EIGENDISTRIBUTIONS FOR ORTHOGONAL GROUPS
AND REPRESENTATIONS OF SYMPLECTIC GROUPS

ROGER HOWE AND CHEN-BO ZHU

ABSTRACT. We consider the action of H = O(p, q) on the matrix space
Mpiqn(R). We study a certain orbit O of H in the null cone N/ C
My q,»(R) which supports an eigendistribution dveo for H. Using some
identities of Capelli type developed in the Appendix, we determine the
structure of G = Sp(2n,R)~-cyclic module generated by dvo under the
oscillator representation of G (the metaplectic cover of G = Sp(2n(p +
q),R)). Applications to local theta correspondence and a generalized
Huygens’ Principle are given.

1. INTRODUCTION AND MAIN RESULT

Let V = RPT4 be equipped with the standard non-degenerate symmetric
form of signature (p, q), and let H = O(p, q) be its isometry group.

For each natural number n, let V™ be the direct sum of n copies of V.
We may identify V" with My, ,(R), the space of real matrices of order
(p+ ¢) x n. Then the induced action of H on V" ~ My, »(R) is given by
matrix multiplication on the left.

Recall that we have the reductive dual pair [9]

(H,G) = (O(p,q),Sp(2n,R)) € G = Sp(2N, R),

where N = n(p+ ¢). Consider the non-trivial double cover G = Mp(2N,R)
of G, called the metaplectic cover. For a subgroup E of G, we denote the
pullback of E in G by E. N

Let © be the oscillator representation of G as described in [5]. The rep-
resentation ( may be realized in L?(Mp 4, (R)). As usual, we normalize
such an oscillator representation so that it will factor through the standard
linear action of H on L*(M,,,(R)), namely we have

(QRr)f)(v) = f(h™v),  h€H, ve Mygn(R).

Let S(Mp4qn(R)) and S*(Mp44(R)) be the space of Schwartz functions
and the space of tempered distributions on Mp44,(R), respectively. It is
known that  preserves S(Mpyqn(R)) inside L2(Mpi4,(R)). By duality,
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we also get an action of G on S*(Mp+qn(R)). We denote the action of G
on S(Mp1qn(R)) again by €2, and the dualized action on S*(Mp44n(R)) by
0*.

Let x be a character of H. Note that there are four of them if pq # 0.
Let

S (Mp4.n(R) ) = {@ € 8 (M1 4n(R))| Q7 (h)® = X(h)®, h € H}

denote the space of y-eigendistributions for H.
Suppose that we are given an H-orbit O in M, ,(R), and suppose that
O carries a signed measure dvp such that

dvo € 8*(Myyqn(R)) ),
Since G commutes with H, we see that S *(Mp+q7n(R))(H;X) is stable under

the action of G by Q*. We consider the following G-cyclic submodule of
S*(Mp—l—q,n(R))(H;X):
Q*(dvp) = < Q(G)dvo >,

where < D > denotes closure of the span of a set D in the standard Frechet
topology of S*(Mpyqn(R)). We are interested in the structure of this G-
cyclic submodule, and in particular whether it is irreducible. Recall that
according to [13], 8*(Mp+q,n(R))(H;X) always has a unique irreducible G-
submodule.

Example: Take O = {0}, the origin of M,,,,(R), and dvp = ¢, the Dirac
measure at the origin, then a theorem of Kudla and Rallis [18] asserts that

2(6) = §* (Mp+qn(R)) ",

the space of H-invariant tempered distributions. See also [31] for a similar
statement in a more general context.

We introduce the null cone:

N ={ve My yn(R)|v'I,,v =0 (then xn zero matrix)},

where I, , = (% OI ) Clearly N is stable under H.
—1q

We now assume that p,q > n. Then Witt’s Extension Theorem [16]
implies that the regular part of the null cone defined by

N, = {v € N|rank(v) = n}

consists of a single H-orbit. Note that the isotropic group of a point in N,
is unimodular. Therefore we see [3] that N,, carries an H-invariant Radon
measure, denoted by du,. In fact du, defines a tempered distribution on
Mpiqn(R) (see §4 for details).

Let K ~ U(n) be a maximal compact subgroup of G. Denote

1, =(1,..,1).
——

n
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Theorem 1.1. Assume that p,q > n. Then

(a) Q*(duy) is the unique irreducible G-submodule of S*(Mp+q7n(R))H.

(b) Q*(dun) is K multiplicity-free with explicitly specified K -types (in The-
orem 4.7). In particular,

(c) Q*(duy) is finite dimensional if and only if p,g =n+1 (mod 2). In
this case it is the irreducible finite dimensional representation of G (or
rather G) with the highest weight

p+q
(= — (

5 n+1))1,.

Now consider the case when p > q = n.
We can break the regular part of the null cone into two parts:

Ny=NFUNT,

where

Nj:{v: <§> e/\/q|dety>o}, Ny z{vz <§> equdety<0}~

Let HT = O"(p,q) be the subgroup of H = O(p,q) stabilizing N, (or

Ny ). Tt is a subgroup of index two. This defines a character of O(p,q) of

order two, denoted by e. It satisfies
€lo(p) = trivial, €lo(q) = determinant.

Alternatively we may define O™ (p, q) to be the kernel of this character.

Fix 7 = <%’ S), where 7, € O(q) — SO(q). Then
q

O(p.q) = 0 (p,q) WO (p,g)7. and T(N5) = N

./\/'CfE are then homogeneous spaces for O"(p,q). Again from general re-
sult on homogeneous spaces [3], we know that ./\/qi admit O™ (p, q)-invariant
Radon measures which we fix as duflt so that

dpg = dpf +dpy,  Tdpy = dpg .

Remark 1.2. When p > ¢, we can show that Nqi are in fact homogeneous
spaces for SO.(p,q) = OT(p,q) N SO(p,q), the connected component at the
identity of O(p,q). Thus in this case, both ./\/qi are connected. When p = q,
Ny breaks into four connected components. Each of the four components of
Ny is a homogeneous space for SO¢(q,q).

Set
dvg = dpf — dpg € 8" (Mpyq,q(R))).

Theorem 1.3. Assume that p > q=n. Then
(a) Q*(dv,) is the unique irreducible G-submodule of S* (Mp+q,q(R))(H;e).
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(b) Q*(dvy) is K multiplicity-free with explicitly specified K -types (in The-
orem 4.10). In particular,
(c) Q*(dvy) is finite dimensional if and only if p > q and p = q (mod 2).
In this case it is the irreducible finite dimensional representation of G
(or rather G) with the highest weight
(1% — 1)1,

Recall that an irreducible admissible representation p of H and an ir-
reducible admissible representation m of G are said to correspond to each
other under the local theta correspondence if there exists a non-zero H x G-
intertwining operator

Q—pRm.
We write §(p) = m or §(m) = p, and call 7 the theta lift of p, and vise versa.
According to [13], this defines a one to one correspondence between certain
subsets of irreducible admissible representations of ﬁ~and G.

It is immediately clear that the unique irreducible G-submodule in Theo-
rems 1.1 and 1.3 is nothing but the dual of the theta lift of the character x
(trivial character in the first case, and e in the second case). Moreover, part
(c) of Theorems 1.1 and 1.3 implies that a (large) collection of irreducible
finite dimensional representations of H and irreducible finite dimensional
representations of GG correspond under the local theta correspondence when
certain parity conditions are met. We make this explicit.

For A = (A1,..., A\n), where A\y > -+ > \,, > 0 are integers, let p) be the
irreducible finite dimensional representation of O(p+ ¢, C) (and therefore of
O(p,q)) parameterized by

(AL, s Ay 0,..,031).

See [19]. Also let my be the irreducible finite dimensional representation of
Sp(2n,C) (and therefore of Sp(2n,R)) with the highest weight .
Then we have

Theorem 1.4. Consider the dual pair (O(p,q),Sp(2n,R)) with p,q > n.
(a) If p,g=n+1 (mod 2), then we have

0(px) = TAH(EEL—(n41)) 1,0

where A = (A1, ..., A\n), A1 > -+ > X\, > 0 are integers.
(b) If p>qg=n, and p=q (mod 2), then we have

0(e ® pr) = T+ -1,
where X = (A1,...,Ag), A1 > --- > X\ >0 are integers.

Here is another application of our results. Recall that Huygens’ Principle
on R? says that when the space dimension p is odd and > 1, waves propagate
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on spherical shells. It was observed by the first-named author [10, 14] that
Huygens’ Principle may be interpreted in terms of representation theory.
To be exact, for p > ¢ = n = 1, part (c¢) of Theorem 1.3 is equivalent to
Huygens’ Principle. Our result for p > ¢ = n implies that solutions of a cer-
tain system of PDE’s which are naturally associated to O(p, q) (as opposed
to the Lorentz group O(p,1) in the classical case) satisfy a generalization
of Huygens’ Principle (see Theorem 5.8). We note that Helgason proved a
generalization of Huygen’s Principle in a very different direction [7].

Here is the outline of our approach and some words on the organiza-
tion of this paper. The first point is that K- types of §*(M, p+qn(R))(H )
are rather restricted. In fact S* (M, n(R))(H’X) is K multiplicity-free, and
all possible K- types can be specified. Furthermore we find a criteria for a
given S € 8" (Mp1q,n (R))(H'X) (with an additional assumption) to generate
a particular K- type (in terms of the inner product of S with a certain K
highest weight vector). This is done in §2. The second point is that the
dvo in question transforms according to a character of P under the oscilla-
tor representation, where P = M'N (M ~ GL(n,R)) is the Siegel parabolic
subgroup of G. In essence this means that dvp is a GL(n,R)™-homegeneous
distribution supported on the null cone /. Thus it satisfies a set of differen-
tial equations which takes a particularly nice form in the Fock model of the
oscillator representation. It turns out that the solutions of these differential
equations satisfy some identities of Capelli type (see the Appendix) This
in turn allows us to compute the inner product of dvp with the K highest
weight vectors mentioned above, thus determining the K- types of the G-
cyclic submodule Q*(dvp) € S*(Mptgn (]R))(HX (83). Further it gives us
the image of the Schwartz space S(M, 4., (R)) under a natural G-morphism
into certain degenerate principal series representations of G. The results of
Johnson, Lee, Orsted-Zhang, Sahi, independently [17, 20, 23, 26] on degen-
erate principal series can then be applied to determine the G-structure of
0*(dvo). We do this in §4. In §5, we discuss applications of part of our
results to local theta correspondence and a generalized Huygens’ Principle.

Finally we remark that the results and techniques of the current paper
extend substantially those of [31]. Nevertheless, it remains an open problem
to determine the G-structure of H -eigendistributions completely.

2. K-TYPES OF H-EIGENDISTRIBUTIONS

In this section, we examine the K-types of 8*(Mp4qn(R))H™) | where x
is a character of H. We first deal with the case: x = 1, the trivial character
of H.

We fix some notations. A (finite) sequence of non-negative integers {\; }i>1
is called dominant if Ay > Xy > ---, and we denote its totality by AT. We
also denote the subset consisting of those {\;};>1 € AT with all \;’s even
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(resp., odd) by AT (resp., A}). For a compact group L, let L denote the set
of equivalent classes of irreducible unitary representations of L.

Theorem 2.1. ([31]) S*(Mp1q.(R)" is K -multiplicity one. Further T €

K is a K-type in S*(Mp+q7n(R))H if and only if the highest weight of T* is
of the form

p—
Tq]-n + ()\la ) )‘k‘)oa "'70’ My e _Hl))

where {\YF_,, {uj}_, € AF, and k <p, 1<q, k+1<n.

j=1 e’

We shall work in the formalism of (g, K) modules.

Let U=U(N) C G = Sp(2N,R) (N = n(p + q)) be a maximal compact
subgroup of G. Then under the Fock model of Q [4], the space of U-finite
vectors of € is isomorphic to P = P[Mp44,(C)], the space of polynomial
functions on M, 14, (C).

Let 2~ be the space of formal vectors of Q [31]. Roughly speaking,
Q= is the space of formal power series on M, ,(C). It is a (Lie(G)c, U)-
module, where Lie(G)c is the complexified Lie algebra of G. Further we
have the inclusion of (Lie(G)c, U)-modules:

P C S (Myign(R)) C Q.

We note that the action of (Lie(G)c,U) on Q7°° is the extention of its
action on P C S(Mp 14, (R)), while the action on S* (M4, (R)) is dual to

the action on S(Mp4¢n(R)). Thus on the level of U-isotypic components,
we have

Py C S (Mpign(R)), . C Q%

for any o € U. Here and after, a subscript denotes the appropriate isotypic
component.

We also note that € carries a (pre)unitary structure <,> on P, and so
induces a natural pairing between 2> and P. Under our identification of
S*(Mp1qn(R)) as a subspace of Q7°°, we have

S(p) =< S, ¢ >, S e S (Mprqn(R)), ¢ € P,
where S on the right hand side is viewed as an element of 27,

Let H(K) C P be the space of K-harmonics [13]. For 7 € R(K;Q ™),
the set of K-types which occur in 27°°, define the projection map

p: (7)), — H(K),

by taking an element v € (27°°); to the lowest degree component of v.
Recall that L = O(p) x O(q) is a maximal compact subgroup of H =
O(p,q). Clearly the map p defined above is L-equivariant.
Denote the derived (h, L) module of a character x of H by the same sym-
bol, where b is the Lie algebra of H. Let (Q*OO)("’L;X) be the y-eigenspace
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of 7% for (h, L). Denote

X1 = Xlow) X2 = Xlo(g)-

Let H(K)ix1®x2) be the y; ® yo-eigenspace of H(K) for L.
An argument similar to the one in [31] (for the case x = 1) yields the
following

Lemma 2.2. For any 7 € R(ﬁ; 07°°), the induced map
p: (Q)OLX) oy (K Eixa®xz)
18 injective.
From the work of Kashiwara-Vergne ([19], see also [13]), we know that
H(K); is irreducibel under M x K, where M ~ U(p) x U(q), and so as

M x K-modules, we have H(K), ~ p(r) @ 7, where p(r) is described in
[19]. Thus H(K)EX1EX2) £ 0 if and only if p(r)EX18X2) £ 0. In view of
the inclusion S*(Mp+q7n(R))(H;X) c (Q=°)0.LX) and the fact that (M, L)
is a symmetric pair, we arrive at the following result on the K-structure of
S*(Mpqn(R)) T,

Set AT, = A} or A} depending on whether x; is the trivial or the deter-
minant character. Similarly for AT, .

Theorem 2.3. S*(Mp+q7n(R))(H;X) is K-multiplicity one. Further 7 € K
is a K-type in S*(Mp+q7n(R))(H;X) only if the highest weight of T* is of the
form

pP—q

Tln + ()\la ) )‘k‘) Oa 3] 0’ My e _Hl))
where {\; Y, € AT, {,uj}é':1 € AL, and k <p, 1 <q, k+1<mn, and with

the following additional requirement:
k=p, if x1 = det, and l=gq, if xo = det.
Remark 2.4. Our result asserts that only cerain K -types can possibly occur

in S*(Mp+q7n(R))(H;X). It does not assert that they actually occur. For the
case x =1, all of them do occur. See Theorem 2.1.

We give two corollaries. The first one is well-known (See [24] for example).
Corollary 2.5. S*(Merq,n(R))(H;det) is non-zero only if p+q < n.

Remark 2.6. [t turns out that S*(Mp+q7n(R))(H;det) is non-zero if and only

ifp+q<n, and T € K is a K-type in S*(Merq,n(R))(H;det) if and only if
the highest weight of T* is of the form
1%171 + (AMyoy Ay 0,0y 0, = figy ey —pi1),

where {\ }2_1, {1 ;1.:1 € AJ. See [21].
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Corollary 2.7. Assume that p > g = n. Then T € K is a E—type m
S*(Merq,q(R))(H;e) only if the highest weight of T is of the form
pP—q

Tl + ( Hgs -y _lu'l)v

where {p;}i_; € AL

( )( IX1®X2) ex-

We proceed to describe a K- highest weight vector in H
plicitly. We refer to [13] for some of the facts below.
Let
z = (zij)pxn € Mpn(C), w = (wij)gxn € Mgn(C)
be the complex coordinates of the Fock model of €.
For 1 <i,5 <n,let

Tz‘j(Z) = ZZ 1 ZkiZkjs Tz'j(w) = Y1 Wkiwpy,
82 82

() = i 6—%1% Aij(w) = Fhy m

Eij(z) = Zk 1Zkzazk Eij(w) = Zk 1wkzawk

Further we let
Uij = Eij(z) — Eji(w) + 55
Ay = Agj(w) — TZJ( z),
Bij = rij(w) — A(2).
Recall that K = U(n) is a maximal compact subgroup of G = Sp(2n,R).
In the Fock model, the complexified action of K¢ = GL(n,C)™ is given by
(gf)(sz) (detg) B f(zvag ) gGGL(n,(C) fep[ p—l—qn(c)]

Recall also that we may choose the Harish-Chandra decomposition of the
complexified Lie algebra gc of G:

gc=tcoptop

5Zj7

such that
Q(tc) = span {U;]1 <i,j < n},
Q(p*) = span {A;[1 <i<j<n},
Q(p~) =span {B;;|1 <i < j<n}.
Here ¢ is the complexification of ¢, the Lie algebra of K = U(n).
For 1 < k < min(p,n), we define the operator

A - A
Agr o Ag

Note that this definition is unambiguous since A;;’s commute among them-
selves.
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For 1 <1 < min(g,n), we similarly define the operator

Bn—l+1,n—l+1 T Bn—l-‘,—l,n
D,l:det .
Bn,n—l+1 tee Bn,n
We also define the following polynomials gy, gy,:
() =1{" if x1=1,
Z) =
ba detp(z), if x1 =det, p <mn,
(w) =1 " if x2 =1,
w) =
baa dety(w), if xo =det, ¢ <mn,
where
211 e le
detp(z):det e oo “e. ,
Zpl v Zpp

(wnq+1,nq+1 e wanrl,n)
detq(w):det

Wn,n—q+1 o Wn,n

For 1 <k <p,1<1[<qgwith k+1[ < n, and sets of non-negative integers
{aiti<i<k, {Bj}1<j<i, define the polynomials
(2.8)

DX(ala e 0 B, ﬂl) = (Dill T Dillch[—gll T D@)(Qxﬂ]xz)-

When x; = det and p < n, we may require £k = p by making some of the
a;’s to be zero. Similarly for x2. We note that D;’s and D_;’s commute for
1+j <n.

It is easy to see that (up to the a sign, or (—1)® 202+ +ka% {4 he exact)

Dx(ala "'7ak;ﬁla "'7&1) = dl(’z)al o 'dk‘(z)akQXl(Z)dl(w)ﬂl o dl(w)ﬂquQ(w))

where

(rll(z) e le(z))
dk(z):det ,
Te1(2) o Tek(2)
and
(Tnl+1,nl+1(w) e ?“nz+1,n(w)>
dl(’w):det
rn,nflJrl(w) ce Tnm(w)

In particular, Dy (a1, ..., ax; 81, ..., f;) transforms according to x1 ® x2 under
the action of L = O(p) x O(q).

Note that in the case we are considering, the space of K-harmonics is
given by

n 2
HK) ={fep| S 2
k=1

=0,Vli<i<p1<j<q}
— azikawjk =t=hi=) _Q}
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Set
a; = Zigsgk As, 1< <Kk,
bj = > i<i<1 Bt 1<y <1,

0, if X1 =1,
€ =
X 1, if y; = det.

and

Similarly we define €,,.

Proposition 2.9. We have
Dy (o, ...,ar; 1, ..., 1) € H(K)(L;X@XQ),
and it is a K¢ highest weight vector with the highest weight
1%1,1 F (201 F €y 205 + €31, 0,000 0, =25 — €y, 00y —2b1 — €1,).
Consequently we have
Uij(Dy (a1, ...,a5; b1, .., B1)) = 0, 1<i<j<n,
Uii(Dy (a1, ...y ag; Br, -, 1)) = NMiDy(aa, ..., a3 B, .y 1),

where
%+2ai+exla 1§/L§k)
N = 1%, E+1<i<n-—I,
%—2[)”_“_1—6)@, n—1+1<i<n.

Proof. The fact that Dy(aq, ..., o3 B, ..., 4;) is K-harmonic is immediate.
It is also clear that D,(ai,...,ax;B1,..., %) is invariant under the upper
triangular matrices with ones in the diagonal, and transforms according to
the given character of the diagonal subgroup of K¢ = GL(n,C)™. For the
rest, we just have to observe that the derived action of e;; is given by U;j,
where e;; is the n xn matrix with one at the (4, j) entry and zeroes elsewhere.
O

We now prove a criteria for the non-vanishing of K. -types for a given
distribution S € S*(Merq,n(]R))(H;X). Recall that P is the Siegel parabolic
subgroup of G (see §3 for an explicit description).

Theorem 2.10. Suppose that S € S*(Mp+q7n(R))(H;X) and S transforms

according to a character of Q, where Q = PNK ~ O(n) CK. Let T € K
be such that the highest weight of T* is given by

p—q
Tln + (2&1 + €xqseees 2ap + exl,O, e, 0, =2b; — Exas e —2by — €X2)7
where a; = 3 <<ty bj =D j<1<) Bt, and as, By € ZF. Then the following

three conditions are equivalent:

(a) T occurs in the space < Q*(K)S >;
(b) S; # 0, where S; is the T-isotypic component of S;
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(¢c) the inner product
< S) Dx(ala "'7ak;ﬁ1) "'aﬁl) >?é 0.

Proof. Clearly (a) is equivalent to (b).

By Lemma 2.2, S, # 0if and only if p(S;) # 0. Here p(S;) € H(K)(TL;X1®X2)
is the image of S; under the projection map p.

Note that H(K )SL;X@XQ) is irreducible as a K-module. See the discussions
leading to Theorem 2.3. Denote v, = D, (a1, ..., ax; B1, ..., 3;), which is a K-

highest weight vector in H(K)(TL;M@XQ). We can write
p(ST) = )\T'UT + N’T7

where A, € C, and N, is a sum of A-weight vectors in H(K )ng@XQ) with
A—Weights strictly less than that of v,. Here A is a maximal torus of K.

We shall show that p(S;) # 0 if and only if A\ # 0.

By choosing a Borel subgroup B of K¢ = GL(n,C) appropriately, we
may assume [28] that

tc=0b+4q,

where q is the complexified Lie algebra of @), and b is the Borel subalgebra
of tc = gl(n, C) opposite to b.

By the Poincare-Birkhoff-Witt theorem, we have

U(tc) = U(b)U(q).

Suppose that A; = 0. Then p(Sr) = Nr. Since S transforms according to
a character of @, p(S;) transforms under @ in the same way. Thus we have

U(tc)p(S7) = UB)U(@)p(S7) S U(b)p(Sr) = U(b)N:.
Now each vector in U(b)N; is a sum of A weight vectors with weights

strictly less than that of v,, we see that U(tc)p(S;) # H(K)SL;X@XQ), a

contradiction to the fact that H(K )ng@XQ) is irreducible as a K-module.

We thus conclude that p(S;) # 0 is the same thing as A\; # 0, and the
latter is equivalent to the statement that the inner product of S with v, is
not zero. O

Remark 2.11. The argument above was first used in [30] in the context of
multiplicity-free actions.

3. K-TYPES OF ]S—EIGENDISTRIBUTIONS

Let P be the Siegel parabolic subgroup of G = Sp(2n,R). We have
P ~ MN, where

M= mla@) = (§ ()

) , b="b € M, ,(R)}.

1), acGLmR),

S}

I
~
3
—
>
SN—
I
7N
o
& oo
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Let xo be the character of
M = {(m(a),e)|a € GL(n,R),e = £1}

given by:
1, if det(a) > 0,
Xo(m(a), ) = € {z’, if det(a) < 0.

Note that yg is of order 4.
We then have [5]

[2(m(a), €)f](v) = xo(m(a), €)% deta| *F* f(va),  a€ GL(n,R),
[Qnb))(v) = e2 "It f(0), f € LA(Myign(R)), v € Mysgn(R).
Here ao = p — ¢ (mod 4), and tr denotes the trace of a square matrix.
We write a typical element v € M,1,,(R) as

v (;) ’ T = (i) pxn € Mpn(R), ¥y = (Yij)gxn € Mgn(R).

For 1 <i,j5 <n,let
— (at _ P q
Tij = (v Ip,qv)z‘j = Zkzl Tilkj — Zkzl Ykilkj
NP _0 D 0 4 ptqgs..
Ez] = Zk:l Tki Dy, + Zk:l ykzayk]. + D) 5@]-

For a character & of P, let
S*(Mp-i-q,n(R))(P;g) = {8 € " (Mp14n(R))[Q2*(D)S = £(P)S, P € P}

denote the space of £-eigendistributions for P.
Suppose that we are given a tempered distribution

S € 8 (Mpyqn(R)) T2,

where £ is a character of ? of order at most four, v is a complex number,
and | |” is the character of P so that (m(a),€) — | det a|”. By differentiation,
S satisfies the following system of equations:

EijS == Z/(;ijs,
TijS = 0,

where 1 <4, j <n. Here and after, ¢;; denotes the usual Kronecker symbol.
More generally we may consider a formal vector S € Q7°° satisfying the
same system of equations.

It turns out that the above system is easier to work with in the Fock
model. Recall that there is an isomorphism between the Schrodinger model
and the Fock model. This correspondence is such that

1 o] o] 1 J
x’U \/i(azij Z])’ 8$i]' \/i(azij Z])’
1 o) o) 1 o)
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See [2]. For the ease of notation, we shall use equality instead of the arrow

2].
sign to indicate the same operator in the two models
Recall from §2 the notations U;j, A;j, Bij, and r;;(2), Ayj(2), Eij(Z) ete

Proposition 3.1. The system of differential equations
{&ﬁ:u%&
rijS =0
in the Schrodinger model is equivalent to the system of differential equations
g%sza@—m%w,
A;iS = (Uj; + v65)S
in the Fock model.

Proof. We compute
+ 21) (55 — 2hs)

0 _ 1
xkzal‘k] - 2(821“

S VO BN B
- 2(szi8zk]- + Zki 8ij 0zki Zk] Zk;ZZk-])
o)
= 2kj g — Akitki — 0if),

— 19 .0
- 2(8zki8zkj + zkl 8zkj

and
TiThj = %(azk +z "“)(% + 21j)

_ 1. _ & o)

= 5 (omam; iz + g ok i)
1 02

(azmazk +z '1“82 +Zk]8z +Zklzkj+6w)

Thus in the Fock model, the equation E;;S = v6;;S becomes
(Aij(2) + Eij(2) — Eji(z) — 1i5(2)
(32) +AZ](U}) + EZJ(U)) — E]Z(U}) — ’I“ZJ(U)))S = 21/5ijS,
and the equation r;;S = 0 becomes
(Aij(2) + Eij(2) + Eji(2) + 1ij(2)
33)  —Ay(w) = Eij(w) = Eji(w) —rij(w) + (p — ¢)8i5)5 = 0.
Adding and subtracting the Equations (3.2) and (3.3), we get
{(Aij(Z) + Eij(2) — Eji(w) — rij(w) + B51045) 5 = v64515,
(Agj(w) + Eij(w) — Eji(z) — rij(2) —
The result follows. O
Note that (by a straightforward computation)
[Eij(2), rra(2)] = dwria(2) + Gjurwi(2),
[Eij (2), Awi(2)] = —(ikAji(2) + 0 Ak;(2)).
Exactly the same commutation relations hold if we replace z by w. This

easily implies the following
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Lemma 3.4. The differential operators {U;;}, {Ai;}, {Bij} satisfy the fol-
lowing commutation relations:
[Uij, Akl = 0k Air + 051 A,
[Uij, Br] = —(0ix Bji + 6yt B;j)-

Given a matrix X = (Xj;)nxn, where {X;;} is a set of (not necessarily
commuting) linear operators of a fixed vector space, we define its column
determinant

(35) det(X) = Z Sgn(o-)XO'(l)lXU(Qﬂ T Xa(n)na
gESy
and also its row determinant
(36) rdet(X) = Z Sgn(J)Xla(l)X2a(2) T Xna(n)-
oES,
Thus rdet(X) = det(X"). Furthermore if {X;;} commute among themselves,
then rdet(X) = det(X).

In the appendix of this paper, certain identities of Capelli type are proved.
For the convenience of the reader, we include special cases of these identities
below.

Theorem 3.7. Identities of Capelli type
(a) Let E = (Eij)nxn, X = (Xij)nxn be matrices of linear operators on a
vector space V' satisfying X;; = Xj;, and the commutation relations
[Eij, Xi) = €00 Xir + 0 X)),
for some complex number €. Suppose that S € V' satisfies
XijS = EijS, fOT 1< i,j <n.
Then we have
det(XZ-j)S = det(EnJrl,i,nJrl,j + E(TL — ’L)(SZ])S,
and
det(Xn+17i7n+1fj)S = det(Ei,j + e(n - Z)(SZ])S
(b) Let E = (Eij)nxn, Y = (Yij)nxn be matrices of linear operators on a
vector space V' satisfying Y;; = Y;, and the commutation relations
[Eij, Yi] = (0 Yy + 0aYkj),
for some complex number €. Suppose that S € V' satisfies
Y S = E;; S, for 1 <i4,5 <n.
Then we have
rdet(Yij)S = T’det(EnJrl,i,nJrl,j + E(TL — Z)(;ZJ)S,

and
T’det(YnJrl,i,nJrl,j)S = T’det(Eivj + E(TL — Z)(;ZJ)S
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Recall the (pre)unitary structure <, > of P, which induces a pairing be-
tween 27°° and P, still denoted by <, >.
The main result of this section is the following

Theorem 3.8. Suppose that S € S*(Mp1qn(R)) satisfies
Ez‘jS = uéijS,
TZ‘jS = 0,

where 1 < i,j5 <n and v € C. Let x be a character of H = O(p,q). For
1<k <p 1<1<qwithk+1<n, and sets of non-negative integers

{aiti<i<k, {Bjh<j<i, let Dy(an,...;ap; Bi,.... B) € H(K K@) ge the K
highest weight vector defined in Equation (2.8). Denote

)\(061, "'70416;517 "'7ﬂl) =< Sa Dx(alv "'70416;517"'7/60 >

Then we have the recursive formula:

)\(ala ceey O ﬁla "'7&1)

k
:)\(al)"'aak‘_l;ﬁl)'“aﬂl H 2az+€X1 1%_(V+Z+1))

!
= N,y ag; Br, o, B — 1) H 6X2+T+(1/+]+1)).

Here a; =) i< ocp 0ts and by = Zjétél Be.-

Proof. With respect to the pairing <, >, we have the adjoint relations:

8zij - 6wij W

See [2]. Thus we have

* *

UZ*] Ujs.
We compute (using Aj; = Bjj):
< Sa Dx(ala ceey O ﬂl) ceey ﬂl) >
=< S, D+kDX(a17 vy QO — 1; 517 ey ﬁl) >
=< I‘det(Bl'j)kaS, DX(Oq, cnap —1;61,...,0) >
From Proposition 3.1 and Lemma 3.4, we have B;;S = (U;; — v6;;)S and
WUij, Bri] = —(0i1Bj; + 64 By;), and so by Theorem 3.7 (b), we have
I“det(BZ‘j)kaS = rdet(UkJrl,i,kJrl,j — (I/ + k- z)éw)kka

In the expansion formula for the above row determinant, every term ex-
cept the diagonal term starts with a Ug with s > ¢. Since U}, = Uys, and Uy
annihilates any K highest weight vector, we see that only the diagonal term
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in the expansion of rdet(Uy41—ik+1—j — (¥ + k —)dij) kxS will contribute
to the inner product

< rdet(Uk—‘,—l—i,k—‘,—l—j —(v+k-— z’)él-j)kka, DX(Oq, cnap — 1,01, ...,0) >
Thus from Proposition 2.9, we have

)\(Oél, ceny O3 ﬁla 7ﬂl))

k
=<8, H(U” —(v+1i—-1))Dy(a1,...,on, — 1; 51, ..., 1) >
=1

Il

@
I
-

(2(a; — 1) + €y, + 1% — (W Hi— 1IN, ey — 138150 B))

pP—4q

5~ v+i+1)Aaq,...,ar — 1; 61, ..., 51).

I

s
Il
—

(2ai + €x1 +

We also compute < S, D(au, ..., ag; B, ..., f1) > (using Bf; = Ajj):

< Sa Dx(al)'“aak‘;ﬂl)“’aﬂl) >
=< 5, D,lDX(Oq, ey Q3 By B — 1) >
=< det(An—l-i-’i,n—l-f-j)leS) Dx(ala "'7ak;ﬁla "'7ﬁl - 1) >

From Proposition 3.1 and Lemma 3.4, we have A;;S = (U;; 4+ v6;;)S and
WUij, Art] = 05 Aq + 01 Ak, and so by Theorem 3.7 (a), we have
det(An—l+i,n—l+j)l><lS = det(Un_l_;_Z‘,n_z_,_j +wv+1l- i)5ij)lxls.
In the expansion formula for the above column determinant, every term
except the diagonal term starts with a Uy with s > ¢. Since U}, = Uy, and
U;s annihilates any K highest weight vector, we see that only the diagonal

term in the expansion of det(U,—;44n—i14; + (v +1—1%)d;)1x1S will contribute
to the inner product

< det(Up—i4in—i+j + (v +1—1)0i5)1x15; Dy(01, ooy ag; fry s fr — 1) >
Thus from Proposition 2.9, we have

)‘(ala“wak;ﬂla“wﬂl))
l
=< Sv H(UnflJrj,anj + (V + l _j))Dx(alv "'70416;617 "'7/61 - 1) >
j=1

pP—q

5 T+ l=g)Mars s ar; frs e B = 1)

2(bi—jy1 — 1) — €y, +

p_q .
— €y, T T—|—(l/—|—]—|—1)))\(041,...,04k;ﬁ1,...,ﬂl —1).

I
e

This completes the proof of the theorem. O
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Remark 3.9. We comment on how the recursive formula of Theorem 3.8
may be applied. Note that in our notations, we have

)\(Oél, ey O 1, 07 ﬂla cey ﬂl) - )\(ala cey ak—l;ﬂl) ceey ﬂl)a

)\(041, ceey LS 517 veey ﬁl*lv 0) = )\(al, ceey LS ﬁl, ceey ﬁlfl).
We may reduce the computation of N o, ..., ax; B, ..., B1) to that of A(0;0)
from the recursion. We also note the following: Suppose that 0 #= S €
S*(Merq,n(R))(H;X) satisfies the conditions of Theorem 2.10, then corre-

sponding to one of the non-zero K -types, certain A, ..., ag; b1, ..., f) must
be non-zero. Our recursion formula implies in particular that A(0;0) # 0.

We give an immediate application of our inner product formula. For
S = 6, the Dirac measure at the origin of M, ,,(R), we have v = —254. In
the notations of Theorem 3.8, we note that for i < k < p,

p—4q
2
and for j <1 <g,

2a; + —(wv+i+1)=2a;+p—i—1>0, if a; >0,

o+ i ) = -2 - g1 <0, i b >0,
This implies that
Ao, ooy 0s By, Br) =< S, Dy (any .oy o B,y ooy 1) >F 0.
In view of Theorem 2.10, we have the following

Corollary 3.10. The Dirac measure § has a non-zero projection to every
K-type T listed in Theorem 2.1.

Remark 3.11. The above statement was proved in [31] by using the original
Capelli identity. Together with Theorem 2.1, it implies the result of [18]
alluded to in the Introduction, namely

0 (0) =" (Mp-i-q,n(R))H-

4. INVARIANT MEASURES AND DEGENERATE PRINCIPAL SERIES
Recall the regular part of the null cone
N, = {v € N|rank(v) = n},

where p,q > n. Recall also the invariant measure du, on N, from the
Introduction.

First we assume that p + ¢ > 2n. We shall see that the measure dyu,, can
be extended to a tempered distribution I on M,14,(R) as follows.

Let Sym?2(R) be the space of n x n real symmetric matrices. Note that
for any v € My 4n(R), v'I, v € Sym?2(R).
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For f € S(M,14n(R)) and a neighborhood U of the n x n zero matrix in
Sym?(R), consider the integral

(Pu= [~ f.

For v = (:yg) € Myiqn(R), write (except for a set of measure zero)

x = AR%,
where A is an element of the Stiefel manifold defined by
SP = {x € My ,(R)|z'z = I,} ~ O(p)/O(p — n),

and R € P,, the space of n X n positive definite real symmetric matrices.
Similarly we write

y = BS3, Be S®", S e P,

Then up to constants, we have [8]

p—n g—n—1

dz = (det R)* 5 dRdA,  dy = (detS) 5 dSdB,

where dA is the O(p)-invariant metric on SP", and likewise for dB. Thus
we have

_ AR
I = /A,B,R—S / (BS

where the integral is over the set A € SP"", B € §9" R—S € U. By making
the change of variables: U = R — S, we see that

p—n—1 qg—n—1

) (det R) 2 (detS) =2

dRdAAdSdB,

Nl= N

AR% p—n—1 g—n—1
1 :/ det R) 2 det(R—U) 2 dRdAdUdB.
(=, 1 (B e U)Q (det B) "5 det(R ~ U)
Therefore we see that the following limit is well-defined:
1
4.1 I(f) =limy o ———1 ,
(4.1) (f) = limy—o volll) (Flu

where vol(U) is the volumn of U with respect to the standard Euclidean
metric in Sym?2(R). Furthermore we have

1
I(f) = / FAR2) (det B2 dRAAB.
Aespn BeSin Rep, - \ BR2

Since we are assuming p+q > 2n, we see that the above defines a tempered
distribution I. Clearly I is H = O(p, ¢)-invariant, and is supported on N,.

Recall the Siegel parabolic subgroup P ~ M N. For m, € M , we have
() = xo(a)"| deta| T Ma). @€ GL(n.R),
where A denotes the (unnormalized) action of GL(n,R) on S(Mp4qn(R)):
(4.2) Aa)d)(z,y) = d(za,ya), P € S(Mpqn(R)),
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and a = p — ¢ (mod 4). See §3.
A straightforward computation using Equation (4.1) yields
()] = |detaPt=D] 4 e GL(n,R),
() I=1I, neN.
Therefore we have

O ()] = xo(1mia) | detal =~V §=man € P.

Now assume that p = ¢ = n. Let S(Mp1qn(R)) € S(Mpyqn(R)) be the
subspace of Schwartz functions on Mp4q,(R) which correspond to poly-
nomials in the Fock model of the oscillator representation 2. Namely
f € S(Mp1qn(R)) if and only if f is of the form ppg, where p is a poly-
nomial and ¢ is the so-called Gaussian given by

_tr(ete)tir(yty) T
bo(0) =T (V) € Mysga(®)
For f € S(Mpyqn(R)), and s € C, consider the integral

/ f AR
AeSpn BeSTn ReP, BR

Note that when f = p¢gy, we have

Jo(f) = ) (det R)*dRAAdB.

Nl Nl

AR
T(f) = /
(/) AeSpn BeS9m REP, P <BR

From the theory of Zeta integrals [6], we know that J,(f) is absolutely
convergent if Re(s) > —1, and Js(f) can be analytically continued in the

) e B(det R)*dRdAdB.

= W=

complex plane, except at s = —% —Z7% for j = 1,2,....,n, where Jy(f)
has poles. Furthermore Jg(f) has at most a simple pole at s = —1.
We define for f € S(Mp4qn(R))
J(f) - hms—>—1(3 + 1)Js(f)7

the residue of Js(f) at s = —1. Note that
n+2—
¢0 _CHF J)a

where ¢ is a non-zero number. See [8]. Thus J4(¢g) has a non-zero residue
at s = —1. In particular J # 0. The association f — J(f) for f €
S(Mpiqn(R)) therefore defines an element J € Q7°°, the space of formal
vectors of 2. We clearly have

Q*(p)J = |deta|™'J,  p=mgne P.

We shall see in the latter part of this section that J is in fact a tempered
distribution on M4, (R).
We summarize the above discussions by the following
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Proposition 4.3. Assume that p,q > n. Then
(a) If p+ q > 2n, then du, can be extended to a tempered distribution

I €8 (Myqn(R)? such that
Q*(p)I = xo(iia) ~*|deta|" 2~V p=rmn e P.

(b) If p = q = n, then du, can be extended to a formal vector J €
Q=)L) such that

Q*(p)J = |deta|™'J,  p=mgne P.
In a similar way, we have

Proposition 4.4. Assume that p > q =n. Then
(a) If p > q, then dv, can be extended to a tempered distribution I' €
S*(My 1 q.(R)YED such that
Q*(P)I' = xo(mg) 2| deta %*11’, 5 = mgn € P.
p X p

(b) If p = q, then dv, can be extended to a formal vector J' € (Q~°)":Li)
such that

Q*(p)J’ = sgn(deta)|detal LT, P = man € P.
Remark 4.5. Note that xo(mg)? = sgn(deta) for a € GL(n,R).

To minimize notations, we shall use du,, and dv, to represent the corre-
sponding tempered distributions (or formal vectors) given in Propositions
4.3 and 4.4.

We now define some degenerate principal series representations of G.
For 0 € C and o = 0,1, 2, 3, define the following character of P:

Xa(0)(B) = x0(Mg)*|detal®,  p=mgn e P.

_ Let Io(0) be the representation of G induced from the character xo(c) of
P as follows:
Iu(0) = Ind%(xa(0))
= {S €C¥G)IB9) = Xalo + pa)(D)](9), P = Man € P},
where p,, = "TH The group G acts on I, (o) by right translation.
We will be concerned with the following situations:
(a): p,g>n, and (b): p>q=n.
Let S € §*(Mp1qn(R)) be given by
g {d,un, in case (a),
dvg, in case (b).

Then we have (from Propositions 4.3 and 4.4)
S € 8 (My-rqn (R) "7,
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where
V:%—(n+1), a =p—q(mod 4), in case (a),
o= —v, - .
v=054—1 a=p—q+2(mod4), in case (b).

For ¢ € S(My14n(R)), consider the function ®g(¢) on G defined by:
(4.6) Ps(9)(9) = S(29)9),  FeC.
Then ®g(¢) € I,(s), where s = 0 — p,,. Thus we have defined a map
Qg : S(Mpign(R)) — In(s).
This map is clearly é—equivariant.

Let ng (resp., n1) be the maximal even integer (resp., odd integer) less
than or equal to n. We are now in a position to prove the following result,
which implies Theorem 1.1 in the Introduction.

Theorem 4.7. Assume that p,q > n. Then
(a) 7 is a K -type in Q*(dpy) if and only if the highest weight of T* is of

the form
(AL, ey An), A = 1% (mod 2),
and
M < B (n+1), .

E if n—q=1, p=0 (mod 2),
{)\mZm—l—l—%, ( )
)\2<%_n’ .

E if n—q=0, p=1(mod?2),
{AnOZnoH 2te
M < B = (n+ 1), .

{)\1 >’r2bo+§ p+()1 @fn_qzlvpzl(m0d2)7
no —
A

if n—q=0, p=0 (mod 2).

{)\nlznl-i-l—z#v / K P ( )

(b) The image of ®g,, in Io(s) contains a K-type 7 if and only if the
highest weight of T is of the form described above. Furthermore this
image is irreducible and is the unique irreducible submodule of I,(s).

(c) Q*(dp) is irreducible, and is therefore the unique irreducible G-submodule

of 8 (Mpq,n(R))™.

Proof. (a) Since Q*(dun) C S*(Mpyqn(R)Y, a K-type T can occur in
Q*(dpy,) only if the highest weight of 7* is of the form

My ooy An) = ]%ln—i—(20,1,...,2ak,0,...,O,—2bl,...,—2b1),
(48) == 1%1n+ (515"'7£n))

where a; = Y ;< < s, bj = X <4<y Br, and ag, B¢ € ZF. See Theorem 2.1.
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Since duy, is a P-eigendistribution, we have Q*(dun) = < Q*(K)dpun, >,

and dyy, transforms according to a character of @, where ) = PN K =~
O(n) € K. By Theorem 2.10, a K-type 7 given in Equation (4.8) occurs in
Q*(duy,) if and only if the inner product

)\(ala "'7ak;/817 '-'7ﬂl) =< deDx(Oéh "'70416;/817 "'7/6l) >7é 0.

By Theorem 3.8, we have the recursive formula:

Ao, oy s Brs o, By)

k
= )\(Oél, sy O — 1;ﬂ15 "'7&1) ]:[(20% + 1% - (V +i+ 1))
i=1
l p—q
= )\(041, ey Qs By ey B — 1) H(—ij + 5 + (l/ + 5+ 1)),
j=1
where (the normalized homogeneity degree) v = % — (n+1). See Propo-

sition 4.3.

Observe that 2a; + 5% — (v + i+ 1) = 2a; — ¢+ n —i. Thus if n —
g = 1 (mod 2), then 2a; — ¢+ n — i # 0 for even i, and in order for
Mag, ey ag; By .. f1) # 0, we must have & = 2a; < ¢ —n — 1. Similarly
by examining —2b; + &4 + (v + j + 1), we see that if p = 0 (mod 2), then
in order for A(ay,...,ak;01,...,0) # 0, we must have &,, > n; —p+ L.
Conversely since a; > ... > ag, by > ... > b, we see that if & < g—n—1 and
&ny > n1 —p+ 1, then Aoy, ...,ax; 51, ..., 1) # 0. We thus get the required
inequality if n—¢ =1 and p = 0 (mod 2). The other three cases are entirely
similar.

(b) Note that for ¢ € S(M,.4,(R)) and for k € K, we have Dy, (0)(k)

= (Q*(k~")dpun)(¢). Thus a K-type 7 occurs in the image of ®g,, in I,(s)

if and only if 7* occurs in < Q*(f )dp, >, and is therefore given as in part
(b).

Now the structure of I,(s) is completely known [17, 20, 23, 26]. We note
that their results cover the symplectic group, but the metaplectic case can
be extended easily. In all the four cases (which correspond to the parity of
n+ «a and the parity of s+ p, + §), straightforward verifications show that
for p,q > n, the corresponding I,(s) has a unique irreducible submodule,
and the K- -types of this submodule coincide with the K -types of the image
of ®4,, described above. Since I,(s) is K-multiplicity free, part (b) follows.

Note that Q*(duy) is the dual of the image of ®g4,, in I,(s). Now part
(c) clearly follows from part (b). O

Remark 4.9. The recursive formula implies in particular that the “gener-
alized Fourier coefficients” of the formal vector du, (for p = q = n) grow
at most polynomially, and therefore du,, actually defines a tempered distri-
bution in this case. See [14, 31] for such a characterization of tempered
distributions.
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In exactly the same way, we have the following result which implies The-
orem 1.3 in the Introduction. Its proof will be omitted.

Theorem 4.10. Assume that p > qg=mn. Then
(a) 7 is a K -type in O*(dvy) if and only if the highest weight of T is of

the form
AL Ag)y M= Z%H (mod 2),
and
A < B ,
- if p>q, p=1(mod 2),
{)\QIqu—i_l_%v )
A < B ,
- if p>q, p=0 (mod 2),
{)‘qo Zqo—i_l_%v
)\1 :...:)\q_gz—l, lf pP=4q.

(b) The image of ®q,, in I(s) contains a K -type 7 if and only if the highest
weight of T is of the form described above. Furthermore when p > q,
this image is the unique irreducible submodule of 1,(s), and whenp = ¢,
it is one of the two irreducible submodules of the corresponding I,(s).

(c) Q*(dvy) is irreducible, and is therefore the unique irreducible G-submodule

of S*(Merq,q(R))(H;e)-
Remark 4.11. When p = q, the Harish-Chandra module of Q*(dvy) is iso-

morphic to that of the unitary highest weight module of highest weight —1,.
Also the other irreducible submodule of I.(s) is the image of @4, , where

dryg € S*(May o(R)UE) | and ¢ = € @ det.

5. APPLICATIONS

We highlight the following results which are immediate consequences of
Theorems 4.7 and 4.10. Both our applications in this section will be derived
from these two finite-dimensionality assertions.

(a) p,g>n,and p,g =n+1 (mod 2):

< Q*(g)dpn, g € Sp(2n,R) >

is finite dimensional, and carries an irreducible Sp(2n,R)-module of
highest weight (22 — (n + 1))1,,.
(b) p>g=mn, and p = ¢ (mod 2):

< Q*(g)dyéb g € Sp(Qq’R) >

is finite dimensional, and carries an irreducible Sp(2¢,R)-module of
highest weight (752 — 1))1,.
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Denote
A: ={A=(\1,..,\n) € (ZJF)”|)\1 > >\, >0}

Recall that for A € Af, py is the irreducible finite dimensional representation
of O(p, q) parameterized by
Aty ooy Ay 0,003 1),

—

(252 —n]

and 7y is the irreducible finite dimensional representation of Sp(2n,R) with
the highest weight .

Let P(Mp1qn(R)) be the algebra of polynomials on My, ,(R), where
H = O(p, q) acts by

(h- f)v) = f(hilv)v he H, fe€P(Mprgn(R)), ve My qn(R).

Let H(Mp4qn(R)) be the subspace of O(p, ¢)-harmonics. It is well-known
that p} can be realized in H(Mp+q,n(R)). See [19]. We let H(Mpiqn(R))ps
be its p}-isotypic component.

We prove the following result which implies Theorem 1.4 in the Introduc-
tion.

Theorem 5.1. Correspondence of finite dimensional representations

(a) Assume that p,q > n, and p,q =n+1 (mod 2). For A\ € A}, let by
be a non-zero polynomial in H(Mpiqn(R)),,, and define the O(p, q) x
Sp(2n,R)-invariant subspace

F\ =< Q*(g)(baduy), g € O(p,q) x Sp(2n,R) >.

Then Fy is finite dimensional and irreducible under the joint action of
O(p,q) and Sp(2n,R), and as O(p,q) x Sp(2n,R) modules, we have

Fy=p® ”f\+(%7(n+1))1n'
In particular, py and TA+(EE1(n41))L, correspond to each other under

the local theta correspondence.

(b) Assume that p > q and p = q (mod 2). For \ € A;r, let by be a non-
zero polynomial in H(Mp1q.4(R)),, , and define the O(p, q) x Sp(2¢,R)-
invariant subspace

F\ = < Q*(g9)(bxdrg), g € O(p,q) x Sp(2¢,R) >.

Then F) is finite dimensional and irreducible under the joint action of
O(p, q) and Sp(2q,R), and as O(p,q) x Sp(2q,R) modules, we have

F\ = (e®py) ®7T;<\+(%_1)1q.

In particular, (e®p)) and Ty (222 1)1 correspond to each other under
2 q

the local theta correspondence.
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Proof. We shall prove part (b). Part (a) is similar.
Consider the following subspace of P (M4 4(R)):
By =<h-by, h€O(p,q) >.

O(p, q) acts on By by a multiple of p3.
Clearly

F\ =< Q*(g9)(Bxdyy), g € Sp(2q,R) >.

Let W (Mp1q,4(R)) be the Weyl algebra on the matrix space M4 4(R), i.e.
the algebra of polynomial coefficient differential operators on M, 4(R). For
m € Lo, let Wi (Mptq.4(R)) be the subspace of W (Mp444(R)) consisting
of those polynomial coefficient differential operators with total degree <
m. We shall regard P(Mp144(R)) as a subalgebra of the Weyl algebra
W(Mpiq,q(R)). Note that By is a subspace of Wy, (Mp4q,4(R)) for some m.

Since

Q*(Q)Wm(Merq,q(R))Q*(g)_l C Win(Mp1q,4(R))
for each g € Sp(2¢,R) (see [11]), we see that the image of

g Q(g)B\(9)"", g€ Sp(2¢,R)

is a finite dimensional space in the Weyl algebra W (M4 4(R)). Further
since

< Q*(g)dvg, g € Sp(2¢,R) >

is finite dimensional, we conclude that F is finite dimensional.

O(p, q) acts on F by the representation e® p3, and as O(p, ¢) x Sp(2¢, R)-

module, we can write
Fy = (e®p)) @ Ej,
where E) is a Sp(2¢,R) module.

Now according to [13], E is quasi-simple, namely it has a fixed Sp(2¢,R)
infinitesimal character, and further it has a unique irreducible Sp(2¢,R)
submodule. From the duality correspondence of infinitesimal characters
[25], we know that the infinitesimal character of E is

p+q p+q p+q
( —1, o, B ).
2 2 2
Thus FE) is a multiple of T (52 1)1, this multiple must be one for Fy to
2

A+

have a unique irreducible submodule. O

We shall present our second application: a generalization of Huygens’
Principle.
Consider the Cauchy problem for the wave equation:

p 62¢ 62¢
Z —

— O} Oy’

(z,Y)|y=0 = do(z),
(0y9) (@, y)ly=0 = ¢1(z),



26 ROGER HOWE AND CHEN-BO ZHU

where = (z1,...,2p) € RP, y € R, and ¢g, ¢1 are two given functions of
Schwartz class.

Standard techniques involving the Fourier transform show that there exist
distributions Py and P; on RP*! such that

¢ = By *z o + P1 %4 P71,

where %, is convolution in the x variables. The distributions P, (I =0, 1) are
called propagators. They have been computed classically and the following
results are known.

(a) ¢(2',y) depends only on the values of ¢g(z) and ¢;(x) for ||z — 2'|| <
ly|, where [|z|| = (3XF_; x%)% In other words P, is supported inside the light
cone, i.e., in the set {(x,y) : ||z[|*> — y* < 0}.

(b) If p is odd and > 1, then ¢(2',y) depends only on the values of ¢g(z)
and ¢1(z) (and their derivatives) for ||z — 2’| = |y|. In other words P, is
supported on the light cone, i.e., in the set {(z,y) : |z||*> — y? = 0}.

Part (b) is what is known as Huygens’ Principle: when the space
dimension p is odd and > 1, waves propagate on spherical shells.

We shall now discuss a generalization of the above phenomenon.
Let p, g be two natural numbers with p > ¢q. Consider

T = (xij)pxq € Mp,q(R)a and y = (yij)qxq € Mq,q(R)-

Given two Schwartz class functions ¢; (¢ = 0,1) of x, we consider the
system of partial differential equations

p 82¢ q 82¢ o
(5.2) ;m:;m, 1<4,5 <q,
(5.3) o(z,sy) = d(z,y),  s€S50(q),
(5.4) o(z,y)|y=0 = do(7),
(5.5) (Qdet y@) (@, Y)ly=0 = ¢1(2).

Here Ogety = det(dy,;)gxq-

We shall call Equation (5.2) the generalized wave equation, and if ¢ satis-
fies Equations (5.2-5.5), we say ¢ solves the generalized wave equation with
initial data ¢qg, ¢1.

As in the case of the wave equation (¢ = 1), there exist distributions Py
and Py on My, 4 4(R) such that

¢ = Py*z @0+ Pr ¥z 1

where *, is convolution in the x variables. The distributions P, are again
called propagators.

Definition 5.6. We say that the system of PDE’s (5.2-5.5) satisfies Gen-
eralized Huygens’ Principle if the propagators P, (1 = 0,1) are supported
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on the null cone
N = {(z) € My1qq(R)|z'z = yty} :
We recall the dual pair

(H,G) = (O(p,q),Sp(2¢,R)) € G = Sp(2(p + q)q, R),

and the associated oscillator representation  of G on L2(M, 4 4(R)). G
acts on S(Mpyq,4(R)) by restriction, and then on S*(M,144(R)) by duality.

The following observation was made in [10] (for ¢ = 1). See also the
discussion at the end of this section.

Criterion. Generalized Huygens’ Principle holds if and only if P, generates
a finite-dimensional module for G = Sp(2¢,R) under Q*.

When p+ ¢ is odd, %(Qq,R) is the metaplectic cover of Sp(2¢q,R), which
has no faithful finite dimensional representations. This immediately implies
the following

Proposition 5.7. Generalized Huygens’ Principle cannot hold when p + ¢
is odd.

On the other hand, we have

Theorem 5.8. Whenp > q and p+q even, P, generates an irreducible finite
dimensional Sp(2q,R) module of highest weight (%52 —1)14. In particular,
Generalized Huygens’ Principle holds.

This will follow from part (b) of Theorem 5.1 and a number of propositions
below. As the proof of these propositions follow very closely the case of ¢ = 1
[14], we will be contended to just state the results.

Denote the Fourier transform with respect to x by F,. Thus
el

B y) = on) [ el g

We include the following proposition for completeness. We fix a 7, € O(q)
with det 7, = —1, so that O(¢q) = SO(q)USO(q)7,. We also fix the invariant
measure du on O(q) so that it has total measure 2. We shall use the same
symbol du for du|so(g). Therefore du is also the invariant measure on SO(q)
with total measure 1.

Proposition 5.9. The solution of system of Equations (5.2-5.5) is given
uniquely by
P(z,y) = (Po(y) *2 ¢0)(x) + (P1(y) o 01)(x),

where *, is convolution in the x variables, and for a fized y, Pi(y) is the
distribution on M, 4(R) given by

P(y) = F Y Qu(y), 1=0,1,
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and
1 z’tr((a:tz)%uty) itr((xtz)% (ur,
Qo(,y) = 5 /650( ){e te U},
1. £ -1 i tr((tz) 3 uly) itr((ata) (ur,
Qiay) = i tdet(ale)d [ e T T
2 ueSO(q)

Define the distributions P, (I =0,1) on M,44(R) by

Rl @) = [ o PO

9.9

where ¢ € S(M, 4(R)), 2 € S(M,4(R)) are functions of Schwartz class
on M, 4(R) and M, 4(R), respectively. We shall then write the solution of
Equations (5.2-5.5) as

¢:P0*z¢O+P1*a:¢1-

We shall investigate symmetries of the propagators by exploiting symme-
tries of generalized wave equation together with its initial data.
Define the Fourier transform on S(Mp44(R)) with respect to the metric

tr(v' I, gv) = tr(z'z) — tr(y'y), v= (:yg) € Mpiq4(R):

(5.10)

F)(z,y) = (2r) 75" / e~ @) =W Doy (! oo dy'.
Mp+q,q(R)

Define also the Fourier transform of a tempered distribution 1" by

F(T)®) =T(F'(¥), %€ S(Mpiqq(R))-

Recall that we have the action of H = O(p, q) on S*(Mp44,4(R)) via Q.
Recall also the (unnormalized) action A of GL(¢,R) on S(Mp144(R)). See
Equation (4.2). By understanding the effects of O(p) ® O(q) and GL(q,R)
actions on the generalized wave equation and its initial data, and then by
taking the Fourier transform, we obtain

Proposition 5.11. We have

Q*(A)PO = P(), Q*(A)Pl = Pl, Ae O(p),

Q(B)Py = PRy, Q°(B)P1 = (det B) 1, B € O(q),

N (a)P, = (det a)!| det a|?P;, a€ GL(q,R), 1=0,1,
and so

(P) = F(R), Q(AF(P)=F(P), AeO),
QY (B)F(Py) = F(Ry), Q(B)F(P1) = (det B)F'(P1),  Be€O(q),

A (a)F(P) = (deta)” l|det alPF(P), a € GL(q,R), 1 =0,1.
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Denote by sp(2q,R) the Lie algebra of Sp(2¢,R), then we have
Q(sp(2g, R)) =< rij, Aij, Byl <45 < ¢ >,
where
i = (V' Iy q0)ij = Y p—q ThiThj — Doy Ykilky»
Eij =301 wki%kj + >t yki%ﬂ. + g,

as before, and

Z] Z axklaxkj Z 8yk28ykj

Observe that P, (I =0, 1) satisfy the generahzed wave equation, namely
A;; P, = 0. This may be seen from the constructive proof of Proposition 5.9.
By taking the Fourier transform, we get

rij F(P) = 0, 1<i,j<gq.
The above equation says that F(P) is supported on the null cone N'. We

note that the Jacobian matrix J(ri1,712, ..., 7¢q) at any point of N, has full

rank @. See [27] for this fact. Thus away from N — N, F(F;) factors
through the restriction map to N, and so may be regarded as a distribution
on N,. Since O(p) x GL(g,R) acts on N transitively, the transformation
properties under O(p) and GL(g,R) in Proposition 5.11 determine F'(FP;) up
to multiples. Thus we conclude

Proposition 5.12.
F(Py) = co| det y|dpg = co(det y)dvy,
F(P) = c1dvg = c1 sgn(det y)dpu,,

for some constants cy and cy.

Note that {r;; }1<i<j<q are functionally independent. Thus P, is supported
on the null cone if and only if for each 7, j, we have r;j;j P, = 0 for some natural
number d;;. Using the GL(g,R)-homegeneity of P, (Proposition 5.11), we
deduce that

EyP = (Z% —1)éi; B
Since A;; P = 0 for 1 <4, j < g, we see that Generalized Huygens’ Principle
holds for the system of PDE’s (5.2-5.5) if and only if each P, (or F(P))
generates a finite-dimensional Q*(sp(2¢, R)) module. In turn this is true if

and only if each P, (or F(F,)) generates a finite-dimensional Sp(2¢, R) mod-
ule under Q*. Note that [5] the Fourier tranform F' as defined in Equation

(5.10) is an element of (Sp(2¢, R)), or to be exact an element of Q(K).

Now it is easy to see that Proposition 5.12 and Theorem 5.1, part (b)
imply Theorem 5.8.
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Appendix: Identities of Capelli type

In this appendix, we prove two kinds of identities of Capelli type for so-
lutions of certain system of operator equations, which generalize the famous
Capelli identity in classical invariant theory [29]. As demonstated by Weyl,
the Capelli identity plays a central role in deriving polynomial invariants
and relative invariants of classical groups. The identities proven here should
play similar roles in applications to problems concerning eigendistributions
of classical groups. See §3 and in particular Theorem 3.8.

A1 The first identity: Replacing the last few columns of the de-
terminant

We will be concerned with two matrices of linear operators {E;;}1<; j<n,
{Xij}1<ij<n acting on the same vector space which satisfy the commutation
relations:

(Eij, Xri] = €djx X, 1<, k1 <mn,
where € is a complex number. We will also have some element S in the
vector space satisfying equations of the form

Ez‘jS = Xz‘jS, 1< ’L,] <n.

Remark Al.1. In actual applications, the operators E;; and X;; are differ-
ential operators, and {E;j}i<i j<n satisfy the commutation relations of the
standard basis of the Lie algebra gl,, of GL,, namely

(Eij, En] = 0By — 61 Ey;.
If that is the case, then ¢ = +1. In what follows, we do not assume any
commutation relations among the E;;’s.

Recall that for a matrix A = (A;;)nxn of noncommuting variables, we have
the column determinant det(A) and the row determinant rdet(A), defined
in Equations (3.5) and (3.6), respectively.

Theorem A1.2. Let E = (Eij)nxn, X = (Xij)nxn be matrices of linear
operators on a vector space V satisfying the commutation relations

[Eij, Xki] = €0x X

For each 0 < r <n, define a matriz P. of order n x n as follows:

X o Xy Evn o Brpn

P = Xrl o er Ern to Er,r—l—l

" an ce an Enn + (n - Tr— 1)6 te En,r-l—l
XrJrl,l o XrJrl,r ErJrl,n o Er+1,r+1

Suppose that S € V satisfies
XZ‘]‘S:EZ‘]‘S, for 1<i<n,r+1<j<n.
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Then we have

det(X)S = det(P;)S.

Remark A1.3. When r =0, we have the full “Capelli identity”:

X1 oo X Ep+n—1)e -+ Epn
an Xnn Eln Ell

Proof. For r = n, it is trivial. Also for » = n — 1 from the definition of
det(X) and the assumption X;,S = E;,S, we can clearly replace the last
column of X in det(X)S by the last column of E = (Ejj)nxn. Thus we have
det(X)S = det(P,-1)S.

Assume that det(X)S = det(P,)S for certain 7 < n — 1. We shall com-
pute det(P,)S. The idea is to examine the rth column of P, and try to
interchange with columns on the right. Namely for each individual prod-
uct term in the formula of det(P,)S, we try to interchange the rth element
with (r + 1)th element, and then (r + 2)th element, and so on, until we
have interchanged with the nth element. This can be done using the given
commutation relations. It turns out that the extra term (corresponding to a
permatation o € S,,) arising from application of commutation relations can
be absorbed with another product term corresponding to a certain ¢ € .S,
with the opposite sign, producing an extra € in a diagonal term of the lower
right corner of P,.

We will be more precise in the following.

Notice that the rth column of P, from top to bottom is Xi,,..., X;r,
Xnry ooy Xpg 1,

Observe that X1, ..., X, commute with every column on the right, namely
with all the elements in the (r 4 1)th, ..., nth columns of P,.

Observe also that X, commutes with every column on the right except
the (r + 1)th column, X,,_;, commutes with every column on the right
except the (r + 2)th column, and so on, and finally X, ;, commutes with
every column on the right except the nth column.

In other words, for r +1 < j < n, X;, commutes with every column on
the right except the (r +n — j + 1)th column of P,, which consists of (from
top to bOttOHl) E1j7 ey ET’j7 Enja e Ejj + (] —r— 1)6, ey Er+1,j- Further the
non-zero commutation relations are

[Xjr, Ej + (7 — 7 = 1)edr;] = [Xjr, Eij] = —[Erj, Xjr] = —€Xir,

wherei+1<j<n,1<k<n.
Consider a term T'(0) in det(P,) corresponding to a permutation o € S,,.
We write

T(0) = a*xxbXj, x%x (Epj+ (j —r — 1)edy;) * * x d,
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where o(r) = j and term Ej; + (j —r — 1)edy; is in the (r +n — j + 1)th
place, namely it is from the (r +n — j + 1)th column of P,.
We have

axxxbxxx (B + (J — 1 — 1)edg;) * * * dXj,, if1<5<r,
T(o) = axxxbxxx (Epj+ (j —r — 1)edy;) * x x dX;,
—€a * * ok bk ok x Xy, % %k d, ifr+1<j<n.
In the second case, we shall call the term —ea * % * b * % * Xy, % % x d the extra
term corresponding to o.

We now handle these extra terms. To fix ideas, we examine the case
j=n,and 1 <k <r. Thenr+n—j+4+1=r+1, so that E, is from the
(r + 1)th column. We have

T(o) =a*xx*xbX, By * *xd
=a*x*xk bEp, x x x dXp, —€a* xx bXg,. x xxd
=a % % DEg, * % *x dX,, — €a x % x b * % dXp.
Here o(r) =n and o(r + 1) = k. Hence
T(0)S = a** % bEy, *x* dE,,.S — a* * % bx % x dE},.S.
Now consider ¢ € S,, such that
a(ry=k,a(r+1)=n,
O, =1y = Ol nd— 1)
Clearly sgn(a) = —sgn(o).
Corresponding to &, we have
T(6)S =a*xx*xbXp(Epn+ (n—1r—1)€) *xxxdS
=axx*xb(Epy, + (n—1 —1)€) * % x dXy,.S
=ax*x*xb(Epy, + (n— 71— 1)€) * % x dEy,.S.

By combining the extra term corresponding to o to the term correspond-

ing to o, we get
sgn(o)T(0)S + sgn(6)T(5)S
= sgn(o)a* % bE, * * x dE,,S +
sgn(c)a * x x b(Epy, + (n — r)e) * * * dEy,.S.

In general for » +1 < j < n, we conclude similarly that the effect of
interchanging X, with the columns on the right is accounted for through
adding an € to the (n — 5+ 1) x (n — j + 1)th diagonal term of the lower
right corner of the matrix P,.

We therefore get det(P,)S = det(P,—1)S, if X;S = Ey.S for 1 <i < n.
d

A2 The second identity: Replacing the first few columns of the
determinant
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Theorem A2.1. Let E = (Eij)nxn, X = (Xij)nxn be matrices of linear
operators on a vector space V satisfying the commutation relations

[Eij, Xui] = €05 Xt
Fiz 0 <r <n, and suppose that S € V satisfies
XijS:EijS, for 1§’L§n,1§j§7‘

Then we have

Eii+(n—1)€ --- Ey, Xip+1 0 X
wl B Bitene Xn o X |
Eri11 e Eri1, Xrttp41 0 Xegpin
Fu oo Bw Xapn o Xa
Xej1r41r 0 Xeyin Xeg1r o0 Xpg1n1
X . ¢ X e X
Sl T e X X e x |B

Remark A2.2. When r = n, we get the full “Capelli identity”:

E11+(n_1)€ Eln Xnn an
Enl Enn Xln Xll

Proof. We shall sketch the proof since it is very similar to the proof of
Theorem A1.2.

Denote the matrix on the left hand side of the identity by R,.. We need to
interchange the rth column of R, with all the (n — r) columns on the right
(using commutation relations). After the interchange, this rth column will
appear in the last column, and then we can use the given operator equation
to replace the last column to get various X;,.’s. Then we have to do exactly
the same thing for the (r — 1)th column, and so on. We deal with the rth
column first.

We note that the entry of the rth column of R, is given by Ejy,+(n—r)edg,
for 1 < k < n. We examine the commutation relations of Ey,. + (n — r)edg,
with entries of the jth column of R,, for r +1 < j < n. We have

0, l#r,

ET+ - 51"7X':ET7X':
[Ex (n —r)ed l]] [Ex l]] {eij’ I =

Thus for each column on the right, there is exactly one entry with non-zero
commutation relations with Ejy, + (n — r)edg,. All of them are in the rth
row of R,.
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Using an argument similar to the one for the proof of Theorem A1.2, we
get

Fi + (n — 1)6 . Eq, Xl,r+1 : Xin
E.q R (n — 7“)6 X +1 . X
det r rr T, ™m — det
Eri11 . Eri1; Xrt1r+1 + Xetin
Enl . Enr Xn,r—l—l . Xnn
Eii+(n—1)€ - Ey 1 X411 - X Ey,
Er—l,l : Er—l,r—l + (n —r+ 1)6 Xr—l,r-l—l : Xr—l,n Er—l,r
Er+1,1 : Er+1,r—1 Xr—l—l,r-l—l : Xr-i-l,n Er+1,r
Enl . En,r—l Xn,r—l—l : Xnn Enr
Erl : Er,r—l Xr,r—i—l : Xrn ETT
Thus using the given operator equations, we obtain
Eyn+(n—1) - Eqy X1 - Xy
E.q - Eqpn+Mn-me X4 - X
det r rr T, rn S — det
ErJrl,l : ErJrl,r XrJrl,rJrl : XrJrl,n
Enl . Em" Xn,rJrl . Xnn
Eyn+(n—1)€ - Ei,1 X1 - Xy Xir
Erfl,l : Erfl,rfl + (n —-r+ 1)6 erl,rJrl : erl,n erl,r
ErJrl,l : ErJrl,rfl Xr+1,r+1 : XrJrl,n XrJrl,r
Enl . En,rfl Xn,rJrl : Xnn an
Erl : Er,rfl Xr,rJrl : Xrn er

Now we deal with the (r — 1)th column of the new matrix in the above
identity, and try to interchange with the rth, (r + 1)th columns of this new
matrix, and so on. Continuing this way as what we have done for the rth
column of R,., we arrive at the identity in the theorem. O

A3 Variations: Row determinant and symmetric square represen-
tation

We shall deduce similar identities of Capelli type for row determinant,
when the relevant commutation relations are

[Eij, Xi] = €6 Xpj,
as opposed to

[Eij, Xrt] = €dj X,
for column determinant.
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Theorem A3.1. Let E = (Eij)nxn, X = (Xij)nxn be matrices of linear
operators on a vector space V satisfying the commutation relations

[Eij, Xki] = €0y X

For each 0 < r < n, define a matriz Q, of order n X n as follows:

X o Xy Xin e X

Q _ Xrl o er Xrn o Xr,rJrl

" En T Enw  Epp+n—r—1)¢ -- Enri1
ErJrl,l T ErJrl,r ErJrl,n T ErJrl,rJrl

Suppose that S € V' satisfies
XZ‘]‘S:EZ‘]‘S, for r+1<i<n,1<j<n.

Then we have

rdet(X)S = rdet(Q,)S.

Proof. Let Fij = Ej;, Yij = Xj; so that F' = E', Y = X'. Then we have
[Fijvykl] = [Ejz‘lek] = €5jngzl' = €5jkYil-

Further we have Y;;S = Fj;S for 1 < i <n,r+1<j <n. Thus F =
(Eij)nxn, Y = (Yij)nxn satisfy the hypothesis of Theorem A1.2.

The current theorem now follows from Theorem Al.2 and the fact that
rdet(A) = det(A?) for any n x n matrix A. O

In a simalar way, we obtain (from Theorem A2.1)

Theorem A3.2. Let E = (Eij)nxn, X = (Xij)nxn be matrices of linear
operators on a vector space V satisfying the commutation relations

[Eij, Xki] = €0y X
Fiz 0 <r <mn, and suppose that S € V satisfies

XZ‘]‘S:EZ‘]‘S, for lgzgr,lgjgn
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Then we have

En+(n—-1e --- Ey, Eiry1 - Eip
En oo Bw+m-r)e Eppy -+ E
rdet " rr T m 19
Xrt1,1 Xrg1,r Xrt1r+1 0 Xegin
an e an XTL,T+1 e Xnn
Xr+1,r+1 o XrJrl,n XrJrl,r o XrJrl,l
X . X X .. X
= rdet n,r+1 nn nr nl S.
XT’,T+1 T Xrn Xor T X1
Xipy1r - X X - X

Next we shall be concerned with the “symmetric square representation”.
Here we are given two matrices of linear operators acting on the same vector
space such that

Xij = Xji,
(Eij, Xi] = €(0nXir + 05 Xpi),

or (corresponding to the row determinant)

Xij = Xji,
(Eij, Xi] = €0 X1 + 0 Xgj)-

where € is a complex number. We also have some element S in the vector
space satisfying equations of the form

EZ']'S = XZJS

We will state the following theorems without any proofs, since they are
identical to proofs of Theorems A1.2, A2.1, A3.1, A3.2. The reason is es-
sentially as follows: Because of the way the entries of relevant matrices are
positioned, the non-zero commutation relations that we use in interchang-
ing the two columns (in the first case) turn out to ignore the term ed;; X,
namely as far as these interchanges are concerned, the commutation rela-
tions behave just like [E;;, Xii] = €15 Xq.

Theorem A3.3. Let E = (Eij)nxn, X = (Xij)nxn be matrices of linear
operators on a vector space V' such that

Xij = Xji,

[Eijanl] = 6(5ijil + 5leki)-
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For each 0 < r < n, define a matriz P, of order n x n as follows:

X o Xy Eq, e Bigap

P = Xrl o er Ern T Er,rJrl

" an ce an Enn + (n - Tr— 1)6 te En,r-l—l
Xr-i-l,l o Xr-i-l,r Er+1,n to Er-l—l,r-‘,-l

Suppose that S € V' satisfies
XZ‘]‘S:EZ‘]‘S, for 1<i<n,r+1<j<n.

Then we have
det(X)S = det(P,)S.

37

Theorem A3.4. Let E = (Eij)nxn, X = (Xij)nxn be matrices of linear

operators on a vector space V' such that
Xij = Xji,
(Eij, Xi] = €(0jnXir + 051 Xpi)-
Fiz 0 <r <mn, and suppose that S € V satisfies
Xi;S = E;;S, for 1<i<n,1<j5<r

Then we have

Ein+(n—-1)€ --- Ey, Xipy1r 0 Xin
det Erl T Err + (n — 7”)6 Xr,r+1 ces Xrn
Er—i—l,l to Er+1,r Xr—l—l,r-l—l to Xr-i-l,n
En T Enr Xn,r-l—l T Xnn
Xetrrer 0 Xeprn Xegrr 0 X1
X, X X, ... X
— det n,r+1 nn nr nl S.
Xert1 0 Xen X, o Xp
Xip41 0 Xip X 0 Xn

Theorem A3.5. Let E = (Eij)nxn, X = (Xij)nxn be matrices of linear

operators on a vector space V' such that

Xij = Xji,
(Eij, Xi] = €0 X1 + 00 Xpj).
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For each 0 < r < n, define a matriz Q, of order n X n as follows:

X o Xy Xin e X

Q _ Xrl T er Xrn o Xr,rJrl

" En T Enw  Epp+n—r—1)¢ -- Enri1
Er+1,1 e Er-l—l,r Er—l—l,n e Er+1,r+1

Suppose that S € V' satisfies
XZ‘]‘S:EZ‘]‘S, for r+1<i<n,1<j<n.

Then we have
rdet(X)S = rdet(Q,)S.

Theorem A3.6. Let E = (Eij)nxn, X = (Xij)nxn be matrices of linear
operators on a vector space V' such that

Xij = Xji,
[Eij, Xri] = (0 X1 + 0 Xj)-
Fiz 0 <r <n, and suppose that S € V satisfies
Xi;S = E;;S, for 1<i<r,1<j5<n.

Then we have

B+ (m—1)e - Eyy Eiry1 -+ En
Eq oo Ep+Mm-r)e E.,41 - E
rdet " T T mo | g
XrJrl,l o XrJrl,r XrJrl,rJrl o XrJrl,n
an o an Xn,rJrl o Xnn
Xevrrtr o Xepan Xegrr 0 Xog1n
X X X e X
— rdet n,r+1 nn nr nl S.
Xpri1 oo X Xy e X1
Xigpp1 0 X X - Xn

A4 Relationship with the Capelli identity

We recall the Capelli identity (see [29], [15]).
Let P(My, ) be the algebra of polynomial functions on the space of m xn
matrices. We have the polarization operators
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where £ = (Zi;)mxn is a typical element of M,, ,. Then the Capelli identity
says

det(E;j + (n — Z det(x;,;,) det(z=——),

where the sum is over all pairs of n-tuples 1 < i1 < 19 < -+ < 1, < M,
1 < jp = b < n, and det(x;,;,) is the determinant of n x n minor of = formed
by the rows indicated by i, and columns indicated by j,. The equality is an
equality of operators on P (M, ).

awa

Remark A4.1. The above is the way which appears in the literature. But
actually what Weyl proved in his book is

det(Epti—int1—j + (n —1)d;5) Zdet T, ) det( ).

axiajb

To see how our identities imply that of Capelli’s, we shall employ the
technique of doubling the variables [12].

Introduce ¥ = (Yij)mxn, another typical element of M,, ,, and consider
P(My 0 ® Mp, ), the algebra of polynomial functions on M, ,, & My, ,,. We
identity P(Mp, n® My,,n) as the algebra of polynomial functions in variables
x;j and y;;, where 1 <¢<m, 1 < j < n.

There is a (polarization) map from P (M, ) to P(Mpy, n & My, p):

f € P(Mpyy) = hy € P(Mipyn ® M) 2 hy(Tij, yig) = f(wT?/w)_
Clearly hy(wij, xij) = f(x45), for f € P(Mp,,).
Define U C P(Mp, 5, & My, ) by
U=1{he€P(Myn®Myuyn)h=nhs for some f € P(Myn)}.

Thus U is a copy of P(My,,) in P(My, ) & P(Mp, ).

Define
U_me 1<4,j<n.

8%3
We observe that
(1) Djjh = Ejjh, heU,
(2) [Eij, D] = 0jxDyy.

Therefore Theorem A1.2 (for r = 0) and Theorem A2.1 (for r = n) imply
that

det(En—i—l—i,n-i—l—j +(n— ’L')(Sij)h = det(Dij)h,
det(EZ‘,j + (n - ’L)(Szj)h = det(Dn—l—l—i,n—I—l—j)ha
where h € U.
Denote z = (2ji)nxm, Oy = (%ﬁ)mxn and D = (D;j)nxn. Clearly

D = 2'oy.



40 ROGER HOWE AND CHEN-BO ZHU

Note that the entries of D, 2! and dy commute among themselves. Thus
we have

det(Dij) = det(Dni1-imt1-5) = »_ det(w;,j,) det( )

8yiajb
where the sum is over all pairs of n-tuples, as before. So we obtain

det(En—i—l—i,n-i—l—j + (n - Z‘)(sij)h = det(Ei,j +(n— Z‘)(Sij)h
0
=Y det(x;,;,)det(=——)h, hel.
Z ( Jb) (ayiajb )

Finally we apply the above identities to h = hy, where f € P(M,y, ), and
then we specialize at y;; = x;;, and we get the Capelli identity valid for any
f € P(My,,), both the version in the literature and the version in Weyl’s
book.
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