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Chapter 1

First Order Differential Equations

1.1 Introduction

1. Ordinary differential equations.

An ordinary differential equatior{ODE for short) is a relation containing one real variablehe

real dependent variablg and some of its derivativeg, 3", - - -, 4™, - - -, with respect tac.

Theorder of an ODE is defined to be the order of the highest derivative that occurs in the equation.
Thus, amm-th order ODE has the general form

We shall always assume that (1.1.1) can be solved explicitly'frin terms of the remaining + 1
guantities as

y(n) = f(lL’,y,y/, e 7y(n71))7 (112)

wheref is a known function ofz, y, v/, - - -, y(" 1),
An n-th order ODE idinear if it can be written in the form

ao(z)y™ + a1 (z)y™ ™V + -+ ap(2)y = r(x). (1.1.3)

The functionsae;(z), 0 < j < n are calledcoefficientof the equation. We shall always assume
thatao(xz) # 0 in any interval in which the equation is defined. rifx) = 0, (1.1.3) is called a
homogeneous equatiolf r(x) # 0, (1.1.3) is said to be aon-homogeneowsquation, and (z) is
called thenon-homogeneous term

2. Solutions.
A functional relation between the dependent variab#nd the independent variahiehat satisfies
the given ODE in some interval is called asolutionof the given ODE onJ.
A general solutionof an n-th order ODE depends on arbitrary constants, i.e. the solutign
depends on andn real constants, - - -, c,,.
A first order ODE may be written as

F(x,y,y') = 0. (1.1.4)

5



6 CHAPTER 1. FIRST ORDER DIFFERENTIAL EQUATIONS

In this chapter we consider only first order ODE. The funcijoa ¢(x) is called arexplicit solution
of (1.1.4) in the interval/ provided

F(z,¢(x),¢' (x)) =0  forallzinJ. (1.1.5)

A relation of the formy(x, y) = 0 is said to be ammplicit solutionof (1.1.4) provided it determines
one or more functiong = ¢(x) which satisfy (1.1.5). The pair of equations

r=a(t), y=y(t (1.1.6)

is said to be garametric solutiorof (1.1.4) if

Example. Consider the ODE + yy’ = 0 forz € (—1,1).
2?2 + 3?2 = 1 is an implicit solution whiler = cost,y = sint, t € (0, 7) is a parametric solution.

3. Integral curves.
The solutions of an ODE

y' = f(z,y) (1.1.7)
represent a one-parameter family of curves initheplane. These are callédtegral curves
In other words, ify = y(x) is a solution to (1.1.7), then vector fidt{x, y) = (1, f(z,y)) is tangent
to the curver(z) = (z, y(x)) at every poin{z, y) sincer’(z) = F(z, y).
4. Elimination of constants: formation of ODE.
Example. The family of functionsy = Ae” + Bsin z satisfies the ODEy”" — y = 0 when the

constantsA and B are eliminated using the derivatives.

5. Separable equations.
Typical separable equation can be written as

' = m = f(z)dx
V=) or 9(y)dy = f(z)dx. (1.1.8)

The solution is given by
[owis= [ fayds .

Example. Solvey’ = —2zy, y(0) = 1.
Ans:y = e,

The equationy’ = f(£) can be reduced to a separable equation by letting Z, i.e. y = zu. So

flw) = of = ut oo,
du _ dj
t/ﬂm—u_ P

Example. Solve2zyy’ + 22 — y? = 0.
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Ans: 2% + % = cx.

6. Homogeneous equations.

A function is callechomogeneous of degreef f(tx,ty) = t" f(x,y) forall =, y, t.

For example\/xQTy2 andx + y are homogeneous of degreer? + y? is homogeneous of degree
2 andsin(z/y) is homogeneous of degree 0.

The ODEM (z,y) + N(z,y)y’ = 0 is said to behomogeneous of degreeif both M (z,y) and

N (z,y) are homogeneous of degree

If we write the above DE ag’ = f(z,y), wheref(z,y) = —M(z,y)/N(z,y). Thenf(z,y) is
homogeneous of degree 0. To solve the DE

y' = fz,y),
wheref is homogeneous of degree 0, we use the substitytiernzz. Then

dy _ ., dz
dr dx’
Thus the DE becomes

z—i—x% = f(x,22) = 2 f(1,2) = f(1, 2).

Consequently, the variables can be separated to yield

dz dz
f(l,z)—2z

and integrating both sides will give the solution.

Example. Solvey’ = t¥,
=y

Ans:tan~'(y/z) = In /22 + 32 + c.

Example. An equation in the form

,ar+biy+a
aox + by + o

can be reduced to a homogeneous equation by a suitable substitution+ h,y = w + k£ when
a1by # aoby, whereh andk are solutions of the system of linear equatiang + b1k + ¢; =
0,azh + bok + co = 0.

Example. Solvey’ = #2=2,

Ans: tan—! (Z—j) =ln/(z-12+(@y—-1)2+ec

Example.Solve(z + y + 1) + (22 + 2y + 1)y’ = 0.
Ans:z+2y+In|z+yl=c,x+y=0.
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1.2 Exact Equations, Integrating Factors

1. Exact equations.
We can write a first order ODE in the following form

M(z,y)dz + N(x,y)dy = 0. (1.2.2)

(1.2.1) is callecexactif there exists a functiom(z, y) such that

ou ou
M(J‘,y)dl‘ + N(Jj, y)dy =du = %dl’ + 8—ydy

Once (1.2.1) is exact, the general solution is given by
u(z,y) = c.

Theorem 1.1 1.1 Assumél/ and N together with their first partial derivatives are continuous in
the rectangleS: |z — z¢| < a, |y — yo| < b. A necessary and sufficient condition for (1.2.1) to be

exact is
oM  ON

oy  Ox
When (1.2.2) is satisfied, a general solution of (1.2.1) is given(byy) = ¢, where

forall (z,y)in S. (1.2.2)

u(z,y) = /Z M(s,y)ds + yN(:co,t)dt (1.2.3)

Yo

andc is an arbitrary constant.

Proof. The first part is by Green’s Theorem. For the second part, wed(@ave) = f;:) M(s,y)ds+
¢(y). Substitutingr = o we haveu(x,y) = ¢(y). Therefore N (xg,y) = %;’y) = ¢'(y) and
¢(y) = [, N(wo,t)dt.

Remark. In Theorem 1.1, the rectangtecan be replaced by any region which does not include any
“hole”.

Example. Solve (23 + 3zy?)dz + (322y + y*)dy = 0.

Ans: z* + 622y% + y* = c.

2. Integrating factors.
A non-zero functionu(z, y) is anintegrating factorof (1.2.1) if the equivalent differential equation

w(z,y)M(z,y)dx + p(z,y)N (2, y)dy = 0 (1.2.4)

is exact.
If 11 is an integrating factor of (1.2.1) thépAf), = (uN),, i.e.

Npy — Mpy = p(M, — Ny). (1.2.5)

One may look for an integrating factor of the fopm= p(v), wherewv is a known function of: and
y. Plugging into (1.2.5) we find
ldpy — M, — N,

—_— = 1.2.
pdv  Nvg — Muy (1.2.6)



1.2. EXACT EQUATIONS, INTEGRATING FACTORS 9

If Mu=Nx

Nor=ifv; is a function ofv alone, sayp(v), then

n= efv gb('l))d'l)

is an integrating factor of (1.2.1).

Letv = z. If M?’JQN" is a function ofz alone, saygp; (x), thene/ " ¢1(#)dz js an integrating factor

of (1.2.1).

Letv =y. If —% is a function ofy alone, sayg»(y), thene/” 2(¥)4¥ s an integrating factor
of (1.2.1).

Letv = ay. If %g;ﬁ@ is a function ofv = xy alone, says(xy), thene/ ™" ¢3(v)dv js an integrating

factor of (1.2.1).

Example Solve(z%y + y + 1) + z(1 + 22)y’ = 0.
Ans:zy +tan"lz =c.

Example Solve(y — 4?) + 2y’ =0
Ans:y = (1 —cz)~ L

Example Solve (zy® + 222y — y?) + (229> + 223y — 222)y’ =0
Ans: e®¥(1/x 4+ 2/y) = c.

3. Find integrating factors by inspection.
The following are some differential formulas that are often useful.

x ydx — xdy
ac) = L
Y Y

d(zy) = xzdy + ydz

d(x? + y?) = 2zdx + 2ydy

1@y yde —ady
d(tan y) = TET
d(log g) _ ydxr — xdy

Yy Ty

We see that the very simple ODEz —xdy = 0 hasl /x2,1/y?%,1/(z*+y?) and1/zy as integrating
factors.
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1.3 First Order Linear Equations

1. Homogeneous equations.
A first order homogeneous linear equation is of the form

y' +p(z)y =0, (1.3.1)

wherep(z) is a continuous function on an intervél Let P(z) = f: p(s)ds. Multiplying (1.3.1)
by e”’(*), we get

d . pe
%[@P(”)y} =0,

soef @)y = ¢. The general solution of (1.3.1) is given by

y(z) = ce P@), where
@ (1.3.2)
P(x) = / p(s)ds
2. Non-homogeneous equations.
Now consider a first order non-homogeneous linear equation
Yy +plx)y = q(x), (1.3.3)

wherep(z) andg(z) are continuous functions on an intervalLet P(z) = [ p(s)ds. Multiplying

(1.3.3) bye”®) we get

d x x
T[] = P g (a).

Thus .
eP@y(z) = / ePOq(t)dt + c.

The general solution is given by

y(z) = e P [/ ePWq(t)dt + ¢, where
. (1.3.4)
P(z) = / p(s)ds.
Example. Solvey’ — y = €2*.
Ans: y = ce® + %2,
3. The Bernoulli equation.
An ODE in the form
y' +p(x)y = q(z)y", (1.3.5)

wheren # 0,1, is called theBernoulli equation The functionsp(z) and¢(x) are continuous
functions on an interval.
Letu = y'~". Substituting into (1.3.5) we get

' + (1 —n)p(x)u = (1 —n)q(z). (1.3.6)
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This is a first order linear ODE.

Example.Solvezy’ +y = z4y3.
AnNs: yi = —xt + cx?

4. The Riccati equation.

An ODE of the form

y' = P(z) + Q(x)y + R(x)y? (1.3.7)

is called theRiccati equation The functionsP(x), Q(x), R(x) are continuous on an intervdl In
general, the Riccati equation cannot be solved by a sequence of integrations. However, if a particular
solution is known, then (1.3.7) can be reduced to a linear equation, and thus is solvable.

Theorem 1.2 Lety = yo(x) be a particular solution of the Riccati equation (1.3.7). Set

) = [ "[Q() + 2R(t)yo(0)dr.
@0 i (1.3.8)
Z(z) = e H@ [c - / eH(t)R(t)dt],

zo

wherec is an arbitrary constant. Then the general solution is given by

y = yolz) + 700) (1.3.9)
Proof. In (1.1.7) we lety = yo(x) + u(x) to get
Yo +u =P+ Q(yo +u) + R(yo + u)*.
Sincey, satisfies (1.3.7), we have
Yo = P + Qyo + Ryp.

From these two equalities we get

u' = (Q + 2Ryo)u + Ru?. (1.3.10)
This is a Bernoulli equation with = 2. SetZ = v~ ! and reduce (1.3.10) to

Z'+(Q +2Ryo)Z = —R. (1.3.11)
(1.3.11) is a linear equation and the solution is given by (1.3.8). O

Example. Solvey’ = y/x + 23y* — 2°. Notey; = x is a solution.
Ans: ce?’/5 = 1=
: b

From (1.3.8), (1.3.9), the general solutigof the Riccati equation (1.3.7) can be written as

_ cF(z) +G(x)
y= f@) @) (1.3.12)
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where

Property 1. The cross ratio of four distinct particular solutions of a Riccati equation is independent
of .
Proof. From (1.3.12), the four solutions can be written as

o GF@) 1 Gla)
u(®) = ) T gta)

Computations show that

(Y1 —y2)(ys —ya) _ (c1 —c2)(c3 —ca)

(1 —ya)(ys —y2)  (c1—ca)(es —c2)

The right hand is independent of ]
As a consequence we get

Property 2. Supposey1, ¥, y3 are three distinct particular solutions of a Riccati equation (1.3.7).
Then the general solution is given by

(y1 —y2)(ys —y) .
(yi —y)(ys —y2) (1.3.13)

wherec is an arbitrary constant.
Property 3. Suppose thaj; andys are two distinct particular solutions of a Riccati equation (1.3.7),
then its general solution is given by

Yy—u
Yy—Y2

ln‘

— /[yl(gc) — yao(z)|R(z)dx + ¢, (1.3.14)

wherec is an arbitrary constant.
Proof. y andy; satisfy (1.3.7). So

Y —y; = (y —y)[Q + Ry + y;)],
Y —y;

=Q+ R(y +y;)
Yj
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Thus

/ / / /
Yy — Yy —

U1 _ Yo :R(yl_yQ)-
Yy—un Y—Y2

Integrating yields (1.3.14). |

Example. Solvey’ = e~%y2. Notey; = ¢* andy, = 0 are 2 solutions.
Ans:y = ce”/(c + 7).

1.4 First Order Implicit Equations

In the above we discussed first order explicit equations, i.e. equations in the/feenf (=, y). In
this section we discuss solution of some first order explicit equations

F(x,y,y')=0 (1.4.1)
which are not solvable ig’.
1. Method of differentiation.
Consider an equations solvableyn
y= f(z,y). (1.4.2)

Letp = 4. Differentiatingy = f(x, p) we get
[fo(z,p) — pldz + f,(z,p)dp = 0. (1.4.3)
This is a first order explicit equation inandp. If p = ¢(«) is a solution of (1.4.3), then
y = [z, ¢(z))

is a solution of (1.4.2).

Example. Clairaut’s equation
y=ay + f), (1.4.4)

wheref has continuous second order derivative gfidp) # 0.
Letp = y'. We havey = zp + f(p). Differentiating we get

[z + f'(p)lp = 0.
Whenp' = 0 we havep = ¢ and (1.4.4) has a general solution
y=cz+ f(0).
Whenz + f'(p) = 0 we get a solution of (1.4.4) given by parameterized equations

r=—f"(p), y=npx+f(p).
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2. Method of parameterization.
This method can be used to solve equations where eitbey, is missing. Consider

F(y,y') =0, (1.4.5)
wherez is missing. Lep = ¢’ and write (1.4.5) as

F(y,p) =0.

It determines a family of curves igp plane. Lety = g(t), p = h(t) be one of the curves, i.e.
F(g(t),h(t)) = 0. Since
/
oo _ gt
y p h(t)

we haver = ftto %dt + c¢. The solutions of (1.4.5.) are given by

= /to iL/((tt))dt—Fc, y = g(t).

This method can also be applied to the equations

F(x,y') =0,
wherey is missing.
Example. Solvey? + y'? — 1 = 0.
Ans:y = cos(c — ).
3. Reduction of order.
Consider the equation
Flz,y/,y") =0, (1.4.6)

wherey is missing. Letp = y’. Theny” = p’. Write (1.4.6) as
F(x,p,p') =0. (1.4.7)

Itis a first order equation im andp. If p = ¢(x, ¢1) is a general solution of (1.4.7), then the general
solution of (1.4.6) is

Y= / o(t,c1)dt + ca.
zo

Example. Solvezy” — 3’ = 322,
Ans:y = 2% + c122 + c.

Consider the equation
F(y,y',y") =0, (1.4.8)
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wherez is missing. Lepp = 3. Theny” = 2 = d—z% = %p. Write (1.4.8) as
Dy _
F(y,p,p—-) =0. (1.4.9)

It is a first order equation ig andp. If p = ¢ (y, ¢1) is a general solution of (1.4.9), then we solve
the equation
y/ = 1/1(% cl)

to get a general solution of (1.4.8).

Example. Solvey” + k%y = 0, wherek is a positive constant.
Ans: y = ¢ sin(kz) + ¢3 cos(kz).
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Chapter 2

Higher Order Linear Equations

2.1 General Theory

Considem-th order linear equation
v +ar(@)y" Y 4 F a1 (@)Y + an(@)y = f(2), (2.1.1)

wherey(®) = %. Throughout this section we assume thatz)’s and f(z) are continuous func-
tions defined on the intervéh, b). Whenf(z) # 0, (2.1.1) is called a non-homogeneous equation.
The associated homogeneous equation is

y™ +ar @)y 4t ap (2)y + an(z)y = 0. (2.1.2)
Let us begin with the initial value problem:
y(n) + al(x)y(nil) +-- an(x)y = f(x>v

y(a:o) = Yo,
Y (o) = w1, (2.1.3)

y" D (w0) = yn1-

Theorem 2.1 Assume that,; (z), ---, a,(z) and f(z) are continuous functions defined on the
interval (a,b). Then for anyzy € (a,b) and for any numbergy, ---, y,—1, the initial value
problem (2.1.3) has a unigque solution defined arb).

Especially ifa;(z)'s and f(x) are continuous orR then for anyz, andyo, - - -, yn—1, the initial
value problem (2.1.3) has a unique solution defined®on

Proof of this theorem will be given in later chapter.

Corollary 2.2 Lety = y(x) be a solution of the homogeneous equation (2.1.2) in an intéava).
Assume that there exists € (a, b) such that

y(IO) = 07 y/(IO) = Oa T y(nil) (IO) =0. (214)

Theny(z) = 00on(a,b).

17
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Proof. y is a solution of the initial value problem (2.1.2), (2.1.4). From Theorem 2.1, this problem
has a unique solution. Singgx) = 0 is also a solution of the problem, we hayer) = 0 on(a, b).
O

In the following we consider the general solutions of (2.1.1) and (2.1.2).
Given continuous functions;(z), j = 0,1,--- ,n andf(z), define an operatat by

Lly] = ao(z)y™ + aq (2)y" Y 4+ - 4 an(2)y. (2.1.5)
Property 1. Lcy] = cL]y] for any constant.
Property 2. L{u + v] = L{u] + L[v].
Proof. Let's verify Property 2.

L{u + v]

ao(z)(u+v)"™ + ay (@) (u+v) "D + - 4 an (@) (u+v)

(ao(z)u™ + a1 (z)u™ Y + - + ay(2)u) + (ao(x)v™ + a1 (z)o™V + - + a, (2)v)
= Llu] + L[v].

Definition. An operator satisfying Properties 1 and 2 is calldihear operator

The differential operatof. defined in (2.1.4) is a linear operator.
Note that (2.1.1) and (2.1.2) can be written as

Lly] = f(x), (2.1.1)

and
Lly] = 0. (2.1.2)

From Properties 1 and 2 we get the following conclusion.

Theorem 2.3 (1) If y; and y, are solutions of the homogeneous equation (2.1.2) in an interval
(a,b), then for any constants andcs,

Yy = c1y1 + Cc2y2

is also a solution of (2.1.2) in the intervét, b).
(2) If y,, is a solution of (2.1.1) ang), is a solution of (2.1.2) on an intervgk, b), then

Y=Yn+Yp
is also a solution of (2.1.1) in the intervét, b).

Proof. (1) As Liciy1 + caya] = c1L[y1] + coL[ya] = 0, we see that;y; + coy-9 is also a solution
of (2.1.2).
(2) Liyn + yp) = Liyn) + Lyp) = 0+ f(x), we see thay = y;, + y, is a solution of (2.1.1).
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In order to discuss structures of solutions, we need the following definition.

Definition. Functionsy; (x), - - -, ¢ (z) arelinearly dependentn (a, b) if there exists constants,
.-+, ¢k, Not all zero, such that

cagi(x) + -+ cpdp(x) =0

for all x € (a,b). A set of functions ardinearly independenbn (a, b) if they are not linearly
dependent offa, b).

Lemma 2.4 Functionsp; (z), - - -, ¢x(x) are linearly dependent ofa, b) if and only if the following
vector-valued functions
¢1() Pr(z)
/ /
" (@) o' (@)
are linearly dependent ofu, b).
Proof. “<=" is obvious. To show £=-", assume thab,, - - -, ¢; are linearly dependent dfa, b).
There exists constants, - - -, ¢k, not all zero, such that, for all € (a, b),
c1d1(x) + -+ + epor(x) = 0.
Differentiating this equality successively we find that
c1dy(z) + -+ + ergl(x) =0,
ol @)+ +aof (@) = 0
Thus
¢1 () or(x)
/ /
o 1(2) Tt () —0
" (@) v @)
for all z € (a,b). Hence the: vector-valued functions are linearly dependenferb). d

Recall that,» vectors inR”™ are linearly dependent if and only if the determinant of matrix formed
by these vectors is zero.

Definition. The Wronskian of: functionse, (), - - -, ¢, (z) is defined by

1(2) o dal@)
W1, dn)(x) = . (2.1.7)
@) - e )
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Note that Wronskian o4, - - -, ¢,, is the determinant of the matrix formed by the vector-valued
functions given in (2.1.6).

Theorem 2.5 Lety; (), - - -, yn(x) ben solutions of (2.1.2) offa, b) and letW (z) be their Wron-
skian.

L) y1(z), - - -, yn(z) are linearly dependent ofu, b) if and only ifW (z) = 0 on(a, b).

(2) y1(x), -+, yn(z) are linearly independent ofu, b) if and only if W(x) does not vanish on
(a,b).

Corollary 2.6 (1) The Wronskian of. solutions of (2.1.2) is either identically zero, or nowhere
zero.

(2) n solutionsy, - - -, y,, of (2.1.2) are linearly independent da, b) if and only if the set of vectors
Y1 (7o) Yn(20)
vio) | | wh(wo)
u" (o) yi' ™ (o)

are linearly independent for somg € (a, b).

Proof of Theorem 2.5.Let y4, ---, y, be solutions of (2.1.2) ofia, ), and letW(x) be their
Wronskian.

Step 1.We first show that, ifj;, - - -, y,, are linearly dependent dia, b), thenW (x) = 0.
Since these solutions are linearly dependent, from Lemma2:8¢tor-valued functions

Y1 (l‘) Yn (.23)
viw) ||
vV () s ()

are linearly dependent ofa, b). Thus for allz € (a,b), the determinant of the matrix formed by
these vectors, namely, the Wronskianyef- - -, vy, is zero.

Step 2.Now, assume that the Wronski&¥i (x) of n solutionsy, - - -, y,, vanishes at, € (a,b).
We shall show thag, - - -, y,, are linearly dependent da, b).
SinceW (zy) = 0, then vectors

Y1 (TO) yn<x0)

vitw) || whlwo)
n—1 n—1

" (o) Y (o)
are linearly dependent. Thus there existonstants, - - -, ¢,,, not all zero, such that

Y1 (o) y1(o)

/ !
S R LC O IR I S 2 (2.1.8)

" () s (o)
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Define
Yo(r) = c1y1(z) + - + cpyn ().

From Theorem 2.3y, is a solution of (2.1.2). From (2.1.8), satisfies the initial conditions
y(wo) =0, ' (x0) =0, ,y ™ (x0) = 0. (2.1.9)
From Corollary 2.2, we havg, = 0, namely,
ayr(@) -+ cnyn(z) = 0

forall x € (a,b). Thusy,, - - -, y, are linearly dependent g, b). O

Example. Consider the differential equatigff — 2y’ = 0 on the interval0, oc). Both ¢ (z) = 1

. . . . 1 22
andgq(z) = 2% are solutions of the differential equatiof/ (¢1, o) (x) = 0 ; =2x #0
X
for x > 0. Thus¢, and¢, are linearly independent solutions.
Theorem 2.7 Leta; (), - - -, an(z) and f(x) be continuous on the intervaék, b). The homoge-
neous equation (2.1.2) haslinearly independent solutions dn, b).
Letyy, - - -, yn, ben linearly independent solutions of (2.1.2) defined erb). The general solution
of (2.1.2) is given by
y(x) = cryr(x) + - + cpyn (), (2.1.10)

wherecy, - - -, ¢, are arbitrary constants.

Proof. (1) Fixxg € (a,b). Fork =1,2,---  n, lety; be the solution of (2.1.2) satisfying the initial
conditions

, 0 if j#£k—1,
ys (x0) = o
if j=k—-1.
Then vectors
yl(fl?o) yn(ﬂfo)
y1 (o) o Yn (o)
" (0) ' (o)

are lineally independent since they form the identity matrix. From Corollary«2.6,- -, y,, are
linearly independent ofu, b). From Theorem 2.3, for any constamis - - -, ¢,,, y = c1y1 + -+ +
¢nYn IS @ solution of (2.1.2).

(2) Now letyy, - - -, y, ben linearly independent solutions of (2.1.2) on b). We shall show that
the general solution of (2.1.2) is given by

y=ciyi+ -+ Caln. (2.1.11)
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Given a solutiony of (2.1.2), and fixxg € (a,b). Sincey, - -, y, are linearly independent on
(a,b), the vectors
n (ZL‘()) yn(xo)
y1(zo) - Yn (7o)
v (o) y' Y (o)

are linearly independent vectors. They form a basi®for Thus the vector

7= ()

can be represented as a linear combination ofithectors, namely, there existconstantg,, - - -,
¢, such that

ﬂ(l‘o) yl(ffo) yn(%)

- /

y'(@o) | _ & vilwo) | é Yn (7o)
7D () "V (20) y ™ (o)

Let
¢(z) = g(x) — [G1y1(z) + -+ + Cuyn(T)].
¢(x) is a solution of (2.1.2) and satisfies the initial conditions (2.1.4) at zy. By Corollary 2.2,
¢(x) =0on(a,b). Thus
J(x) = ayr(x) + - + Cnyn ().

So (2.1.11) gives a general solution of (2.1.2). O
Any set ofn linearly independent solutions is calleduendamental set of solutions

Now we consider the non-homogeneous equation (2.1.1). We have

Theorem 2.8 Let y,, be a particular solution of (2.1.1), angh, -- -, y, be a fundamental set of
solutions for the associated homogeneous equation (2.1.2). The general solution of (2.1.1) is given

by
y(r) = cryr (@) + - + cayn(®) + yp(2). (2.1.12)

Proof. Let y be a solution of the non-homogeneous equation. Theny, is a solution of the
homogeneous equation. Thuse) — y,(z) = ciyr(x) + - - + cpyn(2). O
2.2 Linear Equations with Constant Coefficients

Let us begin with second order linear equation with constant coefficients

Y +ay +by =0, (2.2.1)
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wherea andb are constants. We look for a solution of the fogm= e**. Plugging into (2.2.1) we
find that,e? is a solution of (2.2.1) if and only if

N 4ra\+b=0. (2.2.2)

(2.2.2) is called thauxiliary equationor characteristic equationf (2.2.1). The roots of (2.2.2) are
calledcharacteristic valuegor eigenvalues):

1 - a——
)\1 = 5(—0,—"- a2 —4b),
Agzi(—a— a? — 4b).

1. If a2 — 4b > 0, (2.2.2) has two distinct real roofs, )., and the general solutions of (2.2.1) is
>\1$

y=cie"t* + coe™2",

2. If a® —4b = 0, (2.2.2) has one real roots(we may say that (2.2.2) has two equal rabts= \»).

The general solution of (2.2.2) is
Az

y= c1e™ + coze
3. If a? — 4b < 0, (2.2.2) has a pair of complex conjugate roots
M =a+if, Al=a—1if.

The general solution of (2.2.2) is

y = c1€% cos(Bx) + coe™” sin(fz).

Example. Solvey” +y' — 2y = 0, y(0) = 4, y'(0) = —5.
Ans: A1 =1, = =2,y = e + 3e 2%,

Example. Solvey” — 4y’ + 4y = 0, y(0) = 3, y'(0) = 1.
Ans: \; = \g = 2,y = (3 — 5xz)e?®.

Example. Solvey” — 2y’ + 10y = 0.
Ans: Ay =1+ 3i, o =1 — 31,

y = e%(c1 cos 3z + co sin 3x).

Now we consider-th order homogeneous linear equations with constant coefficients
(n) (n—1) / -
Y+ ary + ot an—1y +any =0, (2.2.3)

whereaq, - - -, a,, are real constants.
y = e is a solution of (2.2.3) if and only ik satisfies

AN+ N 4 an_i A+ a, =0. (2.2.4)

The solutions of (2.2.4) are calletharacteristic valuesr eigenvalues for the equation (2.2.3).
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Let A1, -- -, s be the distinct eigenvalues for (2.2.3). Then we can write

)\n + (11)\7171 + -+ a/n—l)\ + (79}
(2.2.5)
=A=A)™M A=) (A= Ag)™,

wheremy, - - -, m, are positive integers and
mi1+---+mg=n.
We call them themultiplicity of the eigenvaluea, - - -, A, respectively.

Lemma 2.9 Assume is an eigenvalue of (2.2.3) of multiplicity.
(i) e** is a solution of (2.2.3).
(i) If m > 1, then for any positive integer < k < m — 1, 2*e’* is a solution of (2.2.3).
(iii) If A\ = a + if3, then
e cos(Bx), xFe™ sin(fx)

are solutions of (2.2.3), whefe< k < m — 1.

Theorem 2.10 Let Ay, - - -, A, be the distinct eigenvalues for (2.2.3), with multipliaity, - - -, m
respectively. Then (2.2.3) has a fundamental set of solutions

6)\1{1} xe)\lz . xmlfle)\la?,
........................ : (2.2.6)
6)\596, 5136/\ 3L7 , xms—lek x
Proof of Lemma 2.9 and 2.10
Consider thex-th order linear equation with constant coefficients
Yy +ay" Y 4 a1y 4 any =0, (A1)

k
wherey® = £4 Let L(y) = y™ + a1y Y + - + ap_1y +apy andp(z) = 2" + a12" " +
-+ 4+ ap_1z + a,. Note thatp is a polynomial inz of degreen. Then we have

L(e*) = p(z)e** (A2)
Before we begin the proof, let's observe ttﬁé—ze” = 8222 e** by Clairaut’s theorem because

e** is differentiable in(z, z) as a function of two variable and all the higher order partial derivatives
exist and continuous. That means we can interchange the order of differentiation with regpect to

andz as we wish. Thereforg: L(e**) = L(-Le*"). For instance, one may verify directly that
d dk zZT k_zx k—1 _zx dk d zZT
%@(6 ):[UZ e +kZ e :W(£€ )

Here one may need to use Leibniz’s rule of taking kil derivative of a product of two functions:

k
(wo)® =3 (‘;) oy =1) (A3)

=0
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More generally,dd; L(e*®) = L(%e”). (Strictly speaking, partial derivative notations should be

used.) Now let’s prove our results.

(1) If Xis aroot ofp, thenL(e*) = 0 by (A2) so thaie?* is a solution of (A1).
(2) If Xis aroot ofp of multiplicity m, thenp(\) = 0,p’(A) = 0,p"(\) = 0,...,p™"D(\) = 0.

Now fork = 1,...,m — 1, differentiating (A2)k times with respect te, we have
d* d* d* "R\ ,
kzzy _ oy zzy . & 2T (2) k—i zx
Ko™ = Hgpe™) = fele™) = frelp(e)e) = 3 ()0 et

ThusL(z*e*) = 0 andx*e?? is solution of (AL).
(3) LetAq, -+, A\s be the distinct roots g, with multiplicity mg, -- -, ms respectively. Then we
wish to prove that

........................ . (Ad)
. ans—leksm.

are linearly independent ov&. To prove this, suppose for allin R

011€A1x+ 61251,‘6)\13: IS clmlxml—lehm

AsT

0516A5$+ CgaX€ 4+ Csmsme* et = (.

Let’s write this as
Pl (ﬂf)eMz —+ PQ(JI)@)\QI 44 Ps(x)eksm _ O,

for all z in R, whereP;(z) = c;1 + ciox + - + cim, 2™~ 1. We need to prove®;(z) = 0 for all
i. Assume that one of thE;’s is not identically zero. By re-labelling th&’s, we may assume that
P,(x) # 0. Dividing the above equation by':*, we have

Py (z) + PQ(x)e()‘Z—)\l)w S ps(x)e(/\s—/\l)w =0,

for all z in R. Upon differentiating this equation sufficiently many times (at masttimes since
Py (z) is a polynomial of degres:; — 1), we can reducéd’; (z) to 0. Note that in this process, the
degree of the resulting polynomial multiplied by*: ~*1)# remains unchanged. Therefore, we get

QQ(J?)@()‘?_)“)I N Qs(x)e()\s—)\l)x _ 0,
where degy; = degP;. Cancelling the terna*1 = we have
Qa(2)e" + - + Qy(x)e” = 0.

Repeating this procedure, we arrive at

where degR; = degP;. HenceR,(z) = 0 onR, contradicting the fact that def§, = degP; and
P; is not identically zero. Thus all thB;(x) are identically zero. That means al’s are zero and
the functions in (A4) are linearly independent.
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Remark. If (2.2.3) has a complex eigenvalle= o + i3, then\ = a — i3 is also an eigenvalue.
Thus botheke(@ 0z andzk (@)= appear in (2.2.6), whet@< k < m — 1. In order to obtain a
fundamental set of real solutions, the pair of solutiohs(***?)* andz*e(*~#2 in (2.2.6) should

be replaced by:* e cos(3z) andz*e®® sin(Bz).

In the following we discuss solution of non-homogeneous equations. For simplicity we consider
v+ by +cy = f(x), (2.2.7)

whereb andc are real constants. The associated homogeneous equation is (2.2.1), and the charac-
teristic equation of (2.2.1) is (2.2.2). We shall look for a particular solution of (2.2.7). This method
works in general even i andb are functions ofc. Also the method applies to higher order equa-
tions.

1. Methods of variation of parameters.
Lety; andys be two linearly independent solutions of the associated homogeneous equation (2.2.1)
andW (z) be their Wronskian. Look for a particular solution of (2.2.7) in the form

Yp = U1Y1 + U2Y2,

whereu; andusy are functions to be determined. Suppose
uyyr + usys = 0.

Pluggingy,, into (2.2.7) we get
uyyy + upyh = f.
Henceu) andu), satisfy

(2.2.8)

w1 + usye =0,
uhyy + uays = f.

Solving it, we find that

Y2
up = —==F, uh = == f.

w

@) =- [ " uell) g g

e
o WD)

Integrating yields

(2.2.9)

us ()

Example. Solve the differential equation!” + y = sec .

Solution. A basis for the solutions of the homogeneous equation consigts ef cos z andy, =
sinz. Now W (y1,y2) = coszcosz — (—sinz)sinz = 1. Thusu; = — [sinzseczdr =
In|cosz| + ¢; anduy = [coszsecxdr = z + co. From this, a particular solution is given
by y, = cosxzIn|cosz| + zsinz. Therefore, the general solutiongs= ¢; cosz + cosinz +

coszIn|cosz| + xsinx.
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The method of variation of parameters can also be used to find another solution of a second order
homogeneous linear differential equation when one solution is given. Supjma&nown solution
of the equation

Y+ P(z)y + Qx)y = 0.
We assume = vz is a solution so that

0=(vz)" + Pwz) +Qvz) = (v'z 4+ 202 +v") + P(v'z + v2’) + Quz
= (W2 + 202 + Pv'z) +v(2" + P2+ Qz) =v"2 4+ v/ (22 + Pz).

That is

" !/

z
Yo 9 p
v z
An integration gives/ = z~2e~/ Pd% andv = [272¢~J/ P4 4z, We leave it as an exercise to

show thatz andvz are linearly independent solutions by computing their Wronskian.

Example. Giveny, = z is a solution ofr2y” + zy’ — y = 0, find another solution.
Solution. Let's write the DE in the formy” + 1y — Ly = 0. ThenP(z) = 1/2. Thus a second
linearly independent solution is given= vx, where

: 1
v = /x_Qe_j Vade go — /J;_Zm_ldx = ——.

2

Therefore the second solutiomjs= —z~! and the general solution is= ¢,z + cox~".

2. Method of undetermined coefficients.
Case 1.f(z) = P,(z)e**, whereP, (z) is a polynomial of degree > 0.
We look for a particular solution in the form

y = Q(x)e™",
where@(z) is a polynomial. Plugging it into (2.2.7) we find
Q"+ 2a+b)Q" + (a® +ba + ¢)Q = P, (x). (2.2.10)

Subcase 1.1.If o2 + ba + ¢ # 0, namely,« is not a root of (2.2.2), we choos@ = R,, a

polynomial of degree:, and
y = Ry (x)e*”.

The coefficients oR?,, can be determined by comparing the terms of same power in the two sides of
(2.2.10). Note that in this case both sides of (2.2.10) are polynomials of degree

Subcase 1.2If a? + ba + ¢ = 0 but2a + b # 0, namely,« is a simple root of (2.2.2), then (2.2.10)
is reduced to

Q"+ (2a+b)Q" =P,. (2.2.11)
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We choosé) to be a polynomial of degree + 1. Since the constant term ¢f does not appear in
(2.2.11), we may choos@(z) = =R, (x), whereR,,(z) is a polynomial of degree.

y =R, (x)e*”.

Subcase 1.3f a? + ba + ¢ = 0 and2a + b = 0, namely,a is a root of (2.2.2) with multiplicity2,
then (2.2.10) is reduced to
Q" = P,. (2.2.12)

We choosé&)(z) = 22 R,,(z), whereR,,(z) is a polynomial of degree.

Y= szn(x)em.

Example. Find the general solution of’ — i/ — 2y = 422,
Ans:y = c1€%* + coe™% — 3 4 2z — 222,

Example. Find a particular solution of”’ + 2y" — 3/ = 32? — 22 + 1.
Ans: y = —27x — 52 — 23,

Example. Solvey” — 2y’ + y = xe®.
Ans: y = c1e” + coxe” + %x%m.

Case 2.f(x) = P,(x)e*® cos(fz) or f(x) = P,(x)e**sin(fz), whereP, (x) is a polynomial of
degreen > 0.
We first look for a solution of

Y + by + cy = Py (x)elot Oz, (2.2.13)
Using the method in Case 1 we obtain a complex-valued solution
2(x) = ulx) + iv(z),

whereu(z) = R(z(x)), v(z) = S(=2(x)). Substituting:(z) = u(x)+iv(z) into (2.2.13) and taking
the real and imaginary parts, we can show th@at) = R(z(z)) is a solution of

Yy + by + cy = Pp(x)e™® cos(Bz), (2.2.14)
anduv(z) = $(z(x)) is a solution of

v’ + by + cy = Po(x)e™” sin(Bz). (2.2.15)

Example. Solvey” — 2y’ + 2y = e* cos .

ANs: y = c1e” cosx + coe® sinx + %xem sin .

The following conclusions will be useful.
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Theorem 2.11 Lety; andy, be particular solutions of the equations
y' +ay +by = fi(z)

and
Y +ay +by = fa(z)

respectively, thep, = y1 + y» is a particular solution of
y' +ay +by = fi(x) + fa().

Proof. Exercise.

Example. Solvey” — y = e¢* + sin x.

Solution. A particular solution fory” — y = e® is given byy; = %xer. Also a particular solution

for y” — y = sina is given byy, = —Lasinz. Thusi(ze® — sinz) is a particular solution of

the given differential equation. The general solution of the corresponding homogeneous differential
equation is given by e~" 4 coe®. Hence the general solution of the given differential equation is

cre™" + coe” + 3(ze” —sinw).

2.3 Operator methods

Let =z denote independent variable, apndependent variable. Introduce
mn

d n
Dy Dy=d:7ny=y

- = (n)
d.ry’ .

We defineD% = y. Given a polynomialL(z) = Z?:O ajz?, wherea;'s are constants, we define
a differential operatof (D) by

L(D)y = Z a;D7y.
§=0

Then the equation

zn:ajy(j) = f(x) (2.3.1)
j=0
can be written as
L(D)y = f(). (2.3.2)

Let L(D)~! f denote any solution of (2.3.2). We have

D 'D=DD!'=D",
L(D)™'L(D) = L(D)L(D)™! = D°.

However,L(D)~! f is not unique.

To see the above properties, first recall that' f means a solution of = f. ThusD~'f = [ f.
Hence it follows thatD ' D = DD~ !'= identity operatotD®.
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For the second equality, note that a solutionfgéD)y = L(D)f is simply f. Thus by definition
of L(D)~t, we haveL(D)~Y(L(D)f) = f. This meansL(D) *L(D) = D°. Lastly, since
L(D)~'f is a solution ofL(D)y = f(x), itis clear thatL(D)(L(D)~'f) = f. In other words,
L(D)L(D)~* = D°.

More generally, we have:
1. D7 f(z) = /f(x)dx—i—C',

2. (Df@*7m3:0¢$+ﬂf/€“7@W% (2:3.3)

3. L(D)(e" f(x)) = e L(D + a) f (),
4. L(D) e f(2)) = LD +a)~ f(x).

Proof. Property 2 is just the solution of the first order linear ODE. To prove Property 3, first observe
that (D — r)(e** f(z)) = e**D(f(z)) + ae** f(x) — re** f(x) = e**(D + a — r)(f(x)). Thus
(D~ )(D—r)(e f(2)) = (D —8)[e*" (D +a—7)(f(2))] = (D +a—s)(D+a—r)(f(x)).
Now we may writeL(D) = (D —r1)---(D — r,,). ThenL(D)(e** f(z)) = e**L(D + a) f(x).
This says that we can move the factsf to the left of the operatof (D) if we replaceL(D) by
L(D + a).
To prove Property 4, appli (D) to the right hand side. We have
L(D)[e** L(D + a)~" f(2)] = e**[L(D + a)(L(D + a)~' f())] = e** f ().

ThusL(D)~ (e f(z)) = e L(D + a) "L f(x). O

LetL(z) = (x —r1) - (x — ry). The solution of (2.3.2) is given by

y=L(D)  fle)=(D—r)~ (D —ra) " f(a). (2.3.4)
Then we obtain the solution by successive integration. Moreoveys ifre distinct, we can write
A N A,
L(zx) x—mr T =Ty

whereA’ s can be found by the method of partial fractions. Then the solution is given by

y=[A1(D — Tl)_l + A+ Ap(D — rn)_l]f(x)' (2.3.5)

Next consider the case of repeated roots. Let the multiple root be equahtal the equation to be
solved is

(D —m)"y = f(x) (2.3.6)
To solve this equation, let us assume a solution of the fpeme™*v(z), wherev(z) is a function
of = to be determined. One can easily verify thBt—m)™e™*v = ¢™* D™v. Thus equation (2.3.6)
reduces to

D"v=e"™ f(x) (2.3.7)
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If we integrate (2.3.7) times, we obtain

v://~~//e*mxf(x)dx~~-dx+co+clx+~~'+cn_1x”71 (2.3.8)

Thus we see that

(D—m)™"f(z) = ™" {// - // e f(x)dr - dr +co+ x4 Fep2™ | (2.3.9)

Example Solve(D? — 3D + 2)y = xe®.
1

Solution First L _ _L_ Therefore

1
D2-3D+2 ~— D-2 D—-1"

y=(D?—3D +2)"(ze?)
=(D —2) " wze®) — (D — 1)~ (ze®)
=e22 D7 (e 2% xe®) — e D~ (e Txe®)
=e?D (e %x) — e* D~ (x)
=e¥(—ze ™ —e " + ) —e"(32% + c2)

= —e"(32% + x4+ 1) + c1€** + cze”.

Example. Solve(D? — 3D? + 3D — 1)y = €®.
Solution. The DE is equivalent t¢D — 1)3y = e®. Therefore,

. 1 .
y=(D— 1)73€I =" [/// e e dx + cp +01x+02x2] =" {GIS + o+ x4 oz

If f(z)is apolynomial inz, then(1 — D)(1+ D+ D?*+ D3 +---)f = f. Thus(1— D)~ (f) =

(1+ D+ D?+D3+---)f. Therefore, iff is a polynomial, we may formally expari@® —r)~! into
power series i and applying it tof. If the degree off is n, then it is only necessary to expand
(D —r)"tuptoD".

Example. Solve(D* — 2D3 + D?)y = 3.
Solution. We have

y=(D*=2D° + D)7 f = gt ppa®
=D72(1+2D +3D* +4D3 + 5D* + 6D%)2?
=D 2(23 + 622 + 18x + 24)
= D12 4 22° + 922 + 24z)
=%+%+3x3+12x2.

Therefore, the general solutiongs= (A + Bx)e® + (C' + Dx) + % + %4 + 323 + 1222,
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2.4 Exact 2nd order Equations

The general 2nd order linear differential equation is of the form

po(x)y" + p1(@)y’ + p2(2)y = f(z) (A1)
The equation can be written as
(Poy" — poy)’ + (pry) + (5 — p1 +p2)y = f(2) (A2)

Itis said to be exact if
po — Py +p2=0. (A3)

In the event that the equation is exact, a first integral to (A1) is

po(@)y — Py +p1 (2)y = / f(x)dz + .

Example.Find the general solution of the DE

1, 1 2., 1 2
p +(; ﬁ)y (ﬁ E)y—e .
Solution. Condition (A3) is fulfilled. The first integral is

1, 1 12 .
Ey +Py+(;*9)y:€ +Cl.

That is )
v+ (1-— ;)y = ze” + Cyz.

From the last equation, the general solution is found to be

1
y= 53:6”” + Ciz + Coze™ ™.

2.5 The adjoint differential equation and integrating factor

If (A1) is multiplied by a functionv(x) so that the resulting equation is exact, thén) is called an
integrating factor of (Al). That is

(pov)” = (p1v) + p2v = 0. (A4)
This is a differential equation far, which is, more explicitly,
po(z)v” + (2ph(z) — pr(@))v’ + (p( (2) — Py (x) + p2(2))v = 0. (A5)

Equation (A5) is called thadjoint of the given differential equation (Al). A functior(z) is thus
an integrating factor for a given differential equation, if and only if it is a solution of the adjoint
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equation. Note that the adjoint of (A5) is in turn found to be the associated homogeneous equation
of (A1), thus each is the adjoint of the other.
In this case, a first integral to (A1) is

o(@po(@)y’ — ((@)po())'y + v(@)pr(2)y = / o()f(x) dz + Cy.

Example. Find the general solution of the DE

(2? — 2)y" + (22% + 42 — 3)y + Say = 1.
Solution. The adjoint of this equation is

(2 — 2)v" — (22% — 1)v + (4 — 2)v = 0.

By the trial of z™, this equation is found to have as a solution. Thus? is an integrating factor
of the given differential equation. Multiplying the original equationay we obtain

(z* — 2®)y" + (22 + 42® — 322)y + 823y = 2.
Thus a first integral to it is
(x* — 23)y — (4a® — 32%)y + (20" + 42® — 32%)y = /wQ dr + C.

After simplification, we have

2v 1 L C
Y= 83@—-1) " B@-1)

An integrating factor for this first order linear equationef$ (z — 1)2. Thus the above equation
becomes

2x _
eZI(x—l)Zy:é/(w—l)edex+C’/L31)dI+c2-
x

That is
1|z 3 e

2x _12 _ - |1z_= 2x

e (x )y 5|31 e +Om

Thus the general solution is

o 1 X 1 Cl _2
y_(x—1)2<6 4+$2+C’26 )

Exercise.Solve the following differential equation by finding an integrating factor of it.

" 4o - 8r —8 —0
Yo 1Y T —12? T

[Answer: y = ;& 4 22 =22 ]

Solution. The adjoint equation is
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or equivalently
(2z — 1)v" — dav’ + 40 = 0.

An obvious solution i&» = z. Thereforev = x is an integrating factor of the original differential
equation. Thus
422, (8z —8)x
Y+ 3
2r—1 (2 —1)

y=20

is exact. The first integral is
422
2 —1

y=Cy,

or equivalently,

, 422 —2x + 1 o

YN ey YT

1 2 Cy
! 2—-— =—.
y—i—( x+2x—1>y T

That is

Thuse/ 27 TT 4o = (20 (22=1) is an integrating factor of this first order equation. Multiplying
by this factor, we have

2z — 1 (9 — 1
e%(x )yzC’l/e (xg )tz + G,
X X

That is

22 — 1 e
€2x( )y201x+02,

or equivalently
Cl CQLC —ox

Y=or—1 "2z -1°




Chapter 3

Linear Differential Systems

3.1 Linear Systems

The following system is called a linear differential system of first orderarmal form

x;L = an1 (L)1 + -+ Aun(t)2n + gn(t),

wherea;;(t) andg;(t) are continuous functions efand’ denotes differentiation with respect#o
Denote
z1(t) 91(t) an(t) -+ am(t)
x(t): , g(t): , A(t):
Tn (t) 9n (t) an1 (t) e Ann (t)

We callg(t) a continuous vector field, or a continuous vector-valued function, if all its components
are continuous functions. We call(¢) a continuous matrix, or a continuous matrix-valued function,
if all its entries are continuous functions. Define

2 (t) i [ @1 (t)dt
X/: , /x(t)dt:
xl (t) [ @ (t)dt

Then the linear system can be written in thatrix form
x' = A(t)x +g(t). (3.1.1)

Wheng = 0, (3.1.1) is reduced to
x' = A(t)x. (3.1.2)

(3.1.2) is called a homogeneous differential system, and (3.1.1) is called a non-homogeneous system
if g(t) £ 0. We shall also call (3.1.2) thhomogeneous system associated {&tfi.1), or the
associated homogeneous system

35
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Example.

1’/1 = 2LL‘1 + 31’2 + 3t,
Ty = —x1+x2— 7sint

() =(2 (2 )-(m)

Example. Given a second order system

is equivalent to

d2
Wf:x+2y+3t,
d2
Wg:4x+5y+6t,

it can be expressed into an equivalent first order differential system by introducing more variables.
For this example, let. = 2’ andv = 3’. Then we have

~

u
x4+ 2y + 3t
v

4z 4 5y + 6t

~

~

SRS

Next, we begin with the initial value problem

{ x' = A(t)x +g(t), (3.1.3)

X(to) = X,

wherex is a constant vector. Similar to Theorem 2.1 we can show the following theorem.

Theorem 3.1 Assume tha\ (¢) andg(t) are continuous on an open interval< ¢ < b containing
to. Then, for any constant vectst, (3.1.3) has a solutiorx(t) defined on this interval. This
solution is unique.

Especially, ifA(t) andg(t) are continuous ofR, then for anyty € R andx, € R”, (3.1.3) has a
unique solutiorx(t) defined orR.

3.2 Homogeneous Linear Systems

In this section we assumg = (aij(t)> is a continuous: by n matrix-valued function defined on
the interval(a, b). We shall discuss the structure of the set of all solutions of (3.1.2).

Lemma 3.2 Letx(¢) andy(t) be two solutions of (3.1.2) ofw, b). Then for any numbers;, co,
z(t) = c1x(t) + c2y(t) is also a solution of (3.1.2) ofu, b).
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Definition x;(t), - - -, x,.(¢) arelinearly dependeni (a, ), if there exists numbers, - - -, ¢,, not
all zero, such that
axi(t)+ - +ex.(t) =0 forall ¢ € (a,b).

x1(t), - - -, x,(t) arelinearly independentn (a, b) if they are not linearly dependent.
Lemma 3.3 A set of solutions; (t), ---, x,.(t) of (3.1.2) are linearly dependent dn, b) if and
only ifx;(t9), -- -, x,(to) are linearly dependent vectors for any fixgde (a,b).

Proof. Obviously “="is true. We show “=". Suppose that, for somg € (a,b), x1(to), - - -,
x,(to) are linearly dependent. Then there exists const@nts- - , ¢,., not all zero, such that

c1X1 (to) + -4 CTX',-(to) =0.
Lety(t) = c1x1(t) + - - - + e-x,-(¢). Theny(t) is the solution of the initial value problem
x' = A(t)x, x(tg) =0.

Sincex(t) = 0 is also a solution of the initial value problem, by the uniqueness we h&ye= 0
on(a,b), i.e.
axi(t)+-+ex(t) =0

on(a,b). Sincec;’s are not all zerox, (t), - - -, x.(t) are linearly dependent dia, b). O

Theorem 3.4 (i) (3.1.2) hasn linearly independent solutions.
(i) Let x1, ---, x, be any set of linearly independent solutions of (3.1.2) ¢m b). Then the
general solution of (3.1.2) is given by

X(ﬂ = clxl(t) + 4+ Can(t), (321)
wherec;’s are arbitrary constants.

Proof. (i) Lete;, ---, e, be a set of linearly independent vectordin. Fix t, € (a,b). For each
j from 1 to n, consider the initial value problem

x' = A(t)x, x(to) = e,.

From Theorem 3.1, there exists a unique solutiofit) defined on(a,b). From Lemma 3.3,
x1(t), -+, x,(t) are linearly independent dia, b).

(i) Now let x4 (¢), ---, x,(t) be any set ok linearly independent solutions of (3.1.2) tn b).
Fix to € (a,b). From Lemma 3.3x; (o), - - -, X (to) are linearly independent vectors. L)
be any solution of (3.2.1). Thex(ty) can be represented by a linear combinatiox offty), - - -,
x5, (to), namely, there exists constantg, - - -, ¢, such that

X(tg) = ¢1x1(to) + - - - + EnXn(to)-
As in the proof of Lemma 3.3, we can show that

%(t) = %1 () + - + EnXn(t).
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Thuse;x1(t) + - - - 4+ cnx, (t) is the general solution of (3.1.2). O

Recall thaty: vectors

a; = ;e

are linearly dependent if and only if the determinant

a11

Qpl

A1n
=0.

ann

In order to check whether solutions are linearly independent, we need the following notation.

Definition. The Wronskian of. vector-valued functions

xn(t)
X1 (t) = ce ,
.’Enl(t)
is the determinant
W) =W(xy, - ,xp)(t) =

Using Lemma 3.3 we can show that

Theorem 3.5 (i) The Wronskian of. solutions of (3.1.2) is either identically zero or nowhere zero

in (a,b).

Tin (t)
- xn(t) =
Znn(t)
J:ll(t) xlz(t) l‘ln(t)
X12 (t) 22 (t) SUQn(t)

(i) n solutions of (3.1.2) are linearly dependent(in b) if and only if their Wronskian is identically

zeroin(a, b).

Definition. A set ofn linearly independent solutions of (3.1.2) is callefhadamental set of solu-

tions, or a basis of solutions. Let
11 (t)
STOE IS
Tnl (t)

T1in (t)
Ty Xn (t) = :
Lnn (t)

be a fundamental set of solutions of (3.1.2)(anb). The matrix-valued function

x11(t)

o) — | "2V

Inl (t)

x12(t) T1n(t)
o9 (t) I‘Qn(t)
ZTna(t) T (1)
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is called afundamental matrixf (3.1.2) on(a, b).

Remark. (i) From Theorem 3.5, a fundamental matrix is non-singular fot all(a, b).
(i) A fundamental matrixd(¢) satisfies the followingnatrix equation

3 = A(t)D. (3.2.2)

(iii) Let ®(¢) and¥ (¢) are two fundamental matrices defined(anb). Then there exists a constant,
non-singular matrixC such that

Theorem 3.6 Let ®(¢) be a fundamental matrix of (3.1.2) dn,b). Then the general solution of
(3.1.2) is given by
x(t) = ®(t)c, (3.2.3)

wherec = | ... | is an arbitrary constant vector.

3.3 Non-Homogeneous Linear Systems

In this section we consider the solutions of non-homogeneous system (3.1.1),Avher(ezij(t)
is a continuous: by n matrix-valued function ang(t) is a continuous vector-valued function, both
defined on the interval, b).

Theorem 3.7 Letx,(t) be a particular solution of (3.1.1), an@i(¢) be a fundamental matrix of the
associated homogeneous system (3.1.2). Then the general solution of (3.1.1) is given by

x(t) = O(t)c + x,(t), (3.3.1)
wherec is an arbitrary constant vector.

Proof. For any constant vectar, x(t) = ®(t)c + x,(t) is a solution of (3.1.1). On the other hand,
letx(¢) be a solution of (3.1.1) and sgft) = x(t) — x,(t). Theny’ = A(t)y. From (3.2.3), there
exists a constant vect@rsuch thaty (¢) = ®(t)¢. Sox(t) = ®(t)¢ + x,(¢). Thus (3.3.1) gives a
general solution of (3.1.1). O

Method of variation of parameters.
Let ® be a fundamental matrix of (3.1.2). We look for a particular solution of (3.1.1) in the form

uy(t)

U (t)

Plugging into (3.1.1) we get
®'u+ Pu' = AdPu+g.
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From (3.2.2)®' = A®. So®u’ = g, and thusu’ = &~ !g.

u(t) = / & !(s)g(s)ds + c. (3.3.2)

to

Choosingc = 0, we get a particular solution:

So we obtain the following:
Theorem 3.8 The general solution of (3.1.1) is given by

x(t) = ®(t)c+®(t) | B '(s)g(s)ds, (3.3.3)

to

where®(¢) is a fundamental matrix of the associated homogeneous system (3.1.2).

! 3y — t
Example. Solve 1,1 o tt
Ty = 2x1+1

3.4 Homogeneous Linear Systems with Constant Coefficients

Consider a homogeneous linear system
x' = Ax, (3.4.1)

whereA = (a;;) is a constant by n matrix.
Let us try to find a solution of (3.4.1) in the forr(t) = e*'k, wherek is a constant vectok # 0.
Plugging it into (3.4.1) we find

Ak = \k. (3.4.2)

Definition. Assume that a numberand a vectok # 0 satisfy (3.4.2), then we call an eigenvalue
of A, andk an eigenvector associated with

Lemma 3.9 X\ is an eigenvalue oA if and only if
det(A —\I)=0 (3.4.3)
(wherel is then x n unit matrix), namely,

aip — A a12 s A1n

ao1 agy — A - aop

an1 an2 e Qnn — A
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Remark. Let A be ann by n matrix and\q, Ao, - - -, \x be the distinct roots of (3.4.3). Then there
exist positive integersi, ma, - - -, myg, such that

det(A — AI) = (=1)"(A = A1)™ (A — A)™2 -+ (A — M) ™,

and

mi+mo+---+mp =n.

m; is called thealgebraic multiplicity(or simply multiplicity) of the eigenvalue\;. The number of
linearly independent eigenvectors Afassociated with; is called thegeometric multiplicityof the
eigenvalue\; and is denoted by(;). We always have

w(A;) < mj.

If 1(A;) = m; then we say that the eigenvaldeis quasi-simpleEspecially ifm; = 1 we say that
A; is asimpleeigenvalue. Note that in this caseis a simple root of (3.4.3).

Theorem 3.101If X is an eigenvalue oA andk is an associated eigenvector, then
x(t) = eMk

is a solution of (3.4.1).
Let A be a real matrix. IfA is a complex eigenvalue &, andk is an eigenvector associated with
A, then

x; = R(eMk), xo = I(eMk)

are two linearly independent real solutions of (3.4.1).

In the following we always assume thAtis a real matrix.

Theorem 3.11If A hasn linearly independent eigenvectdks, - - -, k,, associated with eigenval-
uesly, - - -, A, respectively, then

d(t) = (eM'ky, -, e Mk,)

is a fundamental matrix of (3.4.1), and the general solution is given by

x(t) = ®(t)c = creMky + -+ + cpe'k,, (3.4.4)
C1
wherec = | ... | is an arbitrary constant vector.
Cn
Proof. We only need to showdet ®(¢t) # 0. Sincek;, ---, k,, are linearly independent, so

det ®(0) # 0. From Theorem 3.5 we see thétt ®(¢) # 0 for any¢. Hence®(¢) is a funda-
mental matrix. O
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Remark. Under the conditions of Theorem 3.11, the eigenvalugs - -, \,, of A need not to be
distinct. In fact we only assume that all the eigenvalueA @fre quasi-simple.

If A hasn distinct eigenvaluea, -- -, \,, and letky, - - -, k,, be the associated eigenvectors, then
they are linearly independent. Hence the general solution is given by (3.4.4).

Example. x’ = ( 31 )x
1 -3

-3 1 .
A= < ) 5 ) has eigenvalues; = —2, and\; = —4.

. . 1
For A\; = —2 we find an eigenvectdt; = ( ) ) .

. . 1
For A\, = —4 we find an eigenvectdt, = ) ) .

The general solution is given by

1 w1
x(t) = cre? <1>+0264 <_1>.

Example. Solve the system

-3 1 —6
! —2t
X—( 1 _3)x+e ( 9 >

We first solve the associated homogeneous system

—_e 4

—2t —4t
and find two linearly independent solutiors(t) = < ¢ ) , Xa(t) = ( ¢ o ) . The fun-
(&

damental matrix is
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o [ Tt a1
d(t)u(t) = 2e < Lt )+2€ ( o >

The general solution is

1 1 1 -1
X = clefzt + 6267415 — ote™ 2 + 272 .
1 -1 1 1

0 1
Example. Solvex’ = X.
-4 0

1 .
A= < 04 0 > has eigenvalues2i.

For A = 2 we find an eigenvectdt = ( 21 ) .
1

. 1 1 2t in 2¢
e?it .| =(cos2t + isin2t) ) COS, +1 S .
27 2 —2sin 2t 2cos 2t
The general solution is given by

) cos 2t n sin 2t
x(t)=c c .
! —2sin 2t 2 2cos 2t

¥ = =3z + 4y — 22,

Example. Solve

y =z+2,
2 = 6x — 6y + 5z.

-3 -2
A= 1 0 1 has eigenvalues; =2, Ao = 1, A3 = —1.
6 —6 5
0
For A\; = 2 we find an eigenvectdt; = | 1
2
1
For Ao = 1 we find an eigenvectdt, = 1
0
1
For A3 = —1 we find an eigenvectdts = 0
—1
The general solution is given by
T 0 1
y = ¢ 1 + coet 1 N 0 ,
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namely
2(t) = coe! + cze™
y(t) = cre® + coel,

2(t) = 2c €% — cze".

Example. Solvex’ = Ax, where

2 1 0
A= 1 3 -1
-1 2 3
A has eigenvalues; =2, Ao = A3 =3 +i.
For A\; = 2 we find an eigenvectdt; = | 0
1
1
For A\ = 3 + i we find an eigenvectd, = 1+
2—1
We have

cost 4 isint
Gty — (Bt cost —sint + i(cost + sint) )

2cost +sint + i(2sint — cost)
cost
R(eBH)ky) = e cost —sint
2cost +sint
sint
F(eBHiky) = e cost +sint

2sint — cost

The general solution is

1 cost sint
_ 2t 3t . 3t .
x(t) = cre 0 | +ce cost —sint + c3e cost + sint
1 2cost+sint 2sint — cost

Example. Solvex’ = Ax, where

1 -2 2
A= -2 1 2
2 2 1

We have
det(A — MI) = —(A — 3)%(\ + 3).
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A has eigenvalues; = \y = 3, A3 = —3 (We may say that\ = 3 is an eigenvalue of algebraic
multiplicity 2, and\ = —3 is a simple eigenvalue).
For A = 3 we solve the equatioAk = 3k, namely

-2 =2 2 k1
-2 -2 2 ko =0.
2 2 =2 ks
v—u 1 -1
The solution ik = U . So we find two eigenvectots;, = | 0 | andk; = 1
v 1 0
1
For A3 = —3 we find an eigenvectdts = 1
—1
The general solution is given by
1 -1
x(t) =¥ [ 0 | + cpe® 1 + cze™ 3 1
1 0 -1

Now we consider the solutions of (3.4.1) associated with a multiple eigenwalwih geometric
multiplicity p()) less than the algebraic multiplicity.

Lemma 3.12 Assume\ is an eigenvalue oA with algebraic multiplicitym > 1. Then the following
system

(A= X)™v =0 (3.4.5)

has exactlyn linearly independent solutions.

By direct computations we can prove the following theorem.

Theorem 3.13 Assume thah is an eigenvalue oA with algebraic multiplicitym > 1. Letvy # 0
be a solutions of (3.4.5). Define

V| = (A—)\I)Vlfl, l:1,27'-~ ,m—l, (346)

and let
2 tm—l

t
X(t) — eAt vo + tVl + 5\,2 + .-+ 'mel . (347)

(m—1)

Thenx(t) is a solution of (3.4.1).

Let v(()l), e v(()m) bem linearly independent solutions of (3.4.5). They generaténearly inde-
pendent solutions of (3.4.1) via (3.4.6) and (3.4.7).
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Remark. In (3.4.6), we always have
(A = AD)v,,_1 =0.
If v,,_1 # 0thenv,,_; is an eigenvector oA associated with the eigenvalue

In practice, to find the solutions of (3.4.1) associated with an eigenvatfienultiplicity m, we first
solve (3.4.5) and findr linearly independent solutions

V(()l), V(()2), s v(()m).
For each of these vectors, sey), we compute the iteration sequence
v — A -apvi®, 1=1,2,-
There is an integdd < j < m — 1 (j depends on the choice of)’“)) such that

v§-k) #0, (A- AI)v§k) =0.

Thusv; is an eigenvector oA associated with the eigenvaltie Then the iteration stops and yields
a solution

t2 td
x®) (1) = M |viF) 4 v 4 Evg“ ot ﬁv](-k) : (3.4.8)

Example. Solvex’ = Ax, where

-1 1 0
A= 0o -1 4
1 0 —4

Fromdet(A — AI) = —\(A+3)? = 0 we find eigenvalues; = —3 with multiplicity 2, and\> = 0
simple.
For the double eigenvalug = —3 we solve

4 4 4
(A+3I)*v=| 4 4 4 |v=0,
1 1 1
0
and find two linearly independent solution§’ = | 0 |, v{¥ = 1 |.Pluggingv ",
-1 -1
vi¥ into (3.4.6), (3.4.7) we get
2
viV=(A+43vV = -4 |,
2
1 2
x) = e_3t(vél) + tvgl)) =e 3 0 [+t —4 ,



3.4. HOMOGENEOUS LINEAR SYSTEMS WITH CONSTANT COEFFICIENTS

1
vil = (A+3Dv = | -4 |,
1
0 1
x® = e 3y 4Py = 3 1 | +¢f —4
-1 1
4
For the simple eigenvalug, = 0 we find an eigenvectdts = | 4
1
So the general solution is
x(t) = e1xM + eox® + c3k3
1 2 0 1
_ —3t —3t
= ce 0 +t —4 + coe 1 +t —4 + c3
-1 2 -1 1

Example. Solve the system

2 =2z +y+ 2z
Yy = —x + 4y + 22,

7 =3z

The eigenvalue i3 = 3 with multiplicity 3. Solving

(A —31)%*v =

o o o
o o o
o o o
<
Il
=

we obtain3 obvious linearly independent solutions

47
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into (3.4.6), (3.4.7) we get

(1)

(1)

= (A - 3D =

= (A —3Dv{Y =

D) = 3(y (D 4 (D) =

(2)

(2)

x() = ¢ (v(()2) + tv(z))

(3)

(3)

x(3) = ¢3 ( (3) +tv(3))

The general solution is

= (A —3D)v? =

= (A -3Dv? =

= (A -3D)v¥ =

= (A —3Dv{Y =

O O O O = =

O O O O NN

x(t) = e1xM + ex@ 4 ¢3x®)

= C1€e

+c3 63t

1 -1
0 |+¢t] -1
0 0
0 2
0 |+t] 2
1 0

[/ 1 ~1
0o |+t| -1 :
[\ o 0
0 1
1 | +t] 1 :
0 0
0 2
0 +t 2
1 0
0 1
+Cg€3t 1 +t
0 0

Remark. It is possible to reduce the number of constant vectors in the general soluttbr-0A x
by using a basis for the Jordan canonical formAof We will not go into the details of the Jordan
canonical form. However the following algorithm usually works well if the sizéAak small.
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Consider an eigenvalueof A with algebraic multiplicitym.

Start withr = m. Letv be a vector such thgA — \I)"v = 0 but (A — A\I)"~!v # 0. [v is called
a generalized eigenvector of ranlassociated with the eigenvalue If no suchv exists, reduce
by 1.] Then

U, =v,u,_ = (A= ADv,u,_o = (A = XD)?v,...,u; = (A = \XI)" "1y,

form a chain of linearly independent solutions of (3.4.5) withbeing the base eigenvector corre-
sponding to the eigenvalue This givesr independent solutions of = Ax:

X1 (t) = 1116”,

Xg(t) = (ult + 112)6)\t,

x3(t) = (3urt® + ust + ug)e,

x,(t) = (ﬁultril + -+ %ur_th +u,_1t+ ur)e’\t.

Repeat this procedure by finding anotkexhich is not in the span of the previous chains of vectors.
Also do this for each eigenvalue &f. Results of linear algebra shows that

(1) Any chain of generalized eigenvectors constitutes a linearly independent set of vectors.

(2) If two chains of generalized eigenvectors are based on linearly independent eigenvectors, then
the union of these vectors is a linearly independent set of vectors (whether the two base eigenvectors
are associated with different eigenvalues or with the same eigenvalue).

3 0 00
Example. Solvex’ = Ax, whereA = 03 00
01 30
00 1 3
0 0 0 O
. s . . . 0 0 0 O
A has an eigenvalue = 3 of multiplicity 4. Direct calculation give§A —3I) = 010 0 |
0 010
0 0 0O
0
(A —3I)% = 00 0 , (A —3I)® =0,and(A — 3I)* = 0.
0 0 0 O
01 00
1 0
0 0 : . .
It can be seen that; = 0 andvy = 0 are two linearly independent eigenvectorsiof
0 1
0 0
. 1 0 .
Together withv, = 0 andvs = L they form a basis ofv | (A — 3I)*v = 0} = R*.
0 0
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Note that{ A —3I)vy = vg, and(A—3I)vs = v4. Hence{vy, vs, va } forms a chain of generalized
eigenvectors associated with the eigenvaluév, } alone is another chain. Therefore the general
solution is

t2
x({;) = e3t <C1V1 + 62(V2 +tvg + 5V4) + 03(V3 + tV4) + C4V4> .

That is

cre%t

()&
(Cgt —+ Cg)€3t
(% + 3t +cq)edt

Exercise.Solvex’ = Ax, where

A_ =
12 10 -5 4
-4 -4 2 -1
1 1 -1 —t
0 -2 0 0
Ans:x(t) = cie” " 5 + o€l 0 + c3et Ly + cqet Y
-1 2 0 1
3.5 Higher Order Linear Equations
Considem-th order linear equation
y "+ ar(®)y" Y 4 a1 ()Y + an(t)y = £(2), (3.5.1)

wherey*) = Z};—E Throughout this section we assume gt )’s and f(¢) are continuous functions
defined on the intervdle, b). Whenf(¢) # 0, (3.5.1) is called a non-homogeneous equation. The

associated homogeneous equation is
y™ +ar(y" Y a1 (0 +an(t)y = 0. (35.2)

The general theory of solutions of (3.5.1) and (3.5.2) can be established by applying the results in
the previous sections to the equivalent systems.

We begin with the initial value problem

y(n) + al(t)y(nfl) + e+ an(t)y = f(t),

y(to) = yo,
Yy (to) = v, (3.5.3)
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Theorem 3.14 Assume that; (¢), - - -, a,(¢) and f(¢) are continuous functions defined on the in-
terval (a, ). Then for anyty € (a,b) and for any numbersg, - - -, y,,—1, the initial value problem
(3.5.3) has a unique solution defined @nb).

Especially ifa;(t)’s and f(t) are continuous orR, then for anyt, andyo, - - -, yn—1, the initial
value problem (3.5.3) has a unique solution defined®on

Next we consider the structure of solutions of the homogeneous equation (3.5.2).

Definition. Functionsy(t), - - -, ¢, (t) arelinearly dependendn (a, b) if there exists constants,
.-+, ¢, Not all zero, such that
Cl¢1(t) +eee cr¢r(t) =0

for all t € (a,b). A set of functions ardinearly independenbn (a, b) if they are not linearly
dependent offa, b).

Lemma 3.15 Functionsp, (t), - - -, ¢,-(t) are linearly dependent ofx, b) if and only if the following
vector-valued functions

are linearly dependent ofu, b).

Proof. “<="is obvious. To show =", assume thab,, - - -, ¢, are linearly dependent da, b).
There exists constants, - - -, ¢, not all zero, such that

cadi(t) + -+ erdp(t) =0

forall t € (a,b). Differentiate this equality successively we find

Thus

c1 _|_ e + Cr
n—1 n—1
0 0
for all ¢ € (a,b). Hence the: vector-valued functions are linearly dependen{eyb). O

The Wronskian of: functions¢ (t), - - -, ¢, is defined by

o) e dald)
Wi(dr,-- ,én)(t) = . (3.5.4)
@ e )
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From Lemma 3.15 and Theorem 3.5 we get

Proposition 3.5.1 Let y1 (¢), - - -, y»(t) be n solutions of (3.5.2) orja,b). They are linearly in-
dependent offa, b) if and only if their WronskiariV (t) = W (y1,- - ,y.)(t) does not vanish on
(a,b).

Theorem 3.16 Letay (¢), - - -, a,(t) be continuous on the intervéd, b). The homogeneous equa-
tion (3.5.2) has: linearly independent solutions dn, b).
Lety, - - -, y, ben linearly independent solutions of (3.5.2) defined erb). The general solution
of (3.5.2) is given by

y(t) = crya(t) + -+ + cayn(t), (3.5.5)

wherecy, - - -, ¢, are arbitrary constants.

Any set ofn linearly independent solutions is calleduendamental set of solutions
Now we consider the non-homogeneous equation (3.5.1). We have

Theorem 3.17 Let y,, be a particular solution of (3.5.1), ang, - - -, v, be a fundamental set of
solutions for the associated homogeneous equation (3.5.2). The general solution of (3.5.1) is given
by

y(t) = cryn(t) + - + cuyn (t) + yp(1). (3.5.6)

From (3.3.3) we can derive the variation of parameter formula for higher order equations. Consider
a second order equation

v +pt)y +aq(t)y = f(t). (35.7)

Z1
€2

> . Then (3.5.7) is written as

0 1 0
x' = X 3.5.8
(—q —p)*(f) N

Assumey; (t) andy»(t) are two linearly independent solutions of the associated homogeneous equa-
tion

Letzy =y, 22 =y, x = <

y" +py +aqy=0.
We look for a solution of (3.5.7) in the form
Y = u1y1 + u2ye.

Y1 Y2
YL Y

_ yz/t y/2 ur ) y/lul“"y??@ (3.5.9)
Y1 Y2 U2 YUl + YoUo

Choose a fundamental matdxt) = (

oty

) . The corresponding solution of (3.5.8) is in the
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Recall that, ifad — be # 0, then
-1
a b 1 d -b
c d S ad—bec\ —¢ a |

_ 1 Yy Y2
O(t) = —— ,
W) ( v )
whereW (t) is the Wronskian ofj (¢), y2(¢). Using (3.3.3) we can derive

[0 _ [ ()
W) W)

Thus

fdt,  us(t) Ft)dt. (3.5.10)

up(t) =

Note that, (3.5.9) implies
! ! / / / / !
YUl + Yoz =Y = YU + Yoz + Y1uy + Y2Us.

Hence
y1uy + yauy = 0. 0]
Pluggingy’ = yju1 + yhus into (3.5.7) we find

yruy + yous = f. (ii)
Solving (i) (ii) we find
=2 o =
1 W ’ 2 W N

Again we get (3.5.10).
Now we consider linear equations with constant coefficients

y(") + aly("_l) + .o+ an—ly/ +any = f(t), (3511)

and the associated homogeneous equation

y" +ary" Y+ a1y +any =0, (35.12)
whereay, - - -, a,, are real constants. Recall that (3.5.12) is equivalent to a system
x = Ax,

where

0 1 0 0

0 0 0 0

A=
0 0 0 1
—0Qp —Qp—1 e —a2 —ai

The equation for the eigenvalues Afis

detOI —A) = N"+a A" P+ dap_ 1A +a, =0. (3.5.13)
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The solutions of (3.5.13) are calletiaracteristic valuesr eigenvalues for the equation (3.5.12).

Let A1, - -+, s be the distinct eigenvalues for (3.5.12). Then we can write
AN+ a Nt an At an
= (A= A)" (A= A)"2 - (A= Ag)™e,
wheremy, - - -, m, are positive integers and
mip+---+ms=n.

We call them the multiplicity of the eigenvalugs, - - -, A5 respectively.

Lemma 3.18 Assume\ is an eigenvalue of (3.5.12) of multiplicity.

(i) e is a solution of (3.5.12).

(i) If m > 1, then for any positive integdr < k < m — 1, t*¢* is a solution of (3.5.12).

(iii) If X = a+ip, thent* e cos(3t), tFet sin(st) are solutions of (3.5.12), whefe< k < m—1.

Theorem 3.19 Let A4, - - -, A, be the distinct eigenvalues for (3.5.12), with multiplieity, - - -, m
respectively. Then (3.5.12) has a fundamental set of solutions

Mgt L gLt

........................ . (3.5.14)

Proof. One way to prove Theorem 3.19 is to find a fundamental matrix of the equivalent system,
such that the first row is given by the functions in (3.5.14).

Another way to prove Theorem 3.19 is to show that each function in (3.5.14) is a solution of (3.5.12),
and they are linearly independent. |

Remark. If (3.5.12) has a complex eigenvalde= o + i3, then\ = a — /3 is also an eigenvalue.
Thus bothtFe(@+i)t andt*e(*—9)t appear in (3.5.14), whefe< k < m — 1. In order to obtain a
fundamental set of real solutions, the pair of solutithg®+%)t andt*e(@—9)* in (3.5.14) should
be replaced by*e* cos(3t) andtet sin(3t) respectively.

3.6 Appendix 1: Proof of Lemma 3.12

Lemma 3.12Let A be ann x n complex matrix and\ an eigenvalue ofl with algebraic multiplicity
m. Then
dim{x e C" | (M - A)"x =0} =m.

Proof. The proof consists of several steps. et {x € C" | (\] — A)"x = 0}. The spacq’ is
called the generalized eigenspace corresponding to the eigenvalue
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Step 1 T'is a subspace cf™. This is just direct verification.

Step 2 T is invariant underd meaningA[T] C T This is because if we take a vectoin T, then
(M — A)™x = 0 sothatA(AI — A)™x = 0, which is the same gs\] — A)™(Ax) = 0. Therefore,
AxisalsoinT.

Step 3 By Step 2 which says thad[T] C T, we may consided as a linear transformation on
the subspac&'. In other words, A : T' — T. Let  be an eigenvalue ol : 7" — T. That
is Av = uv. Thenv € T implies that(A\] — A)™v = 0. SinceAv = pv, this simplifies to
(A= p)™v = 0. Being an eigenvectoy # 0 so thaty = A. Therefore, all eigenvalues of
A:T — T are equal to\.

Step 4 LetdimT = r. Certainlyr < n. Then by Step 3, the characteristic polynomial of
A:T — Tis (A — z)". SinceT is an invariant subspace df : C* — C”, one can choose a
basis ofI" and then extend it to a basis@f so that with respect to this new basis@f, the matrix
A is similar to a matrix where the upper left hanck » submatrix representd on 7" and the lower
left hand(n — r) x r submatrix is the zero matrix. From this, we see {hat- z)" is a factor of the
characteristic polynomial oft : C* — C™. Hencer < m.

We also need the Cayley-Hamilton Theorem in the last step of the proof.
Cayley-Hamilton Theorem Let p(z) be the characteristic polynomial of anx n matrix A. Then

p(A) =0.
Step 5 Letp(z) = (M — 2)™ -+ (A — 2)™* be the characteristic polynomial of, where
A1, A2, ..., A\, are the distinct eigenvalues df: C* — C™. For each from 1 tok, let

T, = {x € C" | (\d — A)™x = 0}

By Step 4, we havdimT; < m;.
Let fi(z) = (A\; — 2)™ andg;(z) = fi(2)--- fi(2) - fu(2), wheref;(z) means the polynomial
fi(z) is omitted. Note thaf;(z)g:(z) = p(z) for all 4.

Resolvingo\l_z)m1 “lv(Ak_Z)mk into partial fractions, we have the identity
1 _ h(®) n ha(2) n hi(2)
()\1 _ z)ml .. (Ak _ Z)m;c - ()\1 _ Z)nn ()\2 _ Z)mg ()\k _ Z)mk’
whereh, (z), ..., hi(z) are polynomials ire. Finding the common denominator of the right hand

side and equate the numerators on both sides, wethave, (z)h1(z) + - - - + g (2)hi(z). Substi-
tuting the matrixA into this polynomial identity, we have

91(A)h1(A) + -+ + ge(A)hi(A) = 1,

wherel is the identityn x n matrix.
Now for anyx € C", we have

gi(A)h(A)x + -+ + gi(A)h(A)x = x.

Note that eacly;(A)h;(A)x is in T; becausef;(A)[g;(A)h;(A)x] = p(A)h;(A)x = 0 by the
Cayley-Hamilton Theorem. This shows that any vecto€incan be expressed as a sum of vectors
where the-summand is irff;. In other words,

Cr=T1+To+ - +T}.
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Consequentlyyy + ---my =n < dimTj + -+ - + dimTy < mq + - - - + my, SO thatdimT; = m;.

Remarks

1. In fact
Ch=T1¢ - -©T.

2. If Ais areal matrix and is a real eigenvalue ofl of algebraic multiplicitym, thenT is a real
vector space and the real dimensiorfois m. This is because for any set of real vector®inh it is
linearly independent oveéR if and only if it is linearly independent ové.

3. If A is a real matrix and\ is a complex eigenvalue of of algebraic multiplicitym, thenX is

also an eigenvalue ol of algebraic multiplicitym. In this case, if{vy,...,v,,} is a basis over
C of T, whereT), is the generalized eigenspace corresponding then{vy,...,v,,} is a basis
overC of Tx. It can be shown that thgm real vectorsitvy, ..., Rv,,, Svy, ..., v, are linearly

independent oveR and form a basis of 7 ® 75) N R™.



Chapter 4

Power Series Solutions

4.1 Power Series

An infinite series of the form

o0
Z an(z — 20)" = ag + a1 (x — zo) + ag(x — x9)* + - - (4.1.2)

n=0

is a power series im — xg. In what follows, we will be focusing mostly at the poirg = 0. That is

o0
Zanx" =ag+ a1z +asx?+--- (4.1.2)
n=0

m

(4.1.2) is said teonvergeat a pointz if the limit lim ) " a,2™ exists, and in this case tisamof

the series is the value of this limit. It is obvious tha?7(04.1.2) always converges=a0. It can be
showed that each power series like (4.1.2) corresponds to a positive real niipdadied theradius
of convergencewith the property that the series convergegeif < R and diverges ifz| > R. It
is customary to puR equal to 0 when the series converges only at 0, and equal tao when it
converges for alk. In many important case® can be found by the ratio test as follow.

If eacha,, # 0in (4.1.2), and if for a fixed point # 0 we have

Qpyrx"tl

anpx™

= lim |22t |x| = L,

n—oo

lim

n—oo

an

then (4.1.2) converges fdr < 1 and diverges if. > 1. It follows from this that

R = lim

n—oo

An41
if this limit exists (we putR = oo, if |a,/an+1| — 00)
The interval(— R, R) is called theinterval of convergencen the sense that inside the interval the
series converges and outside the interval the series diverges.

Consider the following power series

> nla" =141+ 207 +3l2% 4 (4.1.3)

n=0

57
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=,z z? 28
ZT:1+9€+7+7+"' (4.1.4)
= nl 2! 3!

n=0
It is easy to verify that (4.1.3) converges onlyrat 0. ThusR = 0. For (4.1.4), it converges for all
x so thatR = co. For (4.1.5), the power series converges|igr< 1 andR = 1.

Suppose that (4.1.2) converges fof < R with R > 0, and denote its sum bff(z). That is

f@) =" ana" = ag+ a1z +aga® + - - (4.1.6)
n=0
Then one can prove thétis continuous and has derivatives of all orders/igr< R. Also the series
can be differentiated termwise in the sense that

f'(x) = Z napz™ ' = ay + 2a0x + 3agz? + -,

n=1

f(x) = Z n(n —1)a,2""? = 2a9 +3 - 2azx + -,

n=2
and so on. Furthermore, the resulting series are still convergeitffor R. These successive
differentiated series yield the following basic formula relatingto with f(z) and its derivatives.

n= f—(,o) (4.1.7)
n:

Moreover, (4.1.6) can be integrated termwise provided the limits of integration lie inside the interval
of convergence.

If
g(x) =) bpa™ = bo + byx + boa® + - (4.1.8)
n=0
is another power series with interval of convergepde< R, then (4.1.6) and (4.1.8) can be added
or subtracted termwise:

o0

f(z) £ g(z) = Z(an +b,)2" = (ag £ bo) + (a1 £ b1)z + (a2 £ bo)a® + -+ (4.1.9)

n=0
They can also be multiplied like polynomials, in the sense that

oo

fl@)gle) =) cua™,

n=0

wherec,, = agb,, + a1b,—1 + -+ + anbg.

Suppose two power series (4.1.6) and (4.1.8) converge to the same function ga:hatg(z) for
|z| < R, then (4.1.7) implies that they have the same coefficientss b,, for all n. In particular, if
f(z) =0forall |z| < R, thena,, = 0, for all n.



4.1. POWER SERIES 59

Let f(x) be a continuous function that has derivatives of all ordergdfiox. R. Can it be represented
by a power series? If we use (4.1.7), it is natural to expect

(n 1 0
}:f F0) + f(0)z + f;Xf+~~ (4.1.10)
n=0 ’
to hold for all || < R. Unfortunately, this is not always true. Instead, one can use Taylor's

expansion forf (z):
"L ™0

-1

k=0
where the remaindeR,, () is given by

+ R,(z),

fo@) L,
(n+1)! "

for some pointz between0 andx. To verify (4.1.6), it suffices to show thak, () — 0 as

n — OoQ.

R, (z) =

Example The following familiar expansions are valid for all

N > pn 22 23
ezz Amm+—+§+
' oo . x2n+1 11,‘3 11,‘5
smx:z;](—l) m:x—§+a_...
e . 720 22 o
cost =3 ()" Gy =1 gt
n=0

A function f(z) with the property that a power series expansion of the form
x) = Z an(x — x0)" (4.1.11)

is valid in some interval containing the poing is said to beanalytic at zy. In this casegq,, is
necessarily given by

J (o)
n!
and (4.1.11) is called the Taylor seriesfdf) atxo.

Thuse?®, sin z, cos z are analytic at all points. Concerning analytic functions, we have the following
basic results.

Up = y

1. Polynomialsg®, sin x, cos  are analytic at all points.

2. If f(z) andg(x) are analytic atzg, then f(x) + g(z), f(x)g(x), and f(x)/g(x) [provided
g(xg) # 0] are also analytic at.

3. If f(x) is analytic atrg, andf~!(x) is a continuous inverse, theit! () is analytic atf (o) if
f'(@o) # 0.
4. If g(x) is analytic atzy and f (x) is analytic aty(x(), thenf(g(z)) is analytic atz,.

5. The sum of a power series is analytic at all points inside the interval of convergence.
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4.2 Series Solutions of First Order Equations

A first order differential equatiop’ = f(x,y) can be solved by assuming that it has a power series
solution. Let’s illustrate this with two familiar examples.

Example. Consider the differential equatian = y. We assume it has a power series solution of the
form
y=ao+ a1z +axx®+- - +ax" +--- (4.2.1)

that converges for:| < R. Thatis the equatiop’ = y has a solution which is analytic at the origin.
Then
Y =a +2a0z + - +napz 4 (4.2.2)

has the same interval of convergence. Sigtce- y, the series (4.2.1) and (4.2.2) have the same
coefficients. That is

(n+ Daps1 = an, allfforn=0,1,2,...

Thusa, = ta,—1 = 4 = ... = Lag. Therefore

_ 1 x? 3 x"
Y = ap +l‘+§+§++m+ 5

whereay is an arbitrary constant. In this case, we recognize this as the power seffestoius the
general solution ig = age”.

Example. The functiony = (1 + z)?, wherep is a real constant satisfies the differential equation
(1+2)y =py, y(0)=1. (4.2.3)
As before, we assume it has a power series solution of the form
y=ao+ a1z +axx’+- - +ax" +---

with positive radius of convergence. Then

Y = a1+ 2ax+3azx® + -+ (n+ Dapia™+ -,
xy = a1+ 2a2® 4 -+ na,x"™ + -,
py = pap+ parx+ pagr + -+ PAnx™ + -,

Using (4.2.3) and equating coefficients, we have

(n+ Dapt1 + na, = pan, foralln=0,1,2,...
That is
—-n
an = Gn,
+ n+1
so that
—1 —(p-2 —1)-(p—n+1
w=pay == _pe-Dp=2 - _pp-1)---p ).
2 2-3 n!
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In other words,

(p—1) 5 pp—1)(pP—-2) 3 pp—1)---(p—n+1) ,
2 7 5.3 Tt n! T

y=1+pr+?2
By ratio test, this series converges fot < 1. Since (4.2.3) has a unique solution, we conclude that

~1 —1)(p—2 1) (p—n+1
(=1 » pp=DP=2) 5 pp-b p-n+t %n+nw
2 2.3 nl

(1+2)P = 1—|—pa:+p

for |z| < 1, This is just the binomial series ¢f + z)?.

4.3 Second Order Linear Equations and Ordinary Points
Consider the homogeneous second order linear differential equation
y' 4+ Pz)y + Q(x)y =0 (4.3.1)

Definition The pointz is said to be amrdinary pointof (4.3.1) if P(x) andQ(x) are analytic at
xo. Ifatz = g, P(x) and/or@(z) are not analytic, them, is said to be aingular pointof (4.3.1).
A singular pointz, at which the functiongz — z0) P(z) and(x — x()?Q(z) are analytic is called
aregular singular pointof (4.3.1). If a singular point is not a regular singular point, then it is
called anirregular singular point

Example.If P(x) andQ(x) are constant, then every point is an ordinary point of (4.3.1).

Example. Consider the equatiog’ + xy = 0. Since the functioQ(xz) = x is analytic at every
point, every point is an ordinary point.

Example. In the Cauchy-Euler equatigif’ + -y’ 4 23y = 0, wherea,; anda, are constants, the
pointz = 0 is a singular point, but every other point is an ordinary point.

Example. Consider the differential equation

y// + 1 y/ +
(x—1)2 x(x—1)

The singular points are 0 and 1. At the point®(z) = z(1 —z)~? andz?Q(z) = —8z(1 — )71,
which are analytic at = 0, and hence the point O is a regular singular point. At the point 1, we
have(z — 1)P(z) = 1/(z — 1) which is not analytic at = 1, and hence the point 1 is an irregular
singular point.

To discuss the behavior of the singularities at infinity, we use the transformatioh/¢, which con-
verts the problem to the behavior of the transformed equation near the origin. Using the substitution
x = 1/t, (4.3.1) becomes

d?y 2 1 _1\dy 1 .1
@t (t - t2P(t)> a t ey =0 (4.3.2)
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We define the point at infinity to be an ordinary point, a regular singular point, or an irregular singular
point of (4.3.1) according as the origin of (4.3.2) is an ordinary point, a regular singular point, or an
irregular singular point.

Example. Consider the differential equation

d>y 1/(1 dy 1
— 4+ (= = 4+ _—y=0.
dx2+2(x2+x)d +2 y

The substitution: = 1/t transforms the equation into

d?y 3—t\dy 1
SV (=) 2y =0
dt2+< 2 )dt+ Y

Hence the point at infinity is a regular singular point of the original differential equation.

Theorem 4.1 Letzy be an ordinary point of the differential equation
y" + P(x)y + Qx)y =0,

and letag anda; be arbitrary constants. Then there exists a unique fungji@n) that is analytic

at xq, is a solution of the differential equation in an interval containing and satisfies the initial
conditionsy(xzg) = ao,y’(x9) = a1. Furthermore, if the power series expansionsRifr) and
Q(x) are valid on an intervalz — 2| < R, R > 0, then the power series expansion of this solution
is also valid on the same interval.

Example. Find two linearly independent solutions gf — xy’ — ny =0
Ans. yi () = 1+ 52t + g52® + 5pa® + - andya(z) = o + g2 + 52° + goga” +-

Example. Using power series method, solve the initial value problém z2)y"” + 22y’ — 2y = 0,
y(0) =0,¢'(0) = 1.
Ans. y = x.

Legendre’s equation
(1=2*)y" =22y +p(p+ 1)y =0,

wherep is a constant called the order of Legendre’s equation.

That isP(z) = — (z) = pl(’f;; . The origin is an ordinary point, and we expect a

solution of the formy = 3" a,, ™. Thus the left hand side of the equation becomes

(1—x2)Z(n+1)(n+2)an+2x —QxZ n+ Dapt12" +p(p+ 1 Zan ,
n=0 n=0

or

o0 oo

Z(nJr D (n+ 2)ani22™ — Z(n — Dnayx Z 2nan,x" + Zp p+ Dayx

n=0 n=2
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The sum of these series is required to be zero, so the coefficiefitrafist be zero for every. This
gives
(n+1)(n+2)ant2 — (n— 1)na, — 2na, + p(p + a, =0,

forn = 2,3, ... In other words,

(p—n)lptn+l)
m+D(n+2)

Ap4o = —

This recursion formula enables us to expressn terms ofag or a; according as is even or odd.
In fact, form > 0, we have

mPp—=2)(p—4)---(p—2m+2)p+H(P+3)---p+2m—1)

aam = (=1) (2m)!

ao,

m@=D(p—=3)(p-2m+1)(p+2)(p+4) - (p+2m)
(2m + 1)!

With that, we get two linearly independent solutions

A2m+1 = (_1) aj.

oo oo
yi(z) = Z asmx®™ and Ya(w) = Z a2m+1$2m+1,
m=0 m=0

and the general solution is given by

p(p+1) 2+p(p—2)(p+1)(p+3) 4
or ¢ 41 “

Y =ag |:1_

P =D =)+ HE )P +5) 6 }
6!

tay {I (P=Dp+2) 5 P-DE-3)p+2)p+4d) ;

3! 5!

=D =3 -5+ D+ )@ +6) 7
Whenp is not an integer, the series representingandy, have radius of convergende = 1. For
example,

] (p—=2n)(p+2n+1)

(2n+1)(2n+ 2)
asn — oo, and similarly for the second series. In fact, by Theorem 4.1, and the familiar expansion

a2n+42T
azann

\ 22| — |af?

1

1_x2:1+x2+a:4+~--, R=1,

that R = 1 for both P(x) andQ(z). Thus, we know any solution of the forjn= 3} a,,2™ must be
valid at least fofjz| < 1.

The functions defined in the series solution of Legendre’s equation are called Legendre functions.
Whenp is a nonnegative integer, one of these series terminates and becomes a polynamial in
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For instance, ifp = n is an even positive integer, the series representingrminates ang; is a
polynomial of degree:. If p = n is odd,y> again is a polynomial of degree These are called
Legendre polynomial®, (x) and they give particular solutions to Legendre’s equation

(1—2?)y" —2zy +n(n+1)y =0,

wheren is a nonnegative integer. It is customary to choose the arbitrary conataots:; so that
the coefficient ofc™ in P, () is (2n)!/[2"(n!)?] so thatP,(1) = 1. Then

Ln/2]
Pn(li) _ z (71)’6(2” — Qk)' n—2k

xr
2= 27k1(n — k)l(n — 2k)!

The six Legendre polynomials are

Py =1, Pi(z) ==z
Py(z) = (322 — 1), Py(z) = 3(52% — 3z)
Py(x) = £(35a* — 3022 + 3), P5(x) = £(632° — 702° + 152)

There is also a Rodrigues’ formula for the Legendre polynomial given by

1 d»
nl2m dxm™

P,(x) = (2 —1)".

Hermite's equation " — 2y’ + 2py = 0, wherep is a constant. The general solution of Hermite's
equation igy(x) = aoy1(z) + ary2(x), where

20 5 2°p(p—2) 4, 2’p(p—2)(p—4)
ot a ¢ 6! v

1) . 92(p— —3) . 93(p— _ _

volz) = & — 201 5, 2Z@-DP=3) 5 2@-De=3)@-5 -
3! 5! 7!

By Theorem 4.1, both series fgr andy, converge for allz. Note thaty; is a polynomial ifp is an

even integer, whereag is a polynomial ifp is an odd integer.

The Hermite polynomial of degree denoted byH,, () is thenth-degree polynomial solution of
Hermite’s equation, multiplied by a suitable constant so that the coefficierit sf2". The first six
Hermite’s polynomials are

Ho(l‘ = 1, Hl(l‘) = 2.’E,
Hy(z) = 422 — 2, Hj(z) = 823 — 12x,
Hy(x) = 162* — 4822 + 12, Hs(x) = 322° — 16023 + 120z

A general formula for the Hermite polynomials is

H, = (—1)"6'162 d (e_'”z) .

dz™
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4.4 Regular singular points and the method of Frobenius

Consider the second order linear homogeneous differential equation

a?y" + xp(a)y’ + q(a)y =0, (4.4.1)
wherep(x) andg(x) are analytic at- = 0. In other words() is a regular singular point of (4.4.1).
Letp(z) = po + p1a + p2a? + psz’ + -, andq(z) = qo + 1z + g2a® + gza® + - . Suppose
(4.4.1) has a series solution of the form

y=a" i anz" = i anz™t" (4.4.2)
n=0 n=0

An infinite series of the form (4.4.2) is called a Frobenius series, and the method that we are going
to describe is called the method of Frobenius. We may assyrge0 because the series must have
a first nonzero term. Termwise differentiation gives

y = Z an(n + T)x"J”’*l, (4.4.3)
n=0
and -
T Z an(n+r)(n+r— 1)33”'*'7"_2. (4.4.4)

n=0

Substituting the series @f, vy’ andy” into (4.4.1) yields

[r(r — Dagz” + (r + Draja™ + -] + [pox + pra® + -] - [ragx™* + (r + Dagz” + - - -]
+lgo + e + -] - [apr” + arz" T+ -] = 0.
(4.4.5)
The lowest power of: in (4.4.5) isz". If (4.4.5) is to be satisfied identically, the coefficiefit —
1)ag + porao + goag of " must vanish. As # 0, it follows thatr satisfies the quadratic equation

r(r —1) 4 por +qo = 0. (4.4.6)

This is the same equation obtained with the Cauchy-Euler equation. Equation (4.4.6) is called the
indicial equation of (4.4.1) and its two roots (possibly equal) are &xponentsof the differential
equation at the regular singular point= 0.

Letr; andr, be the roots of the indicial equation.’df # ro, then there are two possible Frobenius
solutions and they are linearly independent. Whereas r», there is only one possible Frobenius
series solution. The second one cannot be a Frobenius series and can only be found by other means.

Example. Find the exponents in the possible Frobenius series solutions of the equation

22%(1 4 2)y” + 3z(1 4+ 2)%y' — (1 —2*)y = 0.

Solution. Clearlyz = 0 is a regular singular point singéz) = 3 (1 + z)? andg(z) = —3(1 — z)
are polynomials. Rewrite the equation in the standard form:
3 2 1
s(1+2z+x —5(1—=
[ P (L

T 2
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We see thap, = 3 andgy = —3. Hence the indicial equation is
3 1 1 1 1
r(r—1)+§7“—§=r2+§r—§=(r+1)(r—§)20,

with rootsr; = % andry = —1. The two possible Frobenius series solutions are of the forms

oo

y1(z) = x2 Z anz™ and yo(z) =z~ ! Z anx"”.

n=0 n=0

Once the exponents andr, are known, the coefficients in a Frobenius series solution can be found
by substitution of the series (4.4.2),(4.4.3) and (4.4.4) into the differential equation (4.4:1and

ro are complex conjugates, we always get two linearly independent solutions. We shall restrict our
attention for real solutions of the indicial equation and seek solutions only fo. The solutions

on the intervake < 0 can be studied by changing the variablg te —z and solving the resulting
equation fort > 0.

Let's work out the recursion relations for the coefficients. By (4.4.3), we have

%p(x)y/ = % <Z pnl.n> [Z an(n + r)xn+r—1‘|
n=0 n=0
= x'r~—2 (Z pnmn> lz an(n + ’I’)l‘n
n=0

n=0

=72 Z [Z Pr—kar(r + k)} "

n=0 k=0
[e%s) n—1
=" 2 Z [Z Dn—kar(r + k) + poan(r+n)| «™.

n=0 Lk=0

Also we have

=a(@)y = % (Z qw”) (Z anx’”“")

n=0
1

oo o0
n=0 n=0

n
n
gn—kQk | T
n=0 \k=0

fe%s) n—1
Sy (z A q)

n=0 \k=0

N

NE

- $7‘72

Substituting these into the differential equation (4.4.1) and cancelling thexterfn we have

e n—1
Z {an[(r +n)(r+n—1)+ (r+n)po + qo] + Z ag|(r + k)pn—x + an]} 2= 0.

n=0 k=0
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Thus, equating the coefficients to zero, we havenfer 0,

n—1
an[(r+n)(r+mn—1)+ (r+n)po + qo] + >_ ar[(r + k)pn— + gn—r] = 0. (4.4.7)
k=0
Whenn = 0, we getr(r — 1) + rpo + q¢o = 0, which is true becauseis a root of the indicial
equation. Them,, can be determined by (4.4.7) recursively provided

(r+n)(r+n—-1)+(r+n)po+q #0.

This would be the case if the two roots of the indicial equation do not differ by an integer. Suppose
r1 > ro are the two roots of the indicial equation with = r, + N for some positive integer

N. If we start with the Frobenius series with the smaller expomgnthen at the/N-th step the
process breaks off because the coefficieqtin (4.4.7) is zero. In this case, only the Frobenius
series solution with the larger exponent exists. The other solution cannot be a Frobenius series.

Theorem 4.2 Assume that = 0 is a regular singular point of the differential equation (4.4.1) and
that the power series expansiongf) andq(z) are valid on an intervalz| < R with R > 0. Let
the indicial equation (4.4.6) have real roots andr, with r; > ro. Then (4.4.1) has at least one
solution -

Yy =" Z anz™, (ap #0) (4.4.8)

n=0

on the interval < = < R, wherea,, are determined in terms af, by the recursion formula (4.4.7)
with r replaced byr;, and the serie§" - a,,z™ converges fofz| < R. Furthermore, ifr; — 7 is
not zero or a positive integer, then equation (4.4.1) has a second independent solution

y=2"Y anz", (ag #0) (4.4.9)
n=0

on the same interval, whetg, are determined in terms af, by the recursion formula (4.4.7) with
r replaced byr,, and again the seriey" >~ | a,z™ converges fofz| < R.

Remark. (1) If r; = ry, then there cannot be a second Frobenius series solution.r(2} lfs = n

is a positive integer and the summation of (4.4.7) is nonzero, then there cannot be a second Frobenius
series solution. (3) If; — ro = n is a positive integer and the summation of (4.4.7) is zero, then

a,, IS unrestricted and can be assigned any value whatever. In particular, we cap u0 and
continue to compute the coefficients without difficulties. Hence, in this case, there does exist a
second Frobenius series solution. In many cases of (1) and (2), it is possible to determine a second
solution by the method of variation of parameters. For instance a second solution for the Cauchy-
Euler equation for the case where its indicial equation has equal roots is giveriby.

Example. Find two linearly independent Frobenius series solutions of the differential equation
22%y" + 222+ 1)y —y = 0.
Ans.yy =a(l — 2z + 5za? + ), 1y :x_%(l—x—l—%xQ—i—---).

Example. Find the Frobenius series solutionseaf’ + 2y’ + zy = 0.
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Solution. Rewrite the equation in the standard forfy” + 2xy’ + 2%y = 0. We see thap(x) =
andq(z) = 2% Thusp, = 2 andg = 0 and the indicial equation ig(r — 1) +2r =r(r+1) =0
so that the exponents of the equation are= 0 andry, = —1. In this caser; — r is an integer
and we may not have two Frobenius series solutions. We know there is a Frobenius series solution
corresponding te; = 0. Let’s consider the possibility of the solution corresponding to the smaller
oo (oo}
exponentr, = —1. Let's begin withy =2~ ) " c,2™ = c,2""'. Substituting this into the

n=0
given equation, we obtain

i(n—l)(n—Q)Cn T 2"’22 Cn n 2+ch = 7
n=0 n=0

or equivalently

in(nfl +ch =0,
or Ocnzo
Zn(nfl "~ 2+ch Q" =
n=0

The casess = 0 andn = 1 reduce td) - ¢y = 0 andO -¢; = 0. Thuscy ande; are arbitrary and
we can expect to get two linearly independent Frobenius series solutions. Equating coefficients, we

obtain the recurrence relation
Cn—

n = ————, forn>2.
¢ n(n — 1) "
It follows from this that forn > 1.
(=1)"co (=1)"cy
n = and capq1 = .
2 (2n)! 2+l = 0 1 1)1

Therefore, we have

_ -1 - n _ €0 = (=" 5, 2 - (D" oni1
- nzzocngc _an:O@n)!x +:Eng0(2n+1)!$ '

We recognize this general solution as

y = —(cocosx + ¢y sinx).
x

If we begin with the larger exponent, we will get the solutigin z) /.

4.9 Bessel's equation
The second order linear homogeneous differential equation

22y +xy + (22— pPy =0, (4.5.1)
wherep is a constant is called Bessel's equation. Its general solution is of the form

y = c1dp(x) + e2Yp(2). (4.5.2)
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The functionJ,(z) is called the Bessel function of ordgrof the first kind and th&’,(z) is the
Bessel function of ordep of the second kind. These functions have been tabulated and behave
somewhat like the trigonometric functions of damped amplitude. If we tetu/./z, we obtain

d?u p? — i

In the special case in whigh= i%, this equation becomes

d?u
Henceu = ¢; sinx + ¢ cos z and
sinx cos T
=Cc]—— . 4.5.4
y=az + c2 NG ( )

Also we see that as — oo in (4.5.3), andp is finite, we would expect the solution of (4.5.1) to
behave as (4.5.4).

It is easy to see that = 0 is a regular singular point of Bessel's equation. Hefe) = 1 and

q(r) = —p? + 2. Thus the indicial equation igr — 1) + r — p? = r? — p* = 0. Therefore, the
o0

exponents arg-p. Letr be either—p or p. If we substitute; = Z ema™ 7 into Bessel's equation,

m=0

we find in the usual manner that = 0 and that form > 2,

[(m+7)? = p*lem + em—2 =0 (4.5.5)

The caser = p > 0. If we user = p and writea,,, in place ofc,,, then (4.5.5) yields the recursion
formula

Qm—2
m=———-— 4.5.6
“ m(2p +m) ( )

As aq = 0, it follows thata,,, = 0 for all odd values ofn. The first few even coefficients are

o ap o ap
T To0pr2) T 21y
0y = — a3 _ ao
42p+4) 2820+ D)(p+2)
aq aq

T T62ptr6) 2623+ 1)(p+r2)(p+3)

In general, one can show that

_ (=1)™ao
22mml(p+1)(p+2)---(p+m)’

a2m
Thus we have a solution associated with the larger expgnent

. - (71)777, 2m+p
" Hzomz::o22’”7”!(1?+1)(1T>+2)---(p+m)z7 '
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If p = 0, this is the only Frobenius series solution. In this case, if we chagse 1, we get a
solution of Bessel's equation of order O given by

2m 2 4 6

_i R R A S
o ~ 22m m' B 4 64 2304 ’

This special function/y(z) is called the Bessel function of order zero of the first kind. A second
linearly independent solution can be obtained by other means, but it is not a Frobenius series.

The caser = —p < 0. Our theorem does not guarantee the existence of a Frobenius solution
associated with the smaller exponent. However, as we shall see, it does have a second Frobenius
series solution so long asis not an integer. Let’s writé,, in place ofc,, in (4.5.5). Thus we have
b1 = 0 and form > 2,

m(m — 2p)by, + b2 =0 (4.5.7)

Note that there is a potential problem if it happens thais a positive integer, or equivalently jf
is a positive integer or an odd integral multiple?f Suppose = k/2 wherek is an odd positive
integer. Then forn > 2, (4.5.7) becomes

m(m — k)b = —bm_s (4.5.8)

Recallb; = 0 so thatby =0, b5 =0, ---, bi,_2 = 0 by (4.5.8). Now in order to satisfy (4.5.8) for
m = k, we can simply choosk, = 0. Subsequently ali,,, = 0 for all odd values ofn. [If we let

by to be arbitrary and non-zero, the subsequent solution so obtained g juét). Thus no new
solution arises in this situation.]

So we only have to work out,, in terms ofb, for even values ofn. In view of (4.5.8), it is possible
to solveb,, in terms ofb,,,_, sincem(m — k) # 0 asm is always even whilé is odd. The result is
the same as before except we should repialeg —p. Thus in this case, we have a second solution

(_1)m 2m—p
yZ‘“"Z?mm'( pHOp ) Cprm)

m=0

Sincep(z) = 1 andg(z) = 22 —p? are just polynomials. The series representipgndy, converge
forall z > 0. If p > 0, then the first term iy, is apx?, whereas the first term i is bpx~P. Hence
y1(0) = 0, buty; (0) — +oo asz — 0, so thaty; andy» are linearly independent. So we have
two linearly independent solutions as longgas not an integer.

If p = n is an nonnegative integer and we take= 5, the solutiory; becomes

n"

> T
:mz::om'm—i—n (5

J, is called the Bessel function of the first kind of integral order

>2m+n

Remarks.
1.1If pis not an integer, the factorials if), can be replaced by the so called Gamma functions and
the general solution i¥" = ¢, J, +c2J_. If pis aninteger, (4.5.7) can still be used to get a solution
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J_p, but it turns out it is jus{—1)?.J,, so there is only one Frobenius series solution. A second
solution can be obtained by considering the function

Y, (2) = Jp(x) cospm — J,p(x).

sin p

If p is not an integerY,, is a solution of Bessel’s equation of orgeas it is a linear combination of
Jp andJ_,. If p approaches to an integer, the expressioljafives an indeterminate form as both
the numerator and denominator approach zero. To get a second solutiom wheris an integer,
we take limit ag tends ton to get a solutiory, .

Jp(x) cosprm — J_p(z) .

Y, (x) = lim -
p—n sin pm
Y, is called a Bessel function of the second kind, and it follows ghatc; J, + c2Y) is the general
solution of Bessel's equation in all cases, wheth&r an integer or not.

2. The caser; = ry. Let L(y) = 2%y” + xp(z)y’ + q(x)y. We are solvingL(y) = 0 by taking
a series solution of the form(z) = =" - a,z". If we treatr as a variable, then,,’s are
functions ofr. Thatisy(z,r) = 2" Y~ ; a,(r)z™. Substituting this intd.(y) and requires it to be
a solution, we get (4.4.7), which can be used to determijie) recursively provided

(r+n)(r+n—-1)+(r+n)po+q #0.

Whenr is near the double roet = r,, this expression is nonzero so that@]lcan be determined
from (4.4.7). This means

T

L(y(x,r)) = ao(r — 1"1)29: )

So if ag # 0, we taker = r;, we get one Frobenius series solutigriz). Now let’s differentiate
the above equation with respectitoWe get

L(%) - %L(y) = ag[(r — )%z " nz +2(r —ri)a").

Evaluating at = r;, we obtain

oy 0
L(== = —L =0.
Gor ,,:h) o) s
Consequently, we have the second solution
a o] o0 o0
yao(z) = 8—?7{(10, ry) =z Inzx Z an(r)z"+a™ Z a'p(r)z™ =y (x) Inz+a™ Z a'p(r)z™.
n=0 n=0 n=1

Note that the sum in the last expression starts &t 1 because is a constant and; = 0.
If we apply this method to Bessel's equation of orgler 0, we get by choosingy = 1 the solutions

yi(z) = i ((n!l)): (g)zn, and

n=0
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"H on
() = (@) e - Yo IO (1)
whereH (n) =>";_, 1.

3. The caser; — rs is a nonnegative integer
Consider
22y + ap(x)y +q(x)y =0, >0,

wherep(z) = Y07 pna™ andg(z) = Y7, g,2". Letr; andr, be the roots (exponents) with
r1 > ro of the indicial equatiom(r — 1) + por + qo = 0.

Write 1y = ro + m, wherem is a nonnegative integer. Let = 2" > >~ a,2" be a Frobenius
series solution corresponding to the larger exponenor simplicity, we take, = 1.

Letu = 22 ZZ":O b,z™ and make a change of variable:

y(z) = u(z) — by (z) Inz.

We get
2?u” + ap(a)u’ + q(x)u = bm[22y] + (p(z) — 1)1].

Now let's substitute, = fo:o b,x™ to see if we can determine thg’s. Note that the first term
in the power series expansionigf [2zy; + (p(z) — 1)y1] is mby,, withm > 0.
Hence after substituting the power serieg.dfto the above equation, we have

(ro(ro — 1) + pore + qo)box™ + Az 4o A a2t 4 = mba™ 4. (4.5.9)

The first term on the left hand side is 0@sis a root of the indicial equation. This mealscan

be arbitrary. The coefficienml, A,, ... are given by the main recurrence relation (4.4.7). Thus by
equating4,, ..., A,,_1 to 0, one can determing, ... b,,_1. The next term on the left hand side of
(4.5.9) is the coefﬁmenﬂm of 2", In the expression oﬂm given by (4.4.7), the coefficient &f,,

is 0. Previously, this forbids the determinationigf and possibly runs into a contradiction. Now
on the right hand side of (4.5.9),4f > 0, then one can determirdg, by equating the coefficients
of 2™ on both sides. From then on, all the subsequgistcan be determined and we get a solution
of the formy(x) = u(x) — byy1 (z) Inz. Note that ifb,, = 0 in this determination, then a second
Frobenius series solution in fact can be obtained with the smaller exponent

Example. Considerz?y” + zy = 0. Herep(z) = 0,q(x) = x. The exponents are 0 and 1. Hence
m = 1. Corresponding to the exponent 1, the recurrence relatiofrist+ 1)a,, + a,—1 = 0 for

n > 0.

We have the solution

Now bi[2ay} + (p(e) = Dya] = bi(20(1 =@ + ka® — o) = (¢ = Ja® + fa® — -] =
bl — 322+ St — ).
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Substitutingu = z° > b, 2™ into z%u” + zu = by [2zy] + (p(z) — 1)y1], we get

0-(0—1)bo+[(1)(0)br -+bola-+[(2) (1)batbrla2+[(3)(2)bs +bala®+- - - = by [m—gx2+%x3—~ ]

Comparing coefficients, we havg = b1, 2b;+b; = —%bl and6bs + by = %bl, -+, Thusb; = by,
by = —2by, by = $xbo, . ... Thereforeu = by(1 + = — 522 + Za® — .- ). By takingb, = 1, we
get the solutiony = (1 + 2 — 52% + Za® — ) —y1(z) Inz.

If m = 0, thenr; = ro and the first terms on both sides of (4.5.9) are 0. Thus we can continue to
determine the rest df,’s. In this case, thén term is definitely present.

Exercise.Find the general solution of the differential equation
22(1+ 2%)y"” — 2(1 + 22 4 32%)y’ + (z + 52%)y = 0.

[Answer.y1:x2(1+x+%x2+~-~), ygz(1+x—|—2x2—|—§x3+--~)—2y11nx.]



74 CHAPTER 4. POWER SERIES SOLUTIONS
Appendix 2 Some Properties of the Legendre Polynomials

The Legendre polynomid?, () is a polynomial of degree satisfying Legendre’s equation
(1 —2%)y" —2xy’ +n(n+1)y =0,

wheren is a nonnegative integer. It is normalized so that the coefficient'df (2n)!/[27(n!)?].
Explicitly it is given by

LB Coren -2k

There is also a Rodrigues’ formula for the Legendre polynomial given by

1 dTL
n!2m dxm

Pu() = (a2 = )"

Note that in Rodrigues’ formula, the coefficient:of is (2n)!/[2"(n!)?]. We can use Rodrigues’
formula to show thaP,, (1) = 1. By this formula, we have™ P, (1) is the coefficient ofz — 1)™ in
the Taylor polynomial expansion ¢£* — 1)” atz = 1. As (2* — 1)" = (z — 1)"(z — 1 + 2)" =
(x—1)"[(x —1)" +n(z—1)""12+4...4 2", itis clear that the coefficient ¢f: — 1)™ is 2. Thus
P,(1)=1.

The Legendre polynomiaP, (z) has the generating functiof( Z) = (1 — 222 + Z2)~2 = (1 +
Z% —2:7)" 2. ThatisP,(z) is the coefficient ofZ™ in the expansion ap. To see this, let's write

P(2) = ZAnZ”, —-1<z<1land|Z|<1. (A1)
n=0

Using Binomial expansion,
(-$)(5-1)

2!
it is clear thatA,, is a polynomial of degree. If we letz = 1, we obtain

1
(1+ZQ—2xZ)—%:1—5(22—2x2)+ (72 —222)2 + -+,

p(1)=(1-22+2)"2=01-2)"' =142+ 2>+2%+---, |Z|<1

HenceA, (1) = 1 for all n. Now, if we can show that,, satisfies Legendre’s equation, it will be
identical with P, (x) as theA,,’s are the only polynomials of degreethat satisfy the equation and
have the valué whenz = 1. Differentiatinge with respect taZ andx, we obtain

9¢

(1—2Zz+ 22)37 =(z— 2)9¢, (A.2)
99 ¢

Substituting (A.1) into (A.2) and equating the coefficientsZdf-!, we obtain

nA, — (2n—1)zA,-1 +(n—1)A4,_2=0 (A.4)
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Also substituting (A.1) into (A.3) and equating the coefficientsZaf !, we obtain
dAn—l dAn—Q

dzx dzr

xT

= (n—1)An_1 (A.5)

In (A.5), replacen by n + 1 to get

din B dA,_1
dx dx

Now differentiate (A.4) with respect te and eliminatelA,,_» /dx by (A.5), we have

= nA, (A.6)

dAn dAn—l
— X

dx dx
We now multiply (A.6) by—x and add it to (A.7) and obtain

=nd,_ (A7)

dA,,
dx

Differentiating (A.8) with respect ta and simplifying the result by (A.6), we finally obtain

(1-2°)—= = n(An_1 — zA,) (A.8)

d?A,, oy dA,,
dx? dx

This shows that4,, is a solution of Legendre’s equation. Using this generating function and Legen-
dre’s equation, it can be shown that(x) satisfy the following orthogonal relations.

/1 Po(2) Py () d = { 0 fm#n (A.10)

2 i _
1 nt1 if m=n

+n(n+1)A4, =0 (A.9)
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Chapter 5

Fundamental Theory of ODESs

5.1 Existence-Uniqueness Theorem
We consider the initial value problem

% = f(tax)a Qj‘(to) = Zo, (511)

Definition. Let G be a subset iiR?. f(¢,z) : G — R is said to satisfy the Lipschitz condition with
respect tac in G if there exists a constadt > 0 such that, for any¢, z1), (¢,22) € G,

|f(t,21) — f(t,22)| < L|zy — 22].
L is called a Lipschitz constant.
Theorem 5.1 (Picard) Let f(¢, ) be continuous on the rectangle
R:|t—to] <a,|x—29| <b (a,b>0),

and let
|f(t, ) <M

forall (¢,z) € R. Furthermore, assumg satisfies a Lipschitz condition with constdnin R. Then
there is a unique solution to the initial value problem

dx
E = f(t,l‘), Z‘(to) = To
on the intervall = [ty — a, tp + o], wherea = min{a, b/M}.

Proof of the existence of solution will be given in section 5.2 and 5.3. The uniqueness of solution
will be proved in section 5.5.

Example 1 Let f(t, z) = z2¢~" sint be defined on
G={(t,z)eR?:0<x <2}
Let (£, 1), (t, 22) € G.

77
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|f(t, 1) — f(E,22)]
2

|z2e~ sint — x3e”

¢

** sint|

le™ ’ sint||zy + 2|1 — 22
(1) (4)]zr —

Thus we may také, = 4 and f satisfies a Lipschitz condition i@ with Lipschitz constant 4.
Example 2 Let f(t,2) = t\/« be defined on

IN

G={(t,x)eR*:0<t<1,0<2<1}.

Consider the two pointél, z), (1,0) € G. We havelf(1,z) — f(1,0)] = x = ﬁkﬂ — 0.
However, ast — 0T, % — 400, S0 thatf cannot satisfy the Lipschitz condition with any finite
constantL > 0 onG.

Proposition 5.1.1 Supposé€f (¢, ) has a continuous partial derivativg, (¢, z) on a rectangleR =
{(t,z) € R? :a; <t < as,b; <x<by}inthetz-plane. Thenf satisfies a Lipschitz condition on
R.

Proof. Sincef,(t, z) is continuous orR, it attains its maximum value i by the extreme value
theorem. Let be the maximum value df, (¢, )| on R. By Mean Value Theorem, we have

|f(t, 1) = f(t,22)| = | fa(t, O)l|z1 — 22,
for somec betweenr; andzs.
Therefore,

|f(t,x1) — f(t,22)| < K|z — 22|
forall (¢,21), (t,22) € R. Thus,f satisfies a Lipschitz condition i@ with Lipschitz constanf.
Example 3 Let f(¢,x) = x? be defined on
G={(tz)eR?*:0<t <1}
First
|f(t,21) = f(t,22)] = |2T — 25| = |21 + 22| |21 — 2.

Sincez; andz, can be arbitrarily largef cannot satisfy the Lipschitz condition ¢h If we replace
G by any closed and bounded region, thewill satisfy the Lipschitz condition.

5.2 The method of successive approximations
We will give the proof of Theorem 5.1 in several steps. Let'sffi, z) to be a continuous function
defined on the rectangle

R:|t—to] <a, |x— x| <b(a,b>0).

The obijective is to show that on some interyatontainingt,, there is a solutio to (5.1.1). The
first step will be to show that the initial value problem (5.1.1) is equivalent to an integral equation,
namely

x(t) = xo + t f(s,z(s)) ds. (5.2.1)
to



5.2. THE METHOD OF SUCCESSIVE APPROXIMATIONS 79

By a solution of this equation ohis meant a continuous functiahon I such that¢, ¢(¢)) isin R
forallt € I, and

o(t) = zo + /t f(s,6(s)) ds.

Theorem 5.2 A function¢ is a solution of the initial value problem (5.1.1) on an intervaf and
only if it is a solution of the integral equation (5.1.2) én

Proof. Suppose is a solution of the initial value problem dn Then

¢'(t) = f(t, o(t)) (5.2.2)

onI. Sinceg is continuous or, andf is continuous orR, the functionf (¢, ¢(t)) is continuous on
1. Integrating (5.2.2) from, to t we obtain

¢W—¢Wﬂ=[f@@@»@.

Since(tg) = xo, we see thap is a solution of (5.2.1).

Conversely, supposg satisfies (5.2.1). Differentiating we find, using the fundamental theorem of
Calculus, that'(t) = f(t,¢(t)) for all t € I. Moreover, from (5.2.1), it is clear that(ty) = zo

and thusp is a solution of (5.1.1).

As a first approximation to the solution of (5.2.1), we considgrdefined by (t) = z¢. This
function satisfies the initial conditiop, (to) = o, but does not in general satisfy (5.2.1). However,
if we compute

¢1(t)=aso+/ f(s,¢0(s))ds:mo+/ F(s,20) ds,

we might expectp; is a closer approximation to a solution thag. In fact, if we continue the
process and define successively

t
¢0(t) = X, ¢k+1(t) =X + f(S, qSk(s)) ds, k=0,1,2,... (523)
to
we might expect, on taking the limit &s— oo, that we would obtaimy (t) — &(t), wherep would
satisfy
t
o0 a0+ [ f(s,0(9)ds.
to
Thus¢ would be our desired solution.

We call the functionspg, ¢1, ¢2 - - - defined by (5.2.3successive approximationg a solution of
the integral equation (5.2.1), or the initial value problem (5.1.1).

Example. Consider the initial value problenf = tx, «(0) = 1.
The integral equation corresponding to this problem is

z(t) =1 +/0 s-x(s)ds,
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and the successive approximations are given by
t
dolt) = 1, dnalt) =1+ [ sou(s)ds. k=01.2,....
0

Thusg(t) = 1+ [ sds = 1+ 5, ¢o(t) = 1+ [1 s(1+ 5)ds = 1+ £ + £, and it may be
established by induction that

2\ 1 [2\° 1 /2\"
ou(t) =1+ (2) + 5 (2> tot g (2) .
We recognizeb; () as a partial sum for the series expansion of the functigh = ¢t*/2. We know

that this series converges for allind this means that (t) — ¢(t) ask — oo, for all z € R.
Indeedy is a solution of this initial value problem.

Theorem 5.3 Supposef(t,x)| < M for all (t,z) € R. Then the successive approximatians
defined by (5.2.3), exist as continuous functions on
I: |t—1t9| < a=min{a,b/M},
and(t, ¢x(t)) isin Rfort € I. Indeed, thep,'s satisfy
| (t) — zo| < Mt — to| (5.2.4)
forall ¢t € I.

Note: Since fort € I, |t — to| < b/M, the inequality (5.2.4) implies th&dy. (t) — zo| < b for all
t € I, which shows that the points, ¢ (t)) areinR fort € I.

The geometric interpretation of the inequality (5.2.4) is that the graph of gatibs in the region
T in R bounded by the two lines — 2o = M(t — ty), x — xog = —M(t — to), and the lines

t—t0:a7t—t0:—a.

xo+ b

to —a to+a

to—al} - to + «
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Proof. We prove it by induction otk. Clearly ¢, exists onl as a continuous function, and satisfies
(5.2.4) withk = 0. Now suppose the theorem has been proved for the functipns, . .., ¢k,
with & > 0. We shall prove that it is valid fo,;. By induction hypothesis, the poift, ¢ (t))
isin R fort € I. Thus the functiory (¢, ¢x(t)) exists fort € I and is continuous oi. Therefore,
¢r+1, Which is given by

bria(t) = 20 + / (s, 0x(5)) ds,

exists as a continuous function énMoreover,

|pry1(t) — wo| < < M|t — to,

) £ (s, dx(s))| ds

which shows that, 1, satisfies (5.2.4).

5.3 Convergence of the successive approximations
We now prove the main existence theorem
Theorem 5.4 Let f(t, z) be continuous on the rectangle
R:|t—to|<a, |z —x0| <b (a,b>0),
and let
[f(t,x) < M

forall (¢,x) € R. Furthermore, assumg satisfies a Lipschitz condition with constdnin R. Then
the successive approximations

t
¢0(t) = To, ¢k+1(t) :.T0+/ f(87¢k(5))d57 k2071727"'
to

converges uniformly on the interval= [t; — «, o + ] with @ = min{a, b/M}, to a solution of

the initial value problemcjl—f = f(t,z), x(tg) =xzoo0nl.

Proof. (a)Convergence of¢y(t)}. The key to the proof is the observation thiatmay be written
as

Ok = ¢o + (¢1 — do) + (p2 — ¢1) + -+ - + (o — Pr—1),
and hencey, (t) is a partial sum for the series

o0

Go(t) + > [dp(t) — dp_1(t)]. (5.3.1)

p=

—

Therefore to show that the sequeng,(¢)} converges uniformly is equivalent to show that the
series (5.3.1) converges uniformly.
By Theorem 5.3, the functiong, all exist as continuous functions dnand(t, ¢,(¢)) is in R for
t € I. Moreover,
|P1(t) — o(t)] < Mt — tol, (5.3.2)
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for t € I. Next consider the difference af, and¢;. We have

ba(t) — n(t) = / (5, 61(5)) — (5, do(s))] ds.

Therefore

|p2(t) — p1(t)| <

[ 1F(5,61()) — F(5, do(s))] ds

and sincef satisfies the Lipschitz condition

b

|f(t,.731) - f(t,$2)| < L|.131 - $2|,

we have

¢2(t) — ()| < L

/t 161(5) — do(s)| ds

Using (5.3.2), we obtain

t

o (t) — 1 (6)] < ML| [ |5 — to| ds

Thus ift > tg,
620) ~ 10 < ME [ (5 — ) s = LS 00S,
to
The same result is valid in case< .
We shall prove by induction that

MLP7L|t — to?
<

Pp(t) — Pp—1(t)] < D) (5.3.3)

forallt e I.
We have proved this fop = 1 andp = 2. Let's assume > t,. The proof is similar fort < .
Assume (5.3.3) is true fgr = m. Using the definition of,,,,; and¢,,, we have

Pmr1(t) — Pm(t) =/t [ (s, m(s)) = f (s, dm—1(s))] ds,

and thus

|Pm41(t) = ¢m(t)] < t |f (s, m(s)) — [ (s, dm-1(s))| ds

Using the Lipschitz condition, we get

|pmi1(t) — dm(t)] < L

/t (Gun(5) — dras(5)] ds

By induction hypothesis, we obtain

|pmr1(t) — pm(t)] <

MIL™ t - MLm‘t _ to‘m+1
[s —to|™ ds =
m! Jy, (m+1)!

Thus, (5.3.3) is true for all positive integgr

Sincelt — ty| < afor all ¢t € I, we can further deduce from (5.3.3) that
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MLP=ta? M (La)?
p! L p

65() = 1 ()] <
(La)?

p!

(5.3.4)

. e~ M :
Since the serle§ T converges to’%(em — 1), we have by Weierstrass M-test that the
=1

series

+Z¢p ¢p1 )]

converges absolutely and uniformly iSnThus the sequence of partial sum whichjgt) converges
uniformly on I to a limit ¢(¢). Next we shall show that this limip is a solution of the integral
equation (5.2.1).

(b) Properties of the limitp. Since eaclp,, is continuous o and the sequence converges uniformly
to ¢, the functiong is also continuous oh. Now if ¢; andt, are inl, we have

t1
(Busa(t) — bt = | [ 7(s,0n(s)) ds| < Mty ~ ],
to
which implies, by lettingc — oo,
|6(t1) — B(ta)| < Mty — tal. (5.3.5)

It also follows from (5.3.5) that the functiofis continuous od. In fact ¢ is uniformly continuous
on/. Lettingt; = t,ty = to in (5.3.5), we see that

|p(t) — d(to)| < M|t — to
which implies that the point&, ¢(¢)) are inR for all ¢t € I.
(c) Estimate forl¢(t) — ¢ (t)|. We have

+Z — dp—-1(t)],

p=

—

and

M=

Pr(t) = do(t) + ) [Pp(t) — dp-1(2)].

1

p
Using (5.3.4), we have

o0

Z [¢p(t) - ¢p71(t)]

p= k+1

Z |6p(t) = Pp—1(8)]

¢(t) — on(t)] =

(k+1)! = p!




84 CHAPTER 5. FUNDAMENTAL THEORY OF ODES

k+1
Letting e, = % we see that, — 0 ask — oo ase, is a general term for the serie§®. In
terms ofe,, we may rewrite the above inequality as

6(t) — n(t)] < %eLaek, and e — 0 ask — 0o (5.3.6)

(d) The limit¢ is a solution To complete the proof we must show that

¢w=m+Af@mmm,

for all t € I. Note that sincep is continuous, the integranfi(s, ¢(s)) of the right hand side is
continuous on. Since

mﬂwzm+[fmm@Ma

we get the result by taking limit on both sideskas» oo provided we can show

/tf(s,¢k(s))ds—>/t (s, 6(s)) ds, ask — co.

Now <

/f/f(s,(b(s))ds— t f(s,0r(s)) ds

ﬂv@am<mwmmw

t |¢(s) — dr(s)| ds

< Melee|t — to] by (5.3.6)
< Maele, — 0ask — oo.

<L

This completes the proof of the Theorem 5.4.

Example. Consider the initial value problenf = (sint)z?, 2(0) =
Let f(t,x) = (sint)z? be defined on

N

1 1
R={(t dt <1 — | < =L
{(t2) 1 <L Je =51 < 5}

|f(t,x)| = |(sint)x?| < 1. Thus we may také/ = 1. Therefore by Theorem 5.4 a solution exists
on [—a, a] wherea = min{1, 3} = 1. Infactz(t) = (1 + cost)~! is a solution defined on the
maximal domain—m, 7).

Exercise Consider the initial value problerf = ¢tz + 2'°, 2(0) = {5. Show that a solution of this
problem exists foft| < 1.

5.4 Non-local Existence of Solutions

Theorem 5.5 Let f(¢, ) be a continuous function on the stifh= {(t,z) € R? : |t — to| < a},
whereq is a given positive number, anfsatisfies the Lipschitz condition with respectStoThen
the initial value problem

a'(t) = f(t,2), x(to) = o,

where(to, zg) € S has a unique solution on the entire interjala + to, a + to].
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Remark. If f is bounded onS, the result can be deduced from Picard’s Theoremf i§ not
necessarily bounded, the proof is slightly different.

Proof of Theorem 5.5.First note that the given regiafi is not bounded above or below. Hence
f(t, z) needs not be bounded i However, as in Theorem 5.4, we shall consider the series

)+ Z — ¢p-1(t))
p=1

whosen-th partial sum isp,, (¢) and¢,, (t) — ¢(t) giving the solution of the initial value problem.
Sincef(t, z) is not bounded irt, we adopt a different method of estimating different terms of the
series. LetMy = |xo| andM; = max |41 (¢)|. The fact thatV/; exists can be seen as follows. Since
f(¢t,z) is continuous inS, for a fixedzy, f(t, zo) is a continuous function oft — | < a.
Thusey(t) = xo + ftto f(s, o) ds is a continuous function in this interval so that (¢)| attains its
maximum in this interval. We take it to b/, and letM = Mg + M;.

Thus,|¢o(t)] = |zo] < M and|¢1(t) — ¢o(t)| < M. If o <t <ty + a, then we have

6a(t) — (1) = / (5, 01(5)) — F(5, do(s))] ds

to

< t £ (s, 01(s)) — f (s, do(s))| ds

|p1(s) — ¢o(s)|ds < LM(t — to), whereL is the Lipschitz constant.

Now

|p3(t) — pa2(t)| =

t

) [f(s,02(8)) — f(s,01(s))]ds| <

/ (5, da(5)) — F(5, 61(s))] ds

t
SL[|@( ¢1N%<L”4/\w%®M&4LM@—mﬂ

Hence, in general, we can prove by induction that

LM M (t —to)"

|¢n(t) - ¢n—1(t)| S (TL _ 1)]

Similar argument is true for the interviel — a < t < ¢y. Hence for every with |t — ;| < a,

Ln—lM(t _ to)n—l Ln—lM
(n—1)! = -1

n—1

|¢n(t) - (bnfl(t)l <

Thus

001+ 2 lonl) = 0,a(0)] < 21 3 T

Hence each term on the left hand side of the above equation is less than the corresponding term
of the convergent series of positive constants. Hence, by Weierdifagst, the series on the left
converges uniformly on the whole interjal— ¢,| < a and let's denote its limit by (¢).

n=1

Next we show thai(t) is a solution of the initial value problem. We need to show th{&} satisfies

the integral equation
t

o) —xo— [ f(s,0(s))ds=0. (5.4.1)

to
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We know that
¢rb IO_/ f ¢n 1 (542)

Substituting the value af in (5.4.2) into the left hand side of (5.4.1), we get

f o /t:f(s,cﬁ(S)) ~oult) / F5.6(5)) — (5 Gnr(s)) ds

Thus we obtain
[6(6) = 20 = fj, F(s5,6(5)) ds|<I6(t) = 6 (6)] + [ |f(5.6(5)) = (5, 6n-1(s))|ds
<IB(t) = Sn (O] + L fy, 16(5) = dn1(s)| ds (5.4.3)

Sinceg,, (t) — ¢(t) uniformly fort € [to — a, to + a], the right hand side of (5.4.3) tends to zero as
n — oco. Hence

t) —xo — /t f(s,0(s))ds =0. (5.2.4)

The uniqueness of solution will be proved in section 5.5.

Corollary 5.6 Let f(t,x) be a continuous function defined &3. Suppose that for any > 0, f
satisfies the Lipschitz condition with respectste= {(¢,x) € R? : |t| < a} with (tg, z0) € S.
Then the initial value problem

() = f(t,x), z(ty) = o

has a unique solution on the entike

Proof. If ¢t is any real number, there is ar> 0 such that is contained ir[ty — a, to + a]. For this
a, the functionf satisfies the condition of Theorem 5.5 on the strip

{(t,x) € R? : |t —to] < a}.
Since this strip is contained in the strip
{(t,z) € R*: |t| < a+|to]}.

Thus there is a unique solutia{t) to the initial value problem for all € R.
Example. Consider the initial value problent = sin(tx), z(0) = 1.

Let f(t,z) = sin(tz). Leta > 0. Using the mean value theorem, we have for any [—a, al,
|f(t, 1) — f(t,22)| = |sin(tx1) — sin(txa)| = [t cos(t)(x1 — z2)| < |t||z1 — 22| < alzy — z2).
Thus f satisfies a Lipschitz condition on the stSp= {¢ € R | |¢| < a}, and there exists a solution
on the entireR.

3t

x
1422

Exercise Show that the initial value problenf = +t*cosx, 2(0) = 1 has a solution on

R.
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5.5 Gronwall’'s Inequality and Uniqueness of Solution

Theorem 5.7 Let f, g, andh be continuous nonnegative functions defined fort,. If

ﬂﬂsmw+[ng@Matzm

then .
f@ghm+/g@mmﬂwww&tzm
to

Proof. First we are given

f@éMﬂ+[9@ﬂ@% (5.5.1)
Letz(t) = [ g(s)f(s)ds. Thenfor ¢ > to,
() = g( (1) (55.2)

Sinceg(t) > 0, multiplying both sides of (5.5.1) by(¢) and using (5.5.2), we get
Z(t) < g()[h(t) + 2()]

which gives

Z(t) = g(t)z(t) < g(t)h(t).
This is a first order differential inequality which can be solved by finding an integrating factor
e 1l 9 4 Lence the solution is

t t s
a(t)e” Jro 90 g/ g(s)h(s)e Jo 9 g
to

Or equivalently,

t . / t .
2(t) < / g(s)h(s)e” Jig g dugi g du go / g(s)h(s)els 9 du gg (5.5.3)
to

to

Substituting forz(¢) in (5.5.3), we get

t t
/ g(s)f(s)ds < / g(s)h(s)els 9w du gg (5.5.4)
to tO

From (5.5.1), we can replace the left side of (5.5.4) by the lesser inequality to obtain

mwwms[mwmwﬁwww

Theorem 5.8 (Gronwall’s Inequality) Letf and g be continuous nonnegative functions for ¢,.
Letk be any nonnegative constant. If

t
f®§k+/g@ﬂ@w,mmzm,
to

then
F(t) < kel 9% for ¢ > ¢
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Corollary 5.9 Let f be a continuous nonnegative function far t, andk a nonnegative constant.
If

ﬂﬂéklfwﬂs

forall t > to, thenf(t) = 0 for all ¢ > ¢,.

Proof. For anye > 0, we can rewrite the given hypothesis as

t
i) <e+ k;/ f(s)ds,
to
for all t > to. Hence applying Gronwall’s inequality, we have
f(t) S eeftto kds7

for all t > t,, which givesf(t) < ee®(!=%0) for allt > t,. Sincee is arbitrary, we geff(t) = 0 by
taking limit ase — 0.

Remark. Similar results hold fot < ¢, when we all the integrals are integrated frono t,. For
example, in Corollary 5.9, if

f@g@[%@w

forall t < tp, thenf(t) =0 forall ¢t < .

Corollary 5.10 Let f(t, ) be a continuous function which satisfies a Lipschitz conditioR evith
a Lipschitz constank, whereR is either a rectangle or a strip. kb and¢ are two solutions of

' = f(t,x), z(to) = o,
on an intervall containingty, theng(t) = ¢(¢t) forall ¢t € I.

Proof. Let I = [ty — a, tg + a]. Fort € [to, to + o], we have

o) =0+ [ (s.0()) ds.
and ,
o(t) = zg + /t f(s,p(s)) ds.
Thus , ,
[9(t) —p(t)] < t |f(s,0(s)) — f(s,0(5))|ds < L t lp(s) — p(s)] ds.

By Corollary 5.9,|¢(t) — p(t)] = 0for t € [to,to + a]. Thuse(t) = ¢(t) for t € [to,to + af.
Similarly, ¢(t) = ¢(t) for t € [to — «, to.

Remark. If we only assume thaf(¢, z) is a continuous function, we can still show that (5.1.1) has
at least one solution, but the solution may not be unique.
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Theorem 5.11 (Peano) Assumé is an open subset @&?2 containing(to, o) and f(t, z) is con-
tinuous inG. Then there exists > 0 such that (5.1.1) has at least one solution on the interval
[t() - a,to + a].

Example. Consider the initial value problenf = /3, 2(0) = 0.
We find thatz(t) = 0 andz(t) = 5-¢* are both solutions.

Example. Suppose)(t) is a solution to the initial value problem
3

, 0 —T

= — O =

Show thatd < ¢(t) < 1 for all ¢ for which ¢(t) is defined.

1
5"

Solution. Let ¢(¢) be a solution defined on a domairto the initial value problem. Suppose there
existss € J such that(s) > 1. Sinceg(t) is continuous ana(0) = 1/2, we have by Intermediate
value theorem, that(sy) = 1 for somesy € (0, s). We may takes, to be the least value if0, s)
such thatp(sg) = 1. In other wordsg(t) < 1 forall t € (0, sp) ande(sg) = 1.

Now consider the initial value problem
3
;0= .
VS gt =1

3

The functionf(t,z) = {%45;> satisfies the conditions of the Existence and Uniqueness Theorem.
Thus there is a unique solution defined on an intefval [s) — «, sg + «] for somea > 0. The
above functionp(t) defined onJ is a solution to this initial value problem, and it has the property
thato(t) < 1 forall t < so. However,p(t) = 1 is clearly a solution to this initial value problem on

1. But p and¢ are different solutions to the initial value problem contradicting the uniqueness of

the solution. Consequently(t) < 1 for all ¢t € J. Similarly, ¢(¢) > 0 forall ¢t € J.
Corollary 5.12 Let f(¢,x) be a continuous function which is defined either on a strip
R={(t,x) e R*| [t —to| < a},

or a rectangle
R={(t,x) eR? | |t — to| < a,|z — z0| < b}.

Assumef satisfies a Lipschitz condition di with a Lipschitz constant. Let¢ and¢ be solutions
defined onl = [—a + tg,to + a] of 2’ = f(t, x) satisfying the initial condition:(¢y) = z and
z(to) = =1 respectively or, then

|6(t) = p(t)] < |zo — 21|
forall t € I.

Remark. In particular

|6(t) — (t)] < |zo — z1]e™,
for all t € I. Thus if the initial values:, andz; are close, the resulting solutionsandy are also
close.

The proof of this corollary is by Gronwall’'s lemma and is left as an exercise.
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5.6 Existence and Uniqueness of Solutions to Systems
Consider a system of differential equations

Ill = fl(t7x17"' ,$n),

IE/ :fn(tvxh ,.’L’n),
wherex;- = %. Let us introduce notations
) ) f1(t,x)
X = i , £(t,x) = ..
Ty x, fn(t,x)

Then the system can be written in a vector form:
x' = f(t,x). (5.6.1)

Differential equations of higher order can be reduced to equivalent systems. Let us consider

dny , dnfly
din + F(tyy, g1

) = 0. (5.6.2)

Let

B @ B dn—ly
Cat’ T gt
Then (5.6.2) is equivalent to the following system

1 =Y, 2

!

T = T2,

/o

Lo = I3,

/

Ty = _F(t7m1ax27"' »wn)

€2,
1
x = , f(t,x) = 3
xr
—F(t,z1, -, 2p)
Ty
T2 | . . . )
Recall that foravectox = | . |, its magnitudex]| is defined to be
Zn

x| = [za] + [zo] + - - 4 [nl.
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The following 2 properties of the magnitude can be proved easily.
1. Triangle Inequality |x + y| < |x| + |y
2. If A = (ai;) is ann x n matrix andx € R”, then|Ax| < |A||x| where|A| = sz lag;].

Definition. Let G be a subset ifR!*". f(¢,x) : G — R" is said to satisfy the Lipschitz condition
with respect tax in G if there exists a constatit > 0 such that, for al(t, x), (¢,y) € G,

‘f(tax) - f(t7y)‘ < L|X - Y|

Example. Letf : R'*2 — R? be given by

f(t,x) = 2@y cost ,  wherex = )
Tysint T2

Then |f(t,x) — f(t,y)| = | (2;102 cos t) B <2y2 cos t) |

r1sint y1sint
=|2cost(ze — y2)| + |sint(xy — y1)]
<L2lze — yo| + |z1 — Y1
L2(|w2 — y2| + |21 — 1)
=2|x —y|.

Thusf satisfies the Lipschitz condition with respecttdn R? with Lipschitz constang.
Theorem 5.13 Suppose is defined on a set' ¢ R!*" of the form
[t —to] <a, |x—x0| <b, (a,b>0)
or of the form
[t —to] < a, |x| <oo, (a>0).
If of /0xy, (k=1,...,n)exists, is continuous off, and there is a constardt > 0 such that

of

— | <L k=1,...
8.Tk; bl ( b 777’)7

forall (¢,x) € G, thenf satisfies a Lipschitz condition d# with Lipschitz constant.

fl(tax)
f2(tvx)
Proof. Letf(t,x) = _ , Where eacly;(t,x) : R1™" — R.
fa(t,x)
Thus
ofr
%
oxy, B
Ofn

Oz
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Let (¢,x), (t,y) € G C R, DefineF : [0,1] — R" by
F(s)=f(t,sx+ (1 - s)y) =f(t,y + s(x —y))-

The pointsx + (1 — s)y lies on the segment joining andy, hence the poinft, sx + (1 — s)y) is
inG.

0f1
7
"Of day = | o
Now F'(s)= — L = F —uL).
() Z Oxy ds Z : (= yr)
k=1 k= :
Ofn
Back
Therefore,
n n
F(s)| <> Dor | 18— yrl < LY ok —yl = Lix -yl
T
k=1 k=1
fors € [0, 1].
Since

f(t,z) — f(t,y) =F(1) — F(0) = /01 F'(s)ds
we havelf (¢, z) — f(t,y)| < L|x —y|.
Theorem 5.14 (Picard) Letf(¢, z) be continuous on the set
R:|jt—to] <a, |x—%x0| <b (a,b>0),
and let
If(t,x)| < M

for all (¢t,x) € R. Furthermore, assumgsatisfies a Lipschitz condition with constdhin R. Then
there is a unique solution to the initial value problem

dx
T £(t,x), x(to) =xo
on the intervall = [ty — a, tp + ], wherea = min{a, b/M }.

Theorem 5.15 Letf(¢, =) be a continuous function on the stip= {(¢,x) € R : [t —to| < a},
wherea is a given positive number, arfdsatisfies the Lipschitz condition with respectstoThen
the initial value problem

x'(t) = £(t,x), x(to) = %o,

where(to, xp) € S has a unique solution on the entire interyala + g, a + tg)-

Corollary 5.16 Letf(¢,x) be a continuous function defined Bt . Suppose that for any > 0,
f satisfies the Lipschitz condition with respectste= {(¢,x) € R™*! : |¢| < a} with (¢9, %) € S.
Then the initial value problem

x'(t) = £(t,x), x(to) =xo

has a unique solution on the entike
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The proofs carry over directly from those for Theorem 5.1 and 5.5 and Corollary 5.6 using the
method of successive approximations. That is the successive approximations

t
dolt) = %o, askﬂ(t):xw/ £(s,du(s)) ds, k=0,1,2,...

to
converge uniformly on the intervdl= [ty — a, to + o with & = min{a, b/M}, to a solution of the
- d
initial value problemd—)tC = f(t,x), x(t9) =% onl.

Example. Find the first 5 successive approximations to the initial value problem

7" = —e'z, 2(0) = 1,2/(0) = 0.

The initial value problem is equivalent to the following initial value problem of differential system.

w0\ _ [ w #(0)\ _ (1
(1) ~eta(t) )7\ () 0)
(xO(t)>:<1>, forall ¢t e R.
Yo(t) 0

1 /t 1—ef 24+t—et
0 0 —e® 1—et
1 t 1—e® 24+t—et
= + s s ds=1\{ , 1.2t |-
0 0o \ —€e*(24s—¢) 5 —el —te' + je
x4(t) (1 N /t 3 —e® —se 4 Le? . 841 —tel+ ze .
ya(t) 0 0 —e*(2+ s —€) % — el —tel + %ezt

Example. Consider the linear differential systeth = Ax, whereA = (a;;) is ann x n constant
matrix. Letf(t,x) = Ax. For anya > 0 and for all|t| < a, we havelf(t,x;) — f(t,x2)| =
|A(x1 — x2)| < |A[|x1 — x2f, where|A| = 371, 377 |ay|, so thatf satisfies the Lipschitz

condition on the striy = {(¢,x) € R"! : |¢t| < a}. Therefore the system has a unique solution
for any initial value and is defined on the entite

We start with

Then

Example. Let x’ = A(t)x, whereA(t) = (a;;(t)) is ann x n matrix of continuous functions
defined on a closed interval Let |a;;(t)| < K forallt € Tandalli,j =1,...n.
Thus iff(¢,x) = A(t)x, then
a1x(t)
of agk(t)
oz, ’

Ank (t)
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which is independent of.
Therefore,

=> la(t)| <nK =1L, foralltel andk=1,...,n.
=1

of
8£Ck

By Theorem 5.13 the functiohsatisfies a Lipschitz condition on the strip
S={(t,x) e R"™" |t I}

with Lipschitz constanL. Thus by Theorem 5.15, the systeth= A(¢)x has a unique solution for
any initial value inS and is defined on all of.
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