Point Set Topology

A. Topological Spaces and Continuous Maps

Definition 1.1 A topology on a set X is a collection 7 of subsets of X satisfying

the following axioms:

T1. 0, X € T.
T2.{Oq | a €I} CT = UwrOa€T.
73.0,00e¢T = 0O0NnO eT.

A topological space is a pair (X,7) where X is a set and T is a topology on X.

When the topology 7 on X under discussion is clear, we simply denote (X, 7T) by

X.

Let (X,T) be a topological space. Members of T are called open sets. (73)

implies that a finite intersection of open sets is open.

Examples

1.

Let X be a set. The power set 2% of X is a topology on X and is called the
discrete topology on X. The collection Z = {0, X'} is also a topology on X
and is called the indiscrete topology on X.

Let (X,d) be a metric space. Define O C X to be open if for any = € O,
there exists an open ball B(z,r) lying inside O. Then, 7; = {O C X |
O is open} U {0} is a topology on X. Ty is called the topology induced by the
metric d.

. Since R™ is a metric space with the usual metric:

n

d((mlw"v‘rn)v(y17~-~7yn)) = Z('Ti_yi)27

=1

R™ has a topology U induced by d. This topology on R" is called the usual
topology.

. Let X be an infinite set. Then, 7 = {0, X} U{O C X | X\ O is finite} is a

topology on X. T is called the complement finite topology on X.

. Define O C R to be open if for any x € O, there exists 6 > 0 such that

[z,2 4+ §) C O. Then, the collection 7" of all such open sets is a topology on
R. 77 is called the lower limit topology on R. Note that &/ C T’ but U # T.
We shall denote this topological space by R;.



Proposition 1.2 Let (X, 7) be a topological space and A a subset of X. Then,
the collection 74 = {ONA | O € T} is atopology on A. Ty is called the subspace
topology on A and (A, T,) is called a subspace of (X, 7).

Proof Exercise.

Let (X,T) be a topological space.
Definition 1.3 F C X is said to be closed if X \ E is open. (i.e. X\ E € T.)

Proposition 1.4
(1) @ and X are closed in X.

(2) If E, F are closed in X, then £ U F is closed in X.
(3) If {E, | « € I} is a collection of closed sets in X, then N,c; E, is closed in X.

Proof Exercise.

Definition 1.5 A basis for the topology 7 on X is a subcollection B of 7 such
that any open set in X is a union of members of B.

Definition 1.6 A subbasis for the topology 7 on X is subcollection S of 7 such
that the collection of all finite intersections of members of S is a basis for 7. Hence,
any open subset of X is a union of finite intersections of members in S.

Examples

1. {(a,b) | a < b} is a basis for the usual topology on R. {(a,0),(—0c0,b) |
a,b € R} is a subbasis for the usual topology on R.

2. Let (X,d) be a metric space and 7T, the topology on X induced by d. The
collection B of all open balls of X is a basis for 7;.

3. {[a,b) | a < b} is a basis for the lower limit topology on R;. What would be
a subbasis for the lower limit topology on R;?

4. If (X, T) is a topological space, then T itself is a basis for T .

Proposition 1.7 Let X be a set and B a collection of subsets of X such that
Bl. UpepU = X,
B2. for any U;,U; € B and x € U; N U,, there exists U € B such that x € U C
U NU,.
Then the collection Tz of all unions of members of B is a topology on X and B is
a basis for 7g.

Proof 71 and 72 are clearly satisfied. B2 implies that if U,,Us € B, then
U,NUgs € Tp. Let O1 = UU,, and let Oy = UUg be in T, where U,,Usz € B. Then
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01N 03 =U(U,NUp) is in T. That B is a basis for 75 follows from the definition
of Tg.

Proposition 1.8 Let X be a set and S be a collection of subsets of X such
that X = Uycs V. Then the collection 7s of all unions of finite intersections of
members of S is a topology on X and § is a subbasis for 7.

Proof Similar to 1.7.

Definition 1.9 A subset N containing a point z in X is called a neighbourhood
of x if there exists an open set O in X such that x € O C N.

Definition 1.10 Let A be a subset of X.
(1) x € A is called an interior point of A if there exists a neighbourhood U of
inside A.

(2) x € X is called a limit point of A if (O \ {z}) N A # 0, for any neighbourhood
O of z.

(3) A" ={xz € A | zis an interior point of A} is called the interior of A.
(4) A= AU{x € X | zis a limit point of A} is called the closure of A.

Proposition 1.11

(1) A’ is an open set and A" C A.
(2) X\A=(X\A) " and X\ A" =X \4
(3) Ais a closed set and A D A.
(4) Aisopen < A= A".
(5) Ais closed <= A = A.
(6) A” is the largest open set contained in A.
(7) A is the smallest closed set containing A.
(8) A" =U{O | Oisopen and O C A}.
(9) A=N{E | Eisclosed and E D A}.
(10) A = A" and A= 4.
(11) (AnB)’=A"NnB".
(12) AUB=AUB.
(13) Let B C A C X. Then B is closed in A if and only if B = EN A for some

closed set £/ in X.
(14) Let B C A C X and let B” be the closure of B in A. Then B” = B A.

(15) Let B C A C X and let B°“ be the interior of B in A. If A is open, then
oA o
B =B



Proof Exercise.

Definition 1.12 Let (X, 7) and (Y, 7") be topological spaces and f : X — Y be
amap. Let x € X. f is said to be continuous at x if for any open neighbourhood
U of f(z), there exists an open neighbourhood O of z such that f[O] C U.

f is said to be continuous on X if f is continuous at each point of X.

Proposition 1.13 Let (X,7) and (Y, T’) be topological spaces and f: X — Y
be a map. The following statements are equivalent.
(1) f is continuous on X.

(2) For any open set U CY, f~'[U] is open in X.
(3) For any closed set E CY, f~![E] is closed in X.

(4) Forany A C X, f[A] C JA].

Proof Exercise.

Proposition 1.14 Let f : X — Y and f : Y — Z be maps. If f and g are
continuous, then f o g is continuous.

Proof This follows easily by 1.13(2).

Definition 1.15 Let (X,7) and (Y, 7T"’) be topological spaces and f: X — Y a
map.

(1) f is called an open map if for any open set U in X, f[U] is open in Y.
(2) f is called a closed map if for any closed set F in X, f[E] is closed in Y.
3) f

3) f is called a homeomorphism if f is bijective, continuous and f~! is continuous.

Proposition 1.16 Let f : X — Y be a bijective continuous mapping. The
following statements are equivalent.
(1) f7':Y — X is a homeomorphism.

(2) f: X — Y is an open map.
(3) f: X — Y is a closed map.

Proof Exercise.

Proposition 1.17 (The Combination Principle) Let Ay, ..., A, be a finite collec-
tion of closed subsets of X such that U ; A; = X. Then f: X — Y is continuous
if and only if f | A; is continuous for each i = 1,... n.

Proof The ‘only if’ part is obvious. Suppose f | A; is continuous for each
i=1,...,n. Let E be a closed subset of Y. Then f~'[E] = UL,(f'[E] N A;) =
" (f | A)7YE]. Since f | A; is continuous, (f | A;)7[E] is closed in A;. As A;



is closed in X, (f | A;)7'[E] is closed in X. Hence f~![E] is closed in X. This
shows that f is continuous on X.

B. Product and Sum Topologies

Definition 1.18 Let {X,},.; be a collection of topological spaces and let p, :
[Iher Xa — X, be the natural projection.

The product topology on []yc; X is defined to be the one generated by the subbasis
{p:'[Oa] | Oy is open in X, a € I}.

Note that when [[,c; X is given the product topology the projection p, is con-
tinuous and open. In the case that the product is finite the collection {[I,c; Oa |
O, is open in X,} is a basis for the product topology on [T e; Xa-

Proposition 1.19 Let f : X — [[,c; X\ be amap. Then f is continuous if and
only if p, o f is continuous for all a € I.

Proof Exercise.
The following results are immediate consequences.

Proposition 1.20 The diagonal map d : X — X x X, defined by d(z) = (z, x),
and the twisting map 7 : X x Y — Y x X, defined by 7(x,y) = (y,x), are
continuous.

Proposition 1.21 Given a family of maps {f\ : X\ — Y)}xer, the product map
[Der fx : Ter Xo — Tlies Ya, defined by (ITaer f2)(z2) = (fa(22)), is continuous.

Definition 1.22 Let {X,} be a family of topological spaces. The topological
sum LIX, is the topological space whose underlying set is UX, equipped with the
topology {O CUX, | ONX, is open in X,for each a}.

Note that when LIX,, is given the sum topology the inclusion 7, : X, — UX, is
continuous. In general it may not be possible to fit together the topologies on a
family of spaces {X,} to obtain a topology on the union restricting to the original
topology on each X,. For example, if two spaces X, and Xz overlap they may
not induce the same topologies on X, NYs. A family {X,} of spaces is said to be
compatible if the two topologies on X, N X3 are identical for all pair o, 3.

Proposition 1.23 Let {X,} be a compatible family of spaces such that X, N X3
is open in X, and Xg, for each a,3. Then X, has the subspace topology from
UX,.



Proof Exercise.

For example if {X,} is a family of disjoint topological spaces, then each X, is a
subspace of LIX,.

Proposition 1.24 If {f, : X, — Y} is a family of maps such that f, and f3
agree on X,MNXjg for all a, 3, then there is a unique continuous map Uf, : UX, —
Y such that (Uf,) | Xo = fa, for all a.

Proof Exercise.

C. Separation Axioms and Compactness

Definition 1.25 Let X be a topological space.

(1) X is Ty if for each pair of distinct points, at least one has a neighbourhood not
containing the other.

(2) X is Ty or Fréchet if for any distinct x,y € X, there exist open neighbourhoods
U of x and V of y such that y is not in U and z is not in V.

(3) X is T or Hausdorff if for any distinct =,y € X, there exist open neighbour-
hoods U of x and V of y such that U NV = 0.

(4) X is said to be regular if for any closed set E and any point z not in E, there
exist an open neighbourhood U of F and an open neighbourhood V' of x such

that UNV = (.

(5) X is said to be normal if for any two disjoint closed sets E and F', there exist
an open neighbourhood U of E and an open neighbourhood V' of F' such that
Uunv =4.

(6) X is T3 if X is T} and regular.
(7) X is Ty if X is T} and normal.

It is easy to see that X is T} if and only if every singleton set in X is closed. Hence
we have Ty — T3 — T, = T = Ty.

Examples

1. Let X ={0,1} and 7 = {0, X, {0}}. Then (X, T) is Ty but not 7.
2. Every metric space is Tj.

3. Let X be an infinite set with the complement finite topology.

4. Then X is T} but not T5.



5.Let K ={% | nez'}andlet B={(a,b) CR | a <b}U{(a,b)\K | a <b}.
Then B is a basis for a topology on R. Clearly R with this topology is 75 but
it is not regular.

6. Rl is T4.

7. R; X R; is regular but not normal. In general, a product of normal spaces may
not be normal.

8. A subspace of a Hausdorff space is Hausdorff and a subspace of a regular space
is regular. However, a subspace of a normal space may not be normal.

9. A product of Hausdorff spaces is Hausdorff and a product of regular spaces is
regular.

Urysohn’s Lemma If A and B are nonempty disjoint closed subsets in a normal
space X, then there exists a continuous function f : X — [0, 1] such that f[A] =0
and f[B] = 1.

Proof See [2] p.207.

Definition 1.26 A cover of a topological space X is a collection C = {Oqa},¢;
of subsets of X such that U,c;O, = X. It is said to be an open cover if each O,
is open in X. If the index set I is finite (or countable), then {O4},.; is called a
finite (or countable) cover. A subcover of a cover C of X is a subcollection S of C

such that S is a cover of X.

Definition 1.27 A space X is said to be compact if every open cover of X has a
finite subcover. A C X is said to be compact if A with the subspace topology is a
compact space.

Examples
1. Any finite space is compact.

2. An indiscrete space is compact.
3. [a,b] is compact.

4. An infinite set provided with the complement finite topology is a compact
space.

5. R is not compact. Neither does R;
Proposition 1.28 A C X is compact if and only if every cover of A by open
subsets of X has a finite subcover.

Proof Exercise.



Proposition 1.29
(1) A closed subspace of a compact space is compact.

(2) A compact subset of a Hausdorff space is closed.
(3) A continuous image of compact space is compact.
(4)

4) A bijective continuous map from a compact space to a T, space is a homeo-
morphism.

Proof Exercise.
Proposition 1.30 Let {X,},., be a collection of spaces. If an infinite number
of X are non-compact, then any compact subset in []yc; X has empty interior.

Proof Exercise.

Proposition 1.31 Let X be compact. Then X is 75 if and only if X is T}.

Proof Exercise.

Tychronoff’s Theorem A product of compact spaces is compact.

Proof See [2] p.229.

Let X be the closed interval [a,b] and for each o € I let X, be a copy of X.
Then [],c; X is compact. In particular [a, b]™ is compact. Moveover we have the
following result.

Heine-Borel Theorem Let A be a subset of R”. Then A is compact if and only
if A is closed and bounded.

Extreme Value Theorem Let X be compact and f : X — R be a continuous
function. Then f attains its maximum and minimum on X.

Lebesgue Covering Lemma Let (X, d) be a compact metric space and {O,} an
open cover of X. Then there exists a positive number ¢, called a Lebesgue number
of the cover, such that each open ball of radius < § is contained in at least one O,,.

Definition 1.32 A space X is said to be locally compact if every point of X has
a compact neighbourhood.

Examples
1. A compact space is locally compact.

2. R is locally compact. (For any = € R, [z — 1,z + 1] is a compact neighbourhood
of x).

3. R" is locally compact.



4. R; is not locally compact. (Exercise. Note that [a,b) is closed in R;.)
5. A discrete space is locally compact.

6. Q is not locally compact.

Proposition 1.33 Let X be a locally compact Hausdorff space. Then for any
x € X the collection of all compact neighbourhoods of x is a local basis at z.
(That is any neighbourhood of x contains a compact neighbourhood of z.)

Proof Let U be an open neighbourhood of x and E be a compact neighbourhood
of x. Then FE is regular. Since U N E is an open set in F containing x, there exists
a set V open in E such that x € V C VE CUNFE CU. Visopen in F implies
that V = ENV’ for some V' open in X. This shows that V' is a neighbourhood of
z and hence V" is also a neighbourhood of x. Since V" is a closed subset of the
compact subset E, V" is compact.

Corollary 1.34 A locally compact Hausdorff space is regular.

Note that a locally compact Hausdorff space may not be normal. (See Royden,
Real Analysis p.169.)

Proposition 1.35
(1) A closed subspace of a locally compact space is locally compact.

(2) Let f: X — Y be a continuous open surjection. If X is locally compact,
then Y is locally compact.

(3) TIxer X is locally compact if and only if there exists a finite subset F' of I such
that X is locally compact VA € I and X, is compact VA € I\ F.

Proof We leave (1) and (2) as exercises. Note that (1) is not true if the subspace
is not closed. For example Q C R is not locally compact. Let’s prove (3).

Suppose [[yer Xy is locally compact. Since the projection p, is an open map,
Xy = palllaer X)] is locally compact by (2). If infinitely many X, ’s are non-
compact, then by 1.30 each compact subset of [[,c; X\ has empty interior. Hence
a point in [[,c; X cannot have a compact neighbourhood.

Conversely, let F' be a finite subset of I such that X is compact VA € I\ F. Let
(zx) € [Irer Xa. For each A € F| there exists a compact neighbourhood E) of z,.
Then by Tychonoft’s theorem, [J c; Oy where Oy = E) if A € F and O, = X, if
A € I'\ Fis a compact neighbourhood of ().

Definition 1.36
(1) A C X is said to be dense in X if A= X.

(2) A C X is said to be nowhere dense in X if A= 0.



(3) X is said to be of First Category if it is a countable union of nowhere dense
subsets of X. It is of Second Category if it is not of First Category.

Theorem 1.37 Let X be a locally compact Hausdorff space. Then the intersection
of a countable collection of open dense subsets of X is dense in X.

Baire Category Theorem Let X be a non-empty locally compact Hausdorff
space. Then X is of Second Category.

Proof Let {E, | n € Z"} be a countable collection of nowhere dense subsets of
X. Then each X \ E, is open and dense in X. Hence by 1.37, %, (X \ E,) is
dense in X. Therefore

(X\E) 2 N(X\E) # 0.

1 n=1

D)

X\(UE) =

n

Definition 1.38 A compactification of a space X is a pair (X*,7) where X* is a

compact space and 7 : X — X is a homeomorphism of X onto a dense subspace
of X*.

Theorem 1.39 Let (X, 7T) be a topological space and let oo be a point not in X.
Then 7" =T U{UU{oo} | U C X and X — U is a compact closed subset of X} is
a topology on X* = X U {oo}. Furthermore

(1) (X*,T*) is compact.

(2) If X is non-compact, then (X* i), where i : X — X* is the inclusion, is a
compactification of X.

(3) If X is compact, then oo is an isolated point of X*.
(4) X* is Hausdorff if and only if X is locally compact and Hausdorff.

Proof Exercise.

Definition 1.40 The space X* = X U{oo} in 1.39 is called the 1-point compact-
ification of X.

Examples

1. The 1-point compactification of the subspace Z* of positive integers of R is
homeomorphic to the subspace {0} U{+ | n €z} (Exercise).

2. The n-sphere is the subspace S™ = {(z1,...,zp+1) ER" |22+ 422, =1}
of R"™!. Tt is a closed and bounded subset of R"*1. Therefore S™ is compact.
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The 1-point compactification of R” is the n-sphere S™. A homeomorphism between
S™ and R™ is provided by the stereographic projection. Let = (0,---0,1) € R**!
be the north pole of S™ and let p, : R""! — R be the projection onto the last

factor of R"*!. Identify R™ as R" x {0} C R™"!. Then the stereographic projection

s:S™\{n} — R™is given by s(z) = n+ m(l‘ —n). One can easily check that

s is a homeomorphism. Now extend s to §(x) : S — 1l-point compactification
R™ of R" by
5(@) = { s(z) ifxe S"\ {n}

oo ifx=n

~ . . . . * . ~ .
Then 5 is continuous at n. Since S™ is compact and R™ is Hausdorff, s is a
homeomorphism.

D. Countability, Separability and paracompactness

Definition 1.41 A space X is said to be separable if X contains a countable dense
subset.

Examples
1. R™ is separable. (Q" is a countable dense subset.)

2. If (X, T) is separable and 7 is a topology on X such that 7 C 7", then (X, 77)
is separable.

3. Ry is separable. (Q is a countable dense subset.)

Proposition 1.42
(1) A continuous image of separable space is separable.

(2) An open subspace of a separable space is separable.
(3) A product of countably many separable spaces is separable.

Proof Exercise.
Definition 1.43 A space X is said to be 2nd countable if it has a countable basis.

Examples
1. R is 2nd countable. ({(a,b) | a < b,a,b € Q} is a countable basis.)

2. Similarly R™ is 2nd countable.

3. R; is not 2nd countable. (Let B be a basis for R;. For each = € R;, pick
B, € B such that + € B, C [z,z + 1). Note that x = inf B,. Then the
function f : R — B given by f(z) = B, is injective. This shows that B is not
countable.)
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Definition 1.44 A space X is said to have a countable basis at x € X if there is
a countable collection B of open neighbourhoods of x such that any open neigh-
bourhood of x contains a member of B. A space X is said to be 1st countable if
it has a countable basis at each of its point.

Examples
If X is 2nd countable, then X is 1st countable. Hence R" is 1st countable.
R; is 1st countable. ({{z,z+ &) | n € Z'} is a countable basis at .)

The discrete or indiscrete topology on X is 1st countable.

= W

Every metric space is 1st countable. ({B(x,~) | n € Z*} is a countable basis
at x.)

5. Let X be an uncountable set and 7 be the complement finite topology on X.
Then (X, 7) is not 1st countable. (Exercise.)

6. Let I be an uncountable set. For each A\ € I, let X, be a copy of {0,1} with
the discrete topology. Note that X is 1st countable and is even 2nd countable.
But [ye; X is not 1st countable. (Exercise.)

Proposition 1.45
(1) A subspace of a 1st (2nd) countable space is 1st (2nd) countable.

(2) A countable product of 1st (2nd) countable spaces is 1st (2nd) countable.

(3) Let f : X — Y be a surjective open continuous map. If X is 1st (2nd)
countable, then Y is 1st (2nd) countable.

Proof (1) and (3) are very easy. Let’s prove (2) for 1st countability. Let {X; |
i € I} be a countable family of 1st countable spaces. Let (z;) € [I;c; X;. For each
i € I, let B; be a countable basis at x;. Then B = {[[,c;O0; | O; € B; and
O; = X; Vi ¢ J where J is a finite subset of I} is a countable basis at (z;).

Remarks
1. An arbitrary product of 1st (2nd) countable spaces may not be 1st (2nd)
countable. (See example 6 above.)

2. Consider id : R — R;. It is continuous. Note that R is 2nd countable but R;
is not.

Definition 1.46 A space X is called Lindelof if every open cover of X has a
countable subcover.

Theorem 1.47 A 2nd countable space X is Lindelof.

Proof Let B = {U; | i € I} be a countable basis of X. Let {O,} be an open cover
of X. Each O, is a union of members of B. Therefore there exists a countable
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open cover {U,; | ¢ € I} of X by basic open sets in B such that each U,, lies in
some O,. Now for each i € I, choose O,, 2 U,,. Then {U,, | ¢ € I} is a countable
subcover of {O,}.

Examples
1. R™ is Lindelof.

2. Compact spaces are Lindelof.

3. Ry is Lindeldf. (See Munkres p.192.) Note that R, is not 2nd countable. There-
fore the converse of 1.47 is not true in general.

4. A discrete space on an uncountable set is not Lindelof.

Theorem 1.48 If X is 2nd countable, then X is separable.

Proof Let B ={0; |i € I} be a countable basis of X. For each i € I, let x; € O;.
Then A = {z; | i € I} is a countable dense subset of X.

Note that the converse of this theorem is not true. For example take X = R;.

Theorem 1.49 If X is a separable metric space, then X is 2nd countable.

Proof Let A be a countable dense subset of X. We shall prove that B = {B(a,r) |

r € Qt,a € A} is a countable basis of X. It suffices to show that any open ball

is a union of members of B. Let x € B(p,r). Since A is dense, there exists
1

a € A such that d(a,r) < 5(r — d(z,p)). Pick a positive rational number ¢ such

that d(a,z) < ¢ < 3(r — d(z,p)). Then z € B(a,q) C B(p,r). This proves the

assertion.

Theorem 1.50 If X is a Lindelof metric space, then X is 2nd countable.

Proof We shall prove that X is separable. For each j € z*, {B(xz, %) |z € X}
is an open cover of X. Since X is Lindelof, it has a countable subcover B; =
{B(xm-,%) | i € zt}. Let A = {z;; | i,j € Zz"} be the collection of all the
centers. Then A is a countable subset of X. Let B(p,r) be an open ball. Pick an
Jo € Z7" such that 1 < r. Then B;, = {B(z;,, ) | i € ZT} covers X. Therefore
p € B(xi, ., .—O) for some io- Then d(p, ;,;,) < 5. <r implies that z;,;, € B(p,7).
Hence AN B(p,r) # 0. That is A is dense in X

Definition 1.51

(1) A locally finite family of subsets of a topological space X is a family such that
each point of X has a neighbourhood meeting only finitely many members of
the family.

(2) A refinement F of a cover C of X is a cover of X such that each member of F
is contained in some member of C.
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(3) A space X is said to be paracompact if every open cover of X has a locally
finite open refinement.

Examples
1. A compact space is paracompact.

2. R is paracompact. (Let & be an open cover of R. For each closed interval
[IN,N + 1], N € 7, we have, by compactness, a finite cover {Uy,,...,Un,}
by members of U. Take as a refinement {Uy, N (N, N + 1)}. This does not
cover points in Z. To remedy this, we add in a small open neighbourhood (of
diameter less than 1 and small enough to be contained in some member of i)
of each N in Z. We then have the required locally finite open refinement.)

3. R" is paracompact. (Similar proof as above.)

4. R; is paracompact. (Exercise)

Proposition 1.52 A paracompact Hausdorff space is regular.

Proof Let U be an open neighbourhood of a point p. We shall construct a neigh-
bourhood V' of p such that V' C U. For each ¢ € U, choose open disjoint neighbour-
hoods V,, U, of p, q respectively. Then {U, | ¢ € X \ U} U{U} is an open cover
of X and thus has a locally finite open refinement. Let M be a neighbourhood
of p meeting only finitely many members of the refinement and let Wy,..., W,
be those not contained in U. Then there exist ¢i,...,¢, € X \ U such that
W, CU,. Let V=MnNMOV, Itremains to show that V C U. Let W
be the union of all members of the above refinement not contained in U. Then
VAW CMn (N Vy) N (UL, Uy) =0. Thus V C X\ W. Since W 2 X \ U,
we have V C X \ W C U.

i

Proposition 1.53 A paracompact regular space is normal.

Proof Exercise.

Proposition 1.54 A Lindel6f regular space is normal.

Proof Exercise.

Theorem 1.55 If X is paracompact and separable, then X is Lindelof.

Proof Let {U,} be an open cover of X. Let {V;} be alocally finite open refinement
of {U,}. We may assume each V3 # (). Because X has a countable dense subset
{z; | i € z*},{Vs} is at most a countable family. (Each Vj contains at least
one z;. If {V3} is an uncountable family, then there is some x; contained in
uncountably many Vj. This contradicts the local finiteness of {Vj3}.) For each Vj,
choose Uy (g) 2 V3. Then {Uy s} is a countable subcover of {U,}.
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Note that a product of two paracompact (Lindel6f) spaces may not be paracompact
(Lindel6f). For example, take R; X R;.

Urysohn’s Metrization Theorem A 2nd countable T3 space is metrizable.

Proof See [2] p.349.

E. Connectedness

Definition 1.56 A space X is said to be connected if it is not the union of two
non-empty disjoint open subsets of X. A C X is connected if it is connected as a
subspace of X.

Examples
Any indiscrete space is connected.

R is connected. (Exercise)

R; is not connected.

The subspace Q of all rational numbers of R is not connected.
R" is connected.

A C R is connected if and only if A is an interval.

N o 0

A compact connected T5 space cannot be a union of countably many but more
than one disjoint closed subsets.

Proposition 1.57 The following statements are equivalent:
(1) X is connected.

(2) There is no proper non-empty subset of X which is both open and closed in
X.

(3) Every continuous map from X to {0,1} is constant, where {0, 1} is the two
point space with the discrete topology.

Proof Exercise.

Proposition 1.58 Let f: X — Y be continuous and A be a connected subset
of X. Then f[A] is connected.

Proof This follows directly from 1.57(3).

Proposition 1.59 R is connected.

Proof A non-empty proper open subset O of R is a disjoint union of open intervals.
Then one of these open intervals has an endpoint a not in O. Hence O is not closed.
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Proposition 1.60
(1) If A is a connected subset of X, then A is also a connected subset of X.

(2) If A is a connected subset of X and B is subset of X such that A C B C A,
then B is connected.

Proof Exercise.

Let A be the set {(z,sin()) | z > 0}. Then A and AU {(0,0)} are connected
subsets of R%.

Corollary 1.61 A C R is connected if and only if A is an interval or a singleton
set.

Proof An interval I of R is a subset of R having at least two points and satisfying
the condition that for any a, b € I, the line segment joining a and b is also contained
in I. Then [ is an interval if and only if I is of the form (a,b), (a, b], [a,b) or [a, b]
where —oo < a < b < 0o. Now the forward implication is clear. Conversely if A is
an open interval, then it is homeomorphic to R which is connected by 1.59. The
rest of different types of intervals are also connected by 1.60(2).

Intermediate Value Theorem

(1) If f: X — R is continuous and X is connected, then f[X] is an interval.

(2) Let f: [a,b] — R be continuous. Then f assumes all the values between f(a)
and f(b).

Proposition 1.62 [a,b) is not homeomorphic to (a, b).

Proposition 1.63 Let {A,}.c; be a family of connected subsets of X such that

Nacr Aa # 0. Then U, Ao is connected.

Proof Use 1.57(3).

Definition 1.64 Two points a,b in a space X are said to be connected, written

a ~ b, if there is a connected subspace of X containing a and b.

Proposition 1.65 If every pair of points in X are connected, then X is connected.
Proof Let U be both open and closed in X. Suppose U # (), X. Then there exist
a € Ube X\ U. By assumption, there exists a connected subset C' containing a
and b. But then U N C is a proper non-empty both open and closed subset of C.
This contradicts the fact that C' is connected.

Proposition 1.66 ~ is an equivalence relation.

Proof Exercise.

Definition 1.67 The connected component of a point p € X, denoted by C(p),
is the equivalence class of ~ containing p.
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Proposition 1.68
(1) C(p) is the largest connected set containing p.

(2) C(p) is closed.

Proof
(1) C(p) = U{C : C is connected and p € C}. By 1.63 C(p) is connected.

(2) C(p) is connected and contains p. Hence by (1), C(p) C C(p).

Proposition 1.69 If X and Y are connected, then X x Y is also connected.

Proof Let (a,b),(z,y) € X x Y. Since X x {b} and {z} x Y are connected, we
have (a,b) ~ (z,b) ~ (z,y). By 1.65 X x Y is connected.

In fact one can prove that arbitrary product of connected spaces is connected. This
is left as an exercise.

Corollary 1.70 R",[a,b]™ and S™ are connected.

Proof Let p € S”. As S\ {p} is homeomorphic to R",S™ \ {p} is connected.
Hence S = S™ \ {p} is connected.

Definition 1.71 X is said to be locally connected at p € X if for any neighbour-
hood U of p, there exists a connected neighbourhood V' of p contained in U. X is
locally connected if it is locally connected at each of its points.

Note that X is locally connected if and only if the collection of all open connected
subsets of X is a basis for the topology on X.

Examples
1. Let A be the set {(z,sin(2)) | # > 0}. Then AU{(0,0)} is not locally connected

but connected.
2. Let A=(0,1)U (2,3). Then A is locally connected but not connected.
3. R™ and S™ are locally connected.

4. R; is not locally connected. (Let U be any neighbourhood of x. Hence U 2
[z, 2+427) for some § > 0. Then [UN(oo0, z+39)] U[UN[z+6, 00)] = U is a disjoint
union of two non-empty open subsets of U. Therefore any neighbourhood of z
is not connected.)

5. Discrete spaces are locally connected.

6. Q is not locally connected.

Proposition 1.72 If a space is locally connected at p € X, then p is an interior
point of C(p).
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Proof By assumption p has a connected neighbourhood U. Therefore p € U C
C(p).

Corollary 1.73 If X is locally connected, then C(p) is an open subset of X.

Proposition 1.74 Every open subspace of a locally connected space is locally
connected.

Proposition 1.75 X is locally connected if and only if the connected components
of every open subspace of X are open in X.

Proof Suppose X is locally connected. Let O be an open subspace of X. By 1.73
and 1.74 O is locally connected and each connected component of O is open in O.
Since O is open in X, each connected component of O is open in X. Conversely let
U be an open neighbourhood of p € X. By assumption the connected component
Cy(p) in the subspace U is open in X. Hence Cy(p) is open in X. Therefore
Cy(p) is a connected open neighbourhood of p contained in U. This shows that X
is locally connected.

Corollary 1.76 Let N be a neighbourhood of a point z in a locally connected
space X. Then there exists a connected open neighourhood C of z lying inside N.

Proposition 1.77 Let {X,}.c; be a family of locally connected spaces such that
all but at most finitely many are connected. Then [],c; X, is locally connected.

Proof Let F be a finite subset of I such that X, is not connected for all o € F'.
Let z € [[oer Xo and O a basic open neighbourhood of x. Note that O = [[,c; Oa
where O, is open in X, and O, = X, for all a € I\ J with J some finite subset
of I. For each o € F'U J, there exists an open connected neighbourhood V,, of X,
such that V,, C O,. Let U =[],c; Uy where U, =V, if a € FUJ and V, = X, if
ae€l\(FUJ). Then U is a product of connected sets and hence it is connected.
Also U is a basic open neighbourhood of z lying in O. Note that the converse of
this result is also true since local connectedness is invariant under continuous open
surjection.

Definition 1.78 A path joining a pair of points a and b of a space X is a
continuous map « : I — X such that a(0) = a and a(1) = b, where I denotes the
closed unit interval [0, 1].

It can be verified easily that the relation of being joined by a path is an equivalence
relation. The equivalence classes of this relation are called the path components of
X. The path component of a point = in X is denoted by P(z). P(x) is the largest
path connected set containing x. However unlike C'(x), P(z) may not be a closed
set.
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Definition 1.79 A space X is said to be path connected if it has exactly one
path component. (That is any pair of points in X can be joined by a path.)

Proposition 1.80 A path connected space is connected.

Proposition 1.81 Let f : X — Y be a continuous surjection. If X is path
connected, then Y is path connected.

Proof Exercise.

Examples
1. R™ and S™ are path connected. (It is easy to check that R” and R™ \ {0} are
path connected. Let o : R"™!\ {0} — S™ be the map given by o(z) = Tel-
Then by 1.81 S™ is path connected.)

2. Let A be the set {(z,sin(2)) | > 0}U{(0,0)}. Then A is not path connected.

Note that A\ {(0,0)} is a path component which is not closed in A.
Proposition 1.82 Let {X,}aes be a family of spaces. Then [[,c; X, is path
connected if and only if each X, is path connected.

Proof Exercise.

Definition 1.83 A space is said to be locally path connected at x € X if each
neighbourhood of x contains a path connected neighbourhood. X is said to be
locally path connected if it is locally path connected at each of its points.

Note that X is locally path connected if and only if the collection of all path
connected open sets of X is a basis for the topology on X.

Examples
1. R” is locally path connected since every open ball in R™ is path connected.
Similarly S™ is locally path connected.

2. (0,1) U (2, 3) is locally path connected but not path connected.

3. For each positive integer n, let L,, be the set of all points on the line segment
joining the points (0,1) and (£,0) in R? and let Lo, = {(0,y) | 0 < y < 1}
Then the subspace A = Lo, U2, L, in R? is not locally path connected but
path connected.

4. If X is locally path connected, then X is locally connected.
5. If Lo, of A in 3. is replaced by L7, = {(0,1 — %) | n € z*}, then A is locally

n

connected at (0,1) but not locally path connected at (0, 1).

Proposition 1.84 Every open subspace of a locally path connected space is
locally path connected.
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Proposition 1.85 X is locally path connected if and only if the path components
of every open subspace of X are open.

Proposition 1.86 [],c; X, is locally path connected if and only if all X, are
locally path connected and all but at most finitely many are also path connected.
Proof Exercise.

Proposition 1.87 If X is locally path connected and connected, then X is path
connected.

Proof By 1.85 a path component of X is open and hence is also closed. Since X
is connected, there is exactly one path component.

F. Identifications and Adjunction Spaces

Definition 1.88 A continuous surjective map p: (X, T) — (Y, T") is called an
identification or a quotient map if p~![0] is open in X if and only if O is open in

Y.

Proposition 1.89 Let (X,7) be a topological space and let Y be a set. Let
p: X — Y be a surjective map. Then 7, ={U CY | p~![U] is open in X} is a
topology on Y. Furthermore p : (X,7) — (Y, 7,) is an identification.

Proof Direct verification.

The topology 7, on Y defined in 1.89 is called the identification or quotient topol-
ogy induced by p. In fact it is the largest topology on Y that makes p continuous.

Definition 1.90 Let f : X — Y be a map. A subset O in X is said to be
saturated with respect to f if f~![f[O]] = O.

If p: X — Y is a map, then any set of the form p~![U] is saturated with respect
to p. Hence a continuous surjective map p : (X,T) — (Y, 7T’) is an identification
if and only for any open set O C X saturated with respect to p, p[O] is open in Y.

Proposition 1.91 Let p: X — Y be continuous.
(1) If p is an open surjection (or a closed surjection), then p is an identification.

(2) If there exists a continuous s : Y — X such that po s = id |y, then p is an
identification.

Proof Exercise. Note that the converses of (1) and (2) are not true. Also the
restriction of an identification may not be an identification.
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Proposition 1.92 Let p : X — Y be an identification and g : ¥ — Z a
surjective map. Then gop is an identification if and and only if g is an identification.

Proof Suppose that gop is an identification. One can easily see that the continuity
of g o p implies the continuity of g. Let O C Z be such that g~*[O] is open in Y.
Because p and g are continuous, (g o p)~![0] = p~[g7![O]] is open in X. Since
g o p is an identification, O is open in Z. Hence ¢ is an identification. Conversely,
suppose that ¢ is an identification. Let O C Z be such that (g o p)~![0] is open
in X. Since p and g are identifications, O is open in in Z. Therefore g o p is an
identification.

Let (X, T) be a space and R be an equivalence relation defined on X. For each
x € X, let [z] be the equivalence class containing z. Denote the quotient set by
X/R. Let p: X — X/R given by p(z) = [z] be the natural projection. The set
X/ R with the identification topology 7, induced by p is called the quotient space
of X by R.

Let A be a subset of X. Define an equivalence relation R4 on X by xR,y if and
only if z,y € A. Then the quotient space X/R, is the space X with A identified
to a point [A] and is usually denoted by X/A. Note that F C X is saturated (with
respect to the projection p) if and only if £ D A or E is disjoint from A.

Corollary 1.93 Let X,Y be spaces with equivalence relations R and S respec-
tively, and let f : X — Y be a relation preserving, (i.e. z1Rxe = f(z1)Sf(22))
continuous map. Then the induced map f, : X/R — Y/S given by f.([z]) =
[f(z)] is continuous. Furthermore, f, is an identification if f is an identification.

Proof Exercise.

Proposition 1.94 Let Y and A be closed subspaces of X, then Y/(Y NA) is a
subspace of X/A. (In fact Y/(Y N A) is homeomorphic to a subspace of X/A.)

Proof Consider the commutative diagram

y ¢ X

Fl \p

Y/YNA_L, X/A

Clearly 7 is a continuous injection. Thus it suffices to show that 7 : Y/Y NA —
pi[Y] is an open map. Then Y/Y N A is homeomorphic to the subspace pi[Y] =
i[Y/YNA] of X/A. Let U C Y/YNA be open. Then p~}[U] is open in Y.
Therefore there exists a W open in X such that YW = p~}{U]. Since p~*[U]
is saturated with respect to p, either p~{UJNA =Y NAor p ' [UINA=0. In
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the first case, (U] = p[Y]Np[[X \ Y]UW]. Thus, since (X \ Y)UW is open and
saturated, i[U] is open in p[Y]. In the second case, :[U] = p[Y]Np[(X \ A)NW]
which is also open in p[Y] since X \ A is saturated and open in X.

Examples
1. Let X be a space with a preferred base point *, then the reduced suspension
SX is the quotient space (X x I)/(X x {0,1} U{*} x I) where I = [0, 1] is the
unit interval.

2. The reduced cone on X, C'X is the quotient space (X x I)/(X x {0} U{x} xI).
If {*} is a closed subspace, (e.g. X is T1) X x {0} U{*} x I is closed in X x I.
Hence by 1.94 X x {1} = X is a subspace of C'X.

Let p : Q — Q/Z be the natural projection which is an identification when Q/zZ
is provided with the quotient topology. The map p X id : Q x Q — (Q/Z) X Q
is not an identification. In general a product of two identifications may not be an
identification. (c.f. A product of two closed maps may not be closed.) However
we have the following results.

Propostion 1.95 Let f: X — Y and g : T — Z be identifications. Suppose
T is compact and Z is regular. Then f x g: X xT — Y x Z is an identification.

Proposition 1.96 If f : X — Y is an identification and Z is locally compact
and regular, then f x idz : X x Z — Y x Z is an identification. (This result can
also be deduced from the exponential law in function space topology.)

Let X and Y be topological spaces and A be a subset of X. Let f: A— Y be a
continuous map. Define an equivalence relation ~ on Y L X by :

a=1b for a,b e X,ora,beY
. : fla) = f(b) fora,be A
~ f ly if
a~b ifand onlyl a= f(b) foraeY, be A
fla)="5 forac A, beY .

Definition 1.97 The quotient space (Y U X)/ ~ is called an adjunction space
and is denoted by Y U; X. The construction means that X is attached to Y by
means of f: A — Y.

Suppose 0 : X — Z and ¢ : Y — Z satisfy 6§ |4= ¢ o f, then a map 0 Uy ¢ :
Y Uy X — Z is defined by

ourae = {40 T
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Note that this is well-defined since if z ~ y then 6(z) = ¢(y). Let p: Y U X —
Y U; X be the quotient map. Clearly, (6 Uy ¢) o p is continuous and hence by 1.92
8 Uy ¢ is continuous.

Proposition 1.98 Let A be closed in X. Then the map i : Y — Y U; X, defined
by i(y) = p(y), is an injective homeomorphism and ¢[Y] is closed in Y U; Y.

Proof Let B C Y be closed. Then p~'[i[B]] = B U f~![B] is closed in Y LU X.
Hence ¢[B] is closed in Y Uy X. Therefore i is a closed injective map. In particular,
i[Y] is a closed subspace of Y Uy X.

Proposition 1.99 Let A be closed in X. Then p |x\4 is an injective homeomor-
phism onto an open subspace of ¥ Uy X.

Proof p |x\4 is obviously continuous and bijective. Let O be open in X \ A. Then
O is open and saturated in X. Since p is an identification, p[O] is open in Y Uy X.

Proposition 1.100 If X and Y are normal and A C X is closed, then Y Uy X is
normal.

Proof Let P and ) be disjoint closed sets in Y Uy X. Then P, = P Ni[Y]
and @ = Q Ni[Y] are closed in i[Y]. Since Y is normal, i[Y] is normal by
1.83. Therefore there exist neighbourhoods R of P, and S of (); such that R, S
are open in (Y] and they have disjoint closures. Note that since i[Y] is closed
in Y Uy X, R and S have the same closures in ¢[Y] and in Y Uy X. Let P, =
p HPUR|NX and @, = p~{QU S]N X. Then P, and Q, are disjoint and closed
in X. Since X is normal, there exist disjoint open neighbourhoods M and N of
P, and Q5 respectively. Then D = p[M \ AJUR and E = p[N \ AJU S are disjoint
open neigbourhoods of P and @ respectively. (They are open since, for example
p'[D)=RU(M\ AU SR =M\ (A\ f![R]) which is open in Y L X.)

Proposition 1.101 The adjunction space construction preserves connectedness,
path-connectedness and compactness. When A C X is closed, the T} property is
preserved.

Proof Since X and Y are connected (path-connected), their continuous images
are also connected (path-connected). As they have non-empty intersection and
their union is Y Uy X, Y Uy X is connected (path-connected). Since Y Uy X is the
continuous image of the compact space Y U X, it is compact. Finally, let y € Y.
Then since Y is closed in Y Uy X, so is {y}. Similarly if z € X \ A, then p~*[{z}]
is closed in X. Hence {z} is closed in Y Uy X since p is an identification.

Corollary 1.102 If X and Y are normal Hausdorff and A C X is closed, then
Y Uy X is also normal Hausdorff.
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