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be the functorial map defined by
fw = on: To(W) = W — T, (W) = Wer
for n > 0. Then one can check that:

1) f is a functorial map of coalgebras over K;

(1). fis an extension of f.
The assertion follows. [l

8. THE FUNCTOR A™" OVER A FIELD OF CHARACTERISTIC p > 0
In this section, the ground field k is of characteristic p > 0.
8.1. An upper bound on the size of A™"(V).
Lemma 8.1. Let m > 1 such that (m,p) = 1. Suppose that the polynomial

" =1
splits in k[x]. Then there exists a functorial map of coalgebras
ov:T(V)—-T(V)
for any k-module V' such that:

(1). dvody =o¢v: T(V) = T(V);
(2). Let a € P(T,(V)) be a primitive element of tensor length n. Then

Q if n=m,2m,3m,...;
ov(a) =
0 otherwise.
Proof. Let ¢ € k be a primitive mth root of 1. Let

T): T(V)—-T(V)
be the algebra map determined by
T(¢)(v) = Cu

for x € V. Then T'(¢): T(V) — T(V) is a functorial map of Hopf algebras. Let
x: T(V) — T(V) be the conjugation and let

fv =T xx:T(V) = T(V)

be the convolution product. Then fy: T(V) — T(V) is a functorial map of coalge-
bras.
Let a € P(T,(V)) be a primitive element of tensor length n. Then

fv(a) =(¢" = Dav.
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Let D(V') be the colimit
D(V') = colimy, T'(V').

Let rv: T(V) — D(V) be the canonical map to the colimit. By Theorem 4.5,
D(V') is a natural coalgebra retract of 7'(V') and the functorial map 7y is a coalgebra
retraction. Notice that (" — 1 = 0 if and only if n = m¢t for some ¢ > 0. Thus

rv: P(T,(V)) = P(Dn(V))

is an isomorphism if n is not divisible by m and is zero if n is divisible by m.
By Lemma 5.2, there is a natural coalgebra decomposition

T(V)=B(\V)® D).

Let ri,: T(V) — B(V) be a functorial coalgebra retraction and let jy: B(V) — T'(V)
be the coalgebra injection. Let ¢y : T (V) — T'(V) be the composite

, :

T(V) —— B(V) =

Then ¢y is an idempotent functorial coalgebra map. Let a € P(7T,(V')) be a primitive
element of tensor length n. Notice that

P(T,(V)) = P(Bu(V))

(V).

if n is divisible by m and
P(Bn(V)) =0
if n is not divisible by m. The assertion follows. O
Corollary 8.2. Let m > 1 such that (m,p) = 1. Suppose that the
" —1
splits in k[x]. Let V be any k-module. Then in tensor length mk we have
P(ARE(V) =0
for k> 1.
Proof. By Lemma 8.1, one has a natural coalgebra decomposition
T(V)=B(V)® D(V)
such that P(D,,,(V)) =0 for k£ > 1. Notice that there is a functorial inclusion
V C D(V).

Thus A™"(V) is a natural coalgebra retract of D(V') by Theorem 4.12. The assertion
follows. O
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Theorem 8.3. If the ground field k is of characteristic p, then
P(AT™(V)) =0
if n 1s not a power of p.

Proof. Let m be a positive integer with m > 1 and (m,p) = 1. It suffices to show the
following statement:

Statement: P(A™(V)) =0 for k > 1.
The proof of this statement will be given by induction on k. Let kK = 1. There is
a natural coalgebra decomposition
T(V)=2T(Ln(V)) @ D(V)

for some natural subcoalgebra D(V) C T'(V). (See Corollary 6.7 or [9].) Notice
that there is a functorial inclusion V' C D(V). Thus A™*(V) is a natural coalgebra
retract of D(V'). Observe that the primitive submodule P(7(V)) is the free restricted
Lie algebra L'5(V'). Thus P(7,,,(V)) = L,(V) and so P(D,,(V)) = 0. Therefore
P(A™ (V) = 0.
Now suppose that
PALE(V)) =0
for t < k with £ > 1 and let n = mk.

Goal 1: The overall plan s to construct a natural coalgebra retract ﬁ(V) such that

V € D(V) but P(Dyi(V)) = 0.

By Theorem 6.5, there is a natural coalgebra decomposition
T(V) = @2 A™(V; LI™) @ A (V).
Thus there is a functorial isomorphism of k-modules
P(T(V)) = @2, P(A™(V; LP™)) @ P(A™(V)).
Let _
B(V) = @i AN (V; Lp™)
be the partial tensor products in the natural decomposition for 7'(V'). By induction,
P(ARM(V)) = 0 for t < k. Notice that P(AR"(V; L)) = 0 for j > n = mk > mt
by Corollary 6.4. Thus
P(T(V)) = P(Bre(V))

fort < k. Let ry: T(V) — B(V) be a functorial coalgebra retraction, let ji-: B(V) —
T(V) be a functorial coalgebra injection and let fy denote the composite

fV = jV ory. T(V) — T(V)
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Then fy: T(V) — T(V) is an idempotent functorial coalgebra map with a functorial
isomorphism

Im(fy: T(V)—-T(V)) = B(V).
Goal 2: The goal in the following is to change the ground field to one containing the mth
roots of 1.

Let K be an extension field of the ground field k such that the polynomial
™ =1
splits in K[z]. By Lemma 7.8, there exists a functorial map of K-coalgebras
fw: TW)—TW)
such that f is an extension of f. Let B (W) denote the colimit
B(W) = colimz T (W).
By Lemmas 5.2, 5.3 and Theorem 4.5, there is a natural K-coalgebra decomposition
T(W) = B(W) @k D(W)
for any finite dimensional K-module W and so for any K-module W, where D(WW)
is given by the cotensor product
D(W) = KOpm T(W).

Let A™™K denote the functor A™™ over the extension field K. Notice that there is
a natural inclusion of K-modules

W C D(W).

Thus A™"K (1) is a natural coalgebra retract of D(W) and so one has a further
natural K-coalgebra decomposition

T(W) = B(W)® D'(W) e Am™K(W)
for any K-module W, where D'(W) is given by the cotensor product
D/(W> = KDAmin,K(VV) D(W)

Goal 3: The goal in the following is to give a further decomposition of D'(W) by using
Lemma 8.1.

Let riy : T(W) — D'(W) be a functorial K-coalgebra retraction and let ji,, : D'(W) —
T(W) be a functorial K-coalgebra injection. By Lemma 8.1, there exists an idempo-
tent functorial map of K-coalgebras

ow: T(W) = T(W)
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such that the induced map on primitive elements
ow: P(T,(W)) — P(T,(W))

is the identity if n = mt for some ¢t > 1 and is zero if n is not divisible by m. Let the
map ¢y, T(W) — T(W) denote the composite

T(W) AT D'(W) w T(W) _dw, T(W).

Let D"(W) denote the colimit
D"(W) = colimg T(W).

Then D"(W) is a natural K-coalgebra retract of D'(IW). By Lemma 5.2, there is a
natural K-coalgebra decomposition

D'(W) = D"(W) D"(W).
Notice that by Lemma 5.3
D”(W) = KDD///(W) D/(W)

for any finite dimensional K-module W and so for any K-module W. Thus we may
view D"(W) = KOpwwy D'(W) as a subcoalgebra of

D'(W) C D(W) CT(W).
Consider the further natural K-coalgebra decomposition
T(W)=B(W)® D"(W) @ D"(W)@ Am™¥ ().
There is a functorial isomorphism of K-modules
P(T{(W)) = P(By(W)) & P(D}(W)) & P(D"(W)) & P(A™(W))
for any [ > 1.

Goal 4: The goal in the following is to show that DY(W) = 0 for 0 < j < mk and that
D! (W) is a functorial K-submodule of Lgk(ﬂ/’), where we write L¥ for the free Lie al-
gebra functor over the field K.

Now we determine the primitive elements P(D;'(WW)) up to tensor length n = mk.
Let {z;} be a K-basis for W and let W’ be the k-module generated by {z;}. Then
there is an isomorphism of K-modules

K W =W
As noted earlier, there is an isomorphism of k-modules
P(Tn(W')) = P(Bnt(W'))
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for t < k and so, by Lemma 7.8, there is an isomorphism of K-modules

P(Tr(K @ W) 2 P(Byy(K @k W) = K Qk P(B (W)
for t < k. In particular there is an isomorphism of K-modules

P(Tm(W)) =

for t < k and so

P(Dy,,(W)) € P(Dyp, (W) @ P(Dy,(W)) @ P(ATMS(W)) = 0
for ¢t < k. Notice that D”(W) is a natural K-coalgebra retract of

Im(¢w: T(W) — T(W)) = colimg,, T(W).
Thus

P(D}(W)) C colimy, P(T}(W)) = 0
if [ is not divisible by m. Therefore

P(Dj(W)) =0
for j < mk. Thus

Di(W) =0
for 0 < j < mk and so one has

"

mi(W) = P(Dp (W),
Notice that the map

ow: P(Tok(W)) — P(Ti(W))
is the identity map. Thus there is a functorial isomorphism of K-modules

P(D,,,(W)) = P(D;,

= P(Dyp(W)) = Dy (W)
and so

P(Dp(W)) =0
for any K-module W. By Corollary 8.2, one has

P(AR (W) =0

for any K-module W. Thus there are functorial isomorphisms of K-modules

P(Dp(W)) = P(Dy(W)) = P(Dy,,(W)) = Dy (W).

Let rfy,: T(W) — D" (W) be a functorial K-coalgebra retraction, let ji;,: D"(W) —

T(W) be a functorial K-coalgebra inclusion and let f{j, denote the composite
"o

w=Jwory: T(W)—T(W).
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Notice that f{;; is a functorial map of K-coalgebras with
w=0:T;(W) — T;(W)
for 0 < 7 < mk. By Corollary 2.9, there exists an element A € K(.S,,;) such that
W T ) = Bk © At Tie(W) = WE™ — T (W) = WE™E,

Thus D” (W) is a functorial K-submodule of LX, (W) for any K-module W, where
we write L¥ for the free Lie algebra functor over the field K.

Goal 5: The goal in the following is to construct the functorf by using information about
the functor D" and to finish the proof.

Now let V be any k-module. Let D(V') denote the cotensor product
Let W = K ®yx V. Then
D(W) =Kk D(V).
Thus D"(W) is a subcoalgebra of K ® D(V). Recall that
k(W) = P(Dpr(W)).

mk

Thus

k(W) = K@y P(Drp(V)) € K @k L (V).
Recall that
Dy (W) C LY (W) = K @i Ly (V).

Thus there are no restricted elements in P(D,,(V')) or equivalently
P(Dpi(V)) C Lyi(V).

Let v(P (D)) be the associated k(.S,,)-module of the functor P(D,,;). (See Propo-
sition 7.6.) Notice that D!, (W) is a functorial retract of W®” for any K-module .
Thus

K @1 7(P(Dyi))) = 7(Dpp)
is a projective K(S,,;)-module. By Corollary 7.7, there exists an element A € k(S,,z)
such that

(1). Bk © A0 Bk © A = Bppp 0 Az VO™ V@M for any k-module V;
(2). there is a functorial isomorphism of k-modules

P(Dyppp(V)) = Im(Bog 0 Az VE™ — V)  colimy 5 VO
for any k-module V.
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~ We write Lk for P(D,,;). Then A™"(V: L,.;) is a natural coalgebra retract of
D(V) and so there is a natural decomposition of connected graded coalgebras

D(V) = A™"(V; L) @ D(V).

By Lemma 6.2, L,(V) is a natural retract of L™(V) and so A™™(V; L) is a
natural coalgebra retract of A™"(V; L™ax). By Corollary 6.4, we have

APV L) = 0

for 0 < j < mk, using Proposition 6.1 and Lemma 6.3. Thus there is a functorial

inclusion V' C D(V) and so A™"(V) is a functorial retract of D(V). Notice that
P(Dui(V)) = Lt (V) = P(ARE (V5 Lint))-

mk

Thus P(ﬁmk(V)) =0 and so

P(ARE(V) =0
for any k-module V. The induction is finished and the assertion follows. O

Recall that there is a functorial subHopf algebra B™*(V') such that there is a
natural coalgebra decomposition T'(V') & B™>(V) @ A™"(V). (See Proposition 6.1.)

Corollary 8.4. If n is not a power of p, then
L,(V) C B™(V).

Corollary 8.5. A™"(V) is a natural coalgebra retract of the quotient of T(V') modulo
the right ideal generated by {L,(V) | n not power of p}.

This gives an upper bound on the size of A™".

8.2. Some general theorems on natural coalgebra retracts of T'(V).

Theorem 8.6. Let B(V') be a functorial sub coalgebra of T(V'). Suppose that

1) There is a functorial multiplication B(V') @ B(V') — B(V') such that B(V') is
a quasi-Hopf algebra;
2) B is a retract of T' as functors from k-modules to kmodules.

Then B is a retract of T as functors from k-modules to k-coalgebras.
Remark 8.7. The inclusion B(V) is only assumed to be a map of coalgebras. That

is the inclusion might not be a map of algebras. Also we do not assume that the
multiplication on B(V') is associative.
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Proof. Let B,,,(V) = B(V)NT,,(V) and let J,B(V) = B(V)NJ,(V). Then J,B(V) is
a functorial sub coalgebra of J, (V). Let r: T(V) — B(V) be a k-linear retraction. By
Corollary 2.2, 7|, vy maps J,(V') onto J,B(V) and J, B is a retract of J, as functors
from k-modules to k-modules. By Lemma 2.6, there is a functorial isomorphism
of Hopf algebras h,: T'(J,(V)) — T(P,_, V), where the Hopf algebra structure
on T(ED;_, V) is the one in which the elements in @)_, V®* are primitive. Let
Jn: JoB(V) — J,(V) be the inclusion and let J,B(V) = J,B(V)/JyB(V). Let
Gn: T(J,B(V)) — T(@)_, Bk(V)) be the composite

T(jnB(V)) M T( _n(V)) %L» T(EnB V®k> T(®k=17lmv)) T(@ Bi(V)).
k=1 k=1

Then ¢, is a map of Hopf algebras for each n. By considering the commutative
diagram of Hopf algebras

7(8,(V) D) yomy — pyen) TR gy, v
proj proj
T(J,B(V)) s T(Jo(V)) —oe T V) 1@ (V)
k=1 k=1
T 1 BV)) e T 1(V)) 222 T @ Vb - T@D BV
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we see that there is a commutative diagram of k-modules

Bn(v):Bn<v)
J.B(V) Qén) 1 Bi(V)
k=1
T Bv) L) By )
k=1

Notice that Q(¢): Ji(B(V)) — By (V) is an isomorphism. Thus Q(¢,): J,B(V) —
@;_, Br(V) is an isomorphism by induction on n. It follows that ¢,,: T'(J,B(V)) —
T(;_, Bx(V)) is an epimorphism for each V. Notice that 7'(.J, B(V)) has the same
Poincaré series as T'(;_, Br(V)) if dim(V) < co. Thus ¢, is an isomorphism if
dim(V) < oo and so ¢, is an isomorphism for any k-module V. Therefore the
composite

o: 7BV 7L 1@y L @ ven DL @ Bav)
n=1 n=1
is an isomorphism of Hopf algebras, where B(V) = B(V)/By(V) and T(V) =
V) /To(V). .
By hypothesis B(V) is a functorial quasi-Hopf algebra. Let fy: T(B(V)) — B(V)
be defined by
f<$1372"'37n) = ((Jilxg)) C T
for z; € B(V) = I(B(V)). Then it is routine to check that fy- is a map of coalgebras.
Let E: B(V) — T(B(V)) be the canonical inclusion. Notice that the composite

BV) == T(BV)) = T() B.(v)) = T(BV) L Bv)

is the identity map of B(V) and the composite ¢ o E: B(V) — T(@,~, Bn(V))
factors through 7'(V'). Thus B(V) is a functorial coalgebra retract of 7'(V'), which is
the assertion. O

If B(V) is a functorial sub Hopf algebra of T'(V'), we will show by example that there
is no functorial isomorphism of Hopf algebras T'(Q(B(V)) — B(V) although B(V)



NATURAL DECOMPOSITIONS 65

is isomorphic to T'(Q(B(V')) as Hopf algebras for any individual vector space V.
However, for some special functorial sub Hopf algebras of T'(V'), this statement holds.

Theorem 8.8. Let B(V') be a functorial sub Hopf algebra of T(V'). Suppose that B
s a retract of T as functors from k-modules to k-modules. Then there is a functorial
isomorphism of Hopf agebras

T(Q(B(V)) = B(V).
Furthermore, B(V') is generated by some elements in L(V) N B(V).

Proof. Let Q,(V) denote Q(B(V))n, the set of indecomposable elements of tensor
length n. Notice that B(V') is primitively generated and is a tensor algebra (being a
subalgebra of a tensor algebra). It suffices to show that there is a functorial cross-
section from Q(B(V)) to L(V) N B(V) C P(B(V)). This is given in assertion 1) of
the following statement.

Statement: 1) There is a functorial submodule @Q,,(V) C L, (V) N B(V) such that
the composite Q' (V) — L,(V)N B(V) 2% Q,(V) is an isomorphism, where p, is the
restriction of the canonical map from B, (V') to Q,(V); and 2) @,(V) is a functorial
retract of V&

The proof of this statement is given by induction on n. The statement holds
obviously for n = 1. Suppose that the statement holds for £ < n with n > 1.

Let ji: Q1. (V) — Lg(V)NB(V') be the inclusion for k£ < n and let j: EBZ;% QL (V) —

"1 Li(V)NB(V)) C B(V) be the inclusion induced by ji. Let T(j): T(P—, Q4 (V)
— B(V) C T(V) be the map of Hopf algebras induced by the map j. Notice that
B(V) is a tensor algebra and j: ®7Z Q4(V) — Q(B(V)) is a monomorphism. Thus
T(5) is a monomorphism. Notice that Q. (V) is a functorial retract of V& for k < n
and Q. (V) is functorially isomorphic to Q5 (V). Thus @} (V) is a functorial retract of
V@ Let ¢ > 1andlet ki, ko, ... , k, be positive integers with k; < n. Let Iy, la, ... ,1,
be positive integers. Then

Qu, (V)" @ Qry(V)®2 @ -+ @ Qg (V)

is a functorial retract of yekilithilot-kale Lot m = kil + kily + -+ - k,l, and let
V = (x1,29,...,Tm) be an m-dimensional vector space over k. Let 7, be the k-

submodule of V®™ generated by the homogeneous elements To(1)To(2) " * " To(m) fOT
o€ S, Then

(le (V)®ll & ka(v)@z X qu (v)®lq) M Y
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is a projective k(S,,)-module. Notice that

n—1
TP AV)NTu (V) = . Qi (V)" @Qu, (V)22 0- - -@Qy, (V)
k=1 1<ky koo kg <n—1

k1l4 +k2l2+-~-+kqlq =m

for m > 1. Thus
n—1
T(EB (V) N Tu(V) N Y
k=1

is a projective k(S,,)-module. Notice that

TED V) 1 (V) = (TED Q7)) N Tn(7) 017 1y VO™

for any k-module V. Thus

TEDQUV)) N (V)
k=1

is a functorial retract of v, ®x(s,.) V™ and so T(@—, Q,(—)) is a retract of T as
functors from modules to modules. By Theorem 8.6, T(D;—; @1.(V)) is a functorial
coalgebra retract of T(V) and so T(@—; Q4(V)) is a functorial coalgebra retract of
B(V). Let r: B(V) — T(@}~; Q,(V)) be a functorial coalgebra retraction and let

B'(V) = kBrgp-1 g,y BV).

By Lemma 5.3, there is a functorial isomorphism of coalgebras
n—1
B(V) = T(EP (V) ® B'(V).
k=1

Notice that T(@—; @}(V)) is a sub Hopf algebra of B(V') generated by the elements
x € B(V) with the tensor length |z| < n. Thus B'(V); = 0 for 0 < j < n and
B'(V)n = Qn(V). Let Q1,(V) = B'(V),. Then Q,(V)) € P(B(V)) = L™(V)N B(V).
Let i: @, (V) — V@ be the inclusion of Q) (V) C L'*(V) N B(V) C V®". Notice
that B'(V) is a functorial retract of T(V'). Thus there is a functorial map r’: V& —
Q.. (V) such that " oi: QI (V) — Q. (V) is the identity map and @’ (V) is given by
the set of the fixed points of the idempotent map ¢ = i o7’: V¥ — V&  Notice
that Im(¢: v, — 7v.) € L'*(V) N+, = Lie(n). Thus ¢(x;---2,) € L,(V) and
so ¢(ay---a,) € L,(V) for any k-module V' and any elements a; € V. Therefore
Q.(V) C L,(V)n B(V). The induction is finished and the assertion follows. O
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Let Q**(V') denote Q(B™*(V)) the set of indecomposable elements of B™**(V)
with tensor length n.

Corollary 8.9. The following statements hold:
1) QP(vV) = 0;
2) Q™ is a retract of Ly, as functors from modules to modules for each n > 2;
3) QU(V) is a functorial retract of V™ for each n > 2;
4) there is a functorial isomorphism of Hopf algebras

o0

T(EP Qp(V)) = B™(V).

n=2
A relation between the functor Q™* and the functor A™" is a follows.
Proposition 8.10. There is a functorial isomorphism of k-modules
A (V) @V = Qu(V) @ AP (V).

for each n > 1.

Proof. Let A™™(V) = k ®pmax(yy T(V). Then A™"(V) is functorially isomorphic
to A™"(V') as a coalgebra. Let p: T(V)) — A™"(V) be the projection and let ™ (V')
be the kernel of p. Notice that I™> (V') is a right ideal of T(V') and A™™(V') is a right

T(V)-module. Let ]flmm(‘[) be the kernel of the augmentation map €: A™"(V) — k
and let ¢: T(V) ® V — ITA™"(V) be the k-linear map given by

(a®z)=plax) = (a) - x
for « € T(V) and = € V| where - is the right action. Then
gla®@x) =0
if € I (V). Consider the commutative diagram of exact sequences of k-modules
"V =I"V)eV

mult
[™X(V) e T(V) @ V — e [A™IN(V)

p®id

K(V) v Amn(y) @ Vv Lo 7 Amin(y),
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Then we have
K(V) = ™ (V) /(I™(V) - V) 2= ["™(V) /("™ (V) - IT(V)).

Notice that the canonical map m: Qm(V) = IB™(V)/(IB™(V) - IB™*(V)) —
™V /(I™>(V) - IT(V)) is an epimorphism. The formula for x(Q™) in terms of
x(A™™) and (V) is determined by: 1) T(Q™3) = B™a* and 2) T'(V) & Bmax g A™in,
By comparing Poincaré series, we see that the map 7 is an isomorphism if dim(V') <
oo and so 7 is an isomorphism for any k-module V. Thus Q™ (V) = K(V) and
there is a short exact sequence

QR™(V) = A (V) @ V —= AT(V).
Notice that the k-linear map ¢: T(V) @ V = IT(V) — IA™"(V) has a functorial

cross-section. The assertion follows. O

Remark 8.11. It is the fact that A™™ (V') and k @ gmax(y) T'(V) are only functorially
isomorphic as coalgebras rather than equal that prevents the filtration on A™™ from
being a Hopf algebra filtration instead of just a coalgebra filtration.

8.3. A coalgebra filtration on the functor A™". Now we give a coalgebra filtra-
tion on A™"(V') which can be used to give a lower bound on its growth. The filtration
will be given by inductively defining a descending natural sequence of subcoalgebras
of A™n(V).
Let TM(V) = T(V) and let EW(V) = k[V] be the polynomial algebra generated
by V. Let
TOV) =kOgay oy TH(V).

Notice that T® (V) is a normal subHopf algebra of T'(V') generated by L, (V) with
n > 2. Thus B™*(V) C T®?. Let A® (V) be defined by

A(Q)(V) - k ®Bmax(v) T(Q)(V)

Suppose that we have already defined 7™ (V) and A®(V) for k < n and E®(V)
for k < n with the properties:

1) T® (V) is a subHopf algebra of T'(V) for 1 < k < n and
Bx(VycT™WWV)cT™ HWV)C - cTOWV) CcTOWV) = T(V);
2) E®)(V) is a commutative Hopf algebra such that
THEFY(V) = koge T

for k < n.
3) A(k) - k ®Bmax(v) T(k)(V)
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We need to define 7™+D(V), A®+D)(V) and E™ (V) for n > 2. Notice that T +1)(V)
and A™+D(V) will be defined once E™(V) is defined. Now let E( (V) be defined
to be the quotient Hopf algebra of 70 (V) modulo the two sided ideal generated by

1) B™(V);
2) the commutators [z,y] for z,y € IT™(V), where IT™(V) is the augmenta-
tion ideal of T (V).

This gives a coalgebra filtration
- AD(V) C APD(V) C - C AB(V) C AD(V) 22 Am(Y).
Observe that N2, A™ (V) = 0.

Proposition 8.12. There is an equality of Poincaré series

Amln H X E(n

Proof. Notice that
X(TP(V)) = X(THHDV)) - X(EW(V)) = x(B™(V)) - x(AW(V));
X(TED(V) = x(B™™X(V)) - x(A™HD(V)).
Thus x(A™(V)) = x (AT (V)) - x(E™(V)). The assertion follows. O
Let L(B™(V)) denote L(V) N B™*(V). Let L") (V) = L(V) and let
LD(V) = [LO(V), LD(V)] + L(B"™(V))

be a sub Lie algebra of L(V) for n > 1. This gives a descending sequence of Lie
algebras

L C LYWy LW(W) C - C LWV = L(V).
Let UL denote the universal enveloping algebra of a Lie algebra L.
Proposition 8.13. Let T E™ and L™ be defined as above. Then
1) there is a functorial isomorphism of Hopf algebras
ULM™(V) = TM(V)

for eachn > 1;
2) E™(V) is functorially isomorphic to the polynomial algebra generated by

LOW)/LODWV) = L(WV) /([L™(V), L(V)] + L(B™(V)))
for eachn > 1.
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Proof. Let j,: L™ (V) — T™ (V) be the canonical inclusion. Notice that the com-
posite L (V) —— T0(V) —— E™ (V) factors through LM(V)/LM+HD(V). Let
In: LO(V)/LOFD (V) — E™(V) be the induced map. We will show the following
statements:

P,) The induced map of Hopf algebras
U(jn): ULT(V) = TT(V)

_ Isan isomorphism for each n > 1.
Pn) The induced map of Hopf algebras

U(ga): ULM(V)/LTH(V)) — EM(V)

is an isomorphism for each n > 1.

Assertion 1) follows from statement P,. Notice that L™ (V)/L™*)(V) is an abelian
Lie algebra and so assertion 2) follows from statement 7,,. The proof of statements
P, and P,, are given as follows.

1) Statement P; holds obviously. B
2) If statement P, holds, then statement P, holds.
3) If statements P,, and P,, hold, then statement P, holds.

We first show that statement P, holds by assuming statement P,. By Corollary 8.9,
B™>*(V) is the sub Hopf algebra of T'(V') generated by L(B™*(V)). By statement
P,., T (V) is the sub Hopf algebra of T(V') generated by L (V). Thus EM™ (V) is
the quotient algebra of 7 (V') modulo the two sided ideal generated by L") (V) =
[LM)(V), L™(V)] + L(B™>*(V)). The standard arguments show that statement P,
holds.

Now we show that statement P, holds by assuming statements P, and P,. It
suffices to show statement P, for the case that dim(V') < co. Consider the short
exact sequence of Lie algebras

LOF(V) e LU(V) —» LO(V)/LOTD(V).
There is a short exact sequence of Hopf algebras

ULMD(V) e UL™(V) — U(L™(V)/LOD(V)).
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(See [5, Proposition 3.7].) Statement P, follows from the following commutative
diagram of Hopf algebras

ULMD(V) e UL™(V) == UL™(V)/LTD(V)).
U(jn)| = U(Tn)| =

T(n+1)(v) — . T(”)(V) . E(”)(V),

where the rows are short exact sequences of Hopf algebras. This completes the
proof. O

Notice that A™ (V) =k @ gmaxyy T™ (V) is a right 7™ (V)-module. Let TA™ (V)
be the kernel of the augmentation map A™ (V) — k. By induction and using Propo-
sition 8.13 and Corollary 8.4, we have

Corollary 8.14. E™ (V) is a polynomial algebra with indecomposable elements
QE™(V)) = TA™(V) @pm vy k.
Furthermore Q(E™(V)); =0 for j < p»~'.

Proposition 8.15. If char(k) > 2, then T™*Y(V) is the normal sub Hopf algebra
of T™ (V') generated by B™*(V).

Proof. Let B’ be the normal sub Hopf algebra of T generated by B™(V). Then
B’ € T*D(V). By Proposition 8.13, it suffices to show that LO*V(V) C L(B') =
B' N L(V). Notice that L"(V) = [L™(V), L™(V)] + L(B™*(V)). If ¢ is not
a power of p = char(k), then L(B™*(V)), = L,(V) by Corollary 8.4. Notice that
[LM)(V), L™ (V)] is a two sided Lie ideal generated by the elements [a, 3] for , 3 €
LM (V). Also notice that L(B') is a two sided Lie ideal of L(T™(V)) = T™ (V)N
L(V). Tt follows that [L™)(V), L")(V)], C L(B’) for any ¢q. The assertion follows. [

8.4. A lower bound on the growth of A™" (V). Now we give a lower bound for
th(e)functor A™" by determining £ (V). We need some preliminaries to determine
E®(V).

Let S, act on k¥ by permuting the basis {y1,v2,...,yn} and let I(k®") be the
kernel of the augmentation map e: k¥ — k given by €(y;) = 1 for 1 < j < n.
Then I(k®") is a sub (S,)-module of k¥". Let Q(T?),, be the set of indecomposable
elements of T3 (V) which have tensor length n and let S, act on V& by permuting
factors.
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Proposition 8.16. There is a functorial isomorphism of k-modules
Q(T(Q)(V))n >~ (k&) Bu(sn) yen
for any k-module V.

Proof. By the proof of Lemma 3.13 in [5]. There is a functorial short exact sequence
of k-modules

It
QI®) — K[V & V ——= I(K[V]).
where k[V] is the polynomial algebra generated by V.
Let V. = (xi,...,x,) be an n-dimensional vector space over k and let v, be as
defined earlier. Let M, be the quotient k-module of v, modulo the sub module
generated by

To()Ta(2) " Toi—1)Ta(itl) " To(n)Ti — T1T -+ Tj - Tp;

~

for 1 < i <nando € S, acting on {1,2,...,4,...,n}. Then M, is a quo-
tient k(S,)-module of ~,. Let ¢q: v, — M, be the quotient map and let y; =
q(zy -z -xpzy) € M, for 1 < ¢ < n. Then {y;,99,... ,ysn} is a k-basis for
M,, and there is an isomorphism of k(.S,,)-modules

M,, = k%",
Let €,: V& — Kk[V],, be the canonical quotient map. Then there is a commutative
diagram

1 ®id mult
e e K[V] @V

pon - k[V],

12
12

€®id
Y Qx(sn) VE" M, @x(s,) V" —— k ®x(s,) V",
where €: M, — k is given by €(y;) = 1. Thus M, ®s,) V" — k[V],—1 @ V is an
epimorphism. Notice that dim(M, ®xs,) V") < dim(k[V],—1 ® V). Thus M, ®i(s,)
Ven — k[V],-1®V is a (functorial) isomorphism. Consider the commutative diagram
QTP (V))y ——Kk[V], 1 @V - k[V]n

i

Il
2

](Mn> ®k(Sn) V®n — Mn ®k(5n) V®n —r k ®k(5n) V®n,
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where the top row is a short exact sequence.Thus I(M,) ®ks,) VE" — QTP (V))
is an epimorphism. Notice that dim(I(M,) ®ks,) V") < dim(Q(T®(V)). Thus
I(M,) ®(s,) VO — QTP (V)) is a functorial isomorphism if dim(V) < oo and it
is an isomorphism for any V', which is the assertion. O
Let fy: T(V) — T(V) be a functorial map of coalgebras. Let a(f), € k(S,) be
the sequence of elements such that a(f), = fv|n,w): To(V) = VO = T,(V) = Ve
(See section 7.) Let (, ) denote the canonical inner product in k(S,,). Notice that

a= Z (a, 0)0
O'ESn
for any a € k(S,).

Lemma 8.17. Let fy: T(V) — T(V) be a functorial map of coalgebras such that
(fv)lv:V — V is the identity map for any V. Then

S (@0} = 1

O'ESn
for eachn > 1.

Proof. Let V be the n-dimensional k-module generated by {z1,... ,2,}. Let ¢.: T(V) — T(V)
be the projection map defined by
o if acV="T,(V);
@ (o) =
0 ifaeT,(V),n#1.
Then one has - -
qrofv=q:TV)->T(V).
By hypothesis f is a map of coalgebras Thus one has
of =q": T(V) = T(V),

where ¢;" is the n-fold self convolutlon product of ¢;. Notice that

ql EE: To1) " To(n)

gESy
and
im0 [z wn) = Y Aalf)ns 0)G (To(1) *+ Toim)
ocSn
= (D AP 0) Y wry -+ Tany.
o€Sy, TESY

The assertion follows. O
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Corollary 8.18. Let fi: T(V) — T(V) be a natural map of coalgebras such that
(fv)lv:V — V is the identity map for any V. Then

(1). flr,oy(@™) = 2™ foranyx € V andn > 1;

(2).
f’Tn(V)<Z To(l) " To(n)) = Z La(1) " To(n)

O'ESn O'ESn
forany xi,...x, €V andn > 1.

Lemma 8.19. Let fy: T(V) — T(V) be a natural map of coalgebras such that
(fv)lv: V=V is the identity map for any V and let x,y € V. Then

ey (ad” = (y)(x)) = ad” ' (y)(z)
for any r > 1.

Proof. We may assume that V' is a two dimensional k-module generated by = and y.
The assertion follows from the formula:

(z+y)" =y +ad” (y)(z) + A,

where A is a linear combination of the homogeneous elements in which = appears at
least twice. (See [16].) O

Let My, ..., M; be submodules of T (V). We write (M, ..., My) for the subHopf
algebra of T'(V') generated by Mj, ... , M. Given n > 1, let D"(V') denote

K ®gmar (v, La,... 1n1) T(V),
where L; = L;(V). Let a € T(V'). We write {a} for the image of a in D™(V).

Lemma 8.20. Given t > 1, let V be the p'-dimensional k-module generated by
{z1,... ,xp}. Then the elements

yj =A{x1 -2y wpryt
with 1 < j < p' are linearly independent in Dpt(V).

Proof. Suppose that yi,ya, ...,y are linearly dependent in D" (V). There exists
1< i< pbsuch that
Yi = Z kiy;

J#
for some k; € k. Let j # i with 1 < j < p' and let T} ;: V = V be the k-
linear map given by 7T; ;(z;) = x;,T; j(x;) = x; and T; j(x;) = xy for k # i,7. Let
D (T;;): D* (V) = D (V) be the induced isomorphism. Notice that

{xil T xiptﬁ xipt} - {xi‘FU) e xir(pt%)xipt}
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since (B™**(V'), Lo, ..., L,_1) contains all commutators of length less than n. For
any 7 € Sy—1, one gets

DP(Tij)(ye) = § v if k= j;
Yk otherwise.
Thus y; = >, ; ki + kjyi and so (1+ k) (y; — y;) = 0. Let V be the 2-dimensional
k-module generated by z and y and let ¢: V — V be the k-linear map given by
¢(z;) = x and ¢(xg) =y for k # i. Then
DP(9)(yi — ;) = " '} — {ay? '} = ~{ad” ' (y) (@)},

since we are in characteristic p. Consider the commutative diagram

DY (V) DP (V)
~ ~ r ~
BIH&X(V) e T(V) > k ®Bmax(‘7) T(V)

BmaX<V) — <Bmax7 LQ, ce ,Lpt,1> — k ®Bmax(‘~/) <BmaX(V), LQ, ce ,Lpt,1>.

Notice that B™*(V') is a coalgebra retract of T(V). Thus B™*(V) is a coalgebra
retract of (B™, Ly, ..., Ly_1) and so K ® pgmax(i7) (B™ Lo, ... ,Ly_q) is a coalgebra
retract of (B™, Lo, ..., Ly_1). Observe that B{**(V') = 0, thus the composite

(Lo Lypr) = (B™™(V), Loy ..., Lypa) — K @ sy (B, Las... L)

is onto up to dimension pt. Notice that r(ad” " (y)(z)) is not zero by Lemma 8.19 and

is not in the image of the composite (Lo, ..., Ly—1) = T(V) = Kk ®pmaxiy T(V).
Thus the primitive element r(ad?~!(y)(z)) is not in the subcoalgebra

K @ pmax(iry ( B™(V), La, ... , Lpr—1) and so

{ad” ! (y)()} # 0
in D (V). Therefore y; — y; # 0 and so
k’j - —].
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for each j # 4. This shows that
Yrty2 o Ty =
Notice that
DY (@) (g1 + -+ +yp) = {7 "2} + (0 — Dfay” 7'} = —{ad” ' (y)(2)} £ 0.
One has a contradiction and the assertion follows. O

Let ¢: T(V) — D¥ (V) be the quotient map and let 7(Dg:) denote the image
WD) = Tm(gls,,: 3 = D (V).
Notice that fy(Di:) is a quotient k(S,)-module of v, = k(S,:). By Lemma 8.20, a
representation of the k(.S,)-module fy(Dgz) is as follows.
Corollary 8.21. There is an isomorphism of k(S,)-modules
Y(Dp) = K7,
where the k(Syt)-action on k%' is the standard representation.

Proposition 8.22. Givent > 1 and let V be the p'-dimensional k-module generated
by {x1,...xpt}. Then the elements

Zj = {HIL‘l, Ty XLy ,ij, Ce ,l‘pt]}
with 2 < j < p' are linearly independent in Dpt(‘_/).
Proof. The assertion follows from the fact
Zi=Yi— W%
in D (V). O
Let Lie(D} :) denote the image
Lie(D",) = Im(qluie(): Lie(p') — D%(V)).

Corollary 8.23. Let ay,...,ay be the standard basis for kK¥7'. Then Lie(Dé’I) is

isomorphic to the k-submodule of k" spanned by ay — ay,az — ay, ... ,ay —a; as
k(Syt)-modules.
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Proposition 8.24. The k-module D} (V) for j <n is determined as follows:
[ k[V]; if j<mn

DX (V) = k[V], if j=mn#p" for somet

7

KVt @V if  j=n=p'

Proof. Notice that B™*(V') is generated by certain choices of L (V) C Lg(V)
for k > 2. Thus (B™(V), La,...,Ln_1) is equal to (Lo, ..., Lp_1, L) up to
dimension n and so the only case we need to show is that

DR (V) 2 K[V]_ @ V.
Notice that the quotient map T'(V) — D¥ (V) induces a natural epimorphism
0: k[V]py_1 ®V — DY(V).

By Lemma 8.20, it is routine to check that the natural map # is a monomorphism.
The assertion follows. O

Theorem 8.25. E®)(V) is functorially isomorphic to the polynomial algebra gener-
ated by

oo

@](kQBpt) ®k(Spt) V®pt.

t=1

Proof. Let t > 1. Notice that (B™(V), Ly, ..., L) C T (V). Let D'(V) =
k ®(pmax(v),L,,... Lyt ) T®(V). Consider the commutative diagram

(B™(V), Ly, ... Lyp 1) = TC(V) —- D'(V)

N N

(B™(V), Ly, ..., Ly_1) — T(V) ——» DP
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Notice that D'(V) is (p' — 1)-connected. By Proposition 8.24, there is a functorial
isomorphism

D'(V)y = Ker(D%(V) = k[V]y) = Ker(k[V]p—1 @ V — k[V],0).
By Proposition 8.16, the canonical map
QUTP(V))p = (ITP(V) @7e 1) k) — (I(D'(V)) @7y Kyt = D' (V)

is an isomorphism. Notice that the map T3 (V) — D'(V) factors through A® (V) =
K @ pgmax(1y T (V). Thus the canonical map Q(T™ (V) — (I(AP(V)) @pe gy K)pt
is a monomorphism and so it is an isomorphism. By Corollary 8.14, the canonical
map Q(T@ (V) — Q(E®),: is an isomorphism. By Corollary 8.4, Q(B™*(V)),, —
Q(T®(V)), is onto if n is not a power of p and so the epimorphism Q(T®(V)),, —
Q(E®(V)), is the trivial map if n is not a power of p. The assertion follows. O

By Proposition 8.12, we have a lower bound on the growth of A™»(V).
Corollary 8.26. If dim(V) > 2, then A™™(V) has at least sub-exponential growth.
Corollary 8.27. There is a natural isomorphism

APV 2 K[V] @ V.

Example 8.28. Let V' be a two dimensional k-module over the Steenrod algebra
generated by {z,y} with P!(y) = z. Then, as a retract of V&, A (V) is a 2p-
dimensional k-module over Steenrod algebra with a basis:

{yp7 P*l (yp>7 AR Pf(yp>7 Z’ P*1(2)7 ct Pf_2(z>}7
where PP~Y(z) = PP(yP) = aP.

To conclude this section, as an example, we show that T(Z)(V), which is the
coalgebra kernel of the quotient map from tensor algebras to polynomial algebras,
is not functorially isomorphic to the tensor algebra generated by Q(T*(V)) if
char(k) > 0.

Proposition 8.29. The canonical quotient map [(T®(V)) — Q(T™®(V)) does NOT
have a functorial k-linear cross-section map.

Proof. We show that ¢q: [(T®(V)), — Q(T®(V)), does not have a functorial
cross-section if n > p + 2. Suppose that there were such a cross-section. Let
5: Q(TP(V)),, — I(T®(V)), be a functorial k-linear map such that gos: Q(T?(V)),,
— Q(T®(V)), is the identity.
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Let V = (xy,79,... ,x,) be an n-dimensional vector space over k and let v, be as
defined earlier. Let M, = k®" be as defined in the proof of Proposition 8.16. Then
there is a commutative diagram of short exact sequences of k(.S,,)-modules

I(M,) < M, -k
pl pll
€
I(Vn) - fyn > k7

where €(Zy(1) -+ Towm)) = 1 for o € S,,.
Notice that Q(T®(V)),, is isomorphic functorially to I(M,) ®xk(s,) V" by Propo-
sition 8.16. Let ¢: I(M,) — V" be the composite

[(M,) = I(Mpn)®x(s,)7n € 1 (M) @5y V" = Q(TP(V)) = I(TP(V)), C V™.

Then ¢(1(M,)) € I(TH(V)) N7, C I(7,) € v, and the map ¢: I[(M,) — 7, is a
map of k(S,,) modules. Notice that 7, is a free k(95,)-module. Therefore v, is an
injective k(S,)-module (see [13]) and so there is a map of k(S,,)-modules ¢: M, — 7,
such that é|1(Mn) =¢: I(M,) — Yn.
Let f: v, — 7, be the composite
1
Tn P M, i In

and let N = colimy~,. Then N is a k(S,,)-retract of 7, and so N is a projective
k(S,)-module. Recall that the composite g o s: Q(T(V)), — Q(T®(V)), is the
identity. It follows that the composite

(M) =2 IO W) 1y s T(3) —

I(M,)
is the identity map and so
dim(N) > dim(/(M,)) =n — 1.
On the other hand, N is a k(S,,)-retract of M,,. Thus
dim(N) < dim(M,,) = n.

Now N is a projective k(.S,)-module. Let P be the Sylow p-subgroup of S,,. Since
projective modules over k(G) are free when G is a p-group, N is a free k(P)-module
and so dim(N) is divisible by the order of P. One gets a contradiction and the
assertion follows. O



