A BRAIDED SIMPLICIAL GROUP
JIE WU

ABSTRACT. By studying the braid group action on Milnor’s construction of the
1-sphere, we show that the general higher homotopy group of the 3-sphere is the

fixed set of the pure braid group action on certain combinatorially described group.

1. INTRODUCTION

In this article, we study the homotopy groups by considering the braid group
actions on simplicial groups. The purpose is to establish a relation between the braid
group actions on certain combinatorially given groups and the homotopy groups of
the 3-sphere. We first recall a combinatorial description of the homotopy groups of
the 3-sphere in [16].

Let F(x1,...,x,) be the free group generated by the letters xy,...,x,. Let

€1

w(Ty, ... ,Tn) = Tj

-5t be a word. Given ay, ... ,a, € F(xy,...,2,), we write
w(ai,...,a,) € F(zxy,...,2,) for ai ---aj’. The group G(n) is defined to be the

it

quotient group of F'(z1,... ,x,) modulo the following relations:
(R1) the product xy - - zy;
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(R2) the words w(xq,... ,x,) that satisfy:
’IU(xl, PR o T I 1,1:1-“, c ,.Tn) =1

for1 <i<n.

Relations R, consist of all of words that will be trivial if one of the generators is
replaced by the identity element 1. The smallest normal subgroup of F(xy,... ,x,)
that contains relations Ry and R, was determined as a subgroup of F(xy,...,x,)
generated by certain systematic and uniform iterated commutators [16].

Theorem 1.1. [16] For n > 3, the homotopy group m,(S%) is isomorphic to the

centre of G(n).

A natural question that arises from Theorem 1.1 is how to give a group-theoretical
approach to the homotopy groups, that is, how to understand the centre of the
group G(n). Let B, be the braid group on n strings. There is a canonical braid
group action on G(n) that is induced by the Artin representation of the braid group
B, on the free group F(xy,...,z,). (We will go over the definition of B,, and Artin’s
representation in Section 2.) These actions give a canonical homomorphism from
the braid group B, into the automorphism group of G(n). Since Quillen’s plus
construction of the classifying space for the stable braid group is (up to homotopy
type) the double loop space of the 3-sphere [5], these braid group actions do not

appear to be a coincidence. Larry Taylor conjectured that the centre of G(n) is the
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fixed set of the braid group action on G(n). We solve Taylor’s conjecture as follows.
Let K, be the pure braid group, that is, K, is the kernel of the canonical epimorphism
from B,, to the symmetric group ¥,,. In geometry, the group K, is the fundamental

group of the configuration space F(R? n), where

F(M,n) ={(z1,... ,x,) € M"|x; # z; for i # j}

for any manifold M (See [5]). Let Z(G(n)) be the centre of G(n).

Theorem 1.2. Let n > 4. Then

1) the fized set of the pure braid group action on G(n) is the centre of G(n) and
$0 is T, (S?);

2) the fized set of the braid group action on G(n) is the subgroup

{z € Z(G(n))|2z = 0}.

We should point out that the determination of the fixed set of K,,-action on G(n) by
(combinatorial) group-theoretic means seems beyond the reach of current techniques.
On the other hand, braid group actions have been much studied in several areas such
as group theory and low-dimensional topology. Various problems arising from physics
are related to braid group actions as well. Theorem 1.2 suggests that the homotopy

groups play a certain role for braid group actions. In the range in which 7,(S?) is
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known (x < 55, see [9, 15]), by homotopy-theoretic means, we might gain insight into
these difficult group-theoretic questions.

The Bj-action on G(n) induces a homomorphism 6: B, — Aut(G(n)), where
Aut(G) is the automorphism group of G. Fred Cohen asked what is the kernel of the
map #. We answer Cohen’s question by determining the kernel of #. We find that
the kernel of € is related to so-called Brunnian braids in low-dimensional topology.
Recall that a (geometric) braid § on n-strings is called Brunnian if 5 becomes to be
a trivial braid when any one of the strings is removed. A link obtained by closing up
a Brunnian braid is called a Brunnian link. An example of a 3-component Brunnian
link is the well-known Borromean Ring. Let €, be the set of Brunnian braids on n
strings. Then C), is a normal subgroup of B,. Recall that the centre of B, is

isomorphic to the infinite cyclic group Z for n > 3. (See [4, Corollary 1.8.4]).

Theorem 1.3. Let 0,,: B, — Aut(G(n)) be the representation map induced by the
By,-action on G(n). Suppose that n > 4. Then the kernel of 0, is the subgroup of B,

generated by Z(B,,) and C,, and so

Ker(0,) = Z(B,) x C,, 2 Z x C,.

The group C,, has been largely studied in low dimensional topology with various im-
portant results. There is a 30-year-old problem in low-dimensional topology proposed

by J. Birman: how to find a free basis for R, N C,, [4, Problem 23, pp.219], where R,



A BRAIDED SIMPLICIAL GROUP 5

is the kernel of K,, = m(F(R?,n)) — m (F(S% n)) induced by the canonical inclusion
F(R?,n) C F(S%n). Birman’s problem still remains open in general. Recently A.
J. Berrick, Y. L. Wong and the author showed that the subgroup R, N C, of B, is
isomorphic to the cycles in dimension n—1 of the Milnor construction F(S*) [3]. This
gives a relation between these special Brunnian braids and the homotopy groups. We
should point out that the group R, N C, plays an important role for the Burau and
Gassner representations of braids. (See [4].)

It was known that the sequence of pure braid groups, K = {K,11}n>0, forms
a simplicial group where the i-th face is given by deleting the i-string and the -
degeneracy is given by doubling the i-string. (See for instance [10].) Recently Fred
Cohen and the author showed that F/(S') embeds into K as a simplicial subgroup [6].
From this we obtained certain physical interpretations of the Lambda algebra and
the group G(n).

The article is organized as follows. In section 2, we study the braid group action on
the Milnor construction of the simplicial 1-sphere. A relation between the simplicial
structure and the braid group action is given in Proposition 2.1. After we establish the
systematic relations, braided simplicial groups are introduced in this section. Then
we discuss some basic properties of braided simplicial groups such as the simplicial
loop group and the Moore-Postnikov system. Theorem 2.10 and Proposition 2.11

give a relation between the fixed set of the braid group action and the homotopy
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groups for a general braided simplicial group. Theorem 1.2 follows from Lemma 2.8
and Theorem 2.14. In section 3, we give a geometrical description of the group G(n).
The proof of Theorem 1.3 is given in this section.

The author would like to thank Professors Fred Cohen and Jon Berrick for their
helpful suggestions and kind encouragement. The author also would like to thank
the referee for his/her many important and useful suggestions and comments. The
manuscript has been substantially modified along the referee’s suggestions. In par-
ticular, the content in Section 3 of the original manuscript has been replaced by the

new material given here.

2. BRAID GROUP ACTIONS ON F'(S1)

2.1. The braid groups. In this subsection, we go over some terminology of the
braid groups. A reference for braid groups is Birman’s book [4].
There are several equivalent definitions of the braid group B,. A combinatorial

definition is as follows: (due to Artin [1])
The group By, is generated by letters o1,09,... ,0,-1 with relations o;0; = oj0;
forli—j| > 2 and 0,410,014 = 0;0,410; for 1 <i<n-—1.

For geometric reasons, B, is called the braid group on n strings. Recall that the

symmetric group Y, is the quotient group of B, by the additional relation that o7 = 1

for each i. Let F,, = F(x1,... ,x,) be the free group generated by letters x1,... , z,.
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The Artin representation of B,, is a homomorphism ¢ from B,, to Aut(F,,), where

Tit1 it j=i,

L xj otherwise,

for 1 <7 <n—1. By Artin’s theorem [2], the map ¢ is a monomorphism. Usually
we still write o; for ¢(o;) as an element in Aut(F,). This gives another definition
of B,, that is, B, is the subgroup of Aut(F},) generated by o; for 1 < i < n — 1.
Clearly the product element x x5 - - - x,, is a fixed point of the B,-action on F},. Thus
the Artin representation induces a B,-action on Fn, where F, is the quotient group
of F,, modulo the single relation xz5---x, = 1. As a group, Fn is a free group of

rank n — 1.

2.2. Braided simplicial groups. We refer to [8, 12] for terminology of simplicial
sets and simplicial groups. Let A be the category of finite ordered sets and ordered
functions, where a function f is ordered if f(x) < f(y) when x < y. Let C be
any category. The category A has objects [n] = {0,--- ,n} for n > 0 and the
morphisms in C are generated by the face functions d*: [n — 1] — [n] (misses i) and
the degeneracy functions s*: [n] — [n + 1] (hits i twice) for 0 < i < n. Recall that
a simplicial object X over C is a contravariant functor from A to C. In other words,

X = {X,}n>0, where X,, = X([n]). The face d;: X,, — X,,_; is given by d; = X (d")
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and the degeneracy s;: X,, — X, is given by s; = X(s') for 0 < i < n. The

simplicial identities:

1) djdl = diderl fOI'j > Z,
2) s;8; = Sip18; for j <
(

Si—ldj for ] <1

3) djs; = id  for j=i,i+1

\ s;dj_, for J >

follow from the well-known formulas for functions d* and s/ in the category A. A
simplicial object over sets (resp. monoids, groups, Lie algebras, spaces and etc) is
called a simplicial set (resp. monoid, group, Lie algebra, space and etc.)

Let X be a pointed set. We write J(X) ( resp. F(X)) for the free monoid (resp.
free group) generated by X with the single relation that the base-point * = 1. The
functor J (resp. F) is the coadjoint functor of the forgetful functor from monoids
(resp. groups) to pointed sets. Let X be a pointed simplicial set. The simpli-
cial monoid J(X) = J o X is called the James construction of X and the simplicial
group F(X) = F o X is called the Milnor construction of X. The geometric realiza-
tion |F'(X)| of F(X) is a free group generated by | X | with the single relation that the
base-point * = 1 and with compactly generated (weak) topology. As a space, there is

a homotopy equivalence |F(X)| ~ QX|X|. The geometric realization of J(X) is the
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classical James construction on the pointed space | X|. We keep in mind that F'(S™)
is a simplicial group model of QS

Let F/(S') be Milnor’s construction of the simplicial 1-sphere S'. Then

F(Sl)n-i-l = F(y()) ayn)

is a free group generated by letters yo, ... ,y, with the following simplicial structure:

;

Yk—1 for j S k7
djyr = 1 for j=k+1,

yp  for g5 >k+1,

\
and

Yk+1 for ] < ka

SiYk = 3 YkUk+1 for j =k+ 1,

Yk for j>k+1,

\

for 0 <j<n+1, where y_y = (yo- - Y1)~ in F(S*), (see [16, Lemma 4.1]).
Let Frio = F(y_1,%0,--- ,Yn) be the free group generated by the letters y_1,vo, - . . , Yn-
Let B,,12 act on F, 5 in Artin’s sense. We relabel the generators for B, .o by o_1,00,... ,0,_1.

Observe that the composite

A

F(yo,yl, e 7Z/n) —— [0 = F(y—laym . 7yn) — Iny2

is an isomorphism. Thus the B, s-action on F,, 5 induces a B, o-action on F'(yo, ... , Yn),

where the map o;: F(yo, ... ,Yn) — F(yo,...,yn) is given by the equation (1)
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for i > 0 and o_; has to be reformulated by

o_1(Yo) = Vo 'y—1vo = vo 'y oy, ooy =y; for j>0.

By direct calculation, we have

Proposition 2.1. The following identities hold for the braid groups action on F(S'):

.
Uk,-—ldj Jj< k,

dit2 J=k+1,
(2) djO'k =
di+1 J=k+2,

okd,; J>k+2;

\

Ok+15; J <k,

Ok41 0 O O Sg42 j=k+1,
(3) Sj0k =
O'kOO'k+1OSk+1 j:k'+2,

OS; J>k+2

Motivated by this proposition, we give the following definition.

Definition 2.2. A graded group means a sequence of groups G = {G,, },>0. A graded
group G is called braided if each G, admits a B, -representation, that is, a group ho-
momorphism B, — Aut(G,,). Let G and H be braided (graded) groups. A braided

homomorphism f: G — H means a sequence of homomorphisms f,,: G,, — H,, such
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that each f, is B, 1-equivariant. A braided simplicial group is a braided group that

in addition satisfies the relations spelled out in Proposition 2.1.

Note. It was known [10] that the sequence of the braid groups B = {B,11}n>0
is a crossed simplicial group. Recently F. Cohen and the author observed that a
braided simplicial group G means a simplicial group G that admits a crossed B-
representation [6], that is, the action B x G — G is not a simplicial map but satisfies
certain “crossed” conditions. Roughly speaking, this action twists faces and degen-
eracies.

Let GG be a simplicial group and let NG be the Moore chain complex of GG, that is,

NG, ={zx e G,|djz =1 for j >0}

with differential dy: NG,, — NG,_1, where d% = 1 follows from the simplicial identity
did; = d;d;4q for 1 > j. Let Z(G) and B(G) be the sets of cycles and boundaries of

G, respectively, that is,

Z,(G)={z e Gyldjz =1 for j >0},

B, (G) = {doz|xr € Npi1(G)}.

By Moore’s classical theorem [14], 7,(G) = Z,(G)/B,.(G), where m,(G) means the

n-th homotopy group of the geometric realization |G| of G. Let G be a braided



12 JIE WU

simplicial group. A subgroup H, of G, is called a braided subgroup if 3(H,) C H,

for any € B,41, that is, H, is invariant under the B, -action.

Proposition 2.3. Let G be a braided simplicial group. Then the subgroups Z(G)

and B(G) of G are braided.

Proof. By Proposition 2.1(2), Z(G) is a braided subgroup. Now let = = dyy € B(G),,

where y € NG,,41. By Proposition 2.1(2), we have

Ol = O'kdoy = doo-k-Jrly

for each &k > —1 and

diogy =1

for each 7 > 0 and k > —1. Thus o,z € B(G),, for each k > —1 and so B(G) is a

braided subgroup, which is the assertion. Il

Note: NG, is invariant under the subgroup of B, .1 generated by o with £ > 0.
But it is not invariant under o_;.

Since there are relations

doa',l = dl, dio_1 = do, and djO',l = O',ldj for ] > 1,

we have
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Proposition 2.4. Let G be a braided simplicial group. Then

Z(G) = NGy N o1 (NG).

for each n.

Now we study the braid group actions on the Postnikov system of a braided sim-
plicial group G. Let I = (i1, ... ,ix) be a sequence of non-negative integers and let d;

denote the composite of face homomorphisms

d[:d“dz

ke

Given a simplicial group G, the simplicial sub groups R, G and R, (G) are defined as

follows:

R,G,={x € G |di(z) =1 for any I = (iy,... ,i4—n)},

R,G, = {z € G,|d;(z) € B(Q),, for any I = (i1,... ,ign)}-

Let P,G = G/R,G and P,G = G/R,G. Then {P,G} is the Postnikov system of G
(see [8, 14]). The quotient homomorphism P,G — P,G is a homotopy equivalence

(see [16]). The tower

-+ — P,G— P,G— P, G — -
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is called a modified Postnikov system of G. An important property of the modified

Postnikov system is that the short exact sequence of simplicial groups

0 — K(m,(G),n) —» P,G — P,_,G — 1

is a central extension for n > 1 [16, Theorem 2.12].

By Propositions 2.1 and 2.3, we have

Theorem 2.5. Let G be a braided simplicial group. Then, for each n, the simplicial
quotient groups P,G and P,G are braided. Thus the modified Postnikov system of G

15 braided. In particular, there is a braided central extension

0 — K(m,(G),n) — P,(G) — P,_1(G) — 1

form > 1.

Let G be a braided simplicial group. Then RyG is a braided simplicial subgroup
of G by the theorem above. Recall that the simplicial loop group QG of G is de-
fined by QG,, = Ker(dy) N RyGr41 with d;(Q2G) = d;41(G) and 5;(QG) = s;41(G)
(see [8]). By Proposition 2.1, Ker(dy) N RyGp41 is invariant under the action of o;
for 0 <j<n—1 Let B, , be the subgroup of B, s generated by oy,... ,0,1.

Then B’

1 = By under the canonical isomorphism that sends o to o1 for 0 < j <n — 1.

Thus we obtained the following theorem.
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Theorem 2.6. Let G be a braided simplicial group. Then the simplicial loop group QG

is braided. Thus any iterated simplicial loop groups of G are braided.

Corollary 2.7. The loops and the modified Postnikov system of F(S') are braided.

2.3. Fixed Sets of Braided Actions. Let G be a simplicial group and let x,y € G,
be two elements. We say that z is homotopic to y, which is denoted by = ~ vy,

if zy~! € B(G),. (Note. If x ~ y, then d;z = d;y for each j.)

Lemma 2.8. Let G be a braided simplicial group and let x € Z(G),, be a cycle with

n>1. Then

or(z) ~

for each k > —1.

Proof. For each k > —1, consider the element o1, 112. By the identities (2) and (3)

of Proposition 2.1, we have

ord;spr =1 for j<k+1

Okl for j=k+1

djOk1Sk1T = dpi3Spir =1 for j=k+2
dpioSkpi1T =1 for j=k+3

| Op1d;Sp10 = 1 for 7 >k+3.
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By the Homotopy Addition Theorem [8, Theorem 2.4], one gets oy ~ ! and hence

the result. O

Let G be a braided simplicial group and let S be a subset of G,,. Define

hStabg, ,,(S) ={0c € B,i|lox ~x for all xe€ S}

n+1

Since B(G) is invariant under the braid group action, hStabg, ., (S5) is a subgroup

of B,y1. Let BHH be the kernel of the composite

sign

Bpy1 —— X1 —— 2/27

that is, B, is the pre-image of the alternating group A,1.

Lemma 2.9. Any normal subgroup of B,+1 which contains all elements of the form o,0;

15 either By, or Bpiq.

Proof. Let P be a normal subgroup of B,.; which contains all elements of the
form ¢;0;. According to [11, Theorem N7, pp.173], the kernel K, of the map-
ping B,y1 — Y,41 is the normal subgroup generated by of. Thus K, C P. Since
the image of P in ¥, contains all even permutations, we have Im(P — %,.1) D

A1 and hence the result. O

Theorem 2.10. Let G be a braided simplicial group. Then

1) hStaanH (Z(G)n> = Bn+1 or Bn+1,'
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2) hStabg, ., (Z(G),) = But1 if and only if 2 - 7,(G) = 0.
Proof. Let 0 € hStabg, ., (Z(G),) and let € Z(G),. By Lemma 2.8, we have
(0, oor)(x) = (opo)(27") = op(2™') ~ o

for each & > —1. Thus hStabg, ,  (Z(G),) is a normal subgroup of B,;;. By

Lemma 2.8, we have

050, € hStabp,  (Z(G),)

for any s,¢ > —1. It follows that hStabg,,,(Z(G),) = Bpy1 or Byi1, which is the
assertion 1.

If hStabg,,, (Z2(G),) = Bpy1, then by Lemma 2.8

for any x € Z(G),,. Thus 2 - 7,(G) = 0. Conversely, if 2 - 7,(G) = 0, then
op(x) ~x

for any v € Z(G), and k > —1. Thus hStabp, . (Z(G),) = Bn41. This shows

assertion 2. ]

Let G be a braided simplicial group and let H be a subgroup of B, ;. Define

(G )" ={z € Gulo(x) ~x for all o€ H},
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that is, (G,,)"* is the “homotopy” fixed set of H. Then (G, )" is a subgroup of G,,.

By Theorem 2.10, we have that

(G)" st 2 Z(G)an

Proposition 2.11. Let G be a braided simplicial group and let © € GEB"H with

n > 2. Then

1) d;j(z) = djia(x) for each j;
2) oyd;(z) = djpq1(z) for each j,k;
3) d;(z) is a fived point of B, for each j.

In particular, if djx =1 for some j, then x € Z(G),.
Proof. Since & € (G,)"Br+1, we have
os0¢(x) ~ x
for any s,t > —1. It follows that
01T ™ 00T ™ 01X ™ ...~ 0y k.
Now for each —1 < k < n — 3, we have
dp17 = dp203 T = dj1 204410 = dpy37

and so assertion 1 follows.
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Now for each 0 < s < n — 2, we have
dsi1(x) = dsos_1(x) = dsos(x) = 05_1d4(x).

Let j and k be integers with0 < j <m—1land -1 <k<n—-3. lf j=k+1 mod 2,
then

okdj(x) = opdp1® = dior = djx
by assertion 1. If j =k mod 2 with k£ > 0, then
oxdj(z) = oxdi(2) = dkopi1 () = drog-1(x) = dit1(2) = dja ()
by assertion 1. Assume that j =k mod 2 with k = —1. Then
o_1djx = o0_1dix = o_1dyo_1x = dy(0po_1(2)) = doz = dj 1.

Assertion 2 follows.

For any s,t > —1, we have

O'S<O'td0($)) = O'S<d0<0't+133)) = d0<0'5+10't+137) = dox.

Thus

0105(do(2)) = do(z)

for any s,t > —1 and so dy(z) is a fixed point of B,,. By assertions 1 and 2, we have

01(0s(d1(7))) = 0e(da(2)) = o1(do(2)) = da ()
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and so dy(z) is a fixed point of B,,. Assertion 3 follows. O

Let B, be the subgroup of B,,1; generated by o; with j > 0. Let B’ be the normal

subgroup of B! generated by o;0; for i,j > 0. By inspecting the proof, we have
g p n g J

Proposition 2.12. Let G be a braided simplicial group and let © € (Gy,)Bn with

n > 2. Then

1) dj(2) = djs(x) for cach j > 1;
2) okdj(x) = dj1(z) for each j, k > 1;
3) d;(z) is a fized point of B! | for each j;

4) do(z) is a fized point of B,.

In particular, if dyx =1 and djx =1 for some j > 1, then v € Z(G),.

The following lemma seems well-known, but we could not find a reference and
so we provide a proof here. Let S be a subset of a group G. We write (S)
for the subgroup of G generated by S. Let G be a group with w € G. We

1

write x: G — G, x — w™ zw for the conjugation map.

Lemma 2.13. Let w € F(yo,...,yn) with n > 0. Suppose that there is a positive
integer k such that af(w) =w for 0 < 5 <n-—1. Then w lies in the subgroup

generated by yoy1 - - - Yn. In addition, if o¥ jw =w and n > 1, then w = 1.
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Proof. The proof is given by induction on n. The assertion is trivial for n = 0.
Let n = 1. We may assume that k = 2t is an even integer. Let zy = y;' and

let 1 = yoy;. Then F(yo,y1) = F(xo,x1). Since o¢(yo) = y1 and o¢(y1) = yflyoyl,

we have 02 = x,, and so
We can write w as a reduced word in F(yq,y1) = F(zo) * F(x1). Then

_oony ns 1
W =Ty Ty + X" T,

where n; # 0 for 2 < j <sand [; # 0 for 1 < j < s— 1. Suppose that w & (7).
There are two cases: ny # 0 or ny = 0. If ny # 0, then ztw # wx!. This contradicts
the assumption that x,:(w) = w. Otherwise, n; = 0 and s > 1. Then w = ol
and ohaiw’ # oltalw'zl. This contradicts the assumption that Xot (W) = w.

Hence w € (x1) = (yoy1).

Now suppose that the assertion holds for n — 1 with n > 1. Since

F(yOa--' 7yn) :F(y07 7yn71)*F(yn)

is a free product, we can write w as a word

1 l l
w =Y, Wiy, WY,
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where w; # 1 € F(yo,... ,yn—1y and [; # 0 for 1 < j <t — 1. Because 0;(y) = Yn

for j < n —1, we have
Jf(wi) = w;
for1<i<tand 0<j<n-—2. Letz=yy - yn_1. By induction, we have

w; € (x)

for 1 <i¢ < ¢ and so
w € (T,Yn).

Let ¢: F(yo,y1,--- ,Yn) — F(yn—1,yn) be the projection defined by ¢(y;) = 1 for

j<n—1and q(y;) =y, for j >n—1. Then
qo0,-1=0,-10¢.

Since 0, 1w = w, we have 0,_1(q(w)) = g(w) and so
q(w) € (Yn-1 " Yn)-

Because the restriction
Ueyn)y: (T3 Yn) = F(Yn—1,Yn)

is an isomorphism, we have

w e <Iyn> = <y0y1"'yn>
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and hence the result. O

Let K,, be the pure braided group, that is, K, is the kernel of the canonical epimor-
phism B,, — ¥,,. Recall that the group B, is defined as the subgroup of B, gener-
ated by o; for i > 0. There is a canonical isomorphism ¢: B!, — B,, with ¢(0;) = 0;_;1.

We write K/ for ¢~ '(K,). Recall that

Trs1(F(SY) = Z(F(S")nsr/BIE(S") s

Consider the actions of two groups B,o and BJ,; on F(S'),11/B(F(S"))n11. We

have

Theorem 2.14. Ifn > 2, then in F(S")1/B(F(SY))ni1,

1) the fized set of the pure braided group K,  ,-action is

Z X Tni1 (F(SY));

2) the fized set of the K, o-action is

a1 (F(S1)).
Proof. (1). Let y_1 = (Yoy1---yn)" . (1). We show that the homotopy fixed set
of K] on F(S"),41 is generated by y_; and Z(F(S')),41. Assertion 1 will follow

from this statement.
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Let w be a homotopy fixed point of the K/, -action on F(S'), 1. Since
oidy = oo

for k > —1, we have

aindo(w) = do(w)
for each £k > —1. By Lemma 2.13, we have

Now for each 1 < 5 < n+ 1, we have

(

dioriy it J<k+1
o2d; = s 2 A ; - .
L) d;o 0;°1005 50051 if j=k+2;
By Lemma 2.13, there exists integers ky, ko, . .. , k11 such that
k.
dj(w) =y

for 1 <j<n+1. Since dpy_1 =y_ for k > 0, we have
yo = di(y™h) = didjw = didjaw = di(y=") =y

for 1 < j <n and so

ki = ks

oo = ks
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Let w' = y~"w. Then

dj(w') =1
for each 0 < j < n+1and w' € Z(F(S')),s1. This shows that w lies in the subgroup
generated by y_; and cycles Z(F(S')),11. This finishes the proof of the statement
and hence assertion 1 holds.
(2). Let w be a homotopy fixed point of K, 5. By assertion 1, w lies in the subgroup
generated y_; and Z(F(S1)),41. Since m,41(F(S) = Z(F(S)) i1 /B(F(S"))ni is

the centre of F(S'),11/B(F(S"))ns1, we have
w e~y w

for some a € Z and w' € Z(F(S')),41. Recall that 0_1(y_1) = yo. By Lemma 2.8,

we have 02, (w') ~ w’ and so

yhw' 2w ol (w) = oy (ytw' = yptw'

Thus
(Z/oyl o 'Z/nﬂ)a = (dl(yq)a = dl(yiﬂﬂ/) = d1(y§aw/) =L
It follows that ¢ = 0 and hence assertion 2 holds. O]

Note: In F(S'),11/B1, since any element in the homotopy group is a homotopy
fixed point of B, 2, the fixed set of B/, | is Z x 7,1 (F(S")) and the fixed set of B, -

is o1 (F(S1)).



26 JIE WU

2.4. Some Remarks on the simplicial group F(S"). In the beginning of this
section, we use a consequence of [16, Lemma 4.1] to get a simplicial group model
for Q5% by using Milnor’s construction F(S'). Below we provide a method to test
certain simplicial free group models for QS™*! by counting rank. The simplicial
group F'(S™) has the following uniqueness property.

Let G be a (simplicial) group. We write {I'yG }>1 for the descending central series
of G starting with ['yG = G. The completion of G with respect to the descending
central series is the (simplicial) pro-group G = 1i]£n G/Tx(G). Let

@ I'(G) /T (G)

k>1
be the (simplicial) Lie algebra induced by the (simplicial) group G. We write {F,(gp ) (G)}e>1
for the mod p descending central series of G. The induced (simplicial) restricted Lie

algebra is denoted by

LP(G) = @ TG /TP (G),

k>1

The p-completion of G is the (simplicial) pro-group G’ = liin G/ F,(f )(G).

Proposition 2.15. Let G be a simplicial group. Suppose that
1) G,=1 forq<n and

2) Gk is a free group of rank (”:k) for k > 0.

Then there is a simplicial monomorphism ¢: F(S™) — G such that
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1) ¢ is a simplicial monomorphism;
2) ¢ is a homotopy equivalence;
3) the map ¢": F(S™)N — G" is an isomorphism;

4) the map ¢": F(S™) — G" is an isomorphism for any prime p.

Proof. Let z be the generator for the group G, = Z and let f,: A[n] — G be the
representing map of the element z, where A[n] is the standard n-simplex. Since
Gn-1 = 1, we have d;z = 1 for each j and so the map f, factors through the n-
sphere S™. Let g,: S™ — G be the resulting map. By the universal property of
the functor F, there is a (unique) simplicial homomorpism ¢: F(S™) — G such
that ¢|sn = g,. Let ¢ap: F(S™)ay = K(Z,n) — G, be the induced map of the
abelianization of simplicial groups. By assumption on G, the abelianization G, is
the minimal simplicial group K(Z,n) and so the map ¢,y is an isomorphism. Since
each G,, is a free group, L(G) is the (simplicial) free Lie algebra generated by Gp.

Thus

(4) L(¢): L(F(5")) — L(G)

is an isomorphism. It follows that ¢ is a monomorphism and ¢": F(S")" — G" is
an isomorphism, which are assertions 1 and 3. By Equation (4), Curtis’ convergence

theorem [7] holds for G and so ¢ is a homotopy equivalence by the Adams spectral
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sequence [8], which is assertion 2. Similarly,
LO(6): LV(F(") — L9(G)
is an isomorphism and hence assertion 4. O

Corollary 2.16. Let G be a simplicial group such that each G, is a free group of

rank n. Then G is a simplicial group model for .52,

Note. The point in Proposition 2.15 is that for any given simplicial free group G,
we may just count the rank of each G, to see whether we obtain a simplicial group
model for Q5™+,

Note. By looking at Proposition 2.1, the braid group actions on F(S!) are certain
automorphisms that twist the faces and degeneracies. It seems interesting to have a

generalization of these results on F/(S™) for general n.

3. THE GEOMETRY OF THE GROUP G(n) AND THE PROOF OF THEOREM 1.3

In this section we give a proof of Theorem 1.3. First we need to represent the
group G(n) as the fundamental group of a certain space X,. We will show that the

braid group action on G(n) is induced by certain self homeomorphisms of X,.

3.1. The Geometry of the Group G(n). Let F, = F(zy,... ,z,) and let F}, be

the quotient group of F,, by the single relation xz5---x, = 1. Let B,, act on F}, in
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Artin’s sense (see Subsection 2.1 above) and let B, be the image of B, in Aut(F}).
We recall a geometric interpretation of the B,-action on F), and Fn

Let D? be the unit disc and let Q, = {q1,... ,q.} be a set of distinct fixed points
of D*\ 9D?. Then m(D?\ Q,) is a free group of rank n. Let z1,... ,z, be a basis
for w1 (D?*\ Q,), where x; is represented by a simple loop which encloses the boundary
point ¢;, but no boundary point g; for j # i. According to [4, Theorem 1.10], the
braid group B, is precisely the group of automorphisms of m(D? \ Q,) that are
induced by self homeomorphisms of D? \ Q, that keep the boundary of D? fixed
pointwise. (This result is due to Artin as well and can be regarded as a third definition
of the group B,.) Let D? = S§%2 C S? be the canonical embedding of the lower
hemisphere. Then 7 (5%\ Q,) = E, and B, is precisely the group of automorphisms
of ¢1(S?\ @) that are induced by self homeomorphisms of S? \ @,, that keep the
upper hemisphere S? \ S? fixed pointwise.

Now let Q,,; = Q,\{¢:} for each 1 < i < n. The n-fold diagonal map A,,: D* — (D?)"

induces the map

U = Ap|p2\g,: D*\ Qn — (D*\ Qni) X ... X (D*\ Qun), z+— (2,...,2).

It follows that there is a (unique) covering space Y;, of H D?\ Q,; such that
i=1

m (Vo) = Tm(¢n.: 1 (D*\ Qn) — m ([ [ D*\ @n))

=1
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and the map 1, lifts to Y, (uniquely). Let ¢,: Y, — ﬁ D?*\ Q,; be the covering
map and let 1/~Jn: D? — 'Y, be the lifting of v,,, that is qnio:@l/;n = 1,. Since the map 1,
is an embedding, so is ¢,. Observe that 7, (Y,,) is the quotient group of F(xy,... ,z,)
modulo Relation (R3) in the definition of the group G(n). Let X,, =Y, U SZ\ Q.

DA\Qn
By the Seifert-van Kampen theorem, we have

Lemma 3.1. The fundamental group m1(X,,) is isomorphic to G(n).

Note. The space Y, is a K(m,1) and 7;(Y,,) is isomorphic to F(S'),,/NF(S'),, the
quotient group of F(S'),, modulo the Moore chains. On the other hand, X,, is not
a K(m, 1) in general because X, is an n-dimensional CW-complex and 7 (X,,) = G(n)
contains finite subgroups in general. According to [16], the maximal finite subgroup
of G(n) is precisely the centre Z(G(n)) = m,(S5?) for n > 4. Fred Cohen asked how
to make X, into a K (7, 1) by considering the Borel construction on a certain group
action on X,,. Cohen’s problem remains open.

Let 6 be an element in the braid group B,. By the third definition of the
group B, [4, Theorem 1.10], there is a homeomorphism h: D*\ @, — D?\ Q,

such that h keeps the boundary S! of D? fixed pointwise and

B =h,: 1 (D*\ Q) — m(D*\ Q).
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The self homeomorphism % of D?\ @,, has a unique extension h to D? which permutes

the points of Q),,. Thus there exists a (unique) element pg in ¥, such that the diagram

D*\ Q ———— D*\ Qn;
=\h =|di(h) = hlp2\q,,

D? \ Qn —— D? \ Qn,,uﬁ(i)

commutes. We write d;(3) for the isomorphism

di(h)s: 7T1(D2 \ Qni) — 7TI(DQ \ an”ﬂ(i)>‘

As a geometric braid, d;((3) is the braid on n — 1 strings obtained from (5 by deleting

the i-th string.

Note. § € K, if and only if ug = 1. In this case d;(h) is an self homeomorphism
Of D2 \ Qn,i-

Consider the commutative diagram
5 Un T 12
D’\ Qn == [[ D>\ @n.
i=1
=\ =TI,

P\ Q, L [[ P\ Qus
i=1

The self homeomorphism H d;(h) of H D?\ Q,; induces a unique self homeomor-

i=1 i=1
n

phism h of Y, such that h o 1/~1n = zZn oh and ¢, o h = (H hi) o g,. Let h' be an self

=1
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homeomorphism of S?\ @,, such that #'|p2q, = h and h'|gz2\ p2 is the identity map.
Then the maps h and /' define an self homeomorphism k” = h U} of X,,. Clearly

the map h”: m(X,) — m(X,) is the automorphism induced by

B:m(D*\ Qn) — 7 (D*\ Qy).

Thus we have

Proposition 3.2. The B,-action on G(n) is induced by certain self homeomor-

phisms of X,,.

3.2. Proof of Theorem 1.3. Recall that the centre of B, is the infinite cyclic sub-
group generated by (o109 ---0,-1)" for n > 3. (See [4, Corollary 1.8.4].) Clearly the
element (oy - - - 0,_1)" acts trivially on E,. Thus B, is a quotient group of B,,/Z(B,),

where Z(G) denotes the centre of a group G.

Lemma 3.3. Let n > 3. Then the group B, is isomorphic to B,/Z(B,).

A

Proof. By [4, Lemma 3.17.2], the kernel of K,, — Aut(F,) is Z(K,) = Z(B,). Let G

be the kernel of B,, — Aut(ﬁn). By the commutative diagram

¥, — Aut(F,/T%F,) = GL(n — 1,7Z)

>

B, Aut(F,),
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we have G = Z(B,,) and hence the result. O

Let

C,=A{0 € By,|d;(B) =1for 1 <i<n}.

Then C,, is a normal subgroup of B,,. Let &;: F,, = 71 (D*\Q,) — F; = 71 (D*\ Q)
be induced by the inclusion. Observe that the group F;,; is the free group gener-
ated by x1,... ,%;_1,%Tiy1,-.. , T, and the homomorphism J; is given by 6;(z;) =1

and 0;(x;) = x; for j # i. There is commutative diagram

i
Fn Fn,i
B d;(3)
O i)
Fy Fo s )

for any € B,, by the definition of d;(53).

Lemma 3.4. The kernel of the representation B, — Aut(m(Y,)) is precisely the

subgroup C,, for each n.

Proof. Consider the commutative diagram

n

Fn >77—1(Yvn);']i[F’n,i

B JHL di(3)

Fy
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If g € C,, then each d;(3) = 1. Thus

C,, C Ker(B,, — Aut(m(Y,)))

Conversely, suppose that g € Ker(B,, — Aut(m(Y,))). By the commutative diagram

1 (Yn) 1(Yn)
di(3)
Fm' Fnu,g (4)>
we have d;(() = 1 for all i and so § € C,,. This finishes the proof. H

Consider the map
U P\ Qn — [[5°\ Qui vz (2. ).
i=1

There is a (unique) covering space Z,, of H 52\ Q,.; such that the map ¥/, lifts to Z,
i=1

and m(Z,) is given by the image of ¢/ ..

Note. The space Z, isa K(m,1) and 7,(Z,) is isomorphic to F(S%),_1/Z(F(S))n_1,

the quotient group of F(S"),_; modulo the cycles.
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Let Fl,; = m(S?\ Qn;) and let ot B, — F,; be induced by the inclusion
S%\ @, C 5%\ Q- Let h be an self homeomorphism of D?\Q,, that keeps the bound-
ary of D? fixed pointwise. We write d;(h) for the homeomorphism S? \ Q,,; — 5%\ Qnpun (i)
induced by the canonical extension of h to S?. Let 3 € B,, be represented by h. We
write d;(3) for the isomorphism F), ; — anuﬁ(i) induced by the map d;(k). Then there

is a commutative diagram

A 5’5 ~

Fn Fn,i
B di(B)

2 pp(i)

Fy Fn,u@(i)

and so the B,-action on ]3’” induces a B,-action on m(Z,). Let
D, ={B € By|di(8) =1 for 1 <i <n}.
Clearly D,, is a normal subgroup of B,,. By the proof of Lemma 3.4, we have

Lemma 3.5. The kernel of the representation B, — Aut(m(Z,)) is precisely the

subgroup D,,.

Proof of Theorem 1.3. The canonical inclusions of Y, and S™ \ @,, into Z,, induce an

inclusion of X,, into Z,,. Let D,, be the kernel of the representation

B, — Aut(G(n)) = Aut(m(X,)).
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By Lemmas 3.3-3.5, we have

7 x C, = Z(B,)-C, C D, C D,

It suffices to show that D,, C Z(B,) - C,. First we show that K, N D,, C Z(B,,) - C,.
Suppose that 5 € K, N D,,. Let zo = z1...x, € F, and let a« = (07 0,-1)" be
the generator for Z(B,). Then a = x,,: F,, — F,, where x,(z) = w™lzw is the
conjugation map. Observe that d;(5): F,; — F,; is a braid for each i, that is, d;(5)
lies in the braid group B,,_; as a subgroup of Aut(F),;). Since CZZ(B) Fm — Fm is
the identity for each i, the element d;(3) lies in the kernel of B,,_; — Aut(FM-) and so
there exists an integer [; such that d;() = X(5:(o) fOT €ach i. Foreach 1 <i <j <mn,

there exists a unique automorphism d;;(3;;): Fyij — Fy,ij such that the diagram

Fn Fn,z’j
B dij(B)
0ij
Fn d Fn,ij
commutes, where F), ;; = F(zy,...,24,...,%j,... ,%,) and the homomorphism §;; is

given by d;j(xy) =z, for k # 1, j and d;;(x;) = 0;;(x) = 1. It follows that

Xsij(zoy: = dj © di(B) = dij(B) 0 0i5 = d; 0 dj(3) = X, (o)l
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Since F, ;; is a free group of rank at least 2, F, ;; embeds into Aut(F),;;) as inner

automorphisms and so [; = [; for i < j. Thus fa™" € C,,. In other words,
K,ND, CZ(B,) - C,.

By the commutative diagram

~

B,

by
Aut(m(Z,)) — Aut(m(Z,)/T?71(Z,)) =2 GL(n — 1, 7Z),

we have D,, = K,, N D,, and hence the result. O
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