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ON THE HOMOTOPY GROUPS OF THE SPHERE AND THE
BRAID GROUPS

JIE WU

In this talk, we will give some relations between the homotopy groups of the 2-
sphere and the braid groups. We should point out that this is one of research projects
in the National University of Singapore. We (Jon Berrick, Kai Meng Tan, Yan Loi
Wong and I) have a weekly informal seminar to discuss braids, symmetric groups and

homotopy theory. Also this is a joint work with Fred Cohen.

0.1. Simplicial Groups. A simplicial set X means a sequence of sets X = {X,, },>0
with faces d;: X,, — X,,_1 and degeneracies s;: X,, — X, ;1 for 0 < j < n such that
“simplicial identities” hold. The difference between simplicial sets and simplicial
complexes (A-sets) is that: one needs “degeneracies” for simplicial sets. A simplicial
set is in one-one correspondence with a functor from finite ordered sets to sets.

A simplicial group G means a sequence of groups G = {G,},>0 with face ho-
momorphisms and degeneracy homomorphisms. A A-group GG means a sequence of
groups G = {G,, },>0 with only face homomorphisms.

e The geometric realization |X| of a simplicial set X is a CW-complex. Roughly

speaking, the category of simplicial sets is equivalent to the category of CW -complexes.

e The geometric realization of a simplicial group is a topological group.
Let G = {G,}n>0 be a simplicial group.
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1) The Moore complex: N, G = N7_, Ker(d;: G, — G-1);
2) The Moore cycles: Z,G = Nj_jKer(d;: G, — Gpr1);
3) The Moore boundaries: B,,G = dy(N,1+1G).

Theorem 0.1 (Moore). Let G be a simplicial group and let |G| be the geometric
realization of G. Then m,(|G|) = Z,(G)/B,(G) for each n > 0.

If G is a A-group, then one still has NG, Z(G) and B(G) defined in the same way
and then m,(G) is defined to be the coset of Z(G) by B(G).
e We will see below that there is an interesting A-group G with the property that
7,(G) = 7,(S3) for n > 4 but m3(G) is NOT abelian.

0.2. A Modified Simplicial Group Model for QS52. The Milnor’s construc-

tion F(X) is the free group generated by X modulo the single relation that the

base point x = 1.

e The geometric realization of F(X) is |F(X)| ~ Q%|X|. Consider F(S') ~ Q52
The simplicial set S* is the “free” simplicial set generated by 1-simplex o, more

precisely,

o S = {x}, S| = {x,0}, S5 = {x,500, 510}, S3 = {*, 52510, $2500, 51800}, in general

S7lz+1 = {*,ZL’(),"' 7xn}7 where Xy = Sn"'éi"'SoU.
e As a sequence of groups, F(S'),, = F(xg,...,7,_1) the free group of rank n on the
letters xg, ..., Ty_1.

Since the combinatorial determination of homotopy groups only uses face homo-
morphism, we need to make some modification of generating systems such that each
face is given in a nicer way. Below we give two modifications.

Modification 1. Let yo = zoz; ", y1 = 125", -+, Yno1 = Tp_12;, ', and 3, = 2, in

F(Io,"' ,Ilfn> = F(Sl)n—H-
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Proposition 0.2. F(S'),11 = F(yo, - ,yn) with

Yp—1  J <k,
dyyx = L j=k+1,
Y J>k+1
and
Yk+1 J<k,
SiYk = § YkYk+1 J =k +1,

Yk J>k+1

for0<j<n-+1, wherey_1 = (Yo Yn_1)"* in F(S),.

e In this system, the faces d; is a projection map for j > 0. But the first face dy is
not.

e By using this system, we are able to determine to find a set of generators for the
Moore chain complex N F(S') and so for boundaries B(F(S*)).

e Together with some other general results, we therefore gave a combinatorial de-
scription of m,(S5?) as the center of combinatorially given groups.

Modification 2. The second modification is to make the first face dy to be nicer.

Proposition 0.3. The F(S'), is the quotient group of F(zy, -+ ,2,) subject to the
single relation 29z ---z, = 1 is a free group of rank n with the following simplicial
structure
Zg—1 for  j<k,
dijzy = 1 for j=k+1,
zg  for j>k+1,
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and
Zg+1  for J <k,
SjZk = § 2pzke1r  Jor j=k+1,
2k for j>k+1,
for0<j<n+1.

Note. There is a general result that
e Let m > 1. Suppose that G is a simplicial group such that (1) each G, is free
and (2) rank(G,,) = rank(F(S™)). Then 7.(G) = m.(F(S™)) = m.(QS™1).

Thus one just checks that the above system forms a simplicial group. Then it
is a model for €252%. In this system, all faces occur to projections. But the relation
2021+ -z, = 1 plays an essential role. This relation looks like certain compactification
by observing:

e Let @, be a set of n points in R?. Then m(R?*\ Q,) = F(z0,...,2,-1) and
m1(S5?\ @Q,) is the quotient group subject to the relation zg--- 2, ; = 1.

e The faces d;: m1(S"\ Q) — m(5%\@Q,_1) is induced by the map which removes one
of elements in @),,. The degeneracies are induced by doubling elements in ),,. The
epimorphisms 71 (R? \ Q,,) — (5% \ Q,) give the quotient map F(A[l]) — F(S').
e By considering the Artin representation of the braid group B,.1 on F(zq,...,2,),
we obtained that the homotopy groups 7,(S5?) are given by the fixed set of the pure
braid group action on F(S')/B(F(S')), where the group F(S'),,/B(F(S')), admits

an explicit description in terms of generators and relations.

0.3. Braid Groups and the Mapping Class Groups. Let M be a space. The
braid group B, (M) is defined to be m(F(M,n)/%,), where
F(M,n)={(xg,...,xp_1) € M™|x; # x; for i # j}
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is the configuration space. Let P, (M) = m(F(M,n)) be the pure braids on M. The
group B,(R?) is the usual braid group and B,(M) is called a mapping class group
when M is a Riemann surface.

e Observe that any element in B, (M) lifts to a path in F(M,n) and so it gives
n-strings in the cylinder M x I. (The latter is an equivalent definition of braids in
terms of strings on M.)

Let d;: F(M,n) — F(M,n —1) be the (i + 1)-th coordinate projection. This map
induces:
e a group homomorphism d;: P,(M) — P,_1(M) such that {P,1(M)},>o forms a
A-group and
e a function d;: B, (M) — B,_1(M) such that {B,11(M)},>0 is a crossed A-group.
e The function d;: B, (M) — B,,_1(M) can be described as the function which deletes
the (i + 1)-th string.

Theorem 0.4. Let M be a metric space with an integral curve, that is, there is a
map [0,00) X M — M satisfying certain conditions. Then {By41(M)},>0 is a crossed

simplicial group and {P,+1(M)}n>0 is a simplicial group.

Roughly speaking the degeneracy s; in {B,11(M)} and {P,11(M)} is given by
doubling the (i + 1)-the string. In space level, s; is a map like

F(M,n) — F(M,n+1) (zo,...,Tn-1) > (Toy. ., Tim1, Thy ) Tig1y ooy Tn_1).
e This works well for the cases like M = D? but singularities happen for the cases
like M = S2. In fact {P,11(S?)} can not be a simplicial group with the faces defined
above.

However we have the following interesting result. Let P(S?) = {P,+1(5?)}.>0 with
the faces defined above. Then P(S?) is a A-group.
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Theorem 0.5. Let P(S?) be the A-group defined above. Then ,(P(S?)) is a group
for each n and there is an isomorphism of groups
Tn(P(S?)) = 7, (S?)

forn > 4.

e Direct calculation shows that 73(P(S5?)) is NOT abelian with a short exact sequence
Z— m3(P(S?%) - ZaZ

and so P(S?) can not be a simplicial group.
e This result suggests that the study of A-groups might be interesting. Simplicial
groups can be regarded as special A-groups.

An element 3 in B,(M) is called Brunnian if d;3 = 1 for all i. Let Br, (M) denote
the set of Brunnian braids in B, (M). (Clearly Br, (M) is a subgroup of B, (M).)
e In other words, Brunnian braids on M are cycles in {By,+1(M) }n>o.
e In geometry, a braid 4 on M is Brunnian if 3 becomes a trivial braid after removing
ANY one of its strings.
e For instance the Borromean ring is a link by closing up a Brunnian braid of 3

strings on D?2.
Theorem 0.6. The group Br,, .1(D?) is isomorphic to the Moore complex N, F(S*).

e We have been to determine a set of generators for N, (F(S')) in my thesis. On the
other hand, people in low dimensional topology determined a set of generators for
Br,,;1(D?). By using this isomorphism, our determination is the same as that people

obtained in low dimensional topology.

Theorem 0.7. The group Br,1(S?) is isomorphic to the cycles Z, 1(F(S")) for

n > 4.
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e Question 23 in Birman’s book essentially is about the determination of a free basis
for Br,,1(5?).

e In our language, this question is about the free basis for Z(F(S')). Thus it would
be very interesting to us if people in low dimensional topology can get some progress
on Birman’s question. But this question might be not so easy.

e The inclusion D? = 52 induces a group homomorphism Br,,,;(D?) — Br,,;1(5?%)
and this homomorphism is exactly the same as the differential dy in the Moore com-

plex NF(S'), that is, dy: NF(S'),, — Z,_1(F(S')). Thus we have

Theorem 0.8. There is an exact sequence

1 —— Bruo(S?) —2+ Brn1(D?) —— Bryy1(S?) — m,(S%) —— 1

forn > 4.

e We have not checked the map O yet. I guess that this map might be obtained by
making one of the strings over S? as oo x I and pushing others to be strings over D2
e For instance, Br;(S?) modulo Brs(D?) is m4(S%) = Z/2. However Br;(5?) modulo
Br;(D?) should be 74(S%) = Z/12. The known homotopy groups of S® tells people
in geometry what are the Brunnian braids on S? modulo Brunnian braids on D?.

e By Serre’s theorem, Br,,1(S?) modulo Br,;(D?) must be finite abelian for n > 4.
e The exponent theorem on ,(S?) tells that: Br,,(S?) modulo Br,;(D?) is finite
sum of Z/p, Z/2 or Z/4, where p are odd primes. In other words, let 3 be a braid
over D? of at least 5 strings. Suppose that (1). § is Brunnian over S? and (2). there
is a braid v such that ~ is trivial over S? and /3" is Brunnian for some prime p and

integer r. Then
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1) If p is odd, then there is a braid § over D? such that ¢ is trivial over S? and
d/3P is Brunnian over D2,
2) If p = 2, then there is a braid § over D? such that ¢ is trivial over S? and
§3* is Brunnian over D?.
e Given a braid on D? we can obtain a link in R?® by closing up it. Now given a
braid on S?, it seems not clear to me how to get a link in R3. Since a braid on S?
are strings in S? x I, it looks that we at least have a link in the 3-manifold S? x S*.

Some References to this talk.

1) Jie Wu, Combinatorial descriptions of the homotopy groups of certain spaces,
Math. Proc. Camb. Philos. Soc., to appear.

2) Jie Wu, A braided simplicial group, Proc. London Math. Soc., to appear.

3) Fred Cohen and Jie Wu, A representation of homotopy groups into braids,
preprint (not finished yet).

4) Jon Berrick, Fred Cohen, Yanloi Wong and Jie Wu, Braids, configurations
and the homotopy groups, preprint (not finished yet).

5) Jie Wu, On fibrewise simplicial monoids and Milnor-Carlsson’s constructions,

Topology.

DEPARTMENT OF MATHEMATICS, NATIONAL UNIVERSITY OF SINGAPORE, SINGAPORE 117543,

REPUBLIC OF SINGAPORE, MATWUJQNUS.EDU.SG



