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Chapter 1

First Order Differential Equations

1.1 Introduction

1. Ordinary differential equations.

An ordinary differential equation(ODE for short) is a relation containing one real variablex, the

real dependent variabley, and some of its derivativesy′, y′′, · · · , y(n), · · · , with respect tox.

Theorder of an ODE is defined to be the order of the highest derivative that occurs in the equation.

Thus, ann-th order ODE has the general form

F (x, y, y′, · · · , y(n)) = 0. (1.1.1)

We shall always assume that (1.1.1) can be solved explicitly fory(n) in terms of the remainingn+1
quantities as

y(n) = f(x, y, y′, · · · , y(n−1)), (1.1.2)

wheref is a known function ofx, y, y′, · · · , y(n−1).

An n-th order ODE islinear if it can be written in the form

a0(x)y(n) + a1(x)y(n−1) + · · ·+ an(x)y = r(x). (1.1.3)

The functionsaj(x), 0 ≤ j ≤ n are calledcoefficientsof the equation. We shall always assume

that a0(x) 6≡ 0 in any interval in which the equation is defined. Ifr(x) ≡ 0, (1.1.3) is called a

homogeneous equation. If r(x) 6≡ 0, (1.1.3) is said to be anon-homogeneousequation, andr(x) is

called thenon-homogeneous term.

2. Solutions.

A functional relation between the dependent variabley and the independent variablex that satisfies

the given ODE in some intervalJ is called asolutionof the given ODE onJ .

A general solutionof an n-th order ODE depends onn arbitrary constants, i.e. the solutiony

depends onx andn real constantsc1, · · · , cn.

A first order ODE may be written as

F (x, y, y′) = 0. (1.1.4)

5



6 CHAPTER 1. FIRST ORDER DIFFERENTIAL EQUATIONS

In this chapter we consider only first order ODE. The functiony = φ(x) is called anexplicit solution

of (1.1.4) in the intervalJ provided

F (x, φ(x), φ′(x)) = 0 for all x in J . (1.1.5)

A relation of the formψ(x, y) = 0 is said to be animplicit solutionof (1.1.4) provided it determines

one or more functionsy = φ(x) which satisfy (1.1.5). The pair of equations

x = x(t), y = y(t) (1.1.6)

is said to be aparametric solutionof (1.1.4) if

F (x(t), y(t),
ẏ(t)
ẋ(t)

) = 0.

Example.Consider the ODEx+ yy′ = 0 for x ∈ (−1, 1).
x2 + y2 = 1 is an implicit solution whilex = cos t, y = sin t, t ∈ (0, π) is a parametric solution.

3. Integral curves.
The solutions of an ODE

y′ = f(x, y) (1.1.7)

represent a one-parameter family of curves in thexy-plane. These are calledintegral curves.

In other words, ify = y(x) is a solution to (1.1.7), then vector fieldF(x, y) = 〈1, f(x, y)〉 is tangent

to the curver(x) = 〈x, y(x)〉 at every point(x, y) sincer′(x) = F(x, y).

4. Elimination of constants: formation of ODE.

Example. The family of functionsy = Aex + B sinx satisfies the ODE:y
′′′′ − y = 0 when the

constantsA andB are eliminated using the derivatives.

5. Separable equations.
Typical separable equation can be written as

y′ =
f(x)
g(y)

, or g(y)dy = f(x)dx. (1.1.8)

The solution is given by ∫
g(y)dy =

∫
f(x)dx+ c.

Example.Solvey′ = −2xy, y(0) = 1.

Ans: y = e−x2
.

The equationy′ = f( y
x ) can be reduced to a separable equation by lettingu = y

x , i.e. y = xu. So

f(u) = y′ = u+ xu′, ∫
du

f(u)− u
=
∫
dx

x
+ c.

Example.Solve2xyy′ + x2 − y2 = 0.
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Ans: x2 + y2 = cx.

6. Homogeneous equations.

A function is calledhomogeneous of degreen if f(tx, ty) = tnf(x, y) for all x, y, t.

For example
√
x2 + y2 andx+ y are homogeneous of degree 1,x2 + y2 is homogeneous of degree

2 andsin(x/y) is homogeneous of degree 0.

The ODEM(x, y) + N(x, y)y′ = 0 is said to behomogeneous of degreen if both M(x, y) and

N(x, y) are homogeneous of degreen.

If we write the above DE asy′ = f(x, y), wheref(x, y) = −M(x, y)/N(x, y). Thenf(x, y) is

homogeneous of degree 0. To solve the DE

y′ = f(x, y),

wheref is homogeneous of degree 0, we use the substitutiony = zx. Then

dy

dx
= z + x

dz

dx
.

Thus the DE becomes

z + x
dz

dx
= f(x, zx) = x0f(1, z) = f(1, z).

Consequently, the variables can be separated to yield

dz

f(1, z)− z
=
dx

x
,

and integrating both sides will give the solution.

Example. Solvey′ = x+y
x−y .

Ans: tan−1(y/x) = ln
√
x2 + y2 + c.

Example. An equation in the form

y′ =
a1x+ b1y + c1
a2x+ b2y + c2

.

can be reduced to a homogeneous equation by a suitable substitutionx = z + h, y = w + k when

a1b2 6= a2b1, whereh andk are solutions of the system of linear equationsa1h + b1k + c1 =
0, a2h+ b2k + c2 = 0.

Example.Solvey′ = x+y−2
x−y .

Ans: tan−1
(

y−1
x−1

)
= ln

√
(x− 1)2 + (y − 1)2 + c.

Example.Solve(x+ y + 1) + (2x+ 2y + 1)y′ = 0.

Ans: x+ 2y + ln |x+ y| = c, x+ y = 0.
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1.2 Exact Equations, Integrating Factors

1. Exact equations.
We can write a first order ODE in the following form

M(x, y)dx+N(x, y)dy = 0. (1.2.1)

(1.2.1) is calledexactif there exists a functionu(x, y) such that

M(x, y)dx+N(x, y)dy = du =
∂u

∂x
dx+

∂u

∂y
dy.

Once (1.2.1) is exact, the general solution is given by

u(x, y) = c.

Theorem 1.1 1.1 AssumeM andN together with their first partial derivatives are continuous in

the rectangleS: |x − x0| < a, |y − y0| < b. A necessary and sufficient condition for (1.2.1) to be

exact is
∂M

∂y
=
∂N

∂x
for all (x, y) in S. (1.2.2)

When (1.2.2) is satisfied, a general solution of (1.2.1) is given byu(x, y) = c, where

u(x, y) =
∫ x

x0

M(s, y)ds+
∫ y

y0

N(x0, t)dt (1.2.3)

andc is an arbitrary constant.

Proof. The first part is by Green’s Theorem. For the second part, we haveu(x, y) =
∫ x

x0
M(s, y)ds+

φ(y). Substitutingx = x0 we haveu(x0, y) = φ(y). Therefore,N(x0, y) = du(x0,y)
dy = φ′(y) and

φ(y) =
∫ y

y0
N(x0, t)dt.

Remark. In Theorem 1.1, the rectangleS can be replaced by any region which does not include any

“hole”.

Example. Solve(x3 + 3xy2)dx+ (3x2y + y3)dy = 0.

Ans: x4 + 6x2y2 + y4 = c.

2. Integrating factors.

A non-zero functionµ(x, y) is anintegrating factorof (1.2.1) if the equivalent differential equation

µ(x, y)M(x, y)dx+ µ(x, y)N(x, y)dy = 0 (1.2.4)

is exact.

If µ is an integrating factor of (1.2.1) then(µM)y = (µN)x, i.e.

Nµx −Mµy = µ(My −Nx). (1.2.5)

One may look for an integrating factor of the formµ = µ(v), wherev is a known function ofx and

y. Plugging into (1.2.5) we find
1
µ

dµ

dv
=

My −Nx

Nvx −Mvy
. (1.2.6)
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If My−Nx

Nvx−Mvy
is a function ofv alone, say,φ(v), then

µ = e
∫ v φ(v)dv

is an integrating factor of (1.2.1).

Let v = x. If My−Nx

N is a function ofx alone, say,φ1(x), thene
∫ x φ1(x)dx is an integrating factor

of (1.2.1).

Let v = y. If −My−Nx

M is a function ofy alone, say,φ2(y), thene
∫ y φ2(y)dy is an integrating factor

of (1.2.1).

Let v = xy. If My−Nx

yN−xM is a function ofv = xy alone, sayφ3(xy), thene
∫ xy φ3(v)dv is an integrating

factor of (1.2.1).

ExampleSolve(x2y + y + 1) + x(1 + x2)y′ = 0.

Ans: xy + tan−1 x = c.

ExampleSolve(y − y2) + xy′ = 0

Ans: y = (1− cx)−1.

ExampleSolve(xy3 + 2x2y2 − y2) + (x2y2 + 2x3y − 2x2)y′ = 0

Ans: exy(1/x+ 2/y) = c.

3. Find integrating factors by inspection.

The following are some differential formulas that are often useful.

d(
x

y
) =

ydx− xdy

y2

d(xy) = xdy + ydx

d(x2 + y2) = 2xdx+ 2ydy

d(tan−1 x

y
) =

ydx− xdy

x2 + y2

d(log
x

y
) =

ydx− xdy

xy

We see that the very simple ODEydx−xdy = 0 has1/x2, 1/y2, 1/(x2+y2) and1/xy as integrating

factors.
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1.3 First Order Linear Equations

1. Homogeneous equations.

A first order homogeneous linear equation is of the form

y′ + p(x)y = 0, (1.3.1)

wherep(x) is a continuous function on an intervalJ . Let P (x) =
∫ x

a
p(s)ds. Multiplying (1.3.1)

by eP (x), we get
d

dx
[eP (x)y] = 0,

soeP (x)y = c. The general solution of (1.3.1) is given by

y(x) = ce−P (x), where

P (x) =
∫ x

a

p(s)ds.
(1.3.2)

2. Non-homogeneous equations.

Now consider a first order non-homogeneous linear equation

y′ + p(x)y = q(x), (1.3.3)

wherep(x) andq(x) are continuous functions on an intervalJ . LetP (x) =
∫ x

a
p(s)ds. Multiplying

(1.3.3) byeP (x) we get
d

dx
[eP (x)y] = eP (x)q(x).

Thus

eP (x)y(x) =
∫ x

a

eP (t)q(t)dt+ c.

The general solution is given by

y(x) = e−P (x)[
∫ x

a

eP (t)q(t)dt+ c], where

P (x) =
∫ x

a

p(s)ds.
(1.3.4)

Example. Solvey′ − y = e2x.

Ans: y = cex + e2x.

3. The Bernoulli equation.

An ODE in the form

y′ + p(x)y = q(x)yn, (1.3.5)

wheren 6= 0, 1, is called theBernoulli equation. The functionsp(x) and q(x) are continuous

functions on an intervalJ .

Let u = y1−n. Substituting into (1.3.5) we get

u′ + (1− n)p(x)u = (1− n)q(x). (1.3.6)
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This is a first order linear ODE.

Example.Solvexy′ + y = x4y3.

Ans: 1
y2 = −x4 + cx2.

4. The Riccati equation.
An ODE of the form

y′ = P (x) +Q(x)y +R(x)y2 (1.3.7)

is called theRiccati equation. The functionsP (x), Q(x), R(x) are continuous on an intervalJ . In

general, the Riccati equation cannot be solved by a sequence of integrations. However, if a particular

solution is known, then (1.3.7) can be reduced to a linear equation, and thus is solvable.

Theorem 1.2 Lety = y0(x) be a particular solution of the Riccati equation (1.3.7). Set

H(x) =
∫ x

x0

[Q(t) + 2R(t)y0(t)]dt,

Z(x) = e−H(x)
[
c−

∫ x

x0

eH(t)R(t)dt
]
,

(1.3.8)

wherec is an arbitrary constant. Then the general solution is given by

y = y0(x) +
1

Z(x)
. (1.3.9)

Proof. In (1.1.7) we lety = y0(x) + u(x) to get

y′0 + u′ = P +Q(y0 + u) +R(y0 + u)2.

Sincey0 satisfies (1.3.7), we have

y′0 = P +Qy0 +Ry2
0 .

From these two equalities we get

u′ = (Q+ 2Ry0)u+Ru2. (1.3.10)

This is a Bernoulli equation withn = 2. SetZ = u−1 and reduce (1.3.10) to

Z ′ + (Q+ 2Ry0)Z = −R. (1.3.11)

(1.3.11) is a linear equation and the solution is given by (1.3.8). �

Example.Solvey′ = y/x+ x3y2 − x5. Notey1 = x is a solution.

Ans: ce2x5/5 = y−x
y+x .

From (1.3.8), (1.3.9), the general solutiony of the Riccati equation (1.3.7) can be written as

y =
cF (x) +G(x)
cf(x) + g(x)

, (1.3.12)
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where
f(x) = e−H(x),

g(x) = −e−H(x)

∫ x

x0

eH(t)R(t)dt,

F (x) = y0(x)f(x), G(x) = y0g(x) + 1.

Given four distinct functionsp(x), q(x), r(x), s(x), we define the cross ratio by

(p− q)(r − s)
(p− s)(r − q)

.

Property 1. The cross ratio of four distinct particular solutions of a Riccati equation is independent

of x.

Proof. From (1.3.12), the four solutions can be written as

yj(x) =
cjF (x) +G(x)
cjf(x) + g(x)

.

Computations show that

(y1 − y2)(y3 − y4)
(y1 − y4)(y3 − y2)

=
(c1 − c2)(c3 − c4)
(c1 − c4)(c3 − c2)

.

The right hand is independent ofx. �

As a consequence we get

Property 2. Supposey1, y2, y3 are three distinct particular solutions of a Riccati equation (1.3.7).

Then the general solution is given by

(y1 − y2)(y3 − y)
(y1 − y)(y3 − y2)

= c, (1.3.13)

wherec is an arbitrary constant.

Property 3. Suppose thaty1 andy2 are two distinct particular solutions of a Riccati equation (1.3.7),

then its general solution is given by

ln
∣∣∣∣y − y1
y − y2

∣∣∣∣ = ∫ [y1(x)− y2(x)]R(x)dx+ c, (1.3.14)

wherec is an arbitrary constant.

Proof. y andyj satisfy (1.3.7). So

y′ − y′j = (y − yj)[Q+R(y + yj)],

y′ − y′j
y − yj

= Q+R(y + yj).
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Thus
y′ − y′1
y − y1

− y′ − y′2
y − y2

= R(y1 − y2).

Integrating yields (1.3.14). �

Example.Solvey′ = e−xy2. Notey1 = ex andy2 = 0 are 2 solutions.

Ans: y = cex/(c+ ex).

1.4 First Order Implicit Equations

In the above we discussed first order explicit equations, i.e. equations in the formy′ = f(x, y). In

this section we discuss solution of some first order explicit equations

F (x, y, y′) = 0 (1.4.1)

which are not solvable iny′.

1. Method of differentiation.

Consider an equations solvable iny:

y = f(x, y′). (1.4.2)

Let p = y′. Differentiatingy = f(x, p) we get

[fx(x, p)− p]dx+ fp(x, p)dp = 0. (1.4.3)

This is a first order explicit equation inx andp. If p = φ(x) is a solution of (1.4.3), then

y = f(x, φ(x))

is a solution of (1.4.2).

Example. Clairaut’s equation

y = xy′ + f(y′), (1.4.4)

wheref has continuous second order derivative andf ′′(p) 6= 0.

Let p = y′. We havey = xp+ f(p). Differentiating we get

[x+ f ′(p)]p′ = 0.

Whenp′ = 0 we havep = c and (1.4.4) has a general solution

y = cx+ f(c).

Whenx+ f ′(p) = 0 we get a solution of (1.4.4) given by parameterized equations

x = −f ′(p), y = px+ f(p).
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2. Method of parameterization.
This method can be used to solve equations where eitherx or y is missing. Consider

F (y, y′) = 0, (1.4.5)

wherex is missing. Letp = y′ and write (1.4.5) as

F (y, p) = 0.

It determines a family of curves inyp plane. Lety = g(t), p = h(t) be one of the curves, i.e.

F (g(t), h(t)) = 0. Since

dx =
dy

y′
=
dy

p
=
g′(t)dt
h(t)

,

we havex =
∫ t

t0

g′(t)
h(t) dt+ c. The solutions of (1.4.5.) are given by

x =
∫ t

t0

g′(t)
h(t)

dt+ c, y = g(t).

This method can also be applied to the equations

F (x, y′) = 0,

wherey is missing.

Example.Solvey2 + y′2 − 1 = 0.

Ans: y = cos(c− x).

3. Reduction of order.
Consider the equation

F (x, y′, y′′) = 0, (1.4.6)

wherey is missing. Letp = y′. Theny′′ = p′. Write (1.4.6) as

F (x, p, p′) = 0. (1.4.7)

It is a first order equation inx andp. If p = φ(x, c1) is a general solution of (1.4.7), then the general

solution of (1.4.6) is

y =
∫ x

x0

φ(t, c1)dt+ c2.

Example.Solvexy′′ − y′ = 3x2.

Ans: y = x3 + c1x
2 + c2.

Consider the equation

F (y, y′, y′′) = 0, (1.4.8)
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wherex is missing. Letp = y′. Theny′′ = dp
dx = dp

dy
dy
dx = dp

dyp. Write (1.4.8) as

F (y, p, p
dp

dy
) = 0. (1.4.9)

It is a first order equation iny andp. If p = ψ(y, c1) is a general solution of (1.4.9), then we solve

the equation

y′ = ψ(y, c1)

to get a general solution of (1.4.8).

Example.Solvey′′ + k2y = 0, wherek is a positive constant.

Ans: y = c1 sin(kx) + c2 cos(kx).
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Chapter 2

Higher Order Linear Equations

2.1 General Theory

Considern-th order linear equation

y(n) + a1(x)y(n−1) + · · ·+ an−1(x)y′ + an(x)y = f(x), (2.1.1)

wherey(k) = dky
dxk . Throughout this section we assume thataj(x)’s andf(x) are continuous func-

tions defined on the interval(a, b). Whenf(x) 6≡ 0, (2.1.1) is called a non-homogeneous equation.

The associated homogeneous equation is

y(n) + a1(x)y(n−1) + · · ·+ an−1(x)y′ + an(x)y = 0. (2.1.2)

Let us begin with the initial value problem:

y(n) + a1(x)y(n−1) + · · ·+ an(x)y = f(x),

y(x0) = y0,

y′(x0) = y1,

· · · · · · · · ·

y(n−1)(x0) = yn−1.

(2.1.3)

Theorem 2.1 Assume thata1(x), · · · , an(x) and f(x) are continuous functions defined on the

interval (a, b). Then for anyx0 ∈ (a, b) and for any numbersy0, · · · , yn−1, the initial value

problem (2.1.3) has a unique solution defined on(a, b).
Especially ifaj(x)’s andf(x) are continuous onR then for anyx0 andy0, · · · , yn−1, the initial

value problem (2.1.3) has a unique solution defined onR.

Proof of this theorem will be given in later chapter.

Corollary 2.2 Lety = y(x) be a solution of the homogeneous equation (2.1.2) in an interval(a, b).
Assume that there existsx0 ∈ (a, b) such that

y(x0) = 0, y′(x0) = 0, · · · , y(n−1)(x0) = 0. (2.1.4)

Theny(x) ≡ 0 on (a, b).

17
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Proof. y is a solution of the initial value problem (2.1.2), (2.1.4). From Theorem 2.1, this problem

has a unique solution. Sinceφ(x) ≡ 0 is also a solution of the problem, we havey(x) ≡ 0 on (a, b).
�

In the following we consider the general solutions of (2.1.1) and (2.1.2).

Given continuous functionsaj(x), j = 0, 1, · · · , n andf(x), define an operatorL by

L[y] = a0(x)y(n) + a1(x)y(n−1) + · · ·+ an(x)y. (2.1.5)

Property 1. L[cy] = cL[y] for any constantc.

Property 2. L[u+ v] = L[u] + L[v].

Proof. Let’s verify Property 2.

L[u+ v]
= a0(x)(u+ v)(n) + a1(x)(u+ v)(n−1) + · · ·+ an(x)(u+ v)
=
(
a0(x)u(n) + a1(x)u(n−1) + · · ·+ an(x)u

)
+
(
a0(x)v(n) + a1(x)v(n−1) + · · ·+ an(x)v

)
= L[u] + L[v].

Definition. An operator satisfying Properties 1 and 2 is called alinear operator.

The differential operatorL defined in (2.1.4) is a linear operator.

Note that (2.1.1) and (2.1.2) can be written as

L[y] = f(x), (2.1.1’)

and

L[y] = 0. (2.1.2’)

From Properties 1 and 2 we get the following conclusion.

Theorem 2.3 (1) If y1 and y2 are solutions of the homogeneous equation (2.1.2) in an interval

(a, b), then for any constantsc1 andc2,

y = c1y1 + c2y2

is also a solution of (2.1.2) in the interval(a, b).
(2) If yp is a solution of (2.1.1) andyh is a solution of (2.1.2) on an interval(a, b), then

y = yh + yp

is also a solution of (2.1.1) in the interval(a, b).

Proof. (1) AsL[c1y1 + c2y2] = c1L[y1] + c2L[y2] = 0, we see thatc1y1 + c2y2 is also a solution

of (2.1.2).

(2)L[yh + yp] = L[yh] + L[yp] = 0 + f(x), we see thaty = yh + yp is a solution of (2.1.1).



2.1. GENERAL THEORY 19

In order to discuss structures of solutions, we need the following definition.

Definition. Functionsφ1(x), · · · , φk(x) arelinearly dependenton (a, b) if there exists constantsc1,

· · · , ck, not all zero, such that

c1φ1(x) + · · ·+ ckφk(x) = 0

for all x ∈ (a, b). A set of functions arelinearly independenton (a, b) if they are not linearly

dependent on(a, b).

Lemma 2.4 Functionsφ1(x), · · · , φk(x) are linearly dependent on(a, b) if and only if the following

vector-valued functions 
φ1(x)
φ′1(x)
· · ·

φ
(n−1)
1 (x)

 , · · · ,


φk(x)
φ′k(x)
· · ·

φ
(n−1)
k (x)

 (2.1.6)

are linearly dependent on(a, b).

Proof. “⇐=” is obvious. To show “=⇒”, assume thatφ1, · · · , φk are linearly dependent on(a, b).
There exists constantsc1, · · · , ck, not all zero, such that, for allx ∈ (a, b),

c1φ1(x) + · · ·+ ckφk(x) = 0.

Differentiating this equality successively we find that

c1φ
′
1(x) + · · ·+ ckφ

′
k(x) = 0,

· · · · · · · · · · · · · · · · · ·

c1φ
(n−1)
1 (x) + · · ·+ ckφ

(n−1)
k (x) = 0.

Thus

c1


φ1(x)
φ′1(x)
· · ·

φ
(n−1)
1 (x)

+ · · ·+ ck


φk(x)
φ′k(x)
· · ·

φ
(n−1)
k (x)

 = 0

for all x ∈ (a, b). Hence thek vector-valued functions are linearly dependent on(a, b). �

Recall that,n vectors inRn are linearly dependent if and only if the determinant of matrix formed

by these vectors is zero.

Definition. The Wronskian ofn functionsφ1(x), · · · , φn(x) is defined by

W (φ1, · · · , φn)(x) =

∣∣∣∣∣∣∣
φ1(x) · · · φn(x)
· · · · · · · · ·

φ
(n−1)
1 (x) · · · φ

(n−1)
n (x)

∣∣∣∣∣∣∣ . (2.1.7)
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Note that Wronskian ofφ1, · · · , φn is the determinant of the matrix formed by the vector-valued

functions given in (2.1.6).

Theorem 2.5 Lety1(x), · · · , yn(x) ben solutions of (2.1.2) on(a, b) and letW (x) be their Wron-

skian.

(1) y1(x), · · · , yn(x) are linearly dependent on(a, b) if and only ifW (x) ≡ 0 on (a, b).
(2) y1(x), · · · , yn(x) are linearly independent on(a, b) if and only ifW (x) does not vanish on

(a, b).

Corollary 2.6 (1) The Wronskian ofn solutions of (2.1.2) is either identically zero, or nowhere

zero.

(2)n solutionsy1, · · · , yn of (2.1.2) are linearly independent on(a, b) if and only if the set of vectors
y1(x0)
y′1(x0)
· · ·

y
(n−1)
1 (x0)

 , · · · ,


yn(x0)
y′n(x0)
· · ·

y
(n−1)
n (x0)


are linearly independent for somex0 ∈ (a, b).

Proof of Theorem 2.5.Let y1, · · · , yn be solutions of (2.1.2) on(a, b), and letW (x) be their

Wronskian.

Step 1.We first show that, ify1, · · · , yn are linearly dependent on(a, b), thenW (x) ≡ 0.

Since these solutions are linearly dependent, from Lemma 2.3,n vector-valued functions
y1(x)
y′1(x)
· · ·

y
(n−1)
1 (x)

 , · · · ,


yn(x)
y′n(x)
· · ·

y
(n−1)
n (x)


are linearly dependent on(a, b). Thus for allx ∈ (a, b), the determinant of the matrix formed by

these vectors, namely, the Wronskian ofy1, · · · , yn, is zero.

Step 2.Now, assume that the WronskianW (x) of n solutionsy1, · · · , yn vanishes atx0 ∈ (a, b).
We shall show thaty1, · · · , yn are linearly dependent on(a, b).
SinceW (x0) = 0, then vectors

y1(x0)
y′1(x0)
· · ·

y
(n−1)
1 (x0)

 , · · · ,


yn(x0)
y′n(x0)
· · ·

y
(n−1)
n (x0)


are linearly dependent. Thus there existn constantsc1, · · · , cn, not all zero, such that

c1


y1(x0)
y′1(x0)
· · ·

y
(n−1)
1 (x0)

+ · · ·+ cn


y1(x0)
y′n(x0)
· · ·

y
(n−1)
n (x0)

 = 0 (2.1.8)
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Define

y0(x) = c1y1(x) + · · ·+ cnyn(x).

From Theorem 2.3,y0 is a solution of (2.1.2). From (2.1.8),y0 satisfies the initial conditions

y(x0) = 0, y′(x0) = 0, · · · , y(n−1)(x0) = 0. (2.1.9)

From Corollary 2.2, we havey0 ≡ 0, namely,

c1y1(x) + · · ·+ cnyn(x) = 0

for all x ∈ (a, b). Thusy1, · · · , yn are linearly dependent on(a, b). �

Example.Consider the differential equationy′′ − 1
xy

′ = 0 on the interval(0,∞). Bothφ1(x) = 1

andφ2(x) = x2 are solutions of the differential equation.W (φ1, φ2)(x) =

∣∣∣∣∣ 1 x2

0 2x

∣∣∣∣∣ = 2x 6= 0

for x > 0. Thusφ1 andφ2 are linearly independent solutions.

Theorem 2.7 Let a1(x), · · · , an(x) and f(x) be continuous on the interval(a, b). The homoge-

neous equation (2.1.2) hasn linearly independent solutions on(a, b).
Lety1, · · · , yn ben linearly independent solutions of (2.1.2) defined on(a, b). The general solution

of (2.1.2) is given by

y(x) = c1y1(x) + · · ·+ cnyn(x), (2.1.10)

wherec1, · · · , cn are arbitrary constants.

Proof. (1) Fix x0 ∈ (a, b). Fork = 1, 2, · · · , n, let yk be the solution of (2.1.2) satisfying the initial

conditions

y
(j)
k (x0) =

0 if j 6= k − 1,

1 if j = k − 1.

Then vectors 
y1(x0)
y′1(x0)
· · ·

y
(n−1)
1 (x0)

 , · · · ,


yn(x0)
y′n(x0)
· · ·

y
(n−1)
n (x0)


are lineally independent since they form the identity matrix. From Corollary 2.6,y1, · · · , yn are

linearly independent on(a, b). From Theorem 2.3, for any constantsc1, · · · , cn, y = c1y1 + · · · +
cnyn is a solution of (2.1.2).

(2) Now lety1, · · · , yn ben linearly independent solutions of (2.1.2) on(a, b). We shall show that

the general solution of (2.1.2) is given by

y = c1y1 + · · ·+ cnyn. (2.1.11)
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Given a solutioñy of (2.1.2), and fixx0 ∈ (a, b). Sincey1, · · · , yn are linearly independent on

(a, b), the vectors 
y1(x0)
y′1(x0)
· · ·

y
(n−1)
1 (x0)

 , · · · ,


yn(x0)
y′n(x0)
· · ·

y
(n−1)
n (x0)


are linearly independent vectors. They form a basis forRn. Thus the vector

ỹ(x0)
ỹ′(x0)
· · ·

ỹ(n−1)(x0)


can be represented as a linear combination of then vectors, namely, there existn constants̃c1, · · · ,
c̃n such that 

ỹ(x0)
ỹ′(x0)
· · ·

ỹ(n−1)(x0)

 = c̃1


y1(x0)
y′1(x0)
· · ·

y
(n−1)
1 (x0)

+ · · ·+ c̃n


yn(x0)
y′n(x0)
· · ·

y
(n−1)
n (x0)

 .

Let

φ(x) = ỹ(x)− [c̃1y1(x) + · · ·+ c̃nyn(x)].

φ(x) is a solution of (2.1.2) and satisfies the initial conditions (2.1.4) atx = x0. By Corollary 2.2,

φ(x) ≡ 0 on (a, b). Thus

ỹ(x) = c̃1y1(x) + · · ·+ c̃nyn(x).

So (2.1.11) gives a general solution of (2.1.2). �

Any set ofn linearly independent solutions is called afundamental set of solutions.

Now we consider the non-homogeneous equation (2.1.1). We have

Theorem 2.8 Let yp be a particular solution of (2.1.1), andy1, · · · , yn be a fundamental set of

solutions for the associated homogeneous equation (2.1.2). The general solution of (2.1.1) is given

by

y(x) = c1y1(x) + · · ·+ cnyn(x) + yp(x). (2.1.12)

Proof. Let y be a solution of the non-homogeneous equation. Theny − yp is a solution of the

homogeneous equation. Thusy(x)− yp(x) = c1y1(x) + · · ·+ cnyn(x). �

2.2 Linear Equations with Constant Coefficients

Let us begin with second order linear equation with constant coefficients

y′′ + ay′ + by = 0, (2.2.1)
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wherea andb are constants. We look for a solution of the formy = eλx. Plugging into (2.2.1) we

find that,eλx is a solution of (2.2.1) if and only if

λ2 + aλ+ b = 0. (2.2.2)

(2.2.2) is called theauxiliary equationor characteristic equationof (2.2.1). The roots of (2.2.2) are

calledcharacteristic values(or eigenvalues):

λ1 =
1
2
(−a+

√
a2 − 4b),

λ2 =
1
2
(−a−

√
a2 − 4b).

1. If a2 − 4b > 0, (2.2.2) has two distinct real rootsλ1, λ2, and the general solutions of (2.2.1) is

y = c1e
λ1x + c2e

λ2x.

2. If a2−4b = 0, (2.2.2) has one real rootsλ (we may say that (2.2.2) has two equal rootsλ1 = λ2).

The general solution of (2.2.2) is

y = c1e
λx + c2xe

λx.

3. If a2 − 4b < 0, (2.2.2) has a pair of complex conjugate roots

λ1 = α+ iβ, λ2 = α− iβ.

The general solution of (2.2.2) is

y = c1e
αx cos(βx) + c2e

αx sin(βx).

Example. Solvey′′ + y′ − 2y = 0, y(0) = 4, y′(0) = −5.

Ans: λ1 = 1, λ2 = −2, y = ex + 3e−2x.

Example. Solvey′′ − 4y′ + 4y = 0, y(0) = 3, y′(0) = 1.

Ans: λ1 = λ2 = 2, y = (3− 5x)e2x.

Example. Solvey′′ − 2y′ + 10y = 0.

Ans: λ1 = 1 + 3i, λ2 = 1− 3i,
y = ex(c1 cos 3x+ c2 sin 3x).

Now we considern-th order homogeneous linear equations with constant coefficients

y(n) + a1y
(n−1) + · · ·+ an−1y

′ + any = 0, (2.2.3)

wherea1, · · · , an are real constants.

y = eλx is a solution of (2.2.3) if and only ifλ satisfies

λn + a1λ
n−1 + · · ·+ an−1λ+ an = 0. (2.2.4)

The solutions of (2.2.4) are calledcharacteristic valuesor eigenvalues for the equation (2.2.3).
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Let λ1, · · · , λs be the distinct eigenvalues for (2.2.3). Then we can write

λn + a1λ
n−1 + · · ·+ an−1λ+ an

= (λ− λ1)m1(λ− λ2)m2 · · · (λ− λs)ms ,
(2.2.5)

wherem1, · · · ,ms are positive integers and

m1 + · · ·+ms = n.

We call them themultiplicity of the eigenvaluesλ1, · · · , λs respectively.

Lemma 2.9 Assumeλ is an eigenvalue of (2.2.3) of multiplicitym.

(i) eλx is a solution of (2.2.3).

(ii) If m > 1, then for any positive integer1 ≤ k ≤ m− 1, xkeλx is a solution of (2.2.3).

(iii) If λ = α+ iβ, then

xkeαx cos(βx), xkeαx sin(βx)

are solutions of (2.2.3), where0 ≤ k ≤ m− 1.

Theorem 2.10 Letλ1, · · · , λs be the distinct eigenvalues for (2.2.3), with multiplicitym1, · · · ,ms

respectively. Then (2.2.3) has a fundamental set of solutions

eλ1x, xeλ1x, · · · , xm1−1eλ1x;

· · · · · · · · · · · · · · · · · · · · · · · · ;

eλsx, xeλsx, · · · , xms−1eλsx.

(2.2.6)

Proof of Lemma 2.9 and 2.10

Consider then-th order linear equation with constant coefficients

y(n) + a1y
(n−1) + · · ·+ an−1y

′ + any = 0, (A1)

wherey(k) = dky
dxk . LetL(y) = y(n) + a1y

(n−1) + · · ·+ an−1y
′ + any andp(z) = zn + a1z

n−1 +
· · ·+ an−1z + an. Note thatp is a polynomial inz of degreen. Then we have

L(ezx) = p(z)ezx (A2)

Before we begin the proof, let’s observe that∂
2

∂z∂xe
zx = ∂2

∂x∂z e
zx by Clairaut’s theorem because

ezx is differentiable in(x, z) as a function of two variable and all the higher order partial derivatives

exist and continuous. That means we can interchange the order of differentiation with respect tox

andz as we wish. ThereforeddzL(ezx) = L( d
dz e

zx). For instance, one may verify directly that

d

dz

dk

dxk
(ezx) = xzkezx + kzk−1ezx =

dk

dxk
(
d

dz
ezx).

Here one may need to use Leibniz’s rule of taking thek-th derivative of a product of two functions:

(u · v)(k) =
k∑

i=0

(
k

i

)
u(i)v(k−i). (A3)
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More generally,dk

dzkL(ezx) = L( dk

dzk e
zx). (Strictly speaking, partial derivative notations should be

used.) Now let’s prove our results.

(1) If λ is a root ofp, thenL(eλx) = 0 by (A2) so thateλx is a solution of (A1).

(2) If λ is a root ofp of multiplicity m, thenp(λ) = 0, p′(λ) = 0, p′′(λ) = 0, . . . , p(m−1)(λ) = 0.

Now for k = 1, . . . ,m− 1, differentiating (A2)k times with respect toz, we have

L(xkezx) = L(
dk

dzk
ezx) =

dk

dzk
L(ezx) =

dk

dzk
(p(z)ezx) =

k∑
i=0

(
k

i

)
p(i)(z)xk−iezx.

ThusL(xkeλx) = 0 andxkeλx is solution of (A1).

(3) Letλ1, · · · , λs be the distinct roots ofp, with multiplicity m1, · · · , ms respectively. Then we

wish to prove that
eλ1x, xeλ1x, · · · , xm1−1eλ1x;

· · · · · · · · · · · · · · · · · · · · · · · · ;

eλsx, xeλsx, · · · , xms−1eλsx.

(A4)

are linearly independent overR. To prove this, suppose for allx in R

c11e
λ1x + c12xe

λ1x + · · ·+ c1m1x
m1−1eλ1x

+ · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·+

cs1e
λsx + cs2xe

λsx + · · ·+ csms
xms−1eλsx = 0.

Let’s write this as

P1(x)eλ1x + P2(x)eλ2x + · · ·+ Ps(x)eλsx = 0,

for all x in R, wherePi(x) = ci1 + ci2x + · · · + cimi
xmi−1. We need to provePi(x) ≡ 0 for all

i. Assume that one of thePi’s is not identically zero. By re-labelling thePi’s, we may assume that

Ps(x) 6≡ 0. Dividing the above equation byeλ1x, we have

P1(x) + P2(x)e(λ2−λ1)x + · · ·+ Ps(x)e(λs−λ1)x = 0,

for all x in R. Upon differentiating this equation sufficiently many times (at mostm1 times since

P1(x) is a polynomial of degreem1 − 1), we can reduceP1(x) to 0. Note that in this process, the

degree of the resulting polynomial multiplied bye(λi−λ1)x remains unchanged. Therefore, we get

Q2(x)e(λ2−λ1)x + · · ·+Qs(x)e(λs−λ1)x = 0,

where degQi = degPi. Cancelling the termeλ1x we have

Q2(x)eλ2x + · · ·+Qs(x)eλsx = 0.

Repeating this procedure, we arrive at

Rs(x)eλsx = 0,

where degRs = degPs. HenceRs(x) ≡ 0 on R, contradicting the fact that degRs = degPs and

Ps is not identically zero. Thus all thePi(x) are identically zero. That means allcij ’s are zero and

the functions in (A4) are linearly independent.
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Remark. If (2.2.3) has a complex eigenvalueλ = α + iβ, thenλ̄ = α − iβ is also an eigenvalue.

Thus bothxke(α+iβ)x andxke(α−iβ)x appear in (2.2.6), where0 ≤ k ≤ m− 1. In order to obtain a

fundamental set of real solutions, the pair of solutionsxke(α+iβ)x andxke(α−iβ)x in (2.2.6) should

be replaced byxkeαx cos(βx) andxkeαx sin(βx).

In the following we discuss solution of non-homogeneous equations. For simplicity we consider

y′′ + by′ + cy = f(x), (2.2.7)

whereb andc are real constants. The associated homogeneous equation is (2.2.1), and the charac-

teristic equation of (2.2.1) is (2.2.2). We shall look for a particular solution of (2.2.7). This method

works in general even ifa andb are functions ofx. Also the method applies to higher order equa-

tions.

1. Methods of variation of parameters.

Let y1 andy2 be two linearly independent solutions of the associated homogeneous equation (2.2.1)

andW (x) be their Wronskian. Look for a particular solution of (2.2.7) in the form

yp = u1y1 + u2y2,

whereu1 andu2 are functions to be determined. Suppose

u′1y1 + u′2y2 = 0.

Pluggingyp into (2.2.7) we get

u′1y
′
1 + u′2y

′
2 = f.

Henceu′1 andu′2 satisfy {
u′1y1 + u′2y2 = 0,

u′1y
′
1 + u′2y

′
2 = f.

(2.2.8)

Solving it, we find that

u′1 = − y2
W
f, u′2 =

y1
W
f.

Integrating yields

u1(x) = −
∫ x

x0

y2(t)
W (t)

f(t)dt,

u2(x) =
∫ x

x0

y1(t)
W (t)

f(t)dt.
(2.2.9)

Example.Solve the differential equation.y′′ + y = secx.

Solution. A basis for the solutions of the homogeneous equation consists ofy1 = cosx andy2 =
sinx. Now W (y1, y2) = cosx cosx − (− sinx) sinx = 1. Thusu1 = −

∫
sinx secx dx =

ln | cosx| + c1 andu2 =
∫

cosx secx dx = x + c2. From this, a particular solution is given

by yp = cosx ln | cosx| + x sinx. Therefore, the general solution isy = c1 cosx + c2 sinx +
cosx ln | cosx|+ x sinx.
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The method of variation of parameters can also be used to find another solution of a second order

homogeneous linear differential equation when one solution is given. Supposez is a known solution

of the equation

y′′ + P (x)y′ +Q(x)y = 0.

We assumey = vz is a solution so that

0 = (vz)′′ + P (vz)′ +Q(vz) = (v′′z + 2v′z′ + vz′′) + P (v′z + vz′) +Qvz

= (v′′z + 2v′z′ + Pv′z) + v(z′′ + Pz′ +Qz) = v′′z + v′(2z′ + Pz).

That is
v′′

v′
= −2

z′

z
− P.

An integration givesv′ = z−2e−
∫

P dx andv =
∫
z−2e−

∫
P dx dx. We leave it as an exercise to

show thatz andvz are linearly independent solutions by computing their Wronskian.

Example. Giveny1 = x is a solution ofx2y′′ + xy′ − y = 0, find another solution.

Solution. Let’s write the DE in the formy′′ + 1
xy

′ − 1
x2 y = 0. ThenP (x) = 1/x. Thus a second

linearly independent solution is giveny = vx, where

v =
∫
x−2e−

∫
1/x dx dx =

∫
x−2x−1 dx = − 1

x2
.

Therefore the second solution isy = −x−1 and the general solution isy = c1x+ c2x
−1.

2. Method of undetermined coefficients.

Case 1.f(x) = Pn(x)eαx, wherePn(x) is a polynomial of degreen ≥ 0.

We look for a particular solution in the form

y = Q(x)eαx,

whereQ(x) is a polynomial. Plugging it into (2.2.7) we find

Q′′ + (2α+ b)Q′ + (α2 + bα+ c)Q = Pn(x). (2.2.10)

Subcase 1.1.If α2 + bα + c 6= 0, namely,α is not a root of (2.2.2), we chooseQ = Rn, a

polynomial of degreen, and

y = Rn(x)eαx.

The coefficients ofRn can be determined by comparing the terms of same power in the two sides of

(2.2.10). Note that in this case both sides of (2.2.10) are polynomials of degreen.

Subcase 1.2.If α2 + bα+ c = 0 but2α+ b 6= 0, namely,α is a simple root of (2.2.2), then (2.2.10)

is reduced to

Q′′ + (2α+ b)Q′ = Pn. (2.2.11)
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We chooseQ to be a polynomial of degreen + 1. Since the constant term ofQ does not appear in

(2.2.11), we may chooseQ(x) = xRn(x), whereRn(x) is a polynomial of degreen.

y = xRn(x)eαx.

Subcase 1.3If α2 + bα+ c = 0 and2α+ b = 0, namely,α is a root of (2.2.2) with multiplicity2,

then (2.2.10) is reduced to

Q′′ = Pn. (2.2.12)

We chooseQ(x) = x2Rn(x), whereRn(x) is a polynomial of degreen.

y = x2Rn(x)eαx.

Example. Find the general solution ofy′′ − y′ − 2y = 4x2.

Ans: y = c1e
2x + c2e

−x − 3 + 2x− 2x2.

Example. Find a particular solution ofy′′′ + 2y′′ − y′ = 3x2 − 2x+ 1.

Ans: y = −27x− 5x2 − x3.

Example. Solvey′′ − 2y′ + y = xex.

Ans: y = c1e
x + c2xe

x + 1
6x

3ex.

Case 2.f(x) = Pn(x)eαx cos(βx) or f(x) = Pn(x)eαx sin(βx), wherePn(x) is a polynomial of

degreen ≥ 0.

We first look for a solution of

y′′ + by′ + cy = Pn(x)e(α+iβ)x. (2.2.13)

Using the method in Case 1 we obtain a complex-valued solution

z(x) = u(x) + iv(x),

whereu(x) = <(z(x)), v(x) = =(z(x)). Substitutingz(x) = u(x)+iv(x) into (2.2.13) and taking

the real and imaginary parts, we can show thatu(x) = <(z(x)) is a solution of

y′′ + by′ + cy = Pn(x)eαx cos(βx), (2.2.14)

andv(x) = =(z(x)) is a solution of

y′′ + by′ + cy = Pn(x)eαx sin(βx). (2.2.15)

Example.Solvey′′ − 2y′ + 2y = ex cosx.

Ans: y = c1e
x cosx+ c2e

x sinx+ 1
2xe

x sinx.

The following conclusions will be useful.
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Theorem 2.11 Lety1 andy2 be particular solutions of the equations

y′′ + ay′ + by = f1(x)

and

y′′ + ay′ + by = f2(x)

respectively, thenyp = y1 + y2 is a particular solution of

y′′ + ay′ + by = f1(x) + f2(x).

Proof. Exercise.

Example.Solvey′′ − y = ex + sinx.

Solution. A particular solution fory′′ − y = ex is given byy1 = 1
2xe

x. Also a particular solution

for y′′ − y = sinx is given byy2 = − 1
2x sinx. Thus 1

2 (xex − sinx) is a particular solution of

the given differential equation. The general solution of the corresponding homogeneous differential

equation is given byc1e−x + c2e
x. Hence the general solution of the given differential equation is

c1e
−x + c2e

x + 1
2 (xex − sinx).

2.3 Operator methods

Let x denote independent variable, andy dependent variable. Introduce

Dy =
d

dx
y, Dny =

dn

dxn
y = y(n).

We defineD0y = y. Given a polynomialL(x) =
∑n

j=0 ajx
j , whereaj ’s are constants, we define

a differential operatorL(D) by

L(D)y =
n∑

j=0

ajD
jy.

Then the equation
n∑

j=0

ajy
(j) = f(x) (2.3.1)

can be written as

L(D)y = f(x). (2.3.2)

LetL(D)−1f denote any solution of (2.3.2). We have

D−1D = DD−1 = D0,

L(D)−1L(D) = L(D)L(D)−1 = D0.

However,L(D)−1f is not unique.

To see the above properties, first recall thatD−1f means a solution ofy′ = f . ThusD−1f =
∫
f .

Hence it follows thatD−1D = DD−1= identity operatorD0.
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For the second equality, note that a solution ofL(D)y = L(D)f is simplyf . Thus by definition

of L(D)−1, we haveL(D)−1(L(D)f) = f . This meansL(D)−1L(D) = D0. Lastly, since

L(D)−1f is a solution ofL(D)y = f(x), it is clear thatL(D)(L(D)−1f) = f . In other words,

L(D)L(D)−1 = D0.

More generally, we have:

1. D−1f(x) =
∫
f(x)dx+ C,

2. (D − a)−1f(x) = Ceax + eax

∫
e−axf(x)dx,

3. L(D)(eaxf(x)) = eaxL(D + a)f(x),

4. L(D)−1(eaxf(x)) = eaxL(D + a)−1f(x).

(2.3.3)

Proof. Property 2 is just the solution of the first order linear ODE. To prove Property 3, first observe

that (D − r)(eaxf(x)) = eaxD(f(x)) + aeaxf(x) − reaxf(x) = eax(D + a − r)(f(x)). Thus

(D− s)(D− r)(eaxf(x)) = (D− s)[eax(D+a− r)(f(x))] = eax(D+a− s)(D+a− r)(f(x)).
Now we may writeL(D) = (D − r1) · · · (D − rn). ThenL(D)(eaxf(x)) = eaxL(D + a)f(x).
This says that we can move the factoreax to the left of the operatorL(D) if we replaceL(D) by

L(D + a).

To prove Property 4, applyL(D) to the right hand side. We have

L(D)[eaxL(D + a)−1f(x)] = eax[L(D + a)(L(D + a)−1f(x))] = eaxf(x).

ThusL(D)−1(eaxf(x)) = eaxL(D + a)−1f(x). �

LetL(x) = (x− r1) · · · (x− rn). The solution of (2.3.2) is given by

y = L(D)−1f(x) = (D − r1)−1 · · · (D − rn)−1f(x). (2.3.4)

Then we obtain the solution by successive integration. Moreover, ifr′js are distinct, we can write

1
L(x)

=
A1

x− r1
+ · · ·+ An

x− rn
,

whereA′js can be found by the method of partial fractions. Then the solution is given by

y = [A1(D − r1)−1 + · · ·+An(D − rn)−1]f(x). (2.3.5)

Next consider the case of repeated roots. Let the multiple root be equal tom and the equation to be

solved is

(D −m)ny = f(x) (2.3.6)

To solve this equation, let us assume a solution of the formy = emxv(x), wherev(x) is a function

of x to be determined. One can easily verify that(D−m)nemxv = emxDnv. Thus equation (2.3.6)

reduces to

Dnv = e−mxf(x) (2.3.7)
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If we integrate (2.3.7)n times, we obtain

v =
∫ ∫

· · ·
∫ ∫

e−mxf(x) dx · · · dx+ c0 + c1x+ · · ·+ cn−1x
n−1 (2.3.8)

Thus we see that

(D−m)−nf(x) = emx

[∫∫
· · ·
∫∫

e−mxf(x)dx · · · dx+ c0 + c1x+ · · ·+ cn−1x
n−1

]
(2.3.9)

Example Solve(D2 − 3D + 2)y = xex.

Solution First 1
D2−3D+2 = 1

D−2 −
1

D−1 . Therefore

y = (D2 − 3D + 2)−1(xex)
= (D − 2)−1(xex)− (D − 1)−1(xex)
= e2xD−1(e−2xxex)− exD−1(e−xxex)
= e2xD−1(e−xx)− exD−1(x)
= e2x(−xe−x − e−x + c1)− ex( 1

2x
2 + c2)

=−ex( 1
2x

2 + x+ 1) + c1e
2x + c2e

x.

Example. Solve(D3 − 3D2 + 3D − 1)y = ex.

Solution. The DE is equivalent to(D − 1)3y = ex. Therefore,

y = (D − 1)−3ex = ex

[∫∫∫
e−xex dx+ c0 + c1x+ c2x

2

]
= ex

[
1
6
x3 + c0 + c1x+ c2x

2

]
.

If f(x) is a polynomial inx, then(1−D)(1 +D+D2 +D3 + · · · )f = f . Thus(1−D)−1(f) =
(1+D+D2+D3+ · · · )f . Therefore, iff is a polynomial, we may formally expand(D−r)−1 into

power series inD and applying it tof . If the degree off is n, then it is only necessary to expand

(D − r)−1 up toDn.

Example. Solve(D4 − 2D3 +D2)y = x3.

Solution. We have

y = (D4 − 2D3 +D2)−1f = 1
D2(1−D)2x

3

=D−2(1 + 2D + 3D2 + 4D3 + 5D4 + 6D5)x3

=D−2(x3 + 6x2 + 18x+ 24)
=D−1(x4

4 + 2x3 + 9x2 + 24x)
= x5

20 + x4

2 + 3x3 + 12x2.

Therefore, the general solution isy = (A+Bx)ex + (C +Dx) + x5

20 + x4

2 + 3x3 + 12x2.
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2.4 Exact 2nd order Equations

The general 2nd order linear differential equation is of the form

p0(x)y′′ + p1(x)y′ + p2(x)y = f(x) (A1)

The equation can be written as

(p0y
′ − p′0y)

′ + (p1y)′ + (p′′0 − p′1 + p2)y = f(x) (A2)

It is said to be exact if

p′′0 − p′1 + p2 ≡ 0. (A3)

In the event that the equation is exact, a first integral to (A1) is

p0(x)y′ − p′0(x)y + p1(x)y =
∫
f(x) dx+ C1.

Example.Find the general solution of the DE

1
x
y′′ + (

1
x
− 2
x2

)y′ − (
1
x2
− 2
x3

)y = ex.

Solution. Condition (A3) is fulfilled. The first integral is

1
x
y′ +

1
x2
y + (

1
x
− 2
x2

)y = ex + C1.

That is

y′ + (1− 1
x

)y = xex + C1x.

From the last equation, the general solution is found to be

y =
1
2
xex + C1x+ C2xe

−x.

2.5 The adjoint differential equation and integrating factor

If (A1) is multiplied by a functionv(x) so that the resulting equation is exact, thenv(x) is called an

integrating factor of (A1). That is

(p0v)′′ − (p1v)′ + p2v = 0. (A4)

This is a differential equation forv, which is, more explicitly,

p0(x)v′′ + (2p′0(x)− p1(x))v′ + (p′′0(x)− p′1(x) + p2(x))v = 0. (A5)

Equation (A5) is called theadjoint of the given differential equation (A1). A functionv(x) is thus

an integrating factor for a given differential equation, if and only if it is a solution of the adjoint



2.5. THE ADJOINT DIFFERENTIAL EQUATION AND INTEGRATING FACTOR 33

equation. Note that the adjoint of (A5) is in turn found to be the associated homogeneous equation

of (A1), thus each is the adjoint of the other.

In this case, a first integral to (A1) is

v(x)p0(x)y′ − (v(x)p0(x))′y + v(x)p1(x)y =
∫
v(x)f(x) dx+ C1.

Example.Find the general solution of the DE

(x2 − x)y′′ + (2x2 + 4x− 3)y′ + 8xy = 1.

Solution. The adjoint of this equation is

(x2 − x)v′′ − (2x2 − 1)v + (4x− 2)v = 0.

By the trial ofxm, this equation is found to havex2 as a solution. Thusx2 is an integrating factor

of the given differential equation. Multiplying the original equation byx2, we obtain

(x4 − x3)y′′ + (2x4 + 4x3 − 3x2)y′ + 8x3y = x2.

Thus a first integral to it is

(x4 − x3)y′ − (4x3 − 3x2)y + (2x4 + 4x3 − 3x2)y =
∫
x2 dx+ C.

After simplification, we have

y′ +
2x
x− 1

y =
1

3(x− 1)
+

C

x3(x− 1)
.

An integrating factor for this first order linear equation ise2x(x − 1)2. Thus the above equation

becomes

e2x(x− 1)2y =
1
3

∫
(x− 1)e2x dx+ C

∫
e2x(x− 1)

x3
dx+ C2.

That is

e2x(x− 1)2y =
1
3

[
x

2
− 3

4

]
e2x + C

e2x

2x2
+ C2.

Thus the general solution is

y =
1

(x− 1)2

(
x

6
− 1

4
+
C1

x2
+ C2e

−2x

)
.

Exercise.Solve the following differential equation by finding an integrating factor of it.

y′′ +
4x

2x− 1
y′ +

8x− 8
(2x− 1)2

y = 0.

[Answer: y = C1
2x−1 + C2x

2x−1e
−2x.]

Solution. The adjoint equation is

v′′ − 4x
2x− 1

v′ +
4

2x− 1
v = 0,
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or equivalently

(2x− 1)v′′ − 4xv′ + 4v = 0.

An obvious solution isv = x. Thereforev = x is an integrating factor of the original differential

equation. Thus

xy′′ +
4x2

2x− 1
y′ +

(8x− 8)x
(2x− 1)2

y = 0

is exact. The first integral is

xy′ − y +
4x2

2x− 1
y = C1,

or equivalently,

y′ +
4x2 − 2x+ 1
x(2x− 1)

y =
C1

x
.

That is

y′ +
(

2− 1
x

+
2

2x− 1

)
y =

C1

x
.

Thuse
∫

2− 1
x + 2

2x−1 dx = e2x
(

2x−1
x

)
is an integrating factor of this first order equation. Multiplying

by this factor, we have

e2x

(
2x− 1
x

)
y = C1

∫
e2x(2x− 1)

x2
dx+ C2.

That is

e2x

(
2x− 1
x

)
y = C1

e2x

x
+ C2,

or equivalently

y =
C1

2x− 1
+

C2x

2x− 1
e−2x.



Chapter 3

Linear Differential Systems

3.1 Linear Systems

The following system is called a linear differential system of first order innormal form:
x′1 = a11(t)x1 + · · ·+ a1n(t)xn + g1(t),

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

x′n = an1(t)x1 + · · ·+ ann(t)xn + gn(t),

whereaij(t) andgj(t) are continuous functions oft and′ denotes differentiation with respect tot.

Denote

x(t) =

 x1(t)
· · ·
xn(t)

 , g(t) =

 g1(t)
· · ·
gn(t)

 , A(t) =

 a11(t) · · · a1n(t)
· · · · · · · · ·
an1(t) · · · ann(t)

 .

We callg(t) a continuous vector field, or a continuous vector-valued function, if all its components

are continuous functions. We callA(t) a continuous matrix, or a continuous matrix-valued function,

if all its entries are continuous functions. Define

x′ =

 x′1(t)
· · ·
x′n(t)

 ,

∫
x(t)dt =


∫
x1(t)dt
· · ·∫
xn(t)dt

 .

Then the linear system can be written in thematrix form:

x′ = A(t)x + g(t). (3.1.1)

Wheng ≡ 0, (3.1.1) is reduced to

x′ = A(t)x. (3.1.2)

(3.1.2) is called a homogeneous differential system, and (3.1.1) is called a non-homogeneous system

if g(t) 6≡ 0. We shall also call (3.1.2) thehomogeneous system associated with(3.1.1), or the

associated homogeneous system.

35
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Example.

x′1 = 2x1 + 3x2 + 3t,
x′2 = −x1 + x2 − 7 sin t

is equivalent to (
x1

x2

)′
=

(
2 3
−1 1

)(
x1

x2

)
+

(
3t

−7 sin t

)
.

Example. Given a second order system
d2x

dt2
= x+ 2y + 3t,

d2y

dt2
= 4x+ 5y + 6t,

it can be expressed into an equivalent first order differential system by introducing more variables.

For this example, letu = x′ andv = y′. Then we have

x′ = u

u′ = x+ 2y + 3t
y′ = v

v′ = 4x+ 5y + 6t

.

Next, we begin with the initial value problem{
x′ = A(t)x + g(t),

x(t0) = x0,
(3.1.3)

wherex0 is a constant vector. Similar to Theorem 2.1 we can show the following theorem.

Theorem 3.1 Assume thatA(t) andg(t) are continuous on an open intervala < t < b containing

t0. Then, for any constant vectorx0, (3.1.3) has a solutionx(t) defined on this interval. This

solution is unique.

Especially, ifA(t) andg(t) are continuous onR, then for anyt0 ∈ R andx0 ∈ Rn, (3.1.3) has a

unique solutionx(t) defined onR.

3.2 Homogeneous Linear Systems

In this section we assumeA =
(
aij(t)

)
is a continuousn by n matrix-valued function defined on

the interval(a, b). We shall discuss the structure of the set of all solutions of (3.1.2).

Lemma 3.2 Let x(t) andy(t) be two solutions of (3.1.2) on(a, b). Then for any numbersc1, c2,

z(t) = c1x(t) + c2y(t) is also a solution of (3.1.2) on(a, b).
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Definition x1(t), · · · , xr(t) arelinearly dependentin (a, b), if there exists numbersc1, · · · , cr, not

all zero, such that

c1x1(t) + · · ·+ crxr(t) = 0 for all t ∈ (a, b).

x1(t), · · · , xr(t) arelinearly independenton (a, b) if they are not linearly dependent.

Lemma 3.3 A set of solutionsx1(t), · · · , xr(t) of (3.1.2) are linearly dependent on(a, b) if and

only if x1(t0), · · · , xr(t0) are linearly dependent vectors for any fixedt0 ∈ (a, b).

Proof. Obviously “=⇒” is true. We show “⇐=”. Suppose that, for somet0 ∈ (a, b), x1(t0), · · · ,
xr(t0) are linearly dependent. Then there exists constantsc1, · · · , cr, not all zero, such that

c1x1(t0) + · · ·+ crxr(t0) = 0.

Let y(t) = c1x1(t) + · · ·+ crxr(t). Theny(t) is the solution of the initial value problem

x′ = A(t)x, x(t0) = 0.

Sincex(t) = 0 is also a solution of the initial value problem, by the uniqueness we havey(t) ≡ 0
on (a, b), i.e.

c1x1(t) + · · ·+ crxr(t) ≡ 0

on (a, b). Sincecj ’s are not all zero,x1(t), · · · , xr(t) are linearly dependent on(a, b). �

Theorem 3.4 (i) (3.1.2) hasn linearly independent solutions.

(ii) Let x1, · · · , xn be any set ofn linearly independent solutions of (3.1.2) on(a, b). Then the

general solution of (3.1.2) is given by

x(t) = c1x1(t) + · · ·+ cnxn(t), (3.2.1)

wherecj ’s are arbitrary constants.

Proof. (i) Let e1, · · · , en be a set of linearly independent vectors inRn. Fix t0 ∈ (a, b). For each

j from 1 to n, consider the initial value problem

x′ = A(t)x, x(t0) = ej .

From Theorem 3.1, there exists a unique solutionxj(t) defined on(a, b). From Lemma 3.3,

x1(t), · · · , xn(t) are linearly independent on(a, b).

(ii) Now let x1(t), · · · , xn(t) be any set ofn linearly independent solutions of (3.1.2) on(a, b).
Fix t0 ∈ (a, b). From Lemma 3.3,x1(t0), · · · , xn(t0) are linearly independent vectors. Letx̃(t)
be any solution of (3.2.1). Theñx(t0) can be represented by a linear combination ofx1(t0), · · · ,
xn(t0), namely, there existsn constants̃c1, · · · , c̃n such that

x̃(t0) = c̃1x1(t0) + · · ·+ c̃nxn(t0).

As in the proof of Lemma 3.3, we can show that

x̃(t) = c̃1x1(t) + · · ·+ c̃nxn(t).
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Thusc1x1(t) + · · ·+ cnxn(t) is the general solution of (3.1.2). �

Recall that,n vectors

a1 =

 a11

· · ·
an1

 , · · · · · · , an =

 a1n

· · ·
ann


are linearly dependent if and only if the determinant∣∣∣∣∣∣∣

a11 · · · a1n

· · · · · · · · ·
an1 · · · ann

∣∣∣∣∣∣∣ = 0.

In order to check whethern solutions are linearly independent, we need the following notation.

Definition. The Wronskian ofn vector-valued functions

x1(t) =

 x11(t)
· · ·

xn1(t)

 , · · · , xn(t) =

 x1n(t)
· · ·

xnn(t)


is the determinant

W (t) ≡W (x1, · · · ,xn)(t) =

∣∣∣∣∣∣∣∣∣
x11(t) x12(t) · · · x1n(t)
x12(t) x22(t) · · · x2n(t)
· · · · · · · · · · · ·

xn1(t) xn2(t) · · · xnn(t)

∣∣∣∣∣∣∣∣∣ .

Using Lemma 3.3 we can show that

Theorem 3.5 (i) The Wronskian ofn solutions of (3.1.2) is either identically zero or nowhere zero

in (a, b).
(ii) n solutions of (3.1.2) are linearly dependent in(a, b) if and only if their Wronskian is identically

zero in(a, b).

Definition. A set ofn linearly independent solutions of (3.1.2) is called afundamental set of solu-

tions, or a basis of solutions. Let

x1(t) =

 x11(t)
· · ·

xn1(t)

 , · · · , xn(t) =

 x1n(t)
· · ·

xnn(t)


be a fundamental set of solutions of (3.1.2) on(a, b). The matrix-valued function

Φ(t) =


x11(t) x12(t) · · · x1n(t)
x12(t) x22(t) · · · x2n(t)
· · · · · · · · · · · ·

xn1(t) xn2(t) · · · xnn(t)


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is called afundamental matrixof (3.1.2) on(a, b).

Remark. (i) From Theorem 3.5, a fundamental matrix is non-singular for allt ∈ (a, b).
(ii) A fundamental matrixΦ(t) satisfies the followingmatrix equation:

Φ′ = A(t)Φ. (3.2.2)

(iii) Let Φ(t) andΨ(t) are two fundamental matrices defined on(a, b). Then there exists a constant,

non-singular matrixC such that

Ψ(t) = Φ(t)C.

Theorem 3.6 Let Φ(t) be a fundamental matrix of (3.1.2) on(a, b). Then the general solution of

(3.1.2) is given by

x(t) = Φ(t)c, (3.2.3)

wherec =

 c1

· · ·
cn

 is an arbitrary constant vector.

3.3 Non-Homogeneous Linear Systems

In this section we consider the solutions of non-homogeneous system (3.1.1), whereA =
(
aij(t)

)
is a continuousn by n matrix-valued function andg(t) is a continuous vector-valued function, both

defined on the interval(a, b).

Theorem 3.7 Letxp(t) be a particular solution of (3.1.1), andΦ(t) be a fundamental matrix of the

associated homogeneous system (3.1.2). Then the general solution of (3.1.1) is given by

x(t) = Φ(t)c + xp(t), (3.3.1)

wherec is an arbitrary constant vector.

Proof. For any constant vectorc, x(t) = Φ(t)c + xp(t) is a solution of (3.1.1). On the other hand,

let x(t) be a solution of (3.1.1) and sety(t) = x(t)− xp(t). Theny′ = A(t)y. From (3.2.3), there

exists a constant vector̃c such thaty(t) = Φ(t)c̃. Sox(t) = Φ(t)c̃ + xp(t). Thus (3.3.1) gives a

general solution of (3.1.1). �

Method of variation of parameters.
Let Φ be a fundamental matrix of (3.1.2). We look for a particular solution of (3.1.1) in the form

x(t) = Φ(t)u(t), u(t) =

 u1(t)
· · ·
un(t)

 .

Plugging into (3.1.1) we get

Φ′u + Φu′ = AΦu + g.
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From (3.2.2),Φ′ = AΦ. SoΦu′ = g, and thusu′ = Φ−1g.

u(t) =
∫ t

t0

Φ−1(s)g(s)ds+ c. (3.3.2)

Choosingc = 0, we get a particular solution:

xp(t) = Φ(t)
∫ t

t0

Φ−1(s)g(s)ds.

So we obtain the following:

Theorem 3.8 The general solution of (3.1.1) is given by

x(t) = Φ(t)c + Φ(t)
∫ t

t0

Φ−1(s)g(s)ds, (3.3.3)

whereΦ(t) is a fundamental matrix of the associated homogeneous system (3.1.2).

Example. Solve

{
x′1 = 3x1 − x2 + t

x′2 = 2x1 + t
.

3.4 Homogeneous Linear Systems with Constant Coefficients

Consider a homogeneous linear system

x′ = Ax, (3.4.1)

whereA = (aij) is a constantn by n matrix.

Let us try to find a solution of (3.4.1) in the formx(t) = eλtk, wherek is a constant vector,k 6= 0.

Plugging it into (3.4.1) we find

Ak = λk. (3.4.2)

Definition. Assume that a numberλ and a vectork 6= 0 satisfy (3.4.2), then we callλ an eigenvalue

of A, andk an eigenvector associated withλ.

Lemma 3.9 λ is an eigenvalue ofA if and only if

det(A− λI) = 0 (3.4.3)

(whereI is then× n unit matrix), namely,∣∣∣∣∣∣∣∣∣
a11 − λ a12 · · · a1n

a21 a22 − λ · · · a2n

· · · · · · · · · · · ·
an1 an2 · · · ann − λ

∣∣∣∣∣∣∣∣∣ = 0.
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Remark. Let A be ann by n matrix andλ1, λ2, · · · , λk be the distinct roots of (3.4.3). Then there

exist positive integersm1,m2, · · · ,mk, such that

det(A− λI) = (−1)n(λ− λ1)m1(λ− λ2)m2 · · · (λ− λk)mk ,

and

m1 +m2 + · · ·+mk = n.

mj is called thealgebraic multiplicity(or simplymultiplicity) of the eigenvalueλj . The number of

linearly independent eigenvectors ofA associated withλj is called thegeometric multiplicityof the

eigenvalueλj and is denoted byµ(λj). We always have

µ(λj) ≤ mj .

If µ(λj) = mj then we say that the eigenvalueλj is quasi-simple.Especially ifmj = 1 we say that

λj is asimpleeigenvalue. Note that in this caseλj is a simple root of (3.4.3).

Theorem 3.10 If λ is an eigenvalue ofA andk is an associated eigenvector, then

x(t) = eλtk

is a solution of (3.4.1).

LetA be a real matrix. Ifλ is a complex eigenvalue ofA, andk is an eigenvector associated with

λ, then

x1 = <(eλtk), x2 = =(eλtk)

are two linearly independent real solutions of (3.4.1).

In the following we always assume thatA is a real matrix.

Theorem 3.11 If A hasn linearly independent eigenvectorsk1, · · · , kn associated with eigenval-

uesλ1, · · · , λn respectively, then

Φ(t) = (eλ1tk1, · · · , eλntkn)

is a fundamental matrix of (3.4.1), and the general solution is given by

x(t) = Φ(t)c = c1e
λ1tk1 + · · ·+ cne

λntkn, (3.4.4)

wherec =

 c1

· · ·
cn

 is an arbitrary constant vector.

Proof. We only need to showdet Φ(t) 6= 0. Sincek1, · · · , kn are linearly independent, so

detΦ(0) 6= 0. From Theorem 3.5 we see thatdet Φ(t) 6= 0 for any t. HenceΦ(t) is a funda-

mental matrix. �
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Remark. Under the conditions of Theorem 3.11, the eigenvaluesλ1, · · · , λn of A need not to be

distinct. In fact we only assume that all the eigenvalues ofA are quasi-simple.

If A hasn distinct eigenvaluesλ1, · · · , λn, and letk1, · · · , kn be the associated eigenvectors, then

they are linearly independent. Hence the general solution is given by (3.4.4).

Example. x′ =

(
−3 1
1 −3

)
x.

A =

(
−3 1
1 −3

)
has eigenvaluesλ1 = −2, andλ2 = −4.

Forλ1 = −2 we find an eigenvectork1 =

(
1
1

)
.

Forλ2 = −4 we find an eigenvectork2 =

(
1
−1

)
.

The general solution is given by

x(t) = c1e
−2t

(
1
1

)
+ c2e

−4t

(
1
−1

)
.

Example. Solve the system

x′ =

(
−3 1
1 −3

)
x + e−2t

(
−6
2

)
.

We first solve the associated homogeneous system

x′ =

(
−3 1
1 −3

)
x

and find two linearly independent solutionsx1(t) =

(
e−2t

e−2t

)
, x2(t) =

(
e−4t

−e−4t

)
. The fun-

damental matrix is

Φ = (x1(t),x2(t)) =

(
e−2t e−4t

e−2t −e−4t

)
.

Φ−1 =
1

−2e−6t

(
−e−4t −e−4t

−e−2t e−2t

)
=

1
2

(
e2t e2t

e4t −e4t

)
,

Let g(t) = e−2t

(
−6
2

)
. Then

Φ−1(t)g(t) =

(
−2
−4e2t

)
,

u(t) =
∫ t

0

Φ−1(s)g(s)ds =

(
−2t

−2e2t + 2

)
,
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Φ(t)u(t) = 2e−2t

(
−t− 1
−t+ 1

)
+ 2e−4t

(
1
−1

)
.

The general solution is

x = c1e
−2t

(
1
1

)
+ c2e

−4t

(
1
−1

)
− 2te−2t

(
1
1

)
+ 2e−2t

(
−1
1

)
.

Example. Solvex′ =

(
0 1
−4 0

)
x.

A =

(
0 1
−4 0

)
has eigenvalues±2i.

Forλ = 2i we find an eigenvectork =

(
1
2i

)
.

e2it

(
1
2i

)
=(cos 2t+ i sin 2t)

(
1
2i

)
=

(
cos 2t
−2 sin 2t

)
+ i

(
sin 2t

2 cos 2t

)
.

The general solution is given by

x(t) = c1

(
cos 2t
−2 sin 2t

)
+ c2

(
sin 2t

2 cos 2t

)
.

Example. Solve 
x′ = −3x+ 4y − 2z,

y′ = x+ z,

z′ = 6x− 6y + 5z.

A =

 −3 4 −2
1 0 1
6 −6 5

 has eigenvaluesλ1 = 2, λ2 = 1, λ3 = −1.

Forλ1 = 2 we find an eigenvectork1 =

 0
1
2

 .

Forλ2 = 1 we find an eigenvectork2 =

 1
1
0

 .

Forλ3 = −1 we find an eigenvectork3 =

 1
0
−1

 .

The general solution is given by x

y

z

 = c1e
2t

 0
1
2

+ c2e
t

 1
1
0

+ c3e
−t

 1
0
−1

 ,
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namely

x(t) = c2e
t + c3e

−t,

y(t) = c1e
2t + c2e

t,

z(t) = 2c1e2t − c3e
−t.

Example. Solvex′ = Ax, where

A =

 2 1 0
1 3 −1
−1 2 3

 .

A has eigenvaluesλ1 = 2, λ2 = λ3 = 3± i.

Forλ1 = 2 we find an eigenvectork1 =

 1
0
1

 .

Forλ2 = 3 + i we find an eigenvectork2 =

 1
1 + i

2− i

 .

We have

e(3+i)tk2 = e3t

 cos t+ i sin t
cos t− sin t+ i(cos t+ sin t)

2 cos t+ sin t+ i(2 sin t− cos t)

 ,

<(e(3+i)tk2) = e3t

 cos t
cos t− sin t

2 cos t+ sin t


=(e(3+i)tk2) = e3t

 sin t
cos t+ sin t

2 sin t− cos t

 .

The general solution is

x(t) = c1e
2t

 1
0
1

+ c2e
3t

 cos t
cos t− sin t

2 cos t+ sin t

+ c3e
3t

 sin t
cos t+ sin t

2 sin t− cos t

 .

Example. Solvex′ = Ax, where

A =

 1 −2 2
−2 1 2
2 2 1

 .

We have

det(A− λI) = −(λ− 3)2(λ+ 3).
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A has eigenvaluesλ1 = λ2 = 3, λ3 = −3 (We may say that,λ = 3 is an eigenvalue of algebraic

multiplicity 2, andλ = −3 is a simple eigenvalue).

Forλ = 3 we solve the equationAk = 3k, namely −2 −2 2
−2 −2 2
2 2 −2


 k1

k2

k3

 = 0.

The solution isk =

 v − u

u

v

 . So we find two eigenvectorsk1 =

 1
0
1

 andk2 =

 −1
1
0

 .

Forλ3 = −3 we find an eigenvectork3 =

 1
1
−1

 .

The general solution is given by

x(t) = c1e
3t

 1
0
1

+ c2e
3t

 −1
1
0

+ c3e
−3t

 1
1
−1

 .

Now we consider the solutions of (3.4.1) associated with a multiple eigenvalueλ, with geometric

multiplicity µ(λ) less than the algebraic multiplicity.

Lemma 3.12 Assumeλ is an eigenvalue ofA with algebraic multiplicitym > 1. Then the following

system

(A− λI)mv = 0 (3.4.5)

has exactlym linearly independent solutions.

By direct computations we can prove the following theorem.

Theorem 3.13 Assume thatλ is an eigenvalue ofA with algebraic multiplicitym > 1. Letv0 6= 0
be a solutions of (3.4.5). Define

vl = (A− λI)vl−1, l = 1, 2, · · · ,m− 1, (3.4.6)

and let

x(t) = eλt

[
v0 + tv1 +

t2

2
v2 + · · ·+ tm−1

(m− 1)!
vm−1

]
. (3.4.7)

Thenx(t) is a solution of (3.4.1).

Let v(1)
0 , · · · , v(m)

0 bem linearly independent solutions of (3.4.5). They generatem linearly inde-

pendent solutions of (3.4.1) via (3.4.6) and (3.4.7).
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Remark. In (3.4.6), we always have

(A− λI)vm−1 = 0.

If vm−1 6= 0 thenvm−1 is an eigenvector ofA associated with the eigenvalueλ.

In practice, to find the solutions of (3.4.1) associated with an eigenvalueλ of multiplicity m, we first

solve (3.4.5) and findm linearly independent solutions

v(1)
0 , v(2)

0 , · · · , v(m)
0 .

For each of these vectors, sayv(k)
0 , we compute the iteration sequence

v(k)
l = (A− λI)v(k)

l−1, l = 1, 2, · · ·

There is an integer0 ≤ j ≤ m− 1 (j depends on the choice ofv(k)
0 ) such that

v(k)
j 6= 0, (A− λI)v(k)

j = 0.

Thusvj is an eigenvector ofA associated with the eigenvalueλ. Then the iteration stops and yields

a solution

x(k)(t) = eλt

[
v(k)

0 + tv(k)
1 +

t2

2
v(k)

2 + · · ·+ tj

j!
v(k)

j

]
. (3.4.8)

Example. Solvex′ = Ax, where

A =

 −1 1 0
0 −1 4
1 0 −4

 .

Fromdet(A−λI) = −λ(λ+3)2 = 0 we find eigenvaluesλ1 = −3 with multiplicity 2, andλ2 = 0
simple.

For the double eigenvalueλ1 = −3 we solve

(A + 3I)2v =

 4 4 4
4 4 4
1 1 1

v = 0,

and find two linearly independent solutionsv(1)
0 =

 1
0
−1

 , v(2)
0 =

 0
1
−1

 . Pluggingv(1)
0 ,

v(2)
0 into (3.4.6), (3.4.7) we get

v(1)
1 = (A + 3I)v(1)

0 =

 2
−4
2

 ,

x(1) = e−3t(v(1)
0 + tv(1)

1 ) = e−3t


 1

0
−1

+ t

 2
−4
2


 ,
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v(2)
1 = (A + 3I)v(2)

0 =

 1
−4
1

 ,

x(2) = e−3t(v(2)
0 + tv(2)

1 ) = e−3t


 0

1
−1

+ t

 1
−4
1


 .

For the simple eigenvalueλ2 = 0 we find an eigenvectork3 =

 4
4
1

 .

So the general solution is

x(t) = c1x(1) + c2x(2) + c3k3

= c1e
−3t


 1

0
−1

+ t

 2
−4
2


+ c2e

−3t


 0

1
−1

+ t

 1
−4
1


+ c3

 4
4
1

 .

Example. Solve the system 
x′ = 2x+ y + 2z,

y′ = −x+ 4y + 2z,

z′ = 3z.

A =

 2 1 2
−1 4 2
0 0 3

 .

The eigenvalue isλ = 3 with multiplicity 3. Solving

(A− 3I)3v =

 0 0 0
0 0 0
0 0 0

v = 0,

we obtain3 obvious linearly independent solutions

v(1)
0 =

 1
0
0

 , v(2)
0 =

 0
1
0

 , v(3)
0 =

 0
0
1

 .
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Pluggingv(j)
0 into (3.4.6), (3.4.7) we get

v(1)
1 = (A− 3I)v(1)

0 =

 −1
−1
0

 ,

v(1)
2 = (A− 3I)v(1)

1 =

 0
0
0

 ,

x(1) = e3t(v(1)
0 + tv(1)

1 ) = e3t


 1

0
0

+ t

 −1
−1
0


 ;

v(2)
1 = (A− 3I)v(2)

0 =

 1
1
0

 ,

v(2)
2 = (A− 3I)v(2)

1 =

 0
0
0

 ,

x(2) = e3t(v(2)
0 + tv(2)

1 ) = e3t


 0

1
0

+ t

 1
1
0


 ;

v(3)
1 = (A− 3I)v(3)

0 =

 2
2
0

 ,

v(3)
2 = (A− 3I)v(3)

1 =

 0
0
0

 ,

x(3) = e3t(v(3)
0 + tv(3)

1 ) = e3t


 0

0
1

+ t

 2
2
0


 .

The general solution is

x(t) = c1x(1) + c2x(2) + c3x(3)

= c1e
3t


 1

0
0

+ t

 −1
−1
0


+ c2e

3t


 0

1
0

+ t

 1
1
0




+ c3e
3t


 0

0
1

+ t

 2
2
0


 .

Remark. It is possible to reduce the number of constant vectors in the general solution ofx′ = Ax
by using a basis for the Jordan canonical form ofA. We will not go into the details of the Jordan

canonical form. However the following algorithm usually works well if the size ofA is small.
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Consider an eigenvalueλ of A with algebraic multiplicitym.

Start withr = m. Letv be a vector such that(A− λI)rv = 0 but (A− λI)r−1v 6= 0. [v is called

a generalized eigenvector of rankr associated with the eigenvalueλ. If no suchv exists, reducer

by 1.] Then

ur = v,ur−1 = (A− λI)v,ur−2 = (A− λI)2v, . . . ,u1 = (A− λI)r−1v,

form a chain of linearly independent solutions of (3.4.5) withu1 being the base eigenvector corre-

sponding to the eigenvalueλ. This givesr independent solutions ofx′ = Ax:

x1(t) = u1e
λt,

x2(t) = (u1t+ u2)eλt,

x3(t) = (1
2u1t

2 + u2t+ u3)eλt,

·
·
·

xr(t) = ( 1
(r−1)!u1t

r−1 + · · ·+ 1
2!ur−2t

2 + ur−1t+ ur)eλt.

Repeat this procedure by finding anotherv which is not in the span of the previous chains of vectors.

Also do this for each eigenvalue ofA. Results of linear algebra shows that

(1) Any chain of generalized eigenvectors constitutes a linearly independent set of vectors.

(2) If two chains of generalized eigenvectors are based on linearly independent eigenvectors, then

the union of these vectors is a linearly independent set of vectors (whether the two base eigenvectors

are associated with different eigenvalues or with the same eigenvalue).

Example. Solvex′ = Ax, whereA =


3 0 0 0
0 3 0 0
0 1 3 0
0 0 1 3

 .

A has an eigenvalueλ = 3 of multiplicity 4. Direct calculation gives(A−3I) =


0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0

 ,

(A− 3I)2 =


0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0

 , (A− 3I)3 = 0, and(A− 3I)4 = 0.

It can be seen thatv1 =


1
0
0
0

 andv4 =


0
0
0
1

 are two linearly independent eigenvectors ofA.

Together withv2 =


0
1
0
0

 andv3 =


0
0
1
0

, they form a basis of{v | (A− 3I)4v = 0} = R4.
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Note that(A−3I)v2 = v3, and(A−3I)v3 = v4. Hence{v4,v3,v2} forms a chain of generalized

eigenvectors associated with the eigenvalue3. {v1} alone is another chain. Therefore the general

solution is

x(t) = e3t

(
c1v1 + c2(v2 + tv3 +

t2

2
v4) + c3(v3 + tv4) + c4v4

)
.

That is

x(t) =


c1e

3t

c2e
3t

(c2t+ c3)e3t

( c2t2

2 + c3t+ c4)e3t

 .

Exercise.Solvex′ = Ax, where

A =


7 5 −3 2
0 1 0 0
12 10 −5 4
−4 −4 2 −1

 .

Ans: x(t) = c1e
−t


1
0
2
−1

+ c2e
t


1
−2
0
2

+ c3e
t


−1
0
−2
0

+ c4e
t


−t
0

1− 2t
1

.

3.5 Higher Order Linear Equations

Considern-th order linear equation

y(n) + a1(t)y(n−1) + · · ·+ an−1(t)y′ + an(t)y = f(t), (3.5.1)

wherey(k) = dky
dtk . Throughout this section we assume thataj(t)’s andf(t) are continuous functions

defined on the interval(a, b). Whenf(t) 6≡ 0, (3.5.1) is called a non-homogeneous equation. The

associated homogeneous equation is

y(n) + a1(t)y(n−1) + · · ·+ an−1(t)y′ + an(t)y = 0. (3.5.2)

The general theory of solutions of (3.5.1) and (3.5.2) can be established by applying the results in

the previous sections to the equivalent systems.

We begin with the initial value problem

y(n) + a1(t)y(n−1) + · · ·+ an(t)y = f(t),

y(t0) = y0,

y′(t0) = y1,

· · · · · · · · ·

y(n−1)(t0) = yn−1.

(3.5.3)
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Theorem 3.14 Assume thata1(t), · · · , an(t) andf(t) are continuous functions defined on the in-

terval (a, b). Then for anyt0 ∈ (a, b) and for any numbersy0, · · · , yn−1, the initial value problem

(3.5.3) has a unique solution defined on(a, b).
Especially ifaj(t)’s and f(t) are continuous onR, then for anyt0 and y0, · · · , yn−1, the initial

value problem (3.5.3) has a unique solution defined onR.

Next we consider the structure of solutions of the homogeneous equation (3.5.2).

Definition. Functionsφ1(t), · · · , φr(t) arelinearly dependenton (a, b) if there exists constantsc1,

· · · , cr, not all zero, such that

c1φ1(t) + · · ·+ crφr(t) = 0

for all t ∈ (a, b). A set of functions arelinearly independenton (a, b) if they are not linearly

dependent on(a, b).

Lemma 3.15 Functionsφ1(t), · · · ,φr(t) are linearly dependent on(a, b) if and only if the following

vector-valued functions 
φ1(t)
φ′1(t)
· · ·

φ
(n−1)
1 (t)

 , · · · ,


φr(t)
φ′r(t)
· · ·

φ
(n−1)
r (t)


are linearly dependent on(a, b).

Proof. “⇐=” is obvious. To show “=⇒”, assume thatφ1, · · · , φr are linearly dependent on(a, b).
There exists constantsc1, · · · , cr, not all zero, such that

c1φ1(t) + · · ·+ crφr(t) = 0

for all t ∈ (a, b). Differentiate this equality successively we find

c1φ
′
1(t) + · · ·+ crφ

′
r(t) = 0,

· · · · · · · · · · · · · · · · · ·

c1φ
(n−1)
1 (t) + · · ·+ crφ

(n−1)
r (t) = 0.

Thus

c1


φ1(t)
φ′1(t)
· · ·

φ
(n−1)
1 (t)

+ · · ·+ cr


φr(t)
φ′r(t)
· · ·

φ
(n−1)
r (t)

 = 0

for all t ∈ (a, b). Hence ther vector-valued functions are linearly dependent on(a, b). �

The Wronskian ofn functionsφ1(t), · · · , φn is defined by

W (φ1, · · · , φn)(t) =

∣∣∣∣∣∣∣
φ1(t) · · · φn(t)
· · · · · · · · ·

φ
(n−1)
1 (t) · · · φ

(n−1)
n (t)

∣∣∣∣∣∣∣ . (3.5.4)
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From Lemma 3.15 and Theorem 3.5 we get

Proposition 3.5.1 Let y1(t), · · · , yn(t) be n solutions of (3.5.2) on(a, b). They are linearly in-

dependent on(a, b) if and only if their WronskianW (t) ≡ W (y1, · · · , yn)(t) does not vanish on

(a, b).

Theorem 3.16 Let a1(t), · · · , an(t) be continuous on the interval(a, b). The homogeneous equa-

tion (3.5.2) hasn linearly independent solutions on(a, b).
Lety1, · · · , yn ben linearly independent solutions of (3.5.2) defined on(a, b). The general solution

of (3.5.2) is given by

y(t) = c1y1(t) + · · ·+ cnyn(t), (3.5.5)

wherec1, · · · , cn are arbitrary constants.

Any set ofn linearly independent solutions is called afundamental set of solutions.

Now we consider the non-homogeneous equation (3.5.1). We have

Theorem 3.17 Let yp be a particular solution of (3.5.1), andy1, · · · , yn be a fundamental set of

solutions for the associated homogeneous equation (3.5.2). The general solution of (3.5.1) is given

by

y(t) = c1y1(t) + · · ·+ cnyn(t) + yp(t). (3.5.6)

From (3.3.3) we can derive the variation of parameter formula for higher order equations. Consider

a second order equation

y′′ + p(t)y′ + q(t)y = f(t). (3.5.7)

Let x1 = y, x2 = y′, x =

(
x1

x2

)
. Then (3.5.7) is written as

x′ =

(
0 1
−q −p

)
x +

(
0
f

)
(3.5.8)

Assumey1(t) andy2(t) are two linearly independent solutions of the associated homogeneous equa-

tion

y′′ + py′ + qy = 0.

We look for a solution of (3.5.7) in the form

y = u1y1 + u2y2.

Choose a fundamental matrixΦ(t) =

(
y1 y2

y′1 y′2

)
. The corresponding solution of (3.5.8) is in the

form

x =

(
y

y′

)
=

(
y1 y2

y′1 y′2

)(
u1

u2

)
=

(
y1u1 + y2u2

y′1u1 + y′2u2

)
(3.5.9)
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Recall that, ifad− bc 6= 0, then(
a b

c d

)−1

=
1

ad− bc

(
d −b
−c a

)
.

Thus

Φ(t)−1 =
1

W (t)

(
y′2 −y2
−y′1 y1

)
,

whereW (t) is the Wronskian ofy1(t), y2(t). Using (3.3.3) we can derive

u1(t) = −
∫

y2(t)
W (t)

fdt, u2(t) =
∫

y1(t)
W (t)

f(t)dt. (3.5.10)

Note that, (3.5.9) implies

y′1u1 + y′2u2 = y′ = y′1u1 + y′2u2 + y1u
′
1 + y2u

′
2.

Hence

y1u
′
1 + y2u

′
2 = 0. (i)

Pluggingy′ = y′1u1 + y′2u2 into (3.5.7) we find

y′1u
′
1 + y′2u

′
2 = f. (ii)

Solving (i) (ii) we find

u′1 = − y2
W
f, u′2 =

y1
W
f.

Again we get (3.5.10).

Now we consider linear equations with constant coefficients

y(n) + a1y
(n−1) + · · ·+ an−1y

′ + any = f(t), (3.5.11)

and the associated homogeneous equation

y(n) + a1y
(n−1) + · · ·+ an−1y

′ + any = 0, (3.5.12)

wherea1, · · · , an are real constants. Recall that (3.5.12) is equivalent to a system

x′ = Ax,

where

A =


0 1 · · · 0 0
0 0 · · · 0 0
· · · · · · · · · · · · · · ·
0 0 · · · 0 1
−an −an−1 · · · −a2 −a1

 .

The equation for the eigenvalues ofA is

det(λI−A) = λn + a1λ
n−1 + · · ·+ an−1λ+ an = 0. (3.5.13)
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The solutions of (3.5.13) are calledcharacteristic valuesor eigenvalues for the equation (3.5.12).

Let λ1, · · · , λs be the distinct eigenvalues for (3.5.12). Then we can write

λn + a1λ
n−1 + · · ·+ an−1λ+ an

= (λ− λ1)m1(λ− λ2)m2 · · · (λ− λs)ms ,

wherem1, · · · ,ms are positive integers and

m1 + · · ·+ms = n.

We call them the multiplicity of the eigenvaluesλ1, · · · , λs respectively.

Lemma 3.18 Assumeλ is an eigenvalue of (3.5.12) of multiplicitym.

(i) eλt is a solution of (3.5.12).

(ii) If m > 1, then for any positive integer1 ≤ k ≤ m− 1, tkeλt is a solution of (3.5.12).

(iii) If λ = α+iβ, thentkeαt cos(βt), tkeαt sin(βt) are solutions of (3.5.12), where0 ≤ k ≤ m−1.

Theorem 3.19 Letλ1, · · · , λs be the distinct eigenvalues for (3.5.12), with multiplicitym1, · · · ,ms

respectively. Then (3.5.12) has a fundamental set of solutions

eλ1t, teλ1t, · · · , tm1−1eλ1t;

· · · · · · · · · · · · · · · · · · · · · · · · ;

eλst, teλst, · · · , tms−1eλst.

(3.5.14)

Proof. One way to prove Theorem 3.19 is to find a fundamental matrix of the equivalent system,

such that the first row is given by the functions in (3.5.14).

Another way to prove Theorem 3.19 is to show that each function in (3.5.14) is a solution of (3.5.12),

and they are linearly independent. �

Remark. If (3.5.12) has a complex eigenvalueλ = α+ iβ, thenλ̄ = α− iβ is also an eigenvalue.

Thus bothtke(α+iβ)t andtke(α−iβ)t appear in (3.5.14), where0 ≤ k ≤ m− 1. In order to obtain a

fundamental set of real solutions, the pair of solutionstke(α+iβ)t andtke(α−iβ)t in (3.5.14) should

be replaced bytkeαt cos(βt) andtkeαt sin(βt) respectively.

3.6 Appendix 1: Proof of Lemma 3.12

Lemma 3.12LetA be ann×n complex matrix andλ an eigenvalue ofAwith algebraic multiplicity

m. Then

dim {x ∈ Cn | (λI −A)mx = 0} = m.

Proof. The proof consists of several steps. LetT = {x ∈ Cn | (λI − A)mx = 0}. The spaceT is

called the generalized eigenspace corresponding to the eigenvalueλ.
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Step 1. T is a subspace ofCn. This is just direct verification.

Step 2. T is invariant underA meaningA[T ] ⊆ T . This is because if we take a vectorx in T , then

(λI−A)mx = 0 so thatA(λI−A)mx = 0, which is the same as(λI−A)m(Ax) = 0. Therefore,

Ax is also inT .

Step 3. By Step 2 which says thatA[T ] ⊆ T , we may considerA as a linear transformation on

the subspaceT . In other words,A : T −→ T . Let µ be an eigenvalue ofA : T −→ T . That

is Av = µv. Thenv ∈ T implies that(λI − A)mv = 0. SinceAv = µv, this simplifies to

(λ − µ)mv = 0. Being an eigenvector,v 6= 0 so thatµ = λ. Therefore, all eigenvalues of

A : T −→ T are equal toλ.

Step 4. Let dimT = r. Certainlyr ≤ n. Then by Step 3, the characteristic polynomial of

A : T −→ T is (λ − z)r. SinceT is an invariant subspace ofA : Cn −→ Cn, one can choose a

basis ofT and then extend it to a basis ofCn so that with respect to this new basis ofCn, the matrix

A is similar to a matrix where the upper left handr × r submatrix representsA onT and the lower

left hand(n− r)× r submatrix is the zero matrix. From this, we see that(λ− z)r is a factor of the

characteristic polynomial ofA : Cn −→ Cn. Hencer ≤ m.

We also need the Cayley-Hamilton Theorem in the last step of the proof.

Cayley-Hamilton Theorem Let p(z) be the characteristic polynomial of ann× n matrixA. Then

p(A) = 0.

Step 5. Let p(z) = (λ1 − z)m1 · · · (λk − z)mk be the characteristic polynomial ofA, where

λ1, λ2, . . . , λk are the distinct eigenvalues ofA : Cn −→ Cn. For eachi from 1 tok, let

Ti = {x ∈ Cn | (λiI −A)mix = 0}.

By Step 4, we havedimTi ≤ mi.

Let fi(z) = (λi − z)mi andgi(z) = f1(z) · · · f̂i(z) · · · fk(z), wheref̂i(z) means the polynomial

fi(z) is omitted. Note thatfi(z)gi(z) = p(z) for all i.

Resolving 1
(λ1−z)m1 ···(λk−z)mk

into partial fractions, we have the identity

1
(λ1 − z)m1 · · · (λk − z)mk

≡ h1(z)
(λ1 − z)m1

+
h2(z)

(λ2 − z)m2
+ · · ·+ hk(z)

(λk − z)mk
,

whereh1(z), . . . , hk(z) are polynomials inz. Finding the common denominator of the right hand

side and equate the numerators on both sides, we have1 ≡ g1(z)h1(z) + · · ·+ gk(z)hk(z). Substi-

tuting the matrixA into this polynomial identity, we have

g1(A)h1(A) + · · ·+ gk(A)hk(A) = I,

whereI is the identityn× n matrix.

Now for anyx ∈ Cn, we have

g1(A)h1(A)x + · · ·+ gk(A)hk(A)x = x.

Note that eachgi(A)hi(A)x is in Ti becausefi(A)[gi(A)hi(A)x] = p(A)hi(A)x = 0 by the

Cayley-Hamilton Theorem. This shows that any vector inCn can be expressed as a sum of vectors

where thei-summand is inTi. In other words,

Cn = T1 + T2 + · · ·+ Tk.
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Consequently,m1 + · · ·mk = n ≤ dimT1 + · · ·+ dimTk ≤ m1 + · · ·+mk so thatdimTi = mi.

Remarks

1. In fact

Cn = T1 ⊕ · · · ⊕ Tk.

2. If A is a real matrix andλ is a real eigenvalue ofA of algebraic multiplicitym, thenT is a real

vector space and the real dimension ofT ism. This is because for any set of real vectors inRn, it is

linearly independent overR if and only if it is linearly independent overC.

3. If A is a real matrix andλ is a complex eigenvalue ofA of algebraic multiplicitym, thenλ is

also an eigenvalue ofA of algebraic multiplicitym. In this case, if{v1, . . . ,vm} is a basis over

C of Tλ, whereTλ is the generalized eigenspace corresponding toλ, then{v1, . . . ,vm} is a basis

overC of Tλ. It can be shown that the2m real vectors<v1, . . . ,<vm,=v1, . . . ,=vm are linearly

independent overR and form a basis of(Tλ ⊕ Tλ) ∩ Rn.



Chapter 4

Power Series Solutions

4.1 Power Series

An infinite series of the form
∞∑

n=0

an(x− x0)n = a0 + a1(x− x0) + a2(x− x0)2 + · · · (4.1.1)

is a power series inx− x0. In what follows, we will be focusing mostly at the pointx0 = 0. That is
∞∑

n=0

anx
n = a0 + a1x+ a2x

2 + · · · (4.1.2)

(4.1.2) is said toconvergeat a pointx if the limit lim
m→∞

m∑
n=0

anx
n exists, and in this case thesumof

the series is the value of this limit. It is obvious that (4.1.2) always converges atx = 0. It can be

showed that each power series like (4.1.2) corresponds to a positive real numberR, called theradius

of convergence, with the property that the series converges if|x| < R and diverges if|x| > R. It

is customary to putR equal to 0 when the series converges only atx = 0, and equal to∞ when it

converges for allx. In many important cases,R can be found by the ratio test as follow.

If eachan 6= 0 in (4.1.2), and if for a fixed pointx 6= 0 we have

lim
n→∞

∣∣∣∣an+1x
n+1

anxn

∣∣∣∣ = lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ |x| = L,

then (4.1.2) converges forL < 1 and diverges ifL > 1. It follows from this that

R = lim
n→∞

∣∣∣∣ an

an+1

∣∣∣∣
if this limit exists (we putR = ∞, if |an/an+1| −→ ∞)

The interval(−R,R) is called theinterval of convergencein the sense that inside the interval the

series converges and outside the interval the series diverges.

Consider the following power series
∞∑

n=0

n!xn = 1 + x+ 2!x2 + 3!x3 + · · · (4.1.3)

57
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∞∑
n=0

xn

n!
= 1 + x+

x2

2!
+
x3

3!
+ · · · (4.1.4)

∞∑
n=0

xn = 1 + x+ x2 + x3 + · · · (4.1.5)

It is easy to verify that (4.1.3) converges only atx = 0. ThusR = 0. For (4.1.4), it converges for all

x so thatR = ∞. For (4.1.5), the power series converges for|x| < 1 andR = 1.

Suppose that (4.1.2) converges for|x| < R with R > 0, and denote its sum byf(x). That is

f(x) =
∞∑

n=0

anx
n = a0 + a1x+ a2x

2 + · · · (4.1.6)

Then one can prove thatf is continuous and has derivatives of all orders for|x| < R. Also the series

can be differentiated termwise in the sense that

f ′(x) =
∞∑

n=1

nanx
n−1 = a1 + 2a2x+ 3a3x

2 + · · · ,

f ′′(x) =
∞∑

n=2

n(n− 1)anx
n−2 = 2a2 + 3 · 2a3x+ · · · ,

and so on. Furthermore, the resulting series are still convergent for|x| < R. These successive

differentiated series yield the following basic formula relatingan to with f(x) and its derivatives.

an =
fn(0)
n!

(4.1.7)

Moreover, (4.1.6) can be integrated termwise provided the limits of integration lie inside the interval

of convergence.

If

g(x) =
∞∑

n=0

bnx
n = b0 + b1x+ b2x

2 + · · · (4.1.8)

is another power series with interval of convergence|x| < R, then (4.1.6) and (4.1.8) can be added

or subtracted termwise:

f(x)± g(x) =
∞∑

n=0

(an ± bn)xn = (a0 ± b0) + (a1 ± b1)x+ (a2 ± b2)x2 + · · · (4.1.9)

They can also be multiplied like polynomials, in the sense that

f(x)g(x) =
∞∑

n=0

cnx
n,

wherecn = a0bn + a1bn−1 + · · ·+ anb0.

Suppose two power series (4.1.6) and (4.1.8) converge to the same function so thatf(x) = g(x) for

|x| < R, then (4.1.7) implies that they have the same coefficients,an = bn for all n. In particular, if

f(x) = 0 for all |x| < R, thenan = 0, for all n.
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Letf(x) be a continuous function that has derivatives of all orders for|x| < R. Can it be represented

by a power series? If we use (4.1.7), it is natural to expect

f(x) =
∞∑

n=0

f (n)(0)
n!

xn = f(0) + f ′(0)x+
f ′′(0)

2!
x2 + · · · (4.1.10)

to hold for all |x| < R. Unfortunately, this is not always true. Instead, one can use Taylor’s

expansion forf(x):

f(x) =
n∑

k=0

f (k)(0)
k!

xk + Rn(x),

where the remainderRn(x) is given by

Rn(x) =
f (n+1)(x)
(n+ 1)!

xn+1

for some pointx between0 andx. To verify (4.1.6), it suffices to show thatRn(x) −→ 0 as

n −→∞.

ExampleThe following familiar expansions are valid for allx.

ex =
∞∑

n=0

xn

n!
= 1 + x+

x2

2!
+
x3

3!
+ · · ·

sinx =
∞∑

n=0

(−1)n x2n+1

(2n+ 1)!
= x− x3

3!
+
x5

5!
− · · ·

cosx =
∞∑

n=0

(−1)n x2n

(2n)!
= 1− x2

2!
+
x4

4!
− · · ·

A functionf(x) with the property that a power series expansion of the form

f(x) =
∞∑

n=0

an(x− x0)n (4.1.11)

is valid in some interval containing the pointx0 is said to beanalytic at x0. In this case,an is

necessarily given by

an =
f (n)(x0)

n!
,

and (4.1.11) is called the Taylor series off(x) atx0.

Thusex, sinx, cosx are analytic at all points. Concerning analytic functions, we have the following

basic results.

1. Polynomials,ex, sinx, cosx are analytic at all points.

2. If f(x) and g(x) are analytic atx0, thenf(x) ± g(x), f(x)g(x), andf(x)/g(x) [provided

g(x0) 6= 0] are also analytic atx0.

3. If f(x) is analytic atx0, andf−1(x) is a continuous inverse, thenf−1(x) is analytic atf(x0) if

f ′(x0) 6= 0.

4. If g(x) is analytic atx0 andf(x) is analytic atg(x0), thenf(g(x)) is analytic atx0.

5. The sum of a power series is analytic at all points inside the interval of convergence.
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4.2 Series Solutions of First Order Equations

A first order differential equationy′ = f(x, y) can be solved by assuming that it has a power series

solution. Let’s illustrate this with two familiar examples.

Example. Consider the differential equationy′ = y. We assume it has a power series solution of the

form

y = a0 + a1x+ a2x
2 + · · ·+ anx

n + · · · (4.2.1)

that converges for|x| < R. That is the equationy′ = y has a solution which is analytic at the origin.

Then

y′ = a1 + 2a2x+ · · ·+ nanx
n−1 + · · · (4.2.2)

has the same interval of convergence. Sincey′ = y, the series (4.2.1) and (4.2.2) have the same

coefficients. That is

(n+ 1)an+1 = an, all for n = 0, 1, 2, . . .

Thusan = 1
nan−1 = 1

n(n−1)an−2 = · · · = 1
n!a0. Therefore

y = a0

(
1 + x+

x2

2!
+
x3

3!
+ · · ·+ xn

n!
+ · · ·

)
,

wherea0 is an arbitrary constant. In this case, we recognize this as the power series ofex. Thus the

general solution isy = a0e
x.

Example. The functiony = (1 + x)p, wherep is a real constant satisfies the differential equation

(1 + x)y′ = py, y(0) = 1. (4.2.3)

As before, we assume it has a power series solution of the form

y = a0 + a1x+ a2x
2 + · · ·+ anx

n + · · ·

with positive radius of convergence. Then

y′ = a1+ 2a2x+ 3a3x
2 + · · ·+ (n+ 1)an+1x

n + · · · ,
xy′ = a1x+ 2a2x

2 + · · ·+ nanx
n + · · · ,

py = pa0+ pa1x+ pa2x
2 + · · ·+ panx

n + · · · ,

Using (4.2.3) and equating coefficients, we have

(n+ 1)an+1 + nan = pan, for all n = 0, 1, 2, . . .

That is

an+1 =
p− n

n+ 1
an,

so that

a1 = p, a2 =
p(p− 1)

2
, a3 =

p(p− 1)(p− 2)
2 · 3

, ..., an =
p(p− 1) · · · (p− n+ 1)

n!
.
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In other words,

y = 1 + px+
p(p− 1)

2
x2 +

p(p− 1)(p− 2)
2 · 3

x3 + · · ·+ p(p− 1) · · · (p− n+ 1)
n!

xn + · · · .

By ratio test, this series converges for|x| < 1. Since (4.2.3) has a unique solution, we conclude that

(1 + x)p = 1 + px+
p(p− 1)

2
x2 +

p(p− 1)(p− 2)
2 · 3

x3 + · · ·+ p(p− 1) · · · (p− n+ 1)
n!

xn + · · · ,

for |x| < 1, This is just the binomial series of(1 + x)p.

4.3 Second Order Linear Equations and Ordinary Points

Consider the homogeneous second order linear differential equation

y′′ + P (x)y′ +Q(x)y = 0 (4.3.1)

Definition The pointx0 is said to be anordinary pointof (4.3.1) ifP (x) andQ(x) are analytic at

x0. If at x = x0, P (x) and/orQ(x) are not analytic, thenx0 is said to be asingular pointof (4.3.1).

A singular pointx0 at which the functions(x − x0)P (x) and(x − x0)2Q(x) are analytic is called

a regular singular pointof (4.3.1). If a singular pointx0 is not a regular singular point, then it is

called anirregular singular point.

Example. If P (x) andQ(x) are constant, then every point is an ordinary point of (4.3.1).

Example. Consider the equationy′′ + xy = 0. Since the functionQ(x) = x is analytic at every

point, every point is an ordinary point.

Example. In the Cauchy-Euler equationy′′ + a1
x y

′ + a2
x2 y = 0, wherea1 anda2 are constants, the

pointx = 0 is a singular point, but every other point is an ordinary point.

Example.Consider the differential equation

y′′ +
1

(x− 1)2
y′ +

8
x(x− 1)

y = 0.

The singular points are 0 and 1. At the point 0,xP (x) = x(1−x)−2 andx2Q(x) = −8x(1−x)−1,

which are analytic atx = 0, and hence the point 0 is a regular singular point. At the point 1, we

have(x− 1)P (x) = 1/(x− 1) which is not analytic atx = 1, and hence the point 1 is an irregular

singular point.

To discuss the behavior of the singularities at infinity, we use the transformationx = 1/t, which con-

verts the problem to the behavior of the transformed equation near the origin. Using the substitution

x = 1/t, (4.3.1) becomes

d2y

dt2
+
(

2
t
− 1
t2
P (

1
t
)
)
dy

dt
+

1
t4
Q(

1
t
)y = 0 (4.3.2)
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We define the point at infinity to be an ordinary point, a regular singular point, or an irregular singular

point of (4.3.1) according as the origin of (4.3.2) is an ordinary point, a regular singular point, or an

irregular singular point.

Example.Consider the differential equation

d2y

dx2
+

1
2

(
1
x2

+
1
x

)
dy

dx
+

1
2x3

y = 0.

The substitutionx = 1/t transforms the equation into

d2y

dt2
+
(

3− t

2t

)
dy

dt
+

1
2t
y = 0.

Hence the point at infinity is a regular singular point of the original differential equation.

Theorem 4.1 Letx0 be an ordinary point of the differential equation

y′′ + P (x)y′ +Q(x)y = 0,

and leta0 anda1 be arbitrary constants. Then there exists a unique functiony(x) that is analytic

at x0, is a solution of the differential equation in an interval containingx0, and satisfies the initial

conditionsy(x0) = a0, y
′(x0) = a1. Furthermore, if the power series expansions ofP (x) and

Q(x) are valid on an interval|x−x0| < R,R > 0, then the power series expansion of this solution

is also valid on the same interval.

Example. Find two linearly independent solutions ofy′′ − xy′ − x2y = 0
Ans. y1(x) = 1 + 1

12x
4 + 1

90x
6 + 3

1120x
8 + · · · andy2(x) = x+ 1

6x
3 + 3

40x
5 + 13

1008x
7 + · · · .

Example. Using power series method, solve the initial value problem(1 + x2)y′′ + 2xy′ − 2y = 0,

y(0) = 0, y′(0) = 1.

Ans. y = x.

Legendre’s equation

(1− x2)y′′ − 2xy′ + p(p+ 1)y = 0,

wherep is a constant called the order of Legendre’s equation.

That isP (x) = − 2x
1−x2 andQ(x) = p(p+1)

1−x2 . The origin is an ordinary point, and we expect a

solution of the formy =
∑
anx

n. Thus the left hand side of the equation becomes

(1− x2)
∞∑

n=0

(n+ 1)(n+ 2)an+2x
n − 2x

∞∑
n=0

(n+ 1)an+1x
n + p(p+ 1)

∞∑
n=0

anx
n,

or

∞∑
n=0

(n+ 1)(n+ 2)an+2x
n −

∞∑
n=2

(n− 1)nanx
n −

∞∑
n=1

2nanx
n +

∞∑
n=0

p(p+ 1)anx
n.
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The sum of these series is required to be zero, so the coefficient ofxn must be zero for everyn. This

gives

(n+ 1)(n+ 2)an+2 − (n− 1)nan − 2nan + p(p+ 1)an = 0,

for n = 2, 3, . . . In other words,

an+2 = − (p− n)(p+ n+ 1)
(n+ 1)(n+ 2)

an.

This recursion formula enables us to expressan in terms ofa0 or a1 according asn is even or odd.

In fact, form > 0, we have

a2m = (−1)m p(p− 2)(p− 4) · · · (p− 2m+ 2)(p+ 1)(p+ 3) · · · (p+ 2m− 1)
(2m)!

a0,

a2m+1 = (−1)m (p− 1)(p− 3) · · · (p− 2m+ 1)(p+ 2)(p+ 4) · · · (p+ 2m)
(2m+ 1)!

a1.

With that, we get two linearly independent solutions

y1(x) =
∞∑

m=0

a2mx
2m and y2(x) =

∞∑
m=0

a2m+1x
2m+1,

and the general solution is given by

y = a0

[
1− p(p+ 1)

2!
x2 +

p(p− 2)(p+ 1)(p+ 3)
4!

x4

−p(p− 2)(p− 4)(p+ 1)(p+ 3)(p+ 5)
6!

x6 + · · ·
]

+a1

[
x− (p− 1)(p+ 2)

3!
x3 +

(p− 1)(p− 3)(p+ 2)(p+ 4)
5!

x5

− (p− 1)(p− 3)(p− 5)(p+ 2)(p+ 4)(p+ 6)
7!

x7 + · · ·
]
.

Whenp is not an integer, the series representingy1 andy2 have radius of convergenceR = 1. For

example, ∣∣∣∣a2n+2x
2n+2

a2nx2n

∣∣∣∣ = ∣∣∣∣− (p− 2n)(p+ 2n+ 1)
(2n+ 1)(2n+ 2)

∣∣∣∣ |x2| −→ |x|2

asn −→∞, and similarly for the second series. In fact, by Theorem 4.1, and the familiar expansion

1
1− x2

= 1 + x2 + x4 + · · · , R = 1,

thatR = 1 for bothP (x) andQ(x). Thus, we know any solution of the formy =
∑
anx

n must be

valid at least for|x| < 1.

The functions defined in the series solution of Legendre’s equation are called Legendre functions.

Whenp is a nonnegative integer, one of these series terminates and becomes a polynomial inx.



64 CHAPTER 4. POWER SERIES SOLUTIONS

For instance, ifp = n is an even positive integer, the series representingy1 terminates andy1 is a

polynomial of degreen. If p = n is odd,y2 again is a polynomial of degreen. These are called

Legendre polynomialsPn(x) and they give particular solutions to Legendre’s equation

(1− x2)y′′ − 2xy′ + n(n+ 1)y = 0,

wheren is a nonnegative integer. It is customary to choose the arbitrary constantsa0 or a1 so that

the coefficient ofxn in Pn(x) is (2n)!/[2n(n!)2] so thatPn(1) = 1. Then

Pn(x) =
bn/2c∑
k=0

(−1)k(2n− 2k)!
2nk!(n− k)!(n− 2k)!

xn−2k.

The six Legendre polynomials are

P0 = 1, P1(x) = x

P2(x) = 1
2 (3x2 − 1), P3(x) = 1

2 (5x3 − 3x)
P4(x) = 1

8 (35x4 − 30x2 + 3), P5(x) = 1
8 (63x5 − 70x3 + 15x)

There is also a Rodrigues’ formula for the Legendre polynomial given by

Pn(x) =
1

n!2n

dn

dxn
(x2 − 1)n.

Hermite’s equation y′′− 2xy′ + 2py = 0, wherep is a constant. The general solution of Hermite’s

equation isy(x) = a0y1(x) + a1y2(x), where

y1(x) = 1− 2p
2!
x2 +

22p(p− 2)
4!

x4 − 23p(p− 2)(p− 4)
6!

x6 + · · · ,

y2(x) = x− 2(p− 1)
3!

x3 +
22(p− 1)(p− 3)

5!
x5 − 23(p− 1)(p− 3)(p− 5)

7!
x7 + · · · .

By Theorem 4.1, both series fory1 andy2 converge for allx. Note thaty1 is a polynomial ifp is an

even integer, whereasy2 is a polynomial ifp is an odd integer.

The Hermite polynomial of degreen denoted byHn(x) is thenth-degree polynomial solution of

Hermite’s equation, multiplied by a suitable constant so that the coefficient ofxn is 2n. The first six

Hermite’s polynomials are

H0(x) = 1, H1(x) = 2x,

H2(x) = 4x2 − 2, H3(x) = 8x3 − 12x,

H4(x) = 16x4 − 48x2 + 12, H5(x) = 32x5 − 160x3 + 120x

A general formula for the Hermite polynomials is

Hn = (−1)nex2 dn

dxn

(
e−x2

)
.
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4.4 Regular singular points and the method of Frobenius

Consider the second order linear homogeneous differential equation

x2y′′ + xp(x)y′ + q(x)y = 0, (4.4.1)

wherep(x) andq(x) are analytic atx = 0. In other words,0 is a regular singular point of (4.4.1).

Let p(x) = p0 + p1x + p2x
2 + p3x

3 + · · · , andq(x) = q0 + q1x + q2x
2 + q3x

3 + · · · . Suppose

(4.4.1) has a series solution of the form

y = xr
∞∑

n=0

anx
n =

∞∑
n=0

anx
n+r (4.4.2)

An infinite series of the form (4.4.2) is called a Frobenius series, and the method that we are going

to describe is called the method of Frobenius. We may assumea0 6= 0 because the series must have

a first nonzero term. Termwise differentiation gives

y′ =
∞∑

n=0

an(n+ r)xn+r−1, (4.4.3)

and

y′′ =
∞∑

n=0

an(n+ r)(n+ r − 1)xn+r−2. (4.4.4)

Substituting the series ofy, y′ andy′′ into (4.4.1) yields

[r(r − 1)a0x
r + (r + 1)ra1x

r+1 + · · · ] + [p0x+ p1x
2 + · · · ] · [ra0x

r−1 + (r + 1)a1x
r + · · · ]

+[q0 + q1x+ · · · ] · [a0x
r + a1x

r+1 + · · · ] = 0.
(4.4.5)

The lowest power ofx in (4.4.5) isxr. If (4.4.5) is to be satisfied identically, the coefficientr(r −
1)a0 + p0ra0 + q0a0 of xr must vanish. Asa0 6= 0, it follows thatr satisfies the quadratic equation

r(r − 1) + p0r + q0 = 0. (4.4.6)

This is the same equation obtained with the Cauchy-Euler equation. Equation (4.4.6) is called the

indicial equation of (4.4.1) and its two roots (possibly equal) are theexponentsof the differential

equation at the regular singular pointx = 0.

Let r1 andr2 be the roots of the indicial equation. Ifr1 6= r2, then there are two possible Frobenius

solutions and they are linearly independent. Whereasr1 = r2, there is only one possible Frobenius

series solution. The second one cannot be a Frobenius series and can only be found by other means.

Example.Find the exponents in the possible Frobenius series solutions of the equation

2x2(1 + x)y′′ + 3x(1 + x)3y′ − (1− x2)y = 0.

Solution. Clearlyx = 0 is a regular singular point sincep(x) = 3
2 (1 + x)2 andq(x) = − 1

2 (1− x)
are polynomials. Rewrite the equation in the standard form:

y′′ +
3
2 (1 + 2x+ x2)

x
y′ +

− 1
2 (1− x)
x2

y = 0.
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We see thatp0 = 3
2 andq0 = − 1

2 . Hence the indicial equation is

r(r − 1) +
3
2
r − 1

2
= r2 +

1
2
r − 1

2
= (r + 1)(r − 1

2
) = 0,

with rootsr1 = 1
2 andr2 = −1. The two possible Frobenius series solutions are of the forms

y1(x) = x
1
2

∞∑
n=0

anx
n and y2(x) = x−1

∞∑
n=0

anx
n.

Once the exponentsr1 andr2 are known, the coefficients in a Frobenius series solution can be found

by substitution of the series (4.4.2),(4.4.3) and (4.4.4) into the differential equation (4.4.1). Ifr1 and

r2 are complex conjugates, we always get two linearly independent solutions. We shall restrict our

attention for real solutions of the indicial equation and seek solutions only forx > 0. The solutions

on the intervalx < 0 can be studied by changing the variable tot = −x and solving the resulting

equation fort > 0.

Let’s work out the recursion relations for the coefficients. By (4.4.3), we have

1
xp(x)y

′ =
1
x

( ∞∑
n=0

pnx
n

)[ ∞∑
n=0

an(n+ r)xn+r−1

]

= xr−2

( ∞∑
n=0

pnx
n

)[ ∞∑
n=0

an(n+ r)xn

]

= xr−2
∞∑

n=0

[
n∑

k=0

pn−kak(r + k)

]
xn

= xr−2
∞∑

n=0

[
n−1∑
k=0

pn−kak(r + k) + p0an(r + n)

]
xn.

Also we have

1
x2 q(x)y =

1
x2

( ∞∑
n=0

qnx
n

)( ∞∑
n=0

anx
r+n

)

=
1

xr−2

( ∞∑
n=0

qnx
n

)( ∞∑
n=0

anx
n

)

= xr−2
∞∑

n=0

(
n∑

k=0

qn−kak

)
xn

= xr−2
∞∑

n=0

(
n−1∑
k=0

qn−kak + q0an

)
xn.

Substituting these into the differential equation (4.4.1) and cancelling the termxr−2, we have

∞∑
n=0

{
an[(r + n)(r + n− 1) + (r + n)p0 + q0] +

n−1∑
k=0

ak[(r + k)pn−k + qn−k]

}
xn = 0.
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Thus, equating the coefficients to zero, we have forn ≥ 0,

an[(r + n)(r + n− 1) + (r + n)p0 + q0] +
n−1∑
k=0

ak[(r + k)pn−k + qn−k] = 0. (4.4.7)

Whenn = 0, we getr(r − 1) + rp0 + q0 = 0, which is true becauser is a root of the indicial

equation. Thenan can be determined by (4.4.7) recursively provided

(r + n)(r + n− 1) + (r + n)p0 + q0 6= 0.

This would be the case if the two roots of the indicial equation do not differ by an integer. Suppose

r1 > r2 are the two roots of the indicial equation withr1 = r2 + N for some positive integer

N . If we start with the Frobenius series with the smaller exponentr2, then at theN -th step the

process breaks off because the coefficientaN in (4.4.7) is zero. In this case, only the Frobenius

series solution with the larger exponent exists. The other solution cannot be a Frobenius series.

Theorem 4.2 Assume thatx = 0 is a regular singular point of the differential equation (4.4.1) and

that the power series expansions ofp(x) andq(x) are valid on an interval|x| < R withR > 0. Let

the indicial equation (4.4.6) have real rootsr1 andr2 with r1 ≥ r2. Then (4.4.1) has at least one

solution

y1 = xr1

∞∑
n=0

anx
n, (a0 6= 0) (4.4.8)

on the interval0 < x < R, wherean are determined in terms ofa0 by the recursion formula (4.4.7)

with r replaced byr1, and the series
∑∞

n=0 anx
n converges for|x| < R. Furthermore, ifr1 − r2 is

not zero or a positive integer, then equation (4.4.1) has a second independent solution

y1 = xr2

∞∑
n=0

anx
n, (a0 6= 0) (4.4.9)

on the same interval, wherean are determined in terms ofa0 by the recursion formula (4.4.7) with

r replaced byr2, and again the series
∑∞

n=0 anx
n converges for|x| < R.

Remark. (1) If r1 = r2, then there cannot be a second Frobenius series solution. (2) Ifr1− r2 = n

is a positive integer and the summation of (4.4.7) is nonzero, then there cannot be a second Frobenius

series solution. (3) Ifr1 − r2 = n is a positive integer and the summation of (4.4.7) is zero, then

an is unrestricted and can be assigned any value whatever. In particular, we can putan = 0 and

continue to compute the coefficients without difficulties. Hence, in this case, there does exist a

second Frobenius series solution. In many cases of (1) and (2), it is possible to determine a second

solution by the method of variation of parameters. For instance a second solution for the Cauchy-

Euler equation for the case where its indicial equation has equal roots is given byxr lnx.

Example. Find two linearly independent Frobenius series solutions of the differential equation

2x2y′′ + x(2x+ 1)y′ − y = 0.

Ans. y1 = x(1− 2
5x+ 4

35x
2 + · · · ), y2 = x−

1
2 (1− x+ 1

2x
2 + · · · ).

Example.Find the Frobenius series solutions ofxy′′ + 2y′ + xy = 0.
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Solution. Rewrite the equation in the standard formx2y′′ + 2xy′ + x2y = 0. We see thatp(x) = 2
andq(x) = x2. Thusp0 = 2 andq0 = 0 and the indicial equation isr(r − 1) + 2r = r(r + 1) = 0
so that the exponents of the equation arer1 = 0 andr2 = −1. In this case,r1 − r2 is an integer

and we may not have two Frobenius series solutions. We know there is a Frobenius series solution

corresponding tor1 = 0. Let’s consider the possibility of the solution corresponding to the smaller

exponentr2 = −1. Let’s begin withy = x−1
∞∑

n=0

cnx
n =

∞∑
n=0

cnx
n−1. Substituting this into the

given equation, we obtain

∞∑
n=0

(n− 1)(n− 2)cnxn−2 + 2
∞∑

n=0

(n− 1)cnxn−2 +
∞∑

n=0

cnx
n = 0,

or equivalently

∞∑
n=0

n(n− 1)cnxn−2 +
∞∑

n=0

cnx
n = 0,

or
∞∑

n=0

n(n− 1)cnxn−2 +
∞∑

n=2

cn−2x
n−2 = 0.

The casesn = 0 andn = 1 reduce to0 · c0 = 0 and0 · c1 = 0. Thusc0 andc1 are arbitrary and

we can expect to get two linearly independent Frobenius series solutions. Equating coefficients, we

obtain the recurrence relation

cn = − cn−2

n(n− 1)
, for n ≥ 2.

It follows from this that forn ≥ 1.

c2n =
(−1)nc0
(2n)!

and c2n+1 =
(−1)nc1
(2n+ 1)!

.

Therefore, we have

y = x−1
∞∑

n=0

cnx
n =

c0
x

∞∑
n=0

(−1)n

(2n)!
x2n +

c1
x

∞∑
n=0

(−1)n

(2n+ 1)!
x2n+1.

We recognize this general solution as

y =
1
x

(c0 cosx+ c1 sinx).

If we begin with the larger exponent, we will get the solution(sinx)/x.

4.9 Bessel’s equation

The second order linear homogeneous differential equation

x2y′′ + xy′ + (x2 − p2)y = 0, (4.5.1)

wherep is a constant is called Bessel’s equation. Its general solution is of the form

y = c1Jp(x) + c2Yp(x). (4.5.2)
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The functionJp(x) is called the Bessel function of orderp of the first kind and theYp(x) is the

Bessel function of orderp of the second kind. These functions have been tabulated and behave

somewhat like the trigonometric functions of damped amplitude. If we lety = u/
√
x, we obtain

d2u

dx2
+
(

1−
p2 − 1

4

x2

)
u = 0. (4.5.3)

In the special case in whichp = ± 1
2 , this equation becomes

d2u

dx2
+ u = 0.

Henceu = c1 sinx+ c2 cosx and

y = c1
sinx√
x

+ c2
cosx√
x
. (4.5.4)

Also we see that asx −→ ∞ in (4.5.3), andp is finite, we would expect the solution of (4.5.1) to

behave as (4.5.4).

It is easy to see thatx = 0 is a regular singular point of Bessel’s equation. Herep(x) = 1 and

q(x) = −p2 + x2. Thus the indicial equation isr(r − 1) + r − p2 = r2 − p2 = 0. Therefore, the

exponents are±p. Letr be either−p or p. If we substitutey =
∞∑

m=0

cmx
m+r into Bessel’s equation,

we find in the usual manner thatc1 = 0 and that form ≥ 2,

[(m+ r)2 − p2]cm + cm−2 = 0 (4.5.5)

The caser = p ≥ 0. If we user = p and writeam in place ofcm, then (4.5.5) yields the recursion

formula

am = − am−2

m(2p+m)
(4.5.6)

As a1 = 0, it follows thatam = 0 for all odd values ofm. The first few even coefficients are

a2 = − a0

2(2p+ 2)
= − a0

22(p+ 1)
,

a4 = − a2

4(2p+ 4)
=

a0

24 · 2(p+ 1)(p+ 2)
,

a6 = − a4

6(2p+ 6)
= − a0

26 · 2 · 3(p+ 1)(p+ 2)(p+ 3)
.

In general, one can show that

a2m =
(−1)ma0

22mm!(p+ 1)(p+ 2) · · · (p+m)
.

Thus we have a solution associated with the larger exponentp

y1 = a0

∞∑
m=0

(−1)m

22mm!(p+ 1)(p+ 2) · · · (p+m)
x2m+p.
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If p = 0, this is the only Frobenius series solution. In this case, if we choosea0 = 1, we get a

solution of Bessel’s equation of order 0 given by

J0(x) =
∞∑

m=0

(−1)mx2m

22m(m!)2
= 1− x2

4
+
x4

64
− x6

2304
+ · · · .

This special functionJ0(x) is called the Bessel function of order zero of the first kind. A second

linearly independent solution can be obtained by other means, but it is not a Frobenius series.

The caser = −p < 0. Our theorem does not guarantee the existence of a Frobenius solution

associated with the smaller exponent. However, as we shall see, it does have a second Frobenius

series solution so long asp is not an integer. Let’s writebm in place ofcm in (4.5.5). Thus we have

b1 = 0 and form ≥ 2,

m(m− 2p)bm + bm−2 = 0 (4.5.7)

Note that there is a potential problem if it happens that2p is a positive integer, or equivalently ifp

is a positive integer or an odd integral multiple of1
2 . Supposep = k/2 wherek is an odd positive

integer. Then form ≥ 2, (4.5.7) becomes

m(m− k)bm = −bm−2 (4.5.8)

Recallb1 = 0 so thatb3 = 0, b5 = 0, · · · , bk−2 = 0 by (4.5.8). Now in order to satisfy (4.5.8) for

m = k, we can simply choosebk = 0. Subsequently allbm = 0 for all odd values ofm. [If we let

bk to be arbitrary and non-zero, the subsequent solution so obtained is justbky1(x). Thus no new

solution arises in this situation.]

So we only have to work outbm in terms ofb0 for even values ofm. In view of (4.5.8), it is possible

to solvebm in terms ofbm−2 sincem(m− k) 6= 0 asm is always even whilek is odd. The result is

the same as before except we should replacep by−p. Thus in this case, we have a second solution

y2 = a0

∞∑
m=0

(−1)m

22mm!(−p+ 1)(−p+ 2) · · · (−p+m)
x2m−p.

Sincep(x) = 1 andq(x) = x2−p2 are just polynomials. The series representingy1 andy2 converge

for all x > 0. If p > 0, then the first term iny1 is a0x
p, whereas the first term iny2 is b0x−p. Hence

y1(0) = 0, buty1(0) −→ ±∞ asx −→ 0, so thaty1 andy2 are linearly independent. So we have

two linearly independent solutions as long asp is not an integer.

If p = n is an nonnegative integer and we takea0 = 1
2nn! , the solutiony1 becomes

Jn =
∞∑

m=0

(−1)m

m!(m+ n)!

(x
2

)2m+n

.

Jn is called the Bessel function of the first kind of integral ordern.

Remarks.
1. If p is not an integer, the factorials inJp can be replaced by the so called Gamma functions and

the general solution isY = c1Jp +c2J−p. If p is an integer, (4.5.7) can still be used to get a solution
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J−p, but it turns out it is just(−1)pJp, so there is only one Frobenius series solution. A second

solution can be obtained by considering the function

Yp(x) =
Jp(x) cos pπ − J−p(x)

sin pπ
.

If p is not an integer,Yp is a solution of Bessel’s equation of orderp as it is a linear combination of

Jp andJ−p. If p approaches to an integer, the expression ofYp gives an indeterminate form as both

the numerator and denominator approach zero. To get a second solution whenp = n is an integer,

we take limit asp tends ton to get a solutionYn.

Yn(x) = lim
p→n

Jp(x) cos pπ − J−p(x)
sin pπ

.

Yn is called a Bessel function of the second kind, and it follows thaty = c1Jp + c2Yp is the general

solution of Bessel’s equation in all cases, whetherp is an integer or not.

2. The caser1 = r2. Let L(y) = x2y′′ + xp(x)y′ + q(x)y. We are solvingL(y) = 0 by taking

a series solution of the formy(x) = xr
∑∞

n=0 anx
n. If we treatr as a variable, thenan’s are

functions ofr. That isy(x, r) = xr
∑∞

n=0 an(r)xn. Substituting this intoL(y) and requires it to be

a solution, we get (4.4.7), which can be used to determinean(r) recursively provided

(r + n)(r + n− 1) + (r + n)p0 + q0 6= 0.

Whenr is near the double rootr1 = r2, this expression is nonzero so that allan can be determined

from (4.4.7). This means

L(y(x, r)) = a0(r − r1)2xr.

So if a0 6= 0, we taker = r1, we get one Frobenius series solutiony1(x). Now let’s differentiate

the above equation with respect tor. We get

L(
∂y

∂r
) =

∂

∂r
L(y) = a0[(r − r1)2xr lnx+ 2(r − r1)xr].

Evaluating atr = r1, we obtain

L(
∂y

∂r

∣∣∣∣
r=r1

) =
∂

∂r
L(y)

∣∣∣∣
r=r1

= 0.

Consequently, we have the second solution

y2(x) =
∂y

∂r
(x, r1) = xr1 lnx

∞∑
n=0

an(r1)xn+xr1

∞∑
n=0

a′n(r1)xn = y1(x) lnx+xr1

∞∑
n=1

a′n(r1)xn.

Note that the sum in the last expression starts atn = 1 becausea0 is a constant anda′0 = 0.

If we apply this method to Bessel’s equation of orderp = 0, we get by choosinga0 = 1 the solutions

y1(x) =
∞∑

n=0

(−1)n

(n!)2
(x

2

)2n

, and
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y2(x) = y1(x) lnx−
∞∑

n=1

(−1)nH(n)
(n!)2

(x
2

)2n

,

whereH(n) =
∑n

k=1
1
k .

3. The caser1 − r2 is a nonnegative integer

Consider

x2y′′ + xp(x)y′ + q(x)y = 0, x > 0,

wherep(x) =
∑∞

n=0 pnx
n andq(x) =

∑∞
n=0 qnx

n. Let r1 andr2 be the roots (exponents) with

r1 ≥ r2 of the indicial equationr(r − 1) + p0r + q0 = 0.

Write r1 = r2 + m, wherem is a nonnegative integer. Lety1 = xr1
∑∞

n=0 anx
n be a Frobenius

series solution corresponding to the larger exponentr1. For simplicity, we takea0 = 1.

Let u = xr2
∑∞

n=0 bnx
n and make a change of variable:

y(x) = u(x)− bmy1(x) lnx.

We get

x2u′′ + xp(x)u′ + q(x)u = bm[2xy′1 + (p(x)− 1)y1].

Now let’s substituteu = xr2
∑∞

n=0 bnx
n to see if we can determine thebn’s. Note that the first term

in the power series expansion ofbm[2xy′1 + (p(x)− 1)y1] ismbm, withm ≥ 0.

Hence after substituting the power series ofu into the above equation, we have

(r2(r2 − 1) + p0r2 + q0)b0xr2 +A1x
r2+1 + · · ·+Amx

r2+m + · · · = mbmx
r1 + · · · . (4.5.9)

The first term on the left hand side is 0 asr2 is a root of the indicial equation. This meansb0 can

be arbitrary. The coefficientsA1, A2, . . . are given by the main recurrence relation (4.4.7). Thus by

equatingA1, . . . , Am−1 to 0, one can determineb1, . . . bm−1. The next term on the left hand side of

(4.5.9) is the coefficientAm of xr1 . In the expression ofAm given by (4.4.7), the coefficient ofbm
is 0. Previously, this forbids the determination ofbm and possibly runs into a contradiction. Now

on the right hand side of (4.5.9), ifm > 0, then one can determinebm by equating the coefficients

of xr1 on both sides. From then on, all the subsequentbn’s can be determined and we get a solution

of the formy(x) = u(x) − bmy1(x) lnx. Note that ifbm = 0 in this determination, then a second

Frobenius series solution in fact can be obtained with the smaller exponentr2.

Example.Considerx2y′′ + xy = 0. Herep(x) = 0, q(x) = x. The exponents are 0 and 1. Hence

m = 1. Corresponding to the exponent 1, the recurrence relation isn(n + 1)an + an−1 = 0 for

n ≥ 0.

We have the solution

y1 =
∞∑

n=1

(−1)n−1n

(n!)2
xn = x− 1

2
x2 +

1
12
x3 − · · · .

Now b1[2xy′1 + (p(x) − 1)y1] = b1(2x(1 − x + 1
4x

2 − · · · ) − (x − 1
2x

2 + 1
12x

3 − · · · )] =
b1[x− 3

2x
2 + 5

12x
3 − · · · ].
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Substitutingu = x0
∑∞

n=0 bnx
n into x2u′′ + xu = b1[2xy′1 + (p(x)− 1)y1], we get

0·(0−1)b0+[(1)(0)b1+b0]x+[(2)(1)b2+b1]x2+[(3)(2)b3+b2]x3+· · · = b1[x−
3
2
x2+

5
12
x3−· · · ].

Comparing coefficients, we haveb0 = b1, 2b2+b1 = − 3
2b1 and6b3+b2 = 5

12b1, · · · . Thusb1 = b0,

b2 = − 5
4b0, b3 = 5

18b0, . . .. Thereforeu = b0(1 + x − 5
4x

2 + 5
18x

3 − · · · ). By takingb0 = 1, we

get the solutiony = (1 + x− 5
4x

2 + 5
18x

3 − · · · )− y1(x) lnx.

If m = 0, thenr1 = r2 and the first terms on both sides of (4.5.9) are 0. Thus we can continue to

determine the rest ofbn’s. In this case, theln term is definitely present.

Exercise.Find the general solution of the differential equation

x2(1 + x2)y′′ − x(1 + 2x+ 3x2)y′ + (x+ 5x2)y = 0.

[Answer. y1 = x2(1 + x+ 1
2x

2 + · · · ), y2 = (1 + x+ 2x2 + 8
3x

3 + · · · )− 2y1 lnx.]
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Appendix 2 Some Properties of the Legendre Polynomials

The Legendre polynomialPn(x) is a polynomial of degreen satisfying Legendre’s equation

(1− x2)y′′ − 2xy′ + n(n+ 1)y = 0,

wheren is a nonnegative integer. It is normalized so that the coefficient ofxn is (2n)!/[2n(n!)2].
Explicitly it is given by

Pn(x) =
bn/2c∑
k=0

(−1)k(2n− 2k)!
2nk!(n− k)!(n− 2k)!

xn−2k.

There is also a Rodrigues’ formula for the Legendre polynomial given by

Pn(x) =
1

n!2n

dn

dxn
(x2 − 1)n.

Note that in Rodrigues’ formula, the coefficient ofxn is (2n)!/[2n(n!)2]. We can use Rodrigues’

formula to show thatPn(1) = 1. By this formula, we have2nPn(1) is the coefficient of(x− 1)n in

the Taylor polynomial expansion of(x2 − 1)n atx = 1. As (x2 − 1)n = (x− 1)n(x− 1 + 2)n =
(x−1)n[(x−1)n +n(x−1)n−12+ · · ·+2n], it is clear that the coefficient of(x−1)n is 2n. Thus

Pn(1) = 1.

The Legendre polynomialPn(x) has the generating functionφ(Z) = (1 − 2xZ + Z2)−
1
2 = (1 +

Z2 − 2xZ)−
1
2 . That isPn(x) is the coefficient ofZn in the expansion ofφ. To see this, let’s write

φ(Z) =
∞∑

n=0

AnZ
n, −1 ≤ x ≤ 1 and |Z| < 1. (A.1)

Using Binomial expansion,

(1 + Z2 − 2xZ)−
1
2 = 1− 1

2
(Z2 − 2xZ) +

(− 1
2 )(− 1

2 − 1)
2!

(Z2 − 2xZ)2 + · · · ,

it is clear thatAn is a polynomial of degreen. If we letx = 1, we obtain

φ(1) = (1− 2Z + Z2)−
1
2 = (1− Z)−1 = 1 + Z + Z2 + Z3 + · · · , |Z| < 1.

HenceAn(1) = 1 for all n. Now, if we can show thatAn satisfies Legendre’s equation, it will be

identical withPn(x) as theAn’s are the only polynomials of degreen that satisfy the equation and

have the value1 whenx = 1. Differentiatingφ with respect toZ andx, we obtain

(1− 2Zx+ Z2)
∂φ

∂Z
= (x− Z)φ, (A.2)

Z
∂φ

∂Z
= (x− Z)

∂φ

∂x
. (A.3)

Substituting (A.1) into (A.2) and equating the coefficients ofZn−1, we obtain

nAn − (2n− 1)xAn−1 + (n− 1)An−2 = 0 (A.4)
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Also substituting (A.1) into (A.3) and equating the coefficients ofZn−1, we obtain

x
dAn−1

dx
− dAn−2

dx
= (n− 1)An−1 (A.5)

In (A.5), replacen by n+ 1 to get

x
dAn

dx
− dAn−1

dx
= nAn (A.6)

Now differentiate (A.4) with respect tox and eliminatedAn−2/dx by (A.5), we have

dAn

dx
− x

dAn−1

dx
= nAn−1 (A.7)

We now multiply (A.6) by−x and add it to (A.7) and obtain

(1− x2)
dAn

dx
= n(An−1 − xAn) (A.8)

Differentiating (A.8) with respect tox and simplifying the result by (A.6), we finally obtain

(1− x2)
d2An

dx2
− 2x

dAn

dx
+ n(n+ 1)An = 0 (A.9)

This shows thatAn is a solution of Legendre’s equation. Using this generating function and Legen-

dre’s equation, it can be shown thatPn(x) satisfy the following orthogonal relations.

∫ 1

−1

Pm(x)Pn(x) dx =

{
0 if m 6= n

2
2n+1 if m = n

. (A.10)
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Chapter 5

Fundamental Theory of ODEs

5.1 Existence-Uniqueness Theorem

We consider the initial value problem

dx

dt
= f(t, x), x(t0) = x0, (5.1.1)

Definition. LetG be a subset inR2. f(t, x) : G→ R is said to satisfy the Lipschitz condition with

respect tox in G if there exists a constantL > 0 such that, for any(t, x1), (t, x2) ∈ G,

|f(t, x1)− f(t, x2)| ≤ L|x1 − x2|.

L is called a Lipschitz constant.

Theorem 5.1 (Picard) Letf(t, x) be continuous on the rectangle

R : |t− t0| ≤ a, |x− x0| ≤ b (a, b > 0),

and let

|f(t, x)| ≤M

for all (t, x) ∈ R. Furthermore, assumef satisfies a Lipschitz condition with constantL in R. Then

there is a unique solution to the initial value problem

dx

dt
= f(t, x), x(t0) = x0

on the intervalI = [t0 − α, t0 + α], whereα = min{a, b/M}.

Proof of the existence of solution will be given in section 5.2 and 5.3. The uniqueness of solution

will be proved in section 5.5.

Example 1. Let f(t, x) = x2e−t2 sin t be defined on

G = {(t, x) ∈ R2 : 0 ≤ x ≤ 2}.

Let (t, x1), (t, x2) ∈ G.

77
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|f(t, x1)− f(t, x2)|
= |x2

1e
−t2 sin t− x2

2e
−t2 sin t|

= |e−t2 sin t||x1 + x2||x1 − x2|
≤ (1)(4)|x1 − x2|

Thus we may takeL = 4 andf satisfies a Lipschitz condition inG with Lipschitz constant 4.

Example 2. Let f(t, x) = t
√
x be defined on

G = {(t, x) ∈ R2 : 0 ≤ t ≤ 1, 0 ≤ x ≤ 1}.

Consider the two points(1, x), (1, 0) ∈ G. We have|f(1, x)− f(1, 0)| =
√
x = 1√

x
|x− 0|.

However, asx → 0+, 1√
x
→ +∞, so thatf cannot satisfy the Lipschitz condition with any finite

constantL > 0 onG.

Proposition 5.1.1 Supposef(t, x) has a continuous partial derivativefx(t, x) on a rectangleR =
{(t, x) ∈ R2 : a1 ≤ t ≤ a2, b1 ≤ x ≤ b2} in thetx-plane. Thenf satisfies a Lipschitz condition on

R.

Proof. Sincefx(t, x) is continuous onR, it attains its maximum value inR by the extreme value

theorem. LetK be the maximum value of|fx(t, x)| onR. By Mean Value Theorem, we have

|f(t, x1)− f(t, x2)| = |fx(t, c)||x1 − x2|,

for somec betweenx1 andx2.

Therefore,

|f(t, x1)− f(t, x2)| ≤ K|x1 − x2|

for all (t, x1), (t, x2) ∈ R. Thus,f satisfies a Lipschitz condition inG with Lipschitz constantK.

Example 3. Let f(t, x) = x2 be defined on

G = {(t, x) ∈ R2 : 0 ≤ t ≤ 1}.

First

|f(t, x1)− f(t, x2)| = |x2
1 − x2

2| = |x1 + x2||x1 − x2|.

Sincex1 andx2 can be arbitrarily large,f cannot satisfy the Lipschitz condition onG. If we replace

G by any closed and bounded region, thenf will satisfy the Lipschitz condition.

5.2 The method of successive approximations

We will give the proof of Theorem 5.1 in several steps. Let’s fixf(t, x) to be a continuous function

defined on the rectangle

R : |t− t0| ≤ a, |x− x0| ≤ b (a, b > 0).

The objective is to show that on some intervalI containingt0, there is a solutionφ to (5.1.1). The

first step will be to show that the initial value problem (5.1.1) is equivalent to an integral equation,

namely

x(t) = x0 +
∫ t

t0

f(s, x(s)) ds. (5.2.1)
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By a solution of this equation onI is meant a continuous functionφ on I such that(t, φ(t)) is inR

for all t ∈ I, and

φ(t) = x0 +
∫ t

t0

f(s, φ(s)) ds.

Theorem 5.2 A functionφ is a solution of the initial value problem (5.1.1) on an intervalI if and

only if it is a solution of the integral equation (5.1.2) onI.

Proof. Supposeφ is a solution of the initial value problem onI. Then

φ′(t) = f(t, φ(t)) (5.2.2)

onI. Sinceφ is continuous onI, andf is continuous onR, the functionf(t, φ(t)) is continuous on

I. Integrating (5.2.2) fromt0 to t we obtain

φ(t)− φ(t0) =
∫ t

t0

f(s, φ(s)) ds.

Sinceφ(t0) = x0, we see thatφ is a solution of (5.2.1).

Conversely, supposeφ satisfies (5.2.1). Differentiating we find, using the fundamental theorem of

Calculus, thatφ′(t) = f(t, φ(t)) for all t ∈ I. Moreover, from (5.2.1), it is clear thatφ(t0) = x0

and thusφ is a solution of (5.1.1).

As a first approximation to the solution of (5.2.1), we considerφ0 defined byφ0(t) = x0. This

function satisfies the initial conditionφ0(t0) = x0, but does not in general satisfy (5.2.1). However,

if we compute

φ1(t) = x0 +
∫ t

t0

f(s, φ0(s)) ds = x0 +
∫ t

t0

f(s, x0) ds,

we might expectφ1 is a closer approximation to a solution thanφ0. In fact, if we continue the

process and define successively

φ0(t) = x0, φk+1(t) = x0 +
∫ t

t0

f(s, φk(s)) ds, k = 0, 1, 2, . . . (5.2.3)

we might expect, on taking the limit ask →∞, that we would obtainφk(t) → φ(t), whereφ would

satisfy

φ(t) = x0 +
∫ t

t0

f(s, φ(s)) ds.

Thusφ would be our desired solution.

We call the functionsφ0, φ1, φ2 · · · defined by (5.2.3)successive approximationsto a solution of

the integral equation (5.2.1), or the initial value problem (5.1.1).

Example. Consider the initial value problemx′ = tx, x(0) = 1.

The integral equation corresponding to this problem is

x(t) = 1 +
∫ t

0

s · x(s) ds,
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and the successive approximations are given by

φ0(t) = 1, φk+1(t) = 1 +
∫ t

0

sφk(s) ds, k = 0, 1, 2, . . . .

Thusφ1(t) = 1 +
∫ t

0
s ds = 1 + t2

2 , φ2(t) = 1 +
∫ t

0
s(1 + s2

2 ) ds = 1 + t2

2 + t4

2·4 , and it may be

established by induction that

φk(t) = 1 +
(
t2

2

)
+

1
2!

(
t2

2

)2

+ · · ·+ 1
k!

(
t2

2

)k

.

We recognizeφk(x) as a partial sum for the series expansion of the functionφ(t) = et2/2. We know

that this series converges for allt and this means thatφk(t) → φ(t) ask → ∞, for all x ∈ R.

Indeedφ is a solution of this initial value problem.

Theorem 5.3 Suppose|f(t, x)| ≤ M for all (t, x) ∈ R. Then the successive approximationsφk,

defined by (5.2.3), exist as continuous functions on

I : |t− t0| ≤ α = min{a, b/M},

and(t, φk(t)) is inR for t ∈ I. Indeed, theφk ’s satisfy

|φk(t)− x0| ≤M |t− t0| (5.2.4)

for all t ∈ I.

Note: Since fort ∈ I, |t − t0| ≤ b/M , the inequality (5.2.4) implies that|φk(t) − x0| ≤ b for all

t ∈ I, which shows that the points(t, φk(t)) are inR for t ∈ I.

The geometric interpretation of the inequality (5.2.4) is that the graph of eachφk lies in the region

T in R bounded by the two linesx − x0 = M(t − t0), x − x0 = −M(t − t0), and the lines

t− t0 = α, t− t0 = −α.
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Proof. We prove it by induction onk. Clearlyφ0 exists onI as a continuous function, and satisfies

(5.2.4) withk = 0. Now suppose the theorem has been proved for the functionsφ0, φ1, . . . , φk,

with k ≥ 0. We shall prove that it is valid forφk+1. By induction hypothesis, the point(t, φk(t))
is inR for t ∈ I. Thus the functionf(t, φk(t)) exists fort ∈ I and is continuous onI. Therefore,

φk+1, which is given by

φk+1(t) = x0 +
∫ t

t0

f(s, φk(s)) ds,

exists as a continuous function onI. Moreover,

|φk+1(t)− x0| ≤
∣∣∣∣∫ t

t0

|f(s, φk(s))| ds
∣∣∣∣ ≤M |t− t0|,

which shows thatφk+1 satisfies (5.2.4).

5.3 Convergence of the successive approximations

We now prove the main existence theorem

Theorem 5.4 Letf(t, x) be continuous on the rectangle

R : |t− t0| ≤ a, |x− x0| ≤ b (a, b > 0),

and let

|f(t, x)| ≤M

for all (t, x) ∈ R. Furthermore, assumef satisfies a Lipschitz condition with constantL in R. Then

the successive approximations

φ0(t) = x0, φk+1(t) = x0 +
∫ t

t0

f(s, φk(s)) ds, k = 0, 1, 2, . . .

converges uniformly on the intervalI = [t0 − α, t0 + α] with α = min{a, b/M}, to a solution of

the initial value problem
dx

dt
= f(t, x), x(t0) = x0 on I.

Proof. (a)Convergence of{φk(t)}. The key to the proof is the observation thatφk may be written

as

φk = φ0 + (φ1 − φ0) + (φ2 − φ1) + · · ·+ (φk − φk−1),

and henceφk(t) is a partial sum for the series

φ0(t) +
∞∑

p=1

[φp(t)− φp−1(t)]. (5.3.1)

Therefore to show that the sequence{φk(t)} converges uniformly is equivalent to show that the

series (5.3.1) converges uniformly.

By Theorem 5.3, the functionsφk all exist as continuous functions onI, and(t, φp(t)) is in R for

t ∈ I. Moreover,

|φ1(t)− φ0(t)| ≤M |t− t0|, (5.3.2)
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for t ∈ I. Next consider the difference ofφ2 andφ1. We have

φ2(t)− φ1(t) =
∫ t

t0

[f(s, φ1(s))− f(s, φ0(s))] ds.

Therefore

|φ2(t)− φ1(t)| ≤
∣∣∣∣∫ t

t0

|f(s, φ1(s))− f(s, φ0(s))| ds
∣∣∣∣ ,

and sincef satisfies the Lipschitz condition

|f(t, x1)− f(t, x2)| ≤ L|x1 − x2|,

we have

|φ2(t)− φ1(t)| ≤ L

∣∣∣∣∫ t

t0

|φ1(s)− φ0(s)| ds
∣∣∣∣ .

Using (5.3.2), we obtain

|φ2(t)− φ1(t)| ≤ML

∣∣∣∣∫ t

t0

|s− t0| ds
∣∣∣∣ .

Thus if t ≥ t0,

|φ2(t)− φ1(t)| ≤ML

∫ t

t0

(s− t0) ds =
ML(t− t0)2

2
.

The same result is valid in caset ≤ t0.

We shall prove by induction that

|φp(t)− φp−1(t)| ≤
MLp−1|t− t0|p

p!
(5.3.3)

for all t ∈ I.

We have proved this forp = 1 andp = 2. Let’s assumet ≥ t0. The proof is similar fort ≤ t0.

Assume (5.3.3) is true forp = m. Using the definition ofφm+1 andφm, we have

φm+1(t)− φm(t) =
∫ t

t0

[f(s, φm(s))− f(s, φm−1(s))] ds,

and thus

|φm+1(t)− φm(t)| ≤
∣∣∣∣∫ t

t0

|f(s, φm(s))− f(s, φm−1(s))| ds
∣∣∣∣ .

Using the Lipschitz condition, we get

|φm+1(t)− φm(t)| ≤ L

∣∣∣∣∫ t

t0

|φm(s)− φm−1(s)| ds
∣∣∣∣ .

By induction hypothesis, we obtain

|φm+1(t)− φm(t)| ≤ MLm

m!

∫ t

t0

|s− t0|m ds =
MLm|t− t0|m+1

(m+ 1)!
.

Thus, (5.3.3) is true for all positive integerp.

Since|t− t0| ≤ α for all t ∈ I, we can further deduce from (5.3.3) that
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|φp(t)− φp−1(t)| ≤
MLp−1αp

p!
=
M

L

(Lα)p

p!
. (5.3.4)

Since the series
∞∑

p=1

M

L

(Lα)p

p!
converges toM

L (eLα − 1), we have by Weierstrass M-test that the

series

φ0(t) +
∞∑

p=1

[φp(t)− φp−1(t)]

converges absolutely and uniformly onI. Thus the sequence of partial sum which isφk(t) converges

uniformly on I to a limit φ(t). Next we shall show that this limitφ is a solution of the integral

equation (5.2.1).

(b) Properties of the limitφ. Since eachφk is continuous onI and the sequence converges uniformly

to φ, the functionφ is also continuous onI. Now if t1 andt2 are inI, we have

|φk+1(t1)− φk+1(t2)| =
∣∣∣∣∫ t1

t2

f(s, φk(s)) ds
∣∣∣∣ ≤M |t1 − t2|,

which implies, by lettingk →∞,

|φ(t1)− φ(t2)| ≤M |t1 − t2|. (5.3.5)

It also follows from (5.3.5) that the functionφ is continuous onI. In factφ is uniformly continuous

on I. Letting t1 = t, t2 = t0 in (5.3.5), we see that

|φ(t)− φ(t0)| ≤M |t− t0|

which implies that the points(t, φ(t)) are inR for all t ∈ I.

(c) Estimate for|φ(t)− φk(t)|. We have

φ(t) = φ0(t) +
∞∑

p=1

[φp(t)− φp−1(t)],

and

φk(t) = φ0(t) +
k∑

p=1

[φp(t)− φp−1(t)].

Using (5.3.4), we have

|φ(t)− φk(t)| =

∣∣∣∣∣∣
∞∑

p=k+1

[φp(t)− φp−1(t)]

∣∣∣∣∣∣
≤

∞∑
p=k+1

|φp(t)− φp−1(t)|

≤
∞∑

p=k+1

M

L

(Lα)p

p!

≤M
L

(Lα)k+1

(k + 1)!

∞∑
p=0

(Lα)p

p!

≤M
L

(Lα)k+1

(k + 1)!
eLα.
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Letting εk = (Lα)k+1

(k+1)! , we see thatεk → 0 ask → ∞ asεk is a general term for the serieseLα. In

terms ofεk, we may rewrite the above inequality as

|φ(t)− φk(t)| ≤ M

L
eLαεk, and εk → 0 ask →∞ (5.3.6)

(d) The limitφ is a solution. To complete the proof we must show that

φ(t) = x0 +
∫ t

t0

f(s, φ(s)) ds,

for all t ∈ I. Note that sinceφ is continuous, the integrandf(s, φ(s)) of the right hand side is

continuous onI. Since

φk+1(t) = x0 +
∫ t

t0

f(s, φk(s)) ds,

we get the result by taking limit on both sides ask →∞ provided we can show∫ t

t0

f(s, φk(s)) ds→
∫ t

t0

f(s, φ(s)) ds, ask →∞.

Now

∣∣∣∣∫ t

t0

f(s, φ(s)) ds−
∫ t

t0

f(s, φk(s)) ds
∣∣∣∣ ≤ ∣∣∣∣∫ t

t0

|f(s, φ(s))− f(s, φk(s))| ds
∣∣∣∣

≤ L

∣∣∣∣∫ t

t0

|φ(s)− φk(s)| ds
∣∣∣∣

≤MeLαεk|t− t0| by (5.3.6)

≤MαeLαεk → 0 ask →∞.

This completes the proof of the Theorem 5.4.

Example. Consider the initial value problemx′ = (sin t)x2, x(0) = 1
2 .

Let f(t, x) = (sin t)x2 be defined on

R = {(t, x) : |t| ≤ 1, |x− 1
2
| ≤ 1

2
}.

|f(t, x)| = |(sin t)x2| ≤ 1. Thus we may takeM = 1. Therefore by Theorem 5.4 a solution exists

on [−α, α] whereα = min{1, 1
2} = 1

2 . In factx(t) = (1 + cos t)−1 is a solution defined on the

maximal domain(−π, π).

Exercise. Consider the initial value problemx′ = tx+ x10, x(0) = 1
10 . Show that a solution of this

problem exists for|t| ≤ 1
2 .

5.4 Non-local Existence of Solutions

Theorem 5.5 Let f(t, x) be a continuous function on the stripS = {(t, x) ∈ R2 : |t − t0| ≤ a},
wherea is a given positive number, andf satisfies the Lipschitz condition with respect toS. Then

the initial value problem

x′(t) = f(t, x), x(t0) = x0,

where(t0, x0) ∈ S has a unique solution on the entire interval[−a+ t0, a+ t0].
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Remark. If f is bounded onS, the result can be deduced from Picard’s Theorem. Iff is not

necessarily bounded, the proof is slightly different.

Proof of Theorem 5.5.First note that the given regionS is not bounded above or below. Hence

f(t, x) needs not be bounded inS. However, as in Theorem 5.4, we shall consider the series

φ0(t) +
∞∑

p=1

(φp(t)− φp−1(t))

whosen-th partial sum isφn(t) andφn(t) → φ(t) giving the solution of the initial value problem.

Sincef(t, x) is not bounded inS, we adopt a different method of estimating different terms of the

series. LetM0 = |x0| andM1 = max |φ1(t)|. The fact thatM1 exists can be seen as follows. Since

f(t, x) is continuous inS, for a fixedx0, f(t, x0) is a continuous function on|t− t0| ≤ a.

Thusφ1(t) = x0 +
∫ t

t0
f(s, x0) ds is a continuous function in this interval so that|φ1(t)| attains its

maximum in this interval. We take it to beM1 and letM = M0 +M1.

Thus,|φ0(t)| = |x0| ≤M and|φ1(t)− φ0(t)| ≤M . If t0 ≤ t ≤ t0 + a, then we have

|φ2(t)− φ1(t)| =

∣∣∣∣∫ t

t0

[f(s, φ1(s))− f(s, φ0(s))] ds
∣∣∣∣ ≤ ∫ t

t0

|f(s, φ1(s))− f(s, φ0(s))| ds

≤ L

∫ t

t0

|φ1(s)− φ0(s)| ds ≤ LM(t− t0), whereL is the Lipschitz constant.

Now

|φ3(t)− φ2(t)| =

∣∣∣∣∫ t

t0

[f(s, φ2(s))− f(s, φ1(s))] ds
∣∣∣∣ ≤ ∫ t

t0

|f(s, φ2(s))− f(s, φ1(s))| ds

≤ L

∫ t

t0

|φ2(s)− φ1(s)| ds ≤ L2M

∫ t

t0

|(s− t0)| ds =
L2M

2
(t− t0)2.

Hence, in general, we can prove by induction that

|φn(t)− φn−1(t)| ≤
Ln−1M(t− t0)n−1

(n− 1)!
.

Similar argument is true for the intervalt0 − a ≤ t ≤ t0. Hence for everyt with |t− t0| ≤ a,

|φn(t)− φn−1(t)| ≤
Ln−1M(t− t0)n−1

(n− 1)!
≤ Ln−1M

(n− 1)!
an−1.

Thus

|φ0(t)|+
∞∑

n=1

|φn(t)− φn−1(t)| ≤M

∞∑
n=1

(La)n−1

(n− 1)!
.

Hence each term on the left hand side of the above equation is less than the corresponding term

of the convergent series of positive constants. Hence, by WeierstrassM -test, the series on the left

converges uniformly on the whole interval|t− t0| ≤ a and let’s denote its limit byφ(t).

Next we show thatφ(t) is a solution of the initial value problem. We need to show thatφ(t) satisfies

the integral equation

φ(t)− x0 −
∫ t

t0

f(s, φ(s)) ds = 0. (5.4.1)
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We know that

φn(t)− x0 −
∫ t

t0

f(s, φn−1(s)) ds = 0. (5.4.2)

Substituting the value ofx0 in (5.4.2) into the left hand side of (5.4.1), we get

φ(t)− x0 −
∫ t

t0

f(s, φ(s)) ds = φ(t)− φn(t)−
∫ t

t0

f(s, φ(s))− f(s, φn−1(s)) ds.

Thus we obtain∣∣∣φ(t)− x0 −
∫ t

t0
f(s, φ(s)) ds

∣∣∣≤|φ(t)− φn(t)|+
∫ t

t0
|f(s, φ(s))− f(s, φn−1(s))| ds

≤|φ(t)− φn(t)|+ L
∫ t

t0
|φ(s)− φn−1(s)| ds (5.4.3)

Sinceφn(t) → φ(t) uniformly for t ∈ [t0 − a, t0 + a], the right hand side of (5.4.3) tends to zero as

n→∞. Hence

φ(t)− x0 −
∫ t

t0

f(s, φ(s)) ds = 0. (5.2.4)

The uniqueness of solution will be proved in section 5.5.

Corollary 5.6 Let f(t, x) be a continuous function defined onR2. Suppose that for anya > 0, f

satisfies the Lipschitz condition with respect toS = {(t, x) ∈ R2 : |t| ≤ a} with (t0, x0) ∈ S.

Then the initial value problem

x′(t) = f(t, x), x(t0) = x0

has a unique solution on the entireR.

Proof. If t is any real number, there is ana > 0 such thatt is contained in[t0 − a, t0 + a]. For this

a, the functionf satisfies the condition of Theorem 5.5 on the strip

{(t, x) ∈ R2 : |t− t0| ≤ a}.

Since this strip is contained in the strip

{(t, x) ∈ R2 : |t| ≤ a+ |t0|}.

Thus there is a unique solutionφ(t) to the initial value problem for allt ∈ R.

Example. Consider the initial value problemx′ = sin(tx), x(0) = 1.

Let f(t, x) = sin(tx). Let a > 0. Using the mean value theorem, we have for anyt ∈ [−a, a],
|f(t, x1)− f(t, x2)| = | sin(tx1)− sin(tx2)| = |t cos(tζ)(x1 − x2)| ≤ |t||x1 − x2| ≤ a|x1 − x2|.
Thusf satisfies a Lipschitz condition on the stripS = {t ∈ R | |t| ≤ a}, and there exists a solution

on the entireR.

Exercise. Show that the initial value problemx′ =
x3et

1 + x2
+ t2 cosx, x(0) = 1 has a solution on

R.
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5.5 Gronwall’s Inequality and Uniqueness of Solution

Theorem 5.7 Letf , g, andh be continuous nonnegative functions defined fort ≥ t0. If

f(t) ≤ h(t) +
∫ t

t0

g(s)f(s) ds, t ≥ t0,

then

f(t) ≤ h(t) +
∫ t

t0

g(s)h(s)e
∫ t

s
g(u) du ds, t ≥ t0.

Proof. First we are given

f(t) ≤ h(t) +
∫ t

t0

g(s)f(s) ds (5.5.1)

Let z(t) =
∫ t

t0
g(s)f(s) ds. Then for t ≥ t0,

z′(t) = g(t)f(t) (5.5.2)

Sinceg(t) ≥ 0, multiplying both sides of (5.5.1) byg(t) and using (5.5.2), we get

z′(t) ≤ g(t)[h(t) + z(t)]

which gives

z′(t)− g(t)z(t) ≤ g(t)h(t).

This is a first order differential inequality which can be solved by finding an integrating factor

e
−

∫ t
t0

g(u) du. Hence the solution is

z(t)e−
∫ t

t0
g(u) du ≤

∫ t

t0

g(s)h(s)e−
∫ s

t0
g(u) du

ds

Or equivalently,

z(t) ≤
∫ t

t0

g(s)h(s)e−
∫ s

t0
g(u) du

e
∫ t

t0
g(u) du

ds =
∫ t

t0

g(s)h(s)e
∫ t

s
g(u) du ds (5.5.3)

Substituting forz(t) in (5.5.3), we get∫ t

t0

g(s)f(s) ds ≤
∫ t

t0

g(s)h(s)e
∫ t

s
g(u) du ds (5.5.4)

From (5.5.1), we can replace the left side of (5.5.4) by the lesser inequality to obtain

f(t)− h(t) ≤
∫ t

t0

g(s)h(s)e
∫ t

s
g(u) du ds.

Theorem 5.8 (Gronwall’s Inequality) Letf andg be continuous nonnegative functions fort ≥ t0.

Letk be any nonnegative constant. If

f(t) ≤ k +
∫ t

t0

g(s)f(s) ds, for t ≥ t0,

then

f(t) ≤ ke
∫ t

t0
g(s) ds

, for t ≥ t0.
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Corollary 5.9 Letf be a continuous nonnegative function fort ≥ t0 andk a nonnegative constant.

If

f(t) ≤ k

∫ t

t0

f(s) ds

for all t ≥ t0, thenf(t) ≡ 0 for all t ≥ t0.

Proof. For anyε > 0, we can rewrite the given hypothesis as

f(t) ≤ ε+ k

∫ t

t0

f(s) ds,

for all t ≥ t0. Hence applying Gronwall’s inequality, we have

f(t) ≤ εe
∫ t

t0
k ds

,

for all t ≥ t0, which givesf(t) ≤ εek(t−t0), for all t ≥ t0. Sinceε is arbitrary, we getf(t) ≡ 0 by

taking limit asε→ 0+.

Remark. Similar results hold fort ≤ t0 when we all the integrals are integrated fromt to t0. For

example, in Corollary 5.9, if

f(t) ≤ k

∫ t0

t

f(s) ds

for all t ≤ t0, thenf(t) ≡ 0 for all t ≤ t0.

Corollary 5.10 Letf(t, x) be a continuous function which satisfies a Lipschitz condition onR with

a Lipschitz constantL, whereR is either a rectangle or a strip. Ifφ andϕ are two solutions of

x′ = f(t, x), x(t0) = x0,

on an intervalI containingt0, thenφ(t) = ϕ(t) for all t ∈ I.

Proof. Let I = [t0 − α, t0 + α]. For t ∈ [t0, t0 + α], we have

φ(t) = x0 +
∫ t

t0

f(s, φ(s)) ds,

and

ϕ(t) = x0 +
∫ t

t0

f(s, ϕ(s)) ds.

Thus

|φ(t)− ϕ(t)| ≤
∫ t

t0

|f(s, φ(s))− f(s, ϕ(s))| ds ≤ L

∫ t

t0

|φ(s)− ϕ(s)| ds.

By Corollary 5.9,|φ(t) − ϕ(t)| ≡ 0 for t ∈ [t0, t0 + α]. Thusφ(t) = ϕ(t) for t ∈ [t0, t0 + α].
Similarly,φ(t) = ϕ(t) for t ∈ [t0 − α, t0].

Remark. If we only assume thatf(t, x) is a continuous function, we can still show that (5.1.1) has

at least one solution, but the solution may not be unique.
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Theorem 5.11 (Peano) AssumeG is an open subset ofR2 containing(t0, x0) andf(t, x) is con-

tinuous inG. Then there existsa > 0 such that (5.1.1) has at least one solution on the interval

[t0 − a, t0 + a].

Example.Consider the initial value problemx′ = x2/3, x(0) = 0.
We find thatx(t) = 0 andx(t) = 1

27 t
3 are both solutions.

Example.Supposeφ(t) is a solution to the initial value problem

x′ =
x3 − x

1 + t2x2
, φ(0) =

1
2
.

Show that0 < φ(t) < 1 for all t for whichφ(t) is defined.

Solution. Let φ(t) be a solution defined on a domainJ to the initial value problem. Suppose there

existss ∈ J such thatφ(s) ≥ 1. Sinceφ(t) is continuous andφ(0) = 1/2, we have by Intermediate

value theorem, thatφ(s0) = 1 for somes0 ∈ (0, s). We may takes0 to be the least value in(0, s)
such thatφ(s0) = 1. In other words,φ(t) < 1 for all t ∈ (0, s0) andφ(s0) = 1.

Now consider the initial value problem

x′ =
x3 − x

1 + t2x2
, x(s0) = 1.

The functionf(t, x) = x3−x
1+t2x2 satisfies the conditions of the Existence and Uniqueness Theorem.

Thus there is a unique solution defined on an intervalI = [s0 − α, s0 + α] for someα > 0. The

above functionφ(t) defined onJ is a solution to this initial value problem, and it has the property

thatφ(t) < 1 for all t < s0. However,ϕ(t) ≡ 1 is clearly a solution to this initial value problem on

I. But ϕ andφ are different solutions to the initial value problem contradicting the uniqueness of

the solution. Consequently,φ(t) < 1 for all t ∈ J . Similarly,φ(t) > 0 for all t ∈ J .

Corollary 5.12 Letf(t, x) be a continuous function which is defined either on a strip

R = {(t, x) ∈ R2 | |t− t0| ≤ a},

or a rectangle

R = {(t, x) ∈ R2 | |t− t0| ≤ a, |x− x0| ≤ b}.

Assumef satisfies a Lipschitz condition onR with a Lipschitz constantL. Letφ andϕ be solutions

defined onI = [−a + t0, t0 + a] of x′ = f(t, x) satisfying the initial conditionx(t0) = x0 and

x(t0) = x1 respectively onI, then

|φ(t)− ϕ(t)| ≤ |x0 − x1|eL|t−t0|

for all t ∈ I.

Remark. In particular

|φ(t)− ϕ(t)| ≤ |x0 − x1|eLa,

for all t ∈ I. Thus if the initial valuesx0 andx1 are close, the resulting solutionsφ andϕ are also

close.

The proof of this corollary is by Gronwall’s lemma and is left as an exercise.
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5.6 Existence and Uniqueness of Solutions to Systems

Consider a system of differential equations

x′1 = f1(t, x1, · · · , xn),

x′2 = f2(t, x1, · · · , xn),

· · · · · · · · · · · · · · ·

x′n = fn(t, x1, · · · , xn),

wherex′j = dxj

dt . Let us introduce notations

x =

x1

· · ·
xn

 , x′ =

x′1· · ·
x′n

 , f(t,x) =

f1(t,x)
· · ·

fn(t,x)

 .

Then the system can be written in a vector form:

x′ = f(t,x). (5.6.1)

Differential equations of higher order can be reduced to equivalent systems. Let us consider

dny

dtn
+ F (t, y, y′, · · · , d

n−1y

dtn−1
) = 0. (5.6.2)

Let

x1 = y, x2 =
dy

dt
, · · · , xn =

dn−1y

dtn−1
.

Then (5.6.2) is equivalent to the following system

x′1 = x2,

x′2 = x3,

· · · · · · · · ·

x′n = −F (t, x1, x2, · · · , xn).

It can be written in the form of (5.6.1) if we let

x =

x1

· · ·
xn

 , f(t,x) =


x2,

x3,

· · ·
−F (t, x1, · · · , xn)

 .

Recall that for a vectorx =


x1

x2

...

xn

, its magnitude|x| is defined to be

|x| = |x1|+ |x2|+ · · ·+ |xn|.
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The following 2 properties of the magnitude can be proved easily.

1. Triangle Inequality |x + y| ≤ |x|+ |y|.
2. If A = (aij) is ann× n matrix andx ∈ Rn, then|Ax| ≤ |A||x| where|A| =

∑n
i,j |aij |.

Definition. LetG be a subset inR1+n. f(t,x) : G → Rn is said to satisfy the Lipschitz condition

with respect tox in G if there exists a constantL > 0 such that, for all(t,x), (t,y) ∈ G,

|f(t,x)− f(t,y)| ≤ L|x− y|.

Example. Let f : R1+2 −→ R2 be given by

f(t,x) =

(
2x2 cos t
x1 sin t

)
, where x =

(
x1

x2

)
.

Then |f(t,x)− f(t,y)| =

∣∣∣∣∣
(

2x2 cos t
x1 sin t

)
−

(
2y2 cos t
y1 sin t

)∣∣∣∣∣
= |2 cos t(x2 − y2)|+ | sin t(x1 − y1)|
≤2|x2 − y2|+ |x1 − y1|
≤2(|x2 − y2|+ |x1 − y1|)
= 2|x− y|.

Thusf satisfies the Lipschitz condition with respect tox in R3 with Lipschitz constant2.

Theorem 5.13 Supposef is defined on a setG ⊂ R1+n of the form

|t− t0| ≤ a, |x− x0| ≤ b, (a, b > 0)

or of the form

|t− t0| ≤ a, |x| <∞, (a > 0).

If ∂f/∂xk (k = 1, . . . , n) exists, is continuous onG, and there is a constantL > 0 such that∣∣∣∣ ∂f∂xk

∣∣∣∣ ≤ L, (k = 1, . . . , n),

for all (t,x) ∈ G, thenf satisfies a Lipschitz condition onG with Lipschitz constantL.

Proof. Let f(t,x) =


f1(t,x)
f2(t,x)

...

fn(t,x)

 , where eachfi(t,x) : R1+n −→ R.

Thus

∂f
∂xk

=


∂f1
∂xk
∂f2
∂xk

...
∂fn

∂xk

 .
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Let (t,x), (t,y) ∈ G ⊆ R1+n. DefineF : [0, 1] −→ Rn by

F(s) = f(t, sx + (1− s)y) = f(t,y + s(x− y)).

The pointsx + (1− s)y lies on the segment joiningx andy, hence the point(t, sx + (1− s)y) is

in G.

Now F′(s) =
n∑

k=1

∂f
∂xk

dxk

ds
=

n∑
k=1


∂f1
∂xk
∂f2
∂xk

...
∂fn

∂xk

 (xk − yk).

Therefore,

|F′(s)| ≤
n∑

k=1

∣∣∣∣ ∂f∂xk

∣∣∣∣ |xk − yk| ≤ L
n∑

k=1

|xk − yk| = L|x− y|,

for s ∈ [0, 1].
Since

f(t, x)− f(t, y) = F(1)− F(0) =
∫ 1

0

F′(s) ds

we have|f(t, x)− f(t, y)| ≤ L|x− y|.

Theorem 5.14 (Picard) Let f(t, x) be continuous on the set

R : |t− t0| ≤ a, |x− x0| ≤ b (a, b > 0),

and let

|f(t, x)| ≤M

for all (t,x) ∈ R. Furthermore, assumef satisfies a Lipschitz condition with constantL in R. Then

there is a unique solution to the initial value problem

dx
dt

= f(t,x), x(t0) = x0

on the intervalI = [t0 − α, t0 + α], whereα = min{a, b/M}.

Theorem 5.15 Let f(t, x) be a continuous function on the stripS = {(t,x) ∈ Rn+1 : |t−t0| ≤ a},
wherea is a given positive number, andf satisfies the Lipschitz condition with respect toS. Then

the initial value problem

x′(t) = f(t,x), x(t0) = x0,

where(t0,x0) ∈ S has a unique solution on the entire interval[−a+ t0, a+ t0].

Corollary 5.16 Let f(t,x) be a continuous function defined onRn+1. Suppose that for anya > 0,

f satisfies the Lipschitz condition with respect toS = {(t,x) ∈ Rn+1 : |t| ≤ a} with (t0,x0) ∈ S.

Then the initial value problem

x′(t) = f(t,x), x(t0) = x0

has a unique solution on the entireR.
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The proofs carry over directly from those for Theorem 5.1 and 5.5 and Corollary 5.6 using the

method of successive approximations. That is the successive approximations

φ0(t) = x0, φk+1(t) = x0 +
∫ t

t0

f(s, φk(s)) ds, k = 0, 1, 2, . . .

converge uniformly on the intervalI = [t0−α, t0 +α] with α = min{a, b/M}, to a solution of the

initial value problem
dx
dt

= f(t,x), x(t0) = x0 on I.

Example. Find the first 5 successive approximations to the initial value problem

x′′ = −etx, x(0) = 1, x′(0) = 0.

The initial value problem is equivalent to the following initial value problem of differential system.(
x(t)
y(t)

)′
=

(
y(t)

−etx(t)

)
,

(
x(0)
y(0)

)
=

(
1
0

)
.

We start with (
x0(t)
y0(t)

)
=

(
1
0

)
, for all t ∈ R.

Then (
x1(t)
y1(t)

)
=

(
1
0

)
+
∫ t

0

(
0

−es × 1

)
ds =

(
1

1− et

)
.

(
x2(t)
y2(t)

)
=

(
1
0

)
+
∫ t

0

(
1− es

−es

)
ds =

(
2 + t− e−t

1− et

)
.

(
x3(t)
y3(t)

)
=

(
1
0

)
+
∫ t

0

(
1− es

−es(2 + s− es)

)
ds =

(
2 + t− e−t

1
2 − et − tet + 1

2e
2t

)
.

(
x4(t)
y4(t)

)
=

(
1
0

)
+
∫ t

0

(
1
2 − es − ses + 1

2e
2s

−es(2 + s− es)

)
ds =

(
3
4 + t

2 − tet + 1
4e

2t

1
2 − et − tet + 1

2e
2t

)
.

Example. Consider the linear differential systemx′ = Ax, whereA = (aij) is ann × n constant

matrix. Let f(t,x) = Ax. For anya > 0 and for all |t| < a, we have|f(t,x1) − f(t,x2)| =
|A(x1 − x2)| ≤ |A||x1 − x2|, where|A| =

∑n
i=1

∑n
j=1 |aij |, so thatf satisfies the Lipschitz

condition on the stripS = {(t,x) ∈ Rn+1 : |t| ≤ a}. Therefore the system has a unique solution

for any initial value and is defined on the entireR.

Example. Let x′ = A(t)x, whereA(t) = (aij(t)) is ann × n matrix of continuous functions

defined on a closed intervalI. Let |aij(t)| ≤ K for all t ∈ I and alli, j = 1, . . . n.

Thus if f(t,x) = A(t)x, then

∂f
∂xk

=


a1k(t)
a2k(t)

...

ank(t)

 ,
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which is independent ofx.

Therefore, ∣∣∣∣ ∂f∂xk

∣∣∣∣ = n∑
i=1

|aik(t)| ≤ nK ≡ L, for all t ∈ I and k = 1, . . . , n.

By Theorem 5.13 the functionf satisfies a Lipschitz condition on the strip

S = {(t,x) ∈ R1+n | t ∈ I}

with Lipschitz constantL. Thus by Theorem 5.15, the systemx′ = A(t)x has a unique solution for

any initial value inS and is defined on all ofI.
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