopy equivalent to a product of the

Eilenberg-MacLane spaces.

Proof. Consider
d0: K(,’L’O,Il, e 7’rn) - K<x07:€17 e 71‘7171)7

do(xg) = 1 and do(z;) = z; 1. Thus Ker(do)N K, 1(S') = (z0) is the normal subgroup

generated by xg which is abelian by Lemma 6.4. Hence the result. O

Remark 6.16. Let BK(S') be the classifying space of K(S'). Then BK(S') is
NOT a product of Eilenberg-Maclane space by Proposition 6.11, where the White-
head product on 7,(BK(S')) is given by Proposition 6.11 and so the Gerstenhaber
algebra .(BK (S')) is determined. But the cohomology of BK (S!) is still unknown

even in rational case.



COMBINATORIAL DESCRIPTIONS OF HOMOTOPY GROUPS OF CERTAIN SPACES 47

Finally, we give some applications of K(S') to minimal simplicial groups. Let G

be a simplicial group. We write G* for the abelianization of G.

Proposition 6.17. Let G be a minimal simplicial group. If G* is a minimal sim-
plicial group K(m,1) for a cyclic group m, then G is homotopy equivalent to a product

of Filenberg-MacLane spaces.

Proof. Notice the equality G; = m. Let x be a generator for the cyclic group 7 and
let f,: S' — G be a representative map of x, that is, f,(0) = z. Let g: F(S') — G

be the simplicial homomorphism induced by f,. We need a lemma.

Lemma 6.18. The simplicial homomorphism g: F(S') — G is a simplicial surjec-

tion.

Proof. 1t suffices to show that the simplicial subgroup H of G generated by G| is G
itself. This is given by induction on the dimensions starting with H; = G;. Suppose
that H,_, = G, with n > 1. By [27, Proposition 1, pp.6], G,, is generated by the
degenerate images of lower order Moore chain complex terms and NG,,. Thus G,
is generated by NG,, and H, by induction. Since G is a minimal simplicial group,
NG, = ZG,, the cycles. By Lemma 2.1, ZG,, is contained in the center of GG,,. Thus

H,, is a normal subgroup of GG,, and the composite

¢:mG=Z2G, — G, — G,/H,
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is an epimorphism. Thus G,,/H,, is an abelian group and so the quotient homomor-
phism G,, — G,,/H, factors through G2. Since G* = K (r, 1), we have N(G?®"), = 1
for n > 1 and so the composite Z2G,, = NG,, — G,, — G?Zb is trivial. Thus the homo-
morphism ¢: 7,G — G, /H, is trivial and therefore G,/ H,, is trivial. Hence H,, = G,,

as required. O

Continuation of the proof of Proposition 6.17. We find that G is minimal. The sim-
plicial epimorphism ¢: F(S') — G factors through K(S') by Theorem 6.13. By
Proposition 6.15, QK (S!) is an abelian simplicial group. Thus QG is an abelian
simplicial group and so G is homotopy equivalent to a product of Eilenberg-MacLane

spaces, which is the assertion. [l

The following counter-example for minimal simplicial groups is due to J. W. Milnor

(unpublished).

Proposition 6.19. Let S"™'[n + 1,n + 2,n + 3] be the 3-stage Postnikov system
obtained by taking the first three nontrivial homotopy groups of S™*'. Suppose n > 1.
Then Q(S™ ' n + 1,n + 2,n + 3]) does not have the homotopy type of a minimal

simplicial group.

Proof. Suppose that there were a minimal simplicial group G such that

G~ QS n+1,n+2,n+3)).



COMBINATORIAL DESCRIPTIONS OF HOMOTOPY GROUPS OF CERTAIN SPACES 49

Let f: F(S') — Q" 'G be a simplicial homomorphism such that f(o) is a generator
of (" 'G) 2 G, @ Z. Then f,: m3(F(S") = Z/2 — m(Q"'G) = Z/2 is an
isomorphism. Observe that Q"' is also a minimal simplicial group. The simplicial

homomorphism f: F(S') — Q" 1@ factors through K(S'). Observe that
m3(K(S")) = Lie(3) 2 Z @ Z.

It follows that Z/2 is a summand of Z & Z, which is the contradiction. Hence the

assertion follows. O

More examples and counter-examples for minimal simplicial groups will be given
in [32]. It is known that there are many counter-examples of two-stage Postnikov

systems for minimal simplicial groups [32].

REFERENCES

[1] J. F. Adams, On products in minimal complezes, Trans. Amer. Math. Soc. 82 (1956),
180-189.

[2] M. Artin and B. Mazur, On the van Kampen theorem, Topology 5(1966), 179-189.

[3] H. J. Baues and D. Conduché, On the tensor algebra of a non-abelian group and
applications, K-Theory 5 (1992), 531-554.

[4] R. Brown and J.-L. Loday, Van Kampen theorems for diagrams of spaces, Topology,
26 (1987), 311-35.

[5] R. Brown, D. L. Johnson and E. F. Robertson, Some computations of nonabelian

tensor products of groups, J. of Algebra, 111 (1987), 177-202.



50

[6]

[7]

JIE WU
W. A. Bogley, J. H C. Whitehead’s Asphericity Question, London Math. Soc. Lect.
Note Series 197 (1993), 309-334.
G. Carlsson, A simplicial group construction for balanced products , Topology, vol.23,
no.1 (1985) 85-89.
F. Cohen, On the combinatorial group theory in homotopy, Contemp. Math.,
188(1995), 57-63.
D. Conduché, Modules croises generalises de longeur 2, J. Pure. Appl. Algebra 34
(1984), 155-178.
E. B. Curtis, Some relations between homotopy and homology, Ann. of Math. 83
(1965), 386-413.
E. B. Curtis, Simplicial homotopy theory, Advances in Math, 107-209 (1971).
G. Ellis, The nonabelian tensor product of finite groups is finite, J. of Algebra, 111
(1987),203-5.
G. J. Ellis, Crossed squares and combinatorial homotopy, Math. Z., 214 (1993), 93-110.
G Ellis and F. Leonard, Computing Schur multiplier and tensor products of finite
groups, Proc. Royal Irish Academy, 95A (1995), 137-147.
N. D. Gilbert and P. J. Higgins, The nonabelian tensor product of groups and related
constructions, Glasgow Math. J., 31 (1989), 17-29.
D. Kan, On c.s.s. complexzes, Amer. J. Math., 79 (1957), 449-476.
D. Kan, A combinatorial definition of homotopy groups, Ann. of Math. 67 (1958),
288-312.
D. Kan, Minimal free c. s. s. groups, Illinois J. Math. 2 (1958), 537-547.
D. Kan and W. Thurston, Every connected spaces has the homology of a K(m,1),

Topology 15 (1976), 253-258.



COMBINATORIAL DESCRIPTIONS OF HOMOTOPY GROUPS OF CERTAIN SPACES 51

[20] W. Magnus, A. Karrass and D. Solitar, Combinatorial Group Theory, Interscience
Publisher, New York, London, Sydney,1966.

[21] J. P. May, Simplicial objects in Algebraic Topology, Math Studies 11, van Nostrand
1967.

[22] J. Milnor, On the construction F(K), Algebraic Topology- A Student Guide, by J.F.
Adams, 119-136, Cambridge Univ. Press.

[23] J. C. Moore, Homotopie des complexes monoidauz, Seminaire Henri Cartan, 1954-55.

[24] J. C. Moore, Algebraic homotopy theory, mimeographed notes, Princeton,1956.

[25] J.C. Moore, Semi-simplicial complezes and Postnikov systems, Symposium Interna-
tionale de Topologica Algebraica, pp.232-247(1958)

[26] A. Mutlu and T. Porter, Iterated Peiffer pairings in the Moore complex of a simplicial
group, Appl. Category Struct., to appear.

[27] T. Porter, N-types of simplicial groups and crossed N-cubes, Topology, Vol.32, No.1,
(1993), 5-24.

[28] N. R. Rocco, On a construction related to the nonabelian tensor square of a group,
Boletin da Sociedade Brasileira de Matematica, 22(1) (1991), 63-79.

[29] Paul Selick and Jie Wu, On natural coalgebra decompositions of tensor algebras and
natural decompositions of loop suspensions, to appear.

[30] C. R. Stover, A Van Kampen spectral sequence for higher homotopy groups, Topology
29(1990), 9-26.

[31] Jie Wu, On fibrewise simplicial monoids and the Milnor-Carlsson constructions,
Topology, 37(1998), No. 5, 1113-1134.

[32] Jie Wu, On products on minimal simplicial sets, J. Pure Appl. Alg., to appear.



52 JIE WU
DEPARTMENT OF MATHEMATICS, NATIONAL UNIVERSITY OF SINGAPORE, SINGAPORE 119260,

REPUBLIC OF SINGAPORE, MATWUJIEQMATH.NUS.EDU.SG



