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Abstract. We consider the action of H = O(p, q) on the matrix space
Mp+q,n(R). We study a certain orbit O of H in the null cone N ⊆
Mp+q,n(R) which supports an eigendistribution dνO for H . Using some
identities of Capelli type developed in the Appendix, we determine the

structure of G̃ = Sp(2n,R)∼-cyclic module generated by dνO under the

oscillator representation of G̃ (the metaplectic cover of G = Sp(2n(p +
q),R)). Applications to local theta correspondence and a generalized
Huygens’ Principle are given.

1. Introduction and main result

Let V = R
p+q be equipped with the standard non-degenerate symmetric

form of signature (p, q), and let H = O(p, q) be its isometry group.
For each natural number n, let V n be the direct sum of n copies of V .

We may identify V n with Mp+q,n(R), the space of real matrices of order
(p + q)× n. Then the induced action of H on V n � Mp+q,n(R) is given by
matrix multiplication on the left.
Recall that we have the reductive dual pair [9]

(H,G) = (O(p, q), Sp(2n,R)) ⊆ G = Sp(2N,R),

where N = n(p+ q). Consider the non-trivial double cover G̃ =Mp(2N,R)
of G, called the metaplectic cover. For a subgroup E of G, we denote the
pullback of E in G̃ by Ẽ.
Let Ω be the oscillator representation of G̃ as described in [5]. The rep-

resentation Ω may be realized in L2(Mp+q,n(R)). As usual, we normalize
such an oscillator representation so that it will factor through the standard
linear action of H on L2(Mp+q,n(R)), namely we have

(Ω(h)f)(v) = f(h−1v), h ∈ H, v ∈Mp+q,n(R).

Let S(Mp+q,n(R)) and S∗(Mp+q,n(R)) be the space of Schwartz functions
and the space of tempered distributions on Mp+q,n(R), respectively. It is
known that Ω preserves S(Mp+q,n(R)) inside L2(Mp+q,n(R)). By duality,
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we also get an action of G̃ on S∗(Mp+q,n(R)). We denote the action of G̃

on S(Mp+q,n(R)) again by Ω, and the dualized action on S∗(Mp+q,n(R)) by
Ω∗.
Let χ be a character of H. Note that there are four of them if pq �= 0.

Let

S∗(Mp+q,n(R))
(H;χ) = {Φ ∈ S∗(Mp+q,n(R))|Ω∗(h)Φ = χ(h)Φ, h ∈ H}

denote the space of χ-eigendistributions for H.
Suppose that we are given an H-orbit O in Mp+q,n(R), and suppose that

O carries a signed measure dνO such that

dνO ∈ S∗(Mp+q,n(R))
(H;χ).

Since G commutes withH, we see that S∗(Mp+q,n(R))
(H;χ) is stable under

the action of G̃ by Ω∗. We consider the following G̃-cyclic submodule of
S∗(Mp+q,n(R))

(H;χ):

Ω∗(dνO) = < Ω∗(G̃)dνO >,

where < D > denotes closure of the span of a set D in the standard Frechet
topology of S∗(Mp+q,n(R)). We are interested in the structure of this G̃-
cyclic submodule, and in particular whether it is irreducible. Recall that
according to [13], S∗(Mp+q,n(R))(H;χ) always has a unique irreducible G̃-
submodule.

Example: Take O = {0}, the origin of Mp+q,n(R), and dνO = δ, the Dirac
measure at the origin, then a theorem of Kudla and Rallis [18] asserts that

Ω∗(δ) = S∗(Mp+q,n(R))
H ,

the space of H-invariant tempered distributions. See also [31] for a similar
statement in a more general context.

We introduce the null cone:

N = {v ∈Mp+q,n(R)| vtIp,qv = 0 (the n× n zero matrix)},

where Ip,q =
(
Ip 0
0 −Iq

)
. Clearly N is stable under H.

We now assume that p, q ≥ n. Then Witt’s Extension Theorem [16]
implies that the regular part of the null cone defined by

Nn = {v ∈ N| rank(v) = n}
consists of a single H-orbit. Note that the isotropic group of a point in Nn

is unimodular. Therefore we see [3] that Nn carries an H-invariant Radon
measure, denoted by dµn. In fact dµn defines a tempered distribution on
Mp+q,n(R) (see §4 for details).
Let K � U(n) be a maximal compact subgroup of G. Denote

1n = (1, ..., 1)︸ ︷︷ ︸
n

.
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Theorem 1.1. Assume that p, q ≥ n. Then
(a) Ω∗(dµn) is the unique irreducible G̃-submodule of S∗(Mp+q,n(R))

H .
(b) Ω∗(dµn) is K̃ multiplicity-free with explicitly specified K̃-types (in The-

orem 4.7). In particular,
(c) Ω∗(dµn) is finite dimensional if and only if p, q ≡ n + 1 (mod 2). In

this case it is the irreducible finite dimensional representation of G̃ (or
rather G) with the highest weight

(
p+ q

2
− (n+ 1))1n.

Now consider the case when p ≥ q = n.
We can break the regular part of the null cone into two parts:

Nq = N+
q ∪ N−

q ,

where

N+
q =

{
v =

(
x
y

)
∈ Nq|det y > 0

}
, N−

q =
{
v =

(
x
y

)
∈ Nq|det y < 0

}
.

Let H+ = O+(p, q) be the subgroup of H = O(p, q) stabilizing N+
q (or

N−
q ). It is a subgroup of index two. This defines a character of O(p, q) of

order two, denoted by ε. It satisfies

ε|O(p) = trivial, ε|O(q) = determinant.

Alternatively we may define O+(p, q) to be the kernel of this character.

Fix τ =
(
Ip 0
0 τq

)
, where τq ∈ O(q)− SO(q). Then

O(p, q) = O+(p, q) ∪O+(p, q)τ, and τ(N±
q ) = N∓

q .

N±
q are then homogeneous spaces for O+(p, q). Again from general re-

sult on homogeneous spaces [3], we know that N±
q admit O+(p, q)-invariant

Radon measures which we fix as dµ±
q so that

dµq = dµ+
q + dµ−

q , τdµ±
q = dµ∓

q .

Remark 1.2. When p > q, we can show that N±
q are in fact homogeneous

spaces for SOe(p, q) = O+(p, q) ∩ SO(p, q), the connected component at the
identity of O(p, q). Thus in this case, both N±

q are connected. When p = q,
Nq breaks into four connected components. Each of the four components of
Nq is a homogeneous space for SOe(q, q).

Set
dνq = dµ+

q − dµ−
q ∈ S∗(Mp+q,q(R))

(H;ε).

Theorem 1.3. Assume that p ≥ q = n. Then

(a) Ω∗(dνq) is the unique irreducible G̃-submodule of S∗(Mp+q,q(R))
(H;ε).
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(b) Ω∗(dνq) is K̃ multiplicity-free with explicitly specified K̃-types (in The-
orem 4.10). In particular,

(c) Ω∗(dνq) is finite dimensional if and only if p > q and p ≡ q (mod 2).
In this case it is the irreducible finite dimensional representation of G̃
(or rather G) with the highest weight

(
p − q

2
− 1)1q.

Recall that an irreducible admissible representation ρ of H̃ and an ir-
reducible admissible representation π of G̃ are said to correspond to each
other under the local theta correspondence if there exists a non-zero H̃× G̃-
intertwining operator

Ω �→ ρ⊗ π.

We write θ(ρ) = π or θ(π) = ρ, and call π the theta lift of ρ, and vise versa.
According to [13], this defines a one to one correspondence between certain
subsets of irreducible admissible representations of H̃ and G̃.
It is immediately clear that the unique irreducible G̃-submodule in Theo-

rems 1.1 and 1.3 is nothing but the dual of the theta lift of the character χ
(trivial character in the first case, and ε in the second case). Moreover, part
(c) of Theorems 1.1 and 1.3 implies that a (large) collection of irreducible
finite dimensional representations of H and irreducible finite dimensional
representations of G correspond under the local theta correspondence when
certain parity conditions are met. We make this explicit.
For λ = (λ1, ..., λn), where λ1 ≥ · · · ≥ λn ≥ 0 are integers, let ρλ be the

irreducible finite dimensional representation of O(p+ q,C) (and therefore of
O(p, q)) parameterized by

(λ1, ..., λn, 0, ..., 0︸ ︷︷ ︸
[ p+q

2
−n]

; 1).

See [19]. Also let πλ be the irreducible finite dimensional representation of
Sp(2n,C) (and therefore of Sp(2n,R)) with the highest weight λ.
Then we have

Theorem 1.4. Consider the dual pair (O(p, q), Sp(2n,R)) with p, q ≥ n.
(a) If p, q ≡ n+ 1 (mod 2), then we have

θ(ρλ) = πλ+( p+q
2

−(n+1))1n
,

where λ = (λ1, ..., λn), λ1 ≥ · · · ≥ λn ≥ 0 are integers.
(b) If p > q = n, and p ≡ q (mod 2), then we have

θ(ε⊗ ρλ) = πλ+( p−q
2

−1)1q
,

where λ = (λ1, ..., λq), λ1 ≥ · · · ≥ λq ≥ 0 are integers.

Here is another application of our results. Recall that Huygens’ Principle
on R

p says that when the space dimension p is odd and > 1, waves propagate
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on spherical shells. It was observed by the first-named author [10, 14] that
Huygens’ Principle may be interpreted in terms of representation theory.
To be exact, for p > q = n = 1, part (c) of Theorem 1.3 is equivalent to
Huygens’ Principle. Our result for p > q = n implies that solutions of a cer-
tain system of PDE’s which are naturally associated to O(p, q) (as opposed
to the Lorentz group O(p, 1) in the classical case) satisfy a generalization
of Huygens’ Principle (see Theorem 5.8). We note that Helgason proved a
generalization of Huygen’s Principle in a very different direction [7].

Here is the outline of our approach and some words on the organiza-
tion of this paper. The first point is that K̃-types of S∗(Mp+q,n(R))

(H;χ)

are rather restricted. In fact S∗(Mp+q,n(R))
(H;χ) is K̃ multiplicity-free, and

all possible K̃-types can be specified. Furthermore we find a criteria for a
given S ∈ S∗(Mp+q,n(R))

(H;χ) (with an additional assumption) to generate
a particular K̃-type (in terms of the inner product of S with a certain K̃
highest weight vector). This is done in §2. The second point is that the
dνO in question transforms according to a character of P̃ under the oscilla-
tor representation, where P =MN (M � GL(n,R)) is the Siegel parabolic
subgroup of G. In essence this means that dνO is a GL(n,R)∼-homegeneous
distribution supported on the null cone N . Thus it satisfies a set of differen-
tial equations which takes a particularly nice form in the Fock model of the
oscillator representation. It turns out that the solutions of these differential
equations satisfy some identities of Capelli type (see the Appendix). This
in turn allows us to compute the inner product of dνO with the K̃ highest
weight vectors mentioned above, thus determining the K̃-types of the G̃-
cyclic submodule Ω∗(dνO) ⊆ S∗(Mp+q,n(R))

(H;χ) (§3). Further it gives us
the image of the Schwartz space S(Mp+q,n(R)) under a natural G̃-morphism
into certain degenerate principal series representations of G̃. The results of
Johnson, Lee, Orsted-Zhang, Sahi, independently [17, 20, 23, 26] on degen-
erate principal series can then be applied to determine the G̃-structure of
Ω∗(dνO). We do this in §4. In §5, we discuss applications of part of our
results to local theta correspondence and a generalized Huygens’ Principle.
Finally we remark that the results and techniques of the current paper

extend substantially those of [31]. Nevertheless, it remains an open problem
to determine the G̃-structure of H-eigendistributions completely.

2. K̃-types of H-eigendistributions

In this section, we examine the K̃-types of S∗(Mp+q,n(R))
(H;χ), where χ

is a character of H. We first deal with the case: χ = 1, the trivial character
of H.
We fix some notations. A (finite) sequence of non-negative integers {λi}i≥1

is called dominant if λ1 ≥ λ2 ≥ · · · , and we denote its totality by Λ+. We
also denote the subset consisting of those {λi}i≥1 ∈ Λ+ with all λi’s even
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(resp., odd) by Λ+
e (resp., Λ+

o ). For a compact group L, let L̂ denote the set
of equivalent classes of irreducible unitary representations of L.

Theorem 2.1. ([31]) S∗(Mp+q,n(R))
H is K̃-multiplicity one. Further τ ∈̂̃

K is a K̃-type in S∗(Mp+q,n(R))
H if and only if the highest weight of τ∗ is

of the form
p− q

2
1n + (λ1, ..., λk , 0, ..., 0,−µl, ...,−µ1),

where {λi}ki=1, {µj}lj=1 ∈ Λ+
e , and k ≤ p, l ≤ q, k + l ≤ n.

We shall work in the formalism of (g, K̃) modules.
Let U = U(N) ⊆ G = Sp(2N,R) (N = n(p + q)) be a maximal compact

subgroup of G. Then under the Fock model of Ω [4], the space of Ũ-finite
vectors of Ω is isomorphic to P = P[Mp+q,n(C)], the space of polynomial
functions on Mp+q,n(C).
Let Ω−∞ be the space of formal vectors of Ω [31]. Roughly speaking,

Ω−∞ is the space of formal power series on Mp+q,n(C). It is a (Lie(G)C, Ũ)-
module, where Lie(G)C is the complexified Lie algebra of G. Further we
have the inclusion of (Lie(G)C, Ũ)-modules:

P ⊂ S∗(Mp+q,n(R)) ⊂ Ω−∞.

We note that the action of (Lie(G)C, Ũ) on Ω−∞ is the extention of its
action on P ⊆ S(Mp+q,n(R)), while the action on S∗(Mp+q,n(R)) is dual to
the action on S(Mp+q,n(R)). Thus on the level of Ũ-isotypic components,
we have

Pσ ⊂ S∗(Mp+q,n(R))σ∗ ⊂ Ω−∞
σ ,

for any σ ∈ ̂̃U. Here and after, a subscript denotes the appropriate isotypic
component.
We also note that Ω carries a (pre)unitary structure <,> on P, and so

induces a natural pairing between Ω−∞ and P. Under our identification of
S∗(Mp+q,n(R)) as a subspace of Ω−∞, we have

S(φ) =< S,φ >, S ∈ S∗(Mp+q,n(R)), φ ∈ P,

where S on the right hand side is viewed as an element of Ω−∞.
Let H(K) ⊆ P be the space of K-harmonics [13]. For τ ∈ R(K̃; Ω−∞),

the set of K̃-types which occur in Ω−∞, define the projection map

p : (Ω−∞)τ �→ H(K)τ
by taking an element v ∈ (Ω−∞)τ to the lowest degree component of v.
Recall that L = O(p) × O(q) is a maximal compact subgroup of H =

O(p, q). Clearly the map p defined above is L-equivariant.
Denote the derived (h, L) module of a character χ of H by the same sym-

bol, where h is the Lie algebra of H. Let (Ω−∞)(h,L;χ) be the χ-eigenspace
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of Ω−∞ for (h, L). Denote

χ1 = χ|O(p), χ2 = χ|O(q).

Let H(K)(L;χ1⊗χ2) be the χ1 ⊗ χ2-eigenspace of H(K) for L.
An argument similar to the one in [31] (for the case χ = 1) yields the

following

Lemma 2.2. For any τ ∈ R(K̃; Ω−∞), the induced map

p : (Ω−∞)(h,L;χ)
τ �→ H(K)(L;χ1⊗χ2)

τ

is injective.

From the work of Kashiwara-Vergne ([19], see also [13]), we know that
H(K)τ is irreducibel under M̃ × K̃, where M � U(p) × U(q), and so as
M̃ × K̃-modules, we have H(K)τ � ρ(τ) ⊗ τ , where ρ(τ) is described in
[19]. Thus H(K)(L;χ1⊗χ2)

τ �= 0 if and only if ρ(τ)(L;χ1⊗χ2) �= 0. In view of
the inclusion S∗(Mp+q,n(R))

(H;χ) ⊂ (Ω−∞)(h,L;χ), and the fact that (M,L)
is a symmetric pair, we arrive at the following result on the K̃-structure of
S∗(Mp+q,n(R))

(H;χ).
Set Λ+

χ1
= Λ+

e or Λ+
o depending on whether χ1 is the trivial or the deter-

minant character. Similarly for Λ+
χ2
.

Theorem 2.3. S∗(Mp+q,n(R))(H;χ) is K̃-multiplicity one. Further τ ∈ ̂̃K
is a K̃-type in S∗(Mp+q,n(R))

(H;χ) only if the highest weight of τ∗ is of the
form

p− q

2
1n + (λ1, ..., λk , 0, ..., 0,−µl, ...,−µ1),

where {λi}ki=1 ∈ Λ+
χ1

, {µj}lj=1 ∈ Λ+
χ2

, and k ≤ p, l ≤ q, k + l ≤ n, and with
the following additional requirement:

k = p, if χ1 = det, and l = q, if χ2 = det .

Remark 2.4. Our result asserts that only cerain K̃-types can possibly occur
in S∗(Mp+q,n(R))

(H;χ). It does not assert that they actually occur. For the
case χ = 1, all of them do occur. See Theorem 2.1.

We give two corollaries. The first one is well-known (See [24] for example).

Corollary 2.5. S∗(Mp+q,n(R))
(H;det) is non-zero only if p+ q ≤ n.

Remark 2.6. It turns out that S∗(Mp+q,n(R))
(H;det) is non-zero if and only

if p + q ≤ n, and τ ∈ ̂̃K is a K̃-type in S∗(Mp+q,n(R))
(H;det) if and only if

the highest weight of τ∗ is of the form
p− q

2
1n + (λ1, ..., λp, 0, ..., 0,−µq , ...,−µ1),

where {λi}pi=1, {µj}qj=1 ∈ Λ+
o . See [21].
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Corollary 2.7. Assume that p ≥ q = n. Then τ ∈ ̂̃
K is a K̃-type in

S∗(Mp+q,q(R))
(H;ε) only if the highest weight of τ∗ is of the form

p− q

2
1q + (−µq, ...,−µ1),

where {µj}qj=1 ∈ Λ+
o .

We proceed to describe a K̃-highest weight vector in H(K)(L;χ1⊗χ2)
τ ex-

plicitly. We refer to [13] for some of the facts below.
Let

z = (zij)p×n ∈Mp,n(C), w = (wij)q×n ∈Mq,n(C)
be the complex coordinates of the Fock model of Ω.
For 1 ≤ i, j ≤ n, let

rij(z) =
∑p
k=1 zkizkj, rij(w) =

∑q
k=1 wkiwkj,

∆ij(z) =
∑p
k=1

∂2

∂zkizkj
, ∆ij(w) =

∑q
k=1

∂2

∂wkiwkj
,

Eij(z) =
∑p
k=1 zki

∂
∂zkj

, Eij(w) =
∑q
k=1 wki

∂
∂wkj

.

Further we let

Uij = Eij(z) −Eji(w) + p−q
2 δij ,

Aij = ∆ij(w)− rij(z),
Bij = rij(w) −∆ij(z).

Recall that K = U(n) is a maximal compact subgroup of G = Sp(2n,R).
In the Fock model, the complexified action of K̃C = GL(n,C)∼ is given by

(g · f)(z,w) = (det g) p−q
2 f(zg,wgt

−1
), g ∈ GL(n,C)∼, f ∈ P[Mp+q,n(C)].

Recall also that we may choose the Harish-Chandra decomposition of the
complexified Lie algebra gC of G:

gC = kC ⊕ p+ ⊕ p−

such that

Ω(kC) = span {Uij |1 ≤ i, j ≤ n},
Ω(p+) = span {Aij |1 ≤ i ≤ j ≤ n},
Ω(p−) = span {Bij |1 ≤ i ≤ j ≤ n}.

Here kC is the complexification of k, the Lie algebra of K = U(n).

For 1 ≤ k ≤ min(p, n), we define the operator

D+k = det

A11 · · · A1k

· · · · · · · · ·
Ak1 · · · Akk

 .

Note that this definition is unambiguous since Aij’s commute among them-
selves.
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For 1 ≤ l ≤ min(q, n), we similarly define the operator

D−l = det

Bn−l+1,n−l+1 · · · Bn−l+1,n

· · · · · · · · ·
Bn,n−l+1 · · · Bn,n

 .

We also define the following polynomials qχ1, qχ2 :

qχ1(z) =

{
1, if χ1 = 1,
detp(z), if χ1 = det, p ≤ n,

qχ2(w) =

{
1, if χ2 = 1,
detq(w), if χ2 = det, q ≤ n,

where

detp(z) = det

z11 · · · z1p

· · · · · · · · ·
zp1 · · · zpp

 ,

detq(w) = det

wn−q+1,n−q+1 · · · wn−q+1,n

· · · · · · · · ·
wn,n−q+1 · · · wn,n

 .

For 1 ≤ k ≤ p, 1 ≤ l ≤ q with k+ l ≤ n, and sets of non-negative integers
{αi}1≤i≤k, {βj}1≤j≤l, define the polynomials

Dχ(α1, ..., αk;β1, ..., βl) = (D
α1
+1 · · ·Dαk

+kD
β1
−1 · · ·Dβl

−l)(qχ1qχ2).
(2.8)

When χ1 = det and p ≤ n, we may require k = p by making some of the
αi’s to be zero. Similarly for χ2. We note that Di’s and D−j ’s commute for
i+ j ≤ n.
It is easy to see that (up to the a sign, or (−1)α1+2α2+···+kαk to be exact)

Dχ(α1, ..., αk;β1, ..., βl) = d1(z)α1 · · · dk(z)αkqχ1(z)d1(w)β1 · · · dl(w)βlqχ2(w),

where

dk(z) = det

r11(z) · · · r1k(z)
· · · · · · · · ·

rk1(z) · · · rkk(z)

 ,

and

dl(w) = det

rn−l+1,n−l+1(w) · · · rn−l+1,n(w)
· · · · · · · · ·

rn,n−l+1(w) · · · rn,n(w)

 .

In particular, Dχ(α1, ..., αk;β1, ..., βl) transforms according to χ1⊗χ2 under
the action of L = O(p)×O(q).
Note that in the case we are considering, the space of K-harmonics is

given by

H(K) = {f ∈ P|
n∑
k=1

∂2f

∂zik∂wjk
= 0, ∀1 ≤ i ≤ p, 1 ≤ j ≤ q}.
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Set

ai =
∑
i≤s≤k αs, 1 ≤ i ≤ k,

bj =
∑
j≤t≤l βt, 1 ≤ j ≤ l,

and

εχ1 =

{
0, if χ1 = 1,

1, if χ1 = det .
Similarly we define εχ2.

Proposition 2.9. We have

Dχ(α1, ..., αk;β1, ..., βl) ∈ H(K)(L;χ1⊗χ2),

and it is a K̃C highest weight vector with the highest weight
p− q

2
1n + (2a1 + εχ1, ..., 2ak + εχ1, 0, ..., 0,−2bl − εχ2, ...,−2b1 − εχ2).

Consequently we have

Uij(Dχ(α1, ..., αk;β1, ..., βl)) = 0, 1 ≤ i < j ≤ n,

Uii(Dχ(α1, ..., αk ;β1, ..., βl)) = λiDχ(α1, ..., αk ;β1, ..., βl),

where

λi =


p−q
2 + 2ai + εχ1 , 1 ≤ i ≤ k,
p−q
2 , k + 1 ≤ i ≤ n− l,
p−q
2 − 2bn−i+1 − εχ2, n− l + 1 ≤ i ≤ n.

Proof. The fact that Dχ(α1, ..., αk ;β1, ..., βl) is K-harmonic is immediate.
It is also clear that Dχ(α1, ..., αk;β1, ..., βl) is invariant under the upper
triangular matrices with ones in the diagonal, and transforms according to
the given character of the diagonal subgroup of K̃C = GL(n,C)∼. For the
rest, we just have to observe that the derived action of eij is given by Uij,
where eij is the n×nmatrix with one at the (i, j) entry and zeroes elsewhere.
��
We now prove a criteria for the non-vanishing of K̃-types for a given

distribution S ∈ S∗(Mp+q,n(R))
(H;χ). Recall that P is the Siegel parabolic

subgroup of G (see §3 for an explicit description).
Theorem 2.10. Suppose that S ∈ S∗(Mp+q,n(R))

(H;χ) and S transforms

according to a character of Q̃, where Q = P ∩K � O(n) ⊆ K. Let τ ∈ ̂̃K
be such that the highest weight of τ∗ is given by

p− q

2
1n + (2a1 + εχ1, ..., 2ak + εχ1, 0, ..., 0,−2bl − εχ2, ...,−2b1 − εχ2),

where ai =
∑
i≤s≤k αt, bj =

∑
j≤t≤l βt, and αs, βt ∈ Z

+. Then the following
three conditions are equivalent:

(a) τ occurs in the space < Ω∗(K̃)S >;
(b) Sτ �= 0, where Sτ is the τ -isotypic component of S;
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(c) the inner product

< S,Dχ(α1, ..., αk;β1, ..., βl) > �= 0.
Proof. Clearly (a) is equivalent to (b).
By Lemma 2.2, Sτ �= 0 if and only if p(Sτ ) �= 0. Here p(Sτ ) ∈ H(K)(L;χ1⊗χ2)

τ

is the image of Sτ under the projection map p.
Note thatH(K)(L;χ1⊗χ2)

τ is irreducible as a K̃-module. See the discussions
leading to Theorem 2.3. Denote vτ = Dχ(α1, ..., αk;β1, ..., βl), which is a K̃-
highest weight vector in H(K)(L;χ1⊗χ2)

τ . We can write

p(Sτ ) = λτvτ +Nτ ,

where λτ ∈ C, and Nτ is a sum of Ã-weight vectors in H(K)(L;χ1⊗χ2)
τ with

Ã-weights strictly less than that of vτ . Here A is a maximal torus of K.
We shall show that p(Sτ ) �= 0 if and only if λτ �= 0.
By choosing a Borel subgroup B of KC = GL(n,C) appropriately, we

may assume [28] that
kC = b̄+ q,

where q is the complexified Lie algebra of Q, and b̄ is the Borel subalgebra
of kC = gl(n,C) opposite to b.
By the Poincare-Birkhoff-Witt theorem, we have

U(kC) = U(b̄)U(q).
Suppose that λτ = 0. Then p(Sτ ) = Nτ . Since S transforms according to

a character of Q̃, p(Sτ ) transforms under Q̃ in the same way. Thus we have

U(kC)p(Sτ ) = U(b̄)U(q)p(Sτ ) ⊆ U(b̄)p(Sτ ) = U(b̄)Nτ .

Now each vector in U(b̄)Nτ is a sum of Ã weight vectors with weights
strictly less than that of vτ , we see that U(kC)p(Sτ ) �= H(K)(L;χ1⊗χ2)

τ , a
contradiction to the fact that H(K)(L;χ1⊗χ2)

τ is irreducible as a K̃-module.
We thus conclude that p(Sτ ) �= 0 is the same thing as λτ �= 0, and the

latter is equivalent to the statement that the inner product of S with vτ is
not zero. ��
Remark 2.11. The argument above was first used in [30] in the context of
multiplicity-free actions.

3. K̃-types of P̃ -eigendistributions

Let P be the Siegel parabolic subgroup of G = Sp(2n,R). We have
P �MN , where

M = {m(a) =
(
a 0
0 (at)−1

)
, a ∈ GL(n,R)},

N = {n(b) =
(
In b
0 In

)
, b = bt ∈Mn,n(R)}.
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Let χ0 be the character of

M̃ = {(m(a), ε)| a ∈ GL(n,R), ε = ±1}
given by:

χ0(m(a), ε) = ε ·
{
1, if det(a) > 0,
i, if det(a) < 0.

Note that χ0 is of order 4.
We then have [5]

[Ω(m(a), ε)f ](v) = χ0(m(a), ε)α|det a|
p+q
2 f(va), a ∈ GL(n,R),

[Ω(n(b))](v) = e
i
2

tr(vtIp,qvb)f(v), f ∈ L2(Mp+q,n(R)), v ∈Mp+q,n(R).

Here α ≡ p− q (mod 4), and tr denotes the trace of a square matrix.

We write a typical element v ∈Mp+q,n(R) as

v =
(
x
y

)
, x = (xij)p×n ∈Mp,n(R), y = (yij)q×n ∈Mq,n(R).

For 1 ≤ i, j ≤ n, let

rij = (vtIp,qv)ij =
∑p
k=1 xkixkj −

∑q
k=1 ykiykj,

Eij =
∑p
k=1 xki

∂
∂xkj

+
∑p
k=1 yki

∂
∂ykj

+ p+q
2 δij .

For a character ξ of P̃ , let

S∗(Mp+q,n(R))
(P̃ ;ξ) = {S ∈ S∗(Mp+q,n(R))|Ω∗(p̃)S = ξ(p̃)S, p̃ ∈ P̃}

denote the space of ξ-eigendistributions for P̃ .
Suppose that we are given a tempered distribution

S ∈ S∗(Mp+q,n(R))
(P̃ ;ξ0⊗| |ν),

where ξ0 is a character of P̃ of order at most four, ν is a complex number,
and | |ν is the character of P̃ so that (m(a), ε) �→ |det a|ν . By differentiation,
S satisfies the following system of equations:{

EijS = νδijS,

rijS = 0,

where 1 ≤ i, j ≤ n. Here and after, δij denotes the usual Kronecker symbol.
More generally we may consider a formal vector S ∈ Ω−∞ satisfying the
same system of equations.
It turns out that the above system is easier to work with in the Fock

model. Recall that there is an isomorphism between the Schrodinger model
and the Fock model. This correspondence is such that

xij → 1√
2
( ∂
∂zij

+ zij), ∂
∂xij

→ 1√
2
( ∂
∂zij

− zij),

yij → 1√
2
( ∂
∂wij

+ wij), ∂
∂yij

→ 1√
2
( ∂
∂wij

− wij).
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See [2]. For the ease of notation, we shall use equality instead of the arrow
sign to indicate the same operator in the two models.
Recall from §2 the notations Uij, Aij , Bij, and rij(z), ∆ij(z), Eij(Z) etc..

Proposition 3.1. The system of differential equations{
EijS = νδijS,

rijS = 0

in the Schrodinger model is equivalent to the system of differential equations{
BijS = (Uij − νδij)S,
AjiS = (Uji + νδji)S

in the Fock model.

Proof. We compute

xki
∂

∂xkj
= 1

2(
∂

∂zki
+ zki)( ∂

∂zkj
− zkj)

= 1
2(

∂2

∂zki∂zkj
+ zki

∂
∂zkj

− ∂
∂zki

zkj − zkizkj)

= 1
2(

∂2

∂zki∂zkj
+ zki

∂
∂zkj

− zkj
∂

∂zki
− zkizkj − δij),

and

xkixkj = 1
2(

∂
∂zki

+ zki)( ∂
∂zkj

+ zkj)

= 1
2(

∂2

∂zki∂zkj
+ zki

∂
∂zkj

+ ∂
∂zki

zkj + zkizkj)

= 1
2(

∂2

∂zki∂zkj
+ zki

∂
∂zkj

+ zkj
∂

∂zki
+ zkizkj + δij).

Thus in the Fock model, the equation EijS = νδijS becomes

(∆ij(z) + Eij(z)− Eji(z)− rij(z)
+∆ij(w) + Eij(w) − Eji(w) − rij(w))S = 2νδijS,(3.2)

and the equation rijS = 0 becomes

(∆ij(z) + Eij(z) + Eji(z) + rij(z)
−∆ij(w) −Eij(w) −Eji(w) − rij(w) + (p − q)δij)S = 0.(3.3)

Adding and subtracting the Equations (3.2) and (3.3), we get{
(∆ij(z) + Eij(z)− Eji(w) − rij(w) + p−q

2 δij)S = νδijS,

(∆ij(w) + Eij(w)− Eji(z)− rij(z)− p−q
2 δij)S = νδijS.

The result follows. ��
Note that (by a straightforward computation)

[Eij(z), rkl(z)] = δjkril(z) + δjlrki(z),
[Eij(z),∆kl(z)] = −(δik∆jl(z) + δil∆kj(z)).

Exactly the same commutation relations hold if we replace z by w. This
easily implies the following
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Lemma 3.4. The differential operators {Uij}, {Aij}, {Bij} satisfy the fol-
lowing commutation relations:

[Uij , Akl] = δjkAil + δjlAki,

[Uij, Bkl] = −(δikBjl + δilBkj).

Given a matrix X = (Xij)n×n, where {Xij} is a set of (not necessarily
commuting) linear operators of a fixed vector space, we define its column
determinant

det(X) =
∑
σ∈Sn

sgn(σ)Xσ(1)1Xσ(2)2 · · ·Xσ(n)n,(3.5)

and also its row determinant

rdet(X) =
∑
σ∈Sn

sgn(σ)X1σ(1)X2σ(2) · · ·Xnσ(n).(3.6)

Thus rdet(X) = det(Xt). Furthermore if {Xij} commute among themselves,
then rdet(X) = det(X).
In the appendix of this paper, certain identities of Capelli type are proved.

For the convenience of the reader, we include special cases of these identities
below.

Theorem 3.7. Identities of Capelli type
(a) Let E = (Eij)n×n, X = (Xij)n×n be matrices of linear operators on a

vector space V satisfying Xij = Xji, and the commutation relations

[Eij ,Xkl] = ε(δjkXil + δjlXki),

for some complex number ε. Suppose that S ∈ V satisfies

XijS = EijS, for 1 ≤ i, j ≤ n.

Then we have

det(Xij)S = det(En+1−i,n+1−j + ε(n− i)δij)S,

and
det(Xn+1−i,n+1−j)S = det(Ei,j + ε(n− i)δij)S.

(b) Let E = (Eij)n×n, Y = (Yij)n×n be matrices of linear operators on a
vector space V satisfying Yij = Yji, and the commutation relations

[Eij , Ykl] = ε(δikYjl + δilYkj),

for some complex number ε. Suppose that S ∈ V satisfies

YijS = EijS, for 1 ≤ i, j ≤ n.

Then we have

rdet(Yij)S = rdet(En+1−i,n+1−j + ε(n− i)δij)S,

and
rdet(Yn+1−i,n+1−j)S = rdet(Ei,j + ε(n− i)δij)S.



DISTRIBUTIONS AND REPRESENTATIONS 15

Recall the (pre)unitary structure <,> of P, which induces a pairing be-
tween Ω−∞ and P, still denoted by <,>.
The main result of this section is the following

Theorem 3.8. Suppose that S ∈ S∗(Mp+q,n(R)) satisfies{
EijS = νδijS,

rijS = 0,

where 1 ≤ i, j ≤ n and ν ∈ C. Let χ be a character of H = O(p, q). For
1 ≤ k ≤ p, 1 ≤ l ≤ q with k + l ≤ n, and sets of non-negative integers
{αi}1≤i≤k, {βj}1≤j≤l, let Dχ(α1, ..., αk;β1, ..., βl) ∈ H(K)(L;χ1⊗χ2)

τ be the K̃
highest weight vector defined in Equation (2.8). Denote

λ(α1, ..., αk;β1, ..., βl) =< S,Dχ(α1, ..., αk;β1, ..., βl) > .

Then we have the recursive formula:

λ(α1, ..., αk;β1, ..., βl)

= λ(α1, ..., αk − 1;β1, ..., βl)
k∏
i=1

(2ai + εχ1 +
p− q

2
− (ν + i+ 1))

= λ(α1, ..., αk ;β1, ..., βl − 1)
l∏

j=1

(−2bj − εχ2 +
p− q

2
+ (ν + j + 1)).

Here ai =
∑
i≤s≤k αs and bj =

∑
j≤t≤l βt.

Proof. With respect to the pairing <,>, we have the adjoint relations:(
∂

∂zij

)∗
= zij,

(
∂

∂wij

)∗
= wij.

See [2]. Thus we have

A∗
ij = Bij, B∗

ij = Aij ,

U∗
ij = Uji.

We compute (using A∗
ij = Bij):

< S,Dχ(α1, ..., αk ;β1, ..., βl) >
=< S,D+kDχ(α1, ..., αk − 1;β1, ..., βl) >
=< rdet(Bij)k×kS,Dχ(α1, ..., αk − 1;β1, ..., βl) > .

From Proposition 3.1 and Lemma 3.4, we have BijS = (Uij − νδij)S and
[Uij, Bkl] = −(δikBjl + δilBkj), and so by Theorem 3.7 (b), we have

rdet(Bij)k×kS = rdet(Uk+1−i,k+1−j − (ν + k − i)δij)k×kS.

In the expansion formula for the above row determinant, every term ex-
cept the diagonal term starts with a Ust with s > t. Since U∗

st = Uts, and Uts
annihilates any K̃ highest weight vector, we see that only the diagonal term
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in the expansion of rdet(Uk+1−i,k+1−j − (ν + k − i)δij)k×kS will contribute
to the inner product

< rdet(Uk+1−i,k+1−j − (ν + k − i)δij)k×kS,Dχ(α1, ..., αk − 1;β1, ..., βl) > .

Thus from Proposition 2.9, we have

λ(α1, ..., αk ;β1, ..., βl))

=< S,
k∏
i=1

(Uii − (ν + i− 1))Dχ(α1, ..., αk − 1;β1, ..., βl) >

=
k∏
i=1

(2(ai − 1) + εχ1 +
p− q

2
− (ν + i− 1))λ(α1, ..., αk − 1;β1, ..., βl))

=
k∏
i=1

(2ai + εχ1 +
p− q

2
− (ν + i+ 1))λ(α1, ..., αk − 1;β1, ..., βl).

We also compute < S,D(α1, ..., αk;β1, ..., βl) > (using B∗
ij = Aij):

< S,Dχ(α1, ..., αk;β1, ..., βl) >
=< S,D−lDχ(α1, ..., αk;β1, ..., βl − 1) >

=< det(An−l+i,n−l+j)l×lS,Dχ(α1, ..., αk;β1, ..., βl − 1) > .

From Proposition 3.1 and Lemma 3.4, we have AijS = (Uij + νδij)S and
[Uij, Akl] = δjkAil + δjlAki, and so by Theorem 3.7 (a), we have

det(An−l+i,n−l+j)l×lS = det(Un−l+i,n−l+j + (ν + l − i)δij)l×lS.

In the expansion formula for the above column determinant, every term
except the diagonal term starts with a Ust with s > t. Since U∗

st = Uts, and
Uts annihilates any K̃ highest weight vector, we see that only the diagonal
term in the expansion of det(Un−l+i,n−l+j+(ν+ l− i)δij)l×lS will contribute
to the inner product

< det(Un−l+i,n−l+j + (ν + l − i)δij)l×lS,Dχ(α1, ..., αk;β1, ..., βl − 1) > .

Thus from Proposition 2.9, we have

λ(α1, ..., αk;β1, ..., βl))

=< S,
l∏

j=1

(Un−l+j,n−l+j + (ν + l − j))Dχ(α1, ..., αk;β1, ..., βl − 1) >

=
l∏

j=1

(−2(bl−j+1 − 1)− εχ2 +
p− q

2
+ (ν + l − j))λ(α1, ..., αk ;β1, ..., βl − 1)

=
l∏

j=1

(−2bj − εχ2 +
p− q

2
+ (ν + j + 1))λ(α1, ..., αk;β1, ..., βl − 1).

This completes the proof of the theorem. ��
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Remark 3.9. We comment on how the recursive formula of Theorem 3.8
may be applied. Note that in our notations, we have

λ(α1, ..., αk−1, 0;β1, ..., βl) = λ(α1, ..., αk−1;β1, ..., βl),
λ(α1, ..., αk ;β1, ..., βl−1, 0) = λ(α1, ..., αk ;β1, ..., βl−1).

We may reduce the computation of λ(α1, ..., αk ;β1, ..., βl) to that of λ(0; 0)
from the recursion. We also note the following: Suppose that 0 �= S ∈
S∗(Mp+q,n(R))

(H;χ) satisfies the conditions of Theorem 2.10, then corre-
sponding to one of the non-zero K̃-types, certain λ(α1, ..., αk ;β1, ..., βl) must
be non-zero. Our recursion formula implies in particular that λ(0; 0) �= 0.
We give an immediate application of our inner product formula. For

S = δ, the Dirac measure at the origin of Mp+q,n(R), we have ν = −p+q
2 . In

the notations of Theorem 3.8, we note that for i ≤ k ≤ p,

2ai +
p− q

2
− (ν + i+ 1) = 2ai + p− i− 1 > 0, if ai > 0,

and for j ≤ l ≤ q,

−2bj + p− q

2
+ (ν + i+ 1) = −2bj − q + j + 1 < 0, if bj > 0.

This implies that

λ(α1, ..., αk ;β1, ..., βl) =< S,Dχ(α1, ..., αk;β1, ..., βl) > �= 0.
In view of Theorem 2.10, we have the following

Corollary 3.10. The Dirac measure δ has a non-zero projection to every
K̃-type τ listed in Theorem 2.1.

Remark 3.11. The above statement was proved in [31] by using the original
Capelli identity. Together with Theorem 2.1, it implies the result of [18]
alluded to in the Introduction, namely

Ω∗(δ) = S∗(Mp+q,n(R))
H .

4. Invariant measures and degenerate principal series

Recall the regular part of the null cone

Nn = {v ∈ N| rank(v) = n},
where p, q ≥ n. Recall also the invariant measure dµn on Nn from the
Introduction.
First we assume that p+ q > 2n. We shall see that the measure dµn can

be extended to a tempered distribution I on Mp+q,n(R) as follows.
Let Sym2

n(R) be the space of n × n real symmetric matrices. Note that
for any v ∈Mp+q,n(R), vtIp,qv ∈ Sym2

n(R).
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For f ∈ S(Mp+q,n(R)) and a neighborhood U of the n× n zero matrix in
Sym2

n(R), consider the integral

I(f)U =
∫
vtIp,qv∈U

f(v)dv.

For v =
(
x
y

)
∈Mp+q,n(R), write (except for a set of measure zero)

x = AR
1
2 ,

where A is an element of the Stiefel manifold defined by

Sp,n = {x ∈Mp,n(R)|xtx = In} � O(p)/O(p − n),

and R ∈ Pn, the space of n × n positive definite real symmetric matrices.
Similarly we write

y = BS
1
2 , B ∈ Sq,n, S ∈ Pn.

Then up to constants, we have [8]

dx = (detR)
p−n−1

2 dRdA, dy = (detS)
q−n−1

2 dSdB,

where dA is the O(p)-invariant metric on Sp,n, and likewise for dB. Thus
we have

I(f)U =
∫
A,B,R−S

f

(
AR

1
2

BS
1
2

)
(detR)

p−n−1
2 (detS)

q−n−1
2 dRdAdSdB,

where the integral is over the set A ∈ Sp,n, B ∈ Sq,n, R−S ∈ U . By making
the change of variables: U = R− S, we see that

I(f)U =
∫
A,B,U

f

(
AR

1
2

B(R− U)
1
2

)
(detR)

p−n−1
2 det(R− U)

q−n−1
2 dRdAdUdB.

Therefore we see that the following limit is well-defined:

I(f) = limU→0
1

vol(U)I(f)U ,(4.1)

where vol(U) is the volumn of U with respect to the standard Euclidean
metric in Sym2

n(R). Furthermore we have

I(f) =
∫
A∈Sp,n,B∈Sq,n,R∈Pn

f

(
AR

1
2

BR
1
2

)
(detR)

p+q−2n−2
2 dRdAdB.

Since we are assuming p+q > 2n, we see that the above defines a tempered
distribution I. Clearly I is H = O(p, q)-invariant, and is supported on Nn.

Recall the Siegel parabolic subgroup P �MN . For m̃a ∈ M̃ , we have

Ω(m̃a) = χ0(m̃a)α|det a|
p+q
2 λ(a), a ∈ GL(n,R),

where λ denotes the (unnormalized) action of GL(n,R) on S(Mp+q,n(R)):

(λ(a)ψ)(x, y) = ψ(xa, ya), ψ ∈ S(Mp+q,n(R)),(4.2)
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and α ≡ p− q (mod 4). See §3.
A straightforward computation using Equation (4.1) yields

λ∗(a)I = |det a|p+q−(n+1)I, a ∈ GL(n,R),
Ω∗(n)I = I, n ∈ N.

Therefore we have

Ω∗(p̃)I = χ0(m̃a)−α|det a|
p+q
2

−(n+1)I, p̃ = m̃an ∈ P̃ .

Now assume that p = q = n. Let S(Mp+q,n(R)) ⊆ S(Mp+q,n(R)) be the
subspace of Schwartz functions on Mp+q,n(R) which correspond to poly-
nomials in the Fock model of the oscillator representation Ω. Namely
f ∈ S(Mp+q,n(R)) if and only if f is of the form pφ0, where p is a poly-
nomial and φ0 is the so-called Gaussian given by

φ0(v) = e−
tr(xtx)+tr(yty)

2 , v =
(
x
y

)
∈Mp+q,n(R).

For f ∈ S(Mp+q,n(R)), and s ∈ C, consider the integral

Js(f) =
∫
A∈Sp,n,B∈Sq,n,R∈Pn

f

(
AR

1
2

BR
1
2

)
(detR)sdRdAdB.

Note that when f = pφ0, we have

Js(f) =
∫
A∈Sp,n,B∈Sq,n,R∈Pn

p

(
AR

1
2

BR
1
2

)
e−R(detR)sdRdAdB.

From the theory of Zeta integrals [6], we know that Js(f) is absolutely
convergent if Re(s) > −1, and Js(f) can be analytically continued in the
complex plane, except at s = −n+2−j

2 − Z
+ for j = 1, 2, ..., n, where Js(f)

has poles. Furthermore Js(f) has at most a simple pole at s = −1.
We define for f ∈ S(Mp+q,n(R))

J(f) = lims→−1(s+ 1)Js(f),

the residue of Js(f) at s = −1. Note that

Js(φ0) = c
n∏
j=1

Γ(s+
n+ 2− j

2
),

where c is a non-zero number. See [8]. Thus Js(φ0) has a non-zero residue
at s = −1. In particular J �= 0. The association f �→ J(f) for f ∈
S(Mp+q,n(R)) therefore defines an element J ∈ Ω−∞, the space of formal
vectors of Ω. We clearly have

Ω∗(p̃)J = |det a|−1J, p̃ = m̃an ∈ P̃ .

We shall see in the latter part of this section that J is in fact a tempered
distribution on Mp+q,n(R).
We summarize the above discussions by the following
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Proposition 4.3. Assume that p, q ≥ n. Then
(a) If p + q > 2n, then dµn can be extended to a tempered distribution

I ∈ S∗(Mp+q,n(R))
H such that

Ω∗(p̃)I = χ0(m̃a)−α|det a|
p+q
2

−(n+1)I, p̃ = m̃an ∈ P̃ .

(b) If p = q = n, then dµn can be extended to a formal vector J ∈
(Ω−∞)(h,L) such that

Ω∗(p̃)J = |det a|−1J, p̃ = m̃an ∈ P̃ .

In a similar way, we have

Proposition 4.4. Assume that p ≥ q = n. Then
(a) If p > q, then dνq can be extended to a tempered distribution I ′ ∈

S∗(Mp+q,q(R))
(H;ε) such that

Ω∗(p̃)I ′ = χ0(m̃a)−α+2|det a| p−q
2

−1I ′, p̃ = m̃an ∈ P̃ .

(b) If p = q, then dνq can be extended to a formal vector J ′ ∈ (Ω−∞)(h,L;ε)

such that

Ω∗(p̃)J ′ = sgn(det a)|det a|−1J ′, p̃ = m̃an ∈ P̃ .

Remark 4.5. Note that χ0(m̃a)2 = sgn(det a) for a ∈ GL(n,R).

To minimize notations, we shall use dµn and dνq to represent the corre-
sponding tempered distributions (or formal vectors) given in Propositions
4.3 and 4.4.

We now define some degenerate principal series representations of G̃.
For σ ∈ C and α = 0, 1, 2, 3, define the following character of P̃ :

χα(σ)(p̃) = χ0(m̃a)α|det a|σ , p̃ = m̃an ∈ P̃ .

Let Iα(σ) be the representation of G̃ induced from the character χα(σ) of
P̃ as follows:

Iα(σ) = IndG̃
P̃
(χα(σ))

= {f ∈ C∞(G̃)|f(p̃g̃) = χα(σ + ρn)(p̃)f(g̃), p̃ = m̃an ∈ P̃},
where ρn = n+1

2 . The group G̃ acts on Iα(σ) by right translation.

We will be concerned with the following situations:

(a) : p, q ≥ n, and (b) : p ≥ q = n.

Let S ∈ S∗(Mp+q,n(R)) be given by

S =

{
dµn, in case (a),
dνq, in case (b).

Then we have (from Propositions 4.3 and 4.4)

S ∈ S∗(Mp+q,n(R))
(P̃ ;χα(σ)−1),
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where

σ = −ν,

{
ν = p+q

2 − (n + 1), α ≡ p− q (mod 4), in case (a),
ν = p−q

2 − 1, α ≡ p− q + 2 (mod 4), in case (b).

For φ ∈ S(Mp+q,n(R)), consider the function ΦS(φ) on G̃ defined by:

ΦS(φ)(g̃) = S(Ω(g̃)φ), g̃ ∈ G̃.(4.6)

Then ΦS(φ) ∈ Iα(s), where s = σ − ρn. Thus we have defined a map

ΦS : S(Mp+q,n(R))→ Iα(s).

This map is clearly G̃-equivariant.

Let n0 (resp., n1) be the maximal even integer (resp., odd integer) less
than or equal to n. We are now in a position to prove the following result,
which implies Theorem 1.1 in the Introduction.

Theorem 4.7. Assume that p, q ≥ n. Then
(a) τ is a K̃-type in Ω∗(dµn) if and only if the highest weight of τ∗ is of

the form

(λ1, ..., λn), λi ≡ p− q

2
(mod 2),

and{
λ1 ≤ p+q

2 − (n+ 1),
λn1 ≥ n1 + 1− p+q

2 ,
if n− q ≡ 1, p ≡ 0 (mod 2),

{
λ2 ≤ p+q

2 − n,

λn0 ≥ n0 + 1− p+q
2 ,

if n− q ≡ 0, p ≡ 1 (mod 2),{
λ1 ≤ p+q

2 − (n+ 1),
λn0 ≥ n0 + 1− p+q

2 ,
if n− q ≡ 1, p ≡ 1 (mod 2),{

λ2 ≤ p+q
2 − n,

λn1 ≥ n1 + 1− p+q
2 ,

if n− q ≡ 0, p ≡ 0 (mod 2).

(b) The image of Φdµn in Iα(s) contains a K̃-type τ if and only if the
highest weight of τ is of the form described above. Furthermore this
image is irreducible and is the unique irreducible submodule of Iα(s).

(c) Ω∗(dµn) is irreducible, and is therefore the unique irreducible G̃-submodule
of S∗(Mp+q,n(R))

H .

Proof. (a) Since Ω∗(dµn) ⊆ S∗(Mp+q,n(R))
H , a K̃-type τ can occur in

Ω∗(dµn) only if the highest weight of τ∗ is of the form

(λ1, ..., λn) =
p− q

2
1n + (2a1, ..., 2ak , 0, ..., 0,−2bl , ...,−2b1),

=
p− q

2
1n + (ξ1, ..., ξn),(4.8)

where ai =
∑
i≤s≤k αs, bj =

∑
j≤t≤l βt, and αs, βt ∈ Z

+. See Theorem 2.1.
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Since dµn is a P̃ -eigendistribution, we have Ω∗(dµn) = < Ω∗(K̃)dµn >,
and dµn transforms according to a character of Q̃, where Q = P ∩ K �
O(n) ⊆ K. By Theorem 2.10, a K̃-type τ given in Equation (4.8) occurs in
Ω∗(dµn) if and only if the inner product

λ(α1, ..., αk;β1, ..., βl) =< dµn,Dχ(α1, ..., αk ;β1, ..., βl) > �= 0.
By Theorem 3.8, we have the recursive formula:

λ(α1, ..., αk;β1, ..., βl)

= λ(α1, ..., αk − 1;β1, ..., βl)
k∏
i=1

(2ai +
p− q

2
− (ν + i+ 1))

= λ(α1, ..., αk;β1, ..., βl − 1)
l∏

j=1

(−2bj + p− q

2
+ (ν + j + 1)),

where (the normalized homogeneity degree) ν = p+q
2 − (n + 1). See Propo-

sition 4.3.
Observe that 2ai + p−q

2 − (ν + i + 1) = 2ai − q + n − i. Thus if n −
q ≡ 1 (mod 2), then 2ai − q + n − i �= 0 for even i, and in order for
λ(α1, ..., αk;β1, ..., βl) �= 0, we must have ξ1 = 2a1 ≤ q − n − 1. Similarly
by examining −2bj + p−q

2 + (ν + j + 1), we see that if p ≡ 0 (mod 2), then
in order for λ(α1, ..., αk;β1, ..., βl) �= 0, we must have ξn1 ≥ n1 − p + 1.
Conversely since a1 ≥ ... ≥ ak, b1 ≥ ... ≥ bl, we see that if ξ1 ≤ q−n−1 and
ξn1 ≥ n1 − p+ 1, then λ(α1, ..., αk ;β1, ..., βl) �= 0. We thus get the required
inequality if n− q ≡ 1 and p ≡ 0 (mod 2). The other three cases are entirely
similar.
(b) Note that for φ ∈ S(Mp+q,n(R)) and for k̃ ∈ K̃, we have Φdµn(φ)(k̃)

= (Ω∗(k̃−1)dµn)(φ). Thus a K̃-type τ occurs in the image of Φdµn in Iα(s)

if and only if τ∗ occurs in < Ω∗(K̃)dµn >, and is therefore given as in part
(b).
Now the structure of Iα(s) is completely known [17, 20, 23, 26]. We note

that their results cover the symplectic group, but the metaplectic case can
be extended easily. In all the four cases (which correspond to the parity of
n+ α and the parity of s+ ρn + α

2 ), straightforward verifications show that
for p, q ≥ n, the corresponding Iα(s) has a unique irreducible submodule,
and the K̃-types of this submodule coincide with the K̃-types of the image
of Φdµn described above. Since Iα(s) is K̃-multiplicity free, part (b) follows.
Note that Ω∗(dµn) is the dual of the image of Φdµn in Iα(s). Now part

(c) clearly follows from part (b). ��
Remark 4.9. The recursive formula implies in particular that the “gener-
alized Fourier coefficients” of the formal vector dµn (for p = q = n) grow
at most polynomially, and therefore dµn actually defines a tempered distri-
bution in this case. See [14, 31] for such a characterization of tempered
distributions.
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In exactly the same way, we have the following result which implies The-
orem 1.3 in the Introduction. Its proof will be omitted.

Theorem 4.10. Assume that p ≥ q = n. Then

(a) τ is a K̃-type in Ω∗(dνq) if and only if the highest weight of τ∗ is of
the form

(λ1, ..., λq), λi ≡ p− q

2
+ 1 (mod 2),

and {
λ1 ≤ p−q

2 − 1,
λq1 ≥ q1 + 1− p+q

2 ,
if p > q, p ≡ 1 (mod 2),

{
λ1 ≤ p−q

2 − 1,
λq0 ≥ q0 + 1− p+q

2 ,
if p > q, p ≡ 0 (mod 2),

λ1 = ... = λq−2 = −1, if p = q.

(b) The image of Φdνq in Iα(s) contains a K̃-type τ if and only if the highest
weight of τ is of the form described above. Furthermore when p > q,
this image is the unique irreducible submodule of Iα(s), and when p = q,
it is one of the two irreducible submodules of the corresponding Iα(s).

(c) Ω∗(dνq) is irreducible, and is therefore the unique irreducible G̃-submodule
of S∗(Mp+q,q(R))

(H;ε).

Remark 4.11. When p = q, the Harish-Chandra module of Ω∗(dνq) is iso-
morphic to that of the unitary highest weight module of highest weight −1q.
Also the other irreducible submodule of Iα(s) is the image of Φdγq , where
dγq ∈ S∗(M2q,q(R))(H;ε′), and ε′ = ε⊗ det.

5. Applications

We highlight the following results which are immediate consequences of
Theorems 4.7 and 4.10. Both our applications in this section will be derived
from these two finite-dimensionality assertions.

(a) p, q ≥ n, and p, q ≡ n+ 1 (mod 2):

< Ω∗(g)dµn, g ∈ Sp(2n,R) >

is finite dimensional, and carries an irreducible Sp(2n,R)-module of
highest weight (p+q2 − (n+ 1))1n.

(b) p > q = n, and p ≡ q (mod 2):

< Ω∗(g)dνq , g ∈ Sp(2q,R) >

is finite dimensional, and carries an irreducible Sp(2q,R)-module of
highest weight (p−q2 − 1))1q.
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Denote

Λ+
n = {λ = (λ1, ..., λn) ∈ (Z+)n|λ1 ≥ · · · ≥ λn ≥ 0}.

Recall that for λ ∈ Λ+
n , ρλ is the irreducible finite dimensional representation

of O(p, q) parameterized by

(λ1, ..., λn, 0, ..., 0︸ ︷︷ ︸
[ p+q

2
−n]

; 1),

and πλ is the irreducible finite dimensional representation of Sp(2n,R) with
the highest weight λ.
Let P(Mp+q,n(R)) be the algebra of polynomials on Mp+q,n(R), where

H = O(p, q) acts by

(h · f)(v) = f(h−1v), h ∈ H, f ∈ P(Mp+q,n(R)), v ∈Mp+q,n(R).

Let H(Mp+q,n(R)) be the subspace of O(p, q)-harmonics. It is well-known
that ρ∗λ can be realized in H(Mp+q,n(R)). See [19]. We let H(Mp+q,n(R))ρ∗

λ

be its ρ∗λ-isotypic component.
We prove the following result which implies Theorem 1.4 in the Introduc-

tion.

Theorem 5.1. Correspondence of finite dimensional representations

(a) Assume that p, q ≥ n, and p, q ≡ n + 1 (mod 2). For λ ∈ Λ+
n , let bλ

be a non-zero polynomial in H(Mp+q,n(R))ρλ
, and define the O(p, q)×

Sp(2n,R)-invariant subspace

Fλ = < Ω∗(g)(bλdµn), g ∈ O(p, q)× Sp(2n,R) >.

Then Fλ is finite dimensional and irreducible under the joint action of
O(p, q) and Sp(2n,R), and as O(p, q)× Sp(2n,R) modules, we have

Fλ � ρ∗λ ⊗ π∗
λ+( p+q

2
−(n+1))1n

.

In particular, ρλ and πλ+( p+q
2

−(n+1))1n
correspond to each other under

the local theta correspondence.
(b) Assume that p > q and p ≡ q (mod 2). For λ ∈ Λ+

q , let bλ be a non-
zero polynomial in H(Mp+q,q(R))ρλ

, and define the O(p, q)×Sp(2q,R)-
invariant subspace

Fλ = < Ω∗(g)(bλdνq), g ∈ O(p, q)× Sp(2q,R) >.

Then Fλ is finite dimensional and irreducible under the joint action of
O(p, q) and Sp(2q,R), and as O(p, q)× Sp(2q,R) modules, we have

Fλ ∼= (ε⊗ ρ∗λ)⊗ π∗
λ+( p−q

2
−1)1q

.

In particular, (ε⊗ρλ) and πλ+( p−q
2

−1)1q
correspond to each other under

the local theta correspondence.
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Proof. We shall prove part (b). Part (a) is similar.
Consider the following subspace of P(Mp+q,q(R)):

Bλ =< h · bλ, h ∈ O(p, q) > .

O(p, q) acts on Bλ by a multiple of ρ∗λ.
Clearly

Fλ = < Ω∗(g)(Bλdνq), g ∈ Sp(2q,R) >.

LetW (Mp+q,q(R)) be theWeyl algebra on the matrix spaceMp+q,q(R), i.e.
the algebra of polynomial coefficient differential operators onMp+q,q(R). For
m ∈ Z≥0, let Wm(Mp+q,q(R)) be the subspace of W (Mp+q,q(R)) consisting
of those polynomial coefficient differential operators with total degree ≤
m. We shall regard P(Mp+q,q(R)) as a subalgebra of the Weyl algebra
W (Mp+q,q(R)). Note that Bλ is a subspace of Wm(Mp+q,q(R)) for some m.
Since

Ω∗(g)Wm(Mp+q,q(R))Ω∗(g)−1 ⊆Wm(Mp+q,q(R))

for each g ∈ Sp(2q,R) (see [11]), we see that the image of

g �→ Ω∗(g)BλΩ∗(g)−1, g ∈ Sp(2q,R)

is a finite dimensional space in the Weyl algebra W (Mp+q,q(R)). Further
since

< Ω∗(g)dνq , g ∈ Sp(2q,R) >

is finite dimensional, we conclude that Fλ is finite dimensional.
O(p, q) acts on Fλ by the representation ε⊗ρ∗λ, and as O(p, q)×Sp(2q,R)-

module, we can write
Fλ ∼= (ε⊗ ρ∗λ)⊗ E∗

λ,

where Eλ is a Sp(2q,R) module.
Now according to [13], Eλ is quasi-simple, namely it has a fixed Sp(2q,R)

infinitesimal character, and further it has a unique irreducible Sp(2q,R)
submodule. From the duality correspondence of infinitesimal characters
[25], we know that the infinitesimal character of Eλ is

λ+ (
p+ q

2
− 1, p+ q

2
− 2, ..., p+ q

2
− q).

Thus Eλ is a multiple of πλ+( p−q
2

−1)1q
, this multiple must be one for Eλ to

have a unique irreducible submodule. ��

We shall present our second application: a generalization of Huygens’
Principle.
Consider the Cauchy problem for the wave equation:

p∑
k=1

∂2φ

∂x2
k

=
∂2φ

∂y2
,

φ(x, y)|y=0 = φ0(x),
(∂yφ)(x, y)|y=0 = φ1(x),
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where x = (x1, ..., xp) ∈ R
p, y ∈ R, and φ0, φ1 are two given functions of

Schwartz class.
Standard techniques involving the Fourier transform show that there exist

distributions P0 and P1 on R
p+1 such that

φ = P0 ∗x φ0 + P1 ∗x φ1,

where ∗x is convolution in the x variables. The distributions Pl (l = 0, 1) are
called propagators. They have been computed classically and the following
results are known.
(a) φ(x′, y) depends only on the values of φ0(x) and φ1(x) for ‖x− x′‖ ≤

|y|, where ‖x‖ = (∑p
k=1 x

2
k)

1
2 . In other words Pl is supported inside the light

cone, i.e., in the set {(x, y) : ‖x‖2 − y2 ≤ 0}.
(b) If p is odd and > 1, then φ(x′, y) depends only on the values of φ0(x)

and φ1(x) (and their derivatives) for ‖x − x′‖ = |y|. In other words Pl is
supported on the light cone, i.e., in the set {(x, y) : ‖x‖2 − y2 = 0}.
Part (b) is what is known as Huygens’ Principle: when the space

dimension p is odd and > 1, waves propagate on spherical shells.

We shall now discuss a generalization of the above phenomenon.
Let p, q be two natural numbers with p ≥ q. Consider

x = (xij)p×q ∈Mp,q(R), and y = (yij)q×q ∈Mq,q(R).

Given two Schwartz class functions φi (i = 0, 1) of x, we consider the
system of partial differential equations

p∑
k=1

∂2φ

∂xki∂xkj
=

q∑
k=1

∂2φ

∂yki∂ykj
, 1 ≤ i, j ≤ q,(5.2)

φ(x, sy) = φ(x, y), s ∈ SO(q),(5.3)
φ(x, y)|y=0 = φ0(x),(5.4)
(∂det yφ)(x, y)|y=0 = φ1(x).(5.5)

Here ∂det y = det(∂yij )q×q.
We shall call Equation (5.2) the generalized wave equation, and if φ satis-

fies Equations (5.2-5.5), we say φ solves the generalized wave equation with
initial data φ0, φ1.
As in the case of the wave equation (q = 1), there exist distributions P0

and P1 on Mp+q,q(R) such that

φ = P0 ∗x φ0 + P1 ∗x φ1

where ∗x is convolution in the x variables. The distributions Pl are again
called propagators.

Definition 5.6. We say that the system of PDE’s (5.2-5.5) satisfies Gen-
eralized Huygens’ Principle if the propagators Pl (l = 0, 1) are supported
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on the null cone

N =
{(

x
y

)
∈Mp+q,q(R)|xtx = yty

}
.

We recall the dual pair

(H,G) = (O(p, q), Sp(2q,R)) ⊆ G = Sp(2(p + q)q,R),

and the associated oscillator representation Ω of G̃ on L2(Mp+q,q(R)). G

acts on S(Mp+q,q(R)) by restriction, and then on S∗(Mp+q,q(R)) by duality.
The following observation was made in [10] (for q = 1). See also the

discussion at the end of this section.

Criterion. Generalized Huygens’ Principle holds if and only if Pl generates
a finite-dimensional module for G̃ = S̃p(2q,R) under Ω∗.

When p+ q is odd, S̃p(2q,R) is the metaplectic cover of Sp(2q,R), which
has no faithful finite dimensional representations. This immediately implies
the following

Proposition 5.7. Generalized Huygens’ Principle cannot hold when p + q
is odd.

On the other hand, we have

Theorem 5.8. When p > q and p+q even, Pl generates an irreducible finite
dimensional S̃p(2q,R) module of highest weight (p−q2 − l)1q. In particular,
Generalized Huygens’ Principle holds.

This will follow from part (b) of Theorem 5.1 and a number of propositions
below. As the proof of these propositions follow very closely the case of q = 1
[14], we will be contended to just state the results.

Denote the Fourier transform with respect to x by Fx. Thus

Fx(ψ)(x, y) = (2π)−
pq
2

∫
Mp,q(R)

e−i tr(x
tx′)ψ(x′, y)dx′.

We include the following proposition for completeness. We fix a τq ∈ O(q)
with det τq = −1, so that O(q) = SO(q)∪SO(q)τq. We also fix the invariant
measure du on O(q) so that it has total measure 2. We shall use the same
symbol du for du|SO(q). Therefore du is also the invariant measure on SO(q)
with total measure 1.

Proposition 5.9. The solution of system of Equations (5.2-5.5) is given
uniquely by

φ(x, y) = (P0(y) ∗x φ0)(x) + (P1(y) ∗x φ1)(x),

where ∗x is convolution in the x variables, and for a fixed y, Pl(y) is the
distribution on Mp,q(R) given by

Pl(y) = F−1
x (Ql(·, y)), l = 0, 1,
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and

Q0(x, y) =
1
2

∫
u∈SO(q)

{ei tr((xtx)
1
2 uty) + ei tr((x

tx)
1
2 (uτq)ty)}du,

Q1(x, y) =
1
2
i−q det(xtx)−

1
2

∫
u∈SO(q)

{ei tr((xtx)
1
2 uty) − ei tr((x

tx)
1
2 (uτq)ty)}du.

Define the distributions Pl (l = 0, 1) on Mp+q,q(R) by

Pl(ψ1 ⊗ ψ2) =
∫
Mq,q(R)

Pl(y)(ψ1)ψ2(y)dy,

where ψ1 ∈ S(Mp,q(R)), ψ2 ∈ S(Mp,q(R)) are functions of Schwartz class
on Mp,q(R) and Mq,q(R), respectively. We shall then write the solution of
Equations (5.2-5.5) as

φ = P0 ∗x φ0 + P1 ∗x φ1.

We shall investigate symmetries of the propagators by exploiting symme-
tries of generalized wave equation together with its initial data.
Define the Fourier transform on S(Mp+q,q(R)) with respect to the metric

tr(vtIp,qv) = tr(xtx)− tr(yty), v =
(
x
y

)
∈Mp+q,q(R) :

F (ψ)(x, y) = (2π)−
(p+q)q

2

∫
Mp+q,q(R)

e−i(tr(x
tx′)−tr(yty′))ψ(x′, y′)dx′dy′.

(5.10)

Define also the Fourier transform of a tempered distribution T by

F (T )(ψ) = T (F−1(ψ)), ψ ∈ S(Mp+q,q(R)).

Recall that we have the action of H = O(p, q) on S∗(Mp+q,q(R)) via Ω∗.
Recall also the (unnormalized) action λ of GL(q,R) on S(Mp+q,q(R)). See
Equation (4.2). By understanding the effects of O(p)⊗ O(q) and GL(q,R)
actions on the generalized wave equation and its initial data, and then by
taking the Fourier transform, we obtain

Proposition 5.11. We have

Ω∗(A)P0 = P0, Ω∗(A)P1 = P1, A ∈ O(p),
Ω∗(B)P0 = P0, Ω∗(B)P1 = (detB)P1, B ∈ O(q),

λ∗(a)Pl = (det a)l|det a|qPl, a ∈ GL(q,R), l = 0, 1,

and so

Ω∗(A)F (P0) = F (P0), Ω∗(A)F (P1) = F (P1), A ∈ O(p),
Ω∗(B)F (P0) = F (P0), Ω∗(B)F (P1) = (detB)F (P1), B ∈ O(q),

λ∗(a)F (Pl) = (det a)−l|det a|pF (Pl), a ∈ GL(q,R), l = 0, 1.



DISTRIBUTIONS AND REPRESENTATIONS 29

Denote by sp(2q,R) the Lie algebra of Sp(2q,R), then we have

Ω(sp(2q,R)) =< rij,∆ij , Eij |1 ≤ i, j ≤ q >,

where

rij = (vtIp,qv)ij =
∑p
k=1 xkixkj −

∑q
k=1 ykiykj,

Eij =
∑p
k=1 xki

∂
∂xkj

+
∑p
k=1 yki

∂
∂ykj

+ p+q
2 δij ,

as before, and

∆ij =
p∑

k=1

∂2

∂xki∂xkj
−

q∑
k=1

∂2

∂yki∂ykj
.

Observe that Pl (l = 0, 1) satisfy the generalized wave equation, namely
∆ijPl = 0. This may be seen from the constructive proof of Proposition 5.9.
By taking the Fourier transform, we get

rijF (Pl) = 0, 1 ≤ i, j ≤ q.

The above equation says that F (Pl) is supported on the null cone N . We
note that the Jacobian matrix J(r11, r12, ..., rqq) at any point of Nq has full
rank q(q+1)

2 . See [27] for this fact. Thus away from N − Nq, F (Pl) factors
through the restriction map to Nq, and so may be regarded as a distribution
on Nq. Since O(p) × GL(q,R) acts on Nq transitively, the transformation
properties under O(p) and GL(q,R) in Proposition 5.11 determine F (Pl) up
to multiples. Thus we conclude

Proposition 5.12.

F (P0) = c0|det y|dµq = c0(det y)dνq,
F (P1) = c1dνq = c1 sgn(det y)dµq,

for some constants c0 and c1.

Note that {rij}1≤i≤j≤q are functionally independent. Thus Pl is supported
on the null cone if and only if for each i, j, we have rdij

ij Pl = 0 for some natural
number dij . Using the GL(q,R)-homegeneity of Pl (Proposition 5.11), we
deduce that

EijPl = (
p− q

2
− l)δijPl.

Since ∆ijPl = 0 for 1 ≤ i, j ≤ q, we see that Generalized Huygens’ Principle
holds for the system of PDE’s (5.2-5.5) if and only if each Pl (or F (Pl))
generates a finite-dimensional Ω∗(sp(2q,R)) module. In turn this is true if
and only if each Pl (or F (Pl)) generates a finite-dimensional S̃p(2q,R) mod-
ule under Ω∗. Note that [5] the Fourier tranform F as defined in Equation
(5.10) is an element of Ω(S̃p(2q,R)), or to be exact an element of Ω(K̃).

Now it is easy to see that Proposition 5.12 and Theorem 5.1, part (b)
imply Theorem 5.8.
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Appendix: Identities of Capelli type

In this appendix, we prove two kinds of identities of Capelli type for so-
lutions of certain system of operator equations, which generalize the famous
Capelli identity in classical invariant theory [29]. As demonstated by Weyl,
the Capelli identity plays a central role in deriving polynomial invariants
and relative invariants of classical groups. The identities proven here should
play similar roles in applications to problems concerning eigendistributions
of classical groups. See §3 and in particular Theorem 3.8.

A1 The first identity: Replacing the last few columns of the de-
terminant

We will be concerned with two matrices of linear operators {Eij}1≤i,j≤n,
{Xij}1≤i,j≤n acting on the same vector space which satisfy the commutation
relations:

[Eij ,Xkl] = εδjkXil, 1 ≤ i, j, k, l ≤ n,

where ε is a complex number. We will also have some element S in the
vector space satisfying equations of the form

EijS = XijS, 1 ≤ i, j ≤ n.

Remark A1.1. In actual applications, the operators Eij and Xij are differ-
ential operators, and {Eij}1≤i,j≤n satisfy the commutation relations of the
standard basis of the Lie algebra gln of GLn, namely

[Eij, Ekl] = δjkEil − δliEkj.

If that is the case, then ε = ±1. In what follows, we do not assume any
commutation relations among the Eij’s.

Recall that for a matrix A = (Aij)n×n of noncommuting variables, we have
the column determinant det(A) and the row determinant rdet(A), defined
in Equations (3.5) and (3.6), respectively.

Theorem A1.2. Let E = (Eij)n×n, X = (Xij)n×n be matrices of linear
operators on a vector space V satisfying the commutation relations

[Eij ,Xkl] = εδjkXil.

For each 0 ≤ r ≤ n, define a matrix Pr of order n× n as follows:

Pr =



X11 · · · X1r E1n · · · E1,r+1

· · · · · · · · · · · · · · · · · ·
Xr1 · · · Xrr Ern · · · Er,r+1

Xn1 · · · Xnr Enn + (n− r − 1)ε · · · En,r+1

· · · · · · · · · · · · · · · · · ·
Xr+1,1 · · · Xr+1,r Er+1,n · · · Er+1,r+1


.

Suppose that S ∈ V satisfies

XijS = EijS, for 1 ≤ i ≤ n, r + 1 ≤ j ≤ n.



DISTRIBUTIONS AND REPRESENTATIONS 31

Then we have

det(X)S = det(Pr)S.

Remark A1.3. When r = 0, we have the full “Capelli identity”:

det

X11 · · · X1n

· · · · · · · · ·
Xn1 · · · Xnn

S = det

Enn + (n− 1)ε · · · En1

· · · · · · · · ·
E1n · · · E11

S.

Proof. For r = n, it is trivial. Also for r = n − 1 from the definition of
det(X) and the assumption XinS = EinS, we can clearly replace the last
column of X in det(X)S by the last column of E = (Eij)n×n. Thus we have
det(X)S = det(Pn−1)S.
Assume that det(X)S = det(Pr)S for certain r ≤ n − 1. We shall com-

pute det(Pr)S. The idea is to examine the rth column of Pr, and try to
interchange with columns on the right. Namely for each individual prod-
uct term in the formula of det(Pr)S, we try to interchange the rth element
with (r + 1)th element, and then (r + 2)th element, and so on, until we
have interchanged with the nth element. This can be done using the given
commutation relations. It turns out that the extra term (corresponding to a
permatation σ ∈ Sn) arising from application of commutation relations can
be absorbed with another product term corresponding to a certain σ̃ ∈ Sn
with the opposite sign, producing an extra ε in a diagonal term of the lower
right corner of Pr.
We will be more precise in the following.
Notice that the rth column of Pr from top to bottom is X1r, ...,Xrr,

Xnr, ...,Xr+1,r.
Observe thatX1r, ...,Xrr commute with every column on the right, namely

with all the elements in the (r + 1)th, ..., nth columns of Pr.
Observe also that Xnr commutes with every column on the right except

the (r + 1)th column, Xn−1,r commutes with every column on the right
except the (r + 2)th column, and so on, and finally Xr+1,r commutes with
every column on the right except the nth column.
In other words, for r + 1 ≤ j ≤ n, Xjr commutes with every column on

the right except the (r+ n− j + 1)th column of Pr, which consists of (from
top to bottom) E1j , ..., Erj , Enj , ..., Ejj +(j− r− 1)ε, ..., Er+1,j . Further the
non-zero commutation relations are

[Xjr, Ekj + (j − r − 1)εδkj ] = [Xjr, Ekj ] = −[Ekj,Xjr] = −εXkr,

where i+ 1 ≤ j ≤ n, 1 ≤ k ≤ n.
Consider a term T (σ) in det(Pr) corresponding to a permutation σ ∈ Sn.

We write

T (σ) = a ∗ ∗ ∗ bXjr ∗ ∗ ∗ (Ekj + (j − r − 1)εδkj) ∗ ∗ ∗ d,
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where σ(r) = j and term Ekj + (j − r − 1)εδkj is in the (r + n − j + 1)th
place, namely it is from the (r + n− j + 1)th column of Pr.
We have

T (σ) =


a ∗ ∗ ∗ b ∗ ∗ ∗ (Ekj + (j − r − 1)εδkj) ∗ ∗ ∗ dXjr, if 1 ≤ j ≤ r,

a ∗ ∗ ∗ b ∗ ∗ ∗ (Ekj + (j − r − 1)εδkj) ∗ ∗ ∗ dXjr

−εa ∗ ∗ ∗ b ∗ ∗ ∗Xkr ∗ ∗ ∗ d, if r + 1 ≤ j ≤ n.

In the second case, we shall call the term −εa ∗∗∗ b ∗∗∗Xkr ∗∗∗d the extra
term corresponding to σ.
We now handle these extra terms. To fix ideas, we examine the case

j = n, and 1 ≤ k ≤ r. Then r + n − j + 1 = r + 1, so that Ekn is from the
(r + 1)th column. We have

T (σ) = a ∗ ∗ ∗ bXnrEkn ∗ ∗ ∗ d
= a ∗ ∗ ∗ bEkn ∗ ∗ ∗ dXnr − εa ∗ ∗ ∗ bXkr ∗ ∗ ∗ d
= a ∗ ∗ ∗ bEkn ∗ ∗ ∗ dXnr − εa ∗ ∗ ∗ b ∗ ∗ ∗ dXkr.

Here σ(r) = n and σ(r + 1) = k. Hence

T (σ)S = a ∗ ∗ ∗ bEkn ∗ ∗ ∗ dEnrS − a ∗ ∗ ∗ b ∗ ∗ ∗ dEkrS.

Now consider σ̃ ∈ Sn such that

σ̃(r) = k, σ̃(r + 1) = n,

σ̃|{1,...,n}−{r,r+1} = σ|{1,...,n}−{r,r+1}.

Clearly sgn(σ̃) = −sgn(σ).
Corresponding to σ̃, we have

T (σ̃)S = a ∗ ∗ ∗ bXkr(Enn + (n− r − 1)ε) ∗ ∗ ∗ dS
= a ∗ ∗ ∗ b(Enn + (n− r − 1)ε) ∗ ∗ ∗ dXkrS

= a ∗ ∗ ∗ b(Enn + (n− r − 1)ε) ∗ ∗ ∗ dEkrS.

By combining the extra term corresponding to σ to the term correspond-
ing to σ̃, we get

sgn(σ)T (σ)S + sgn(σ̃)T (σ̃)S
= sgn(σ)a ∗ ∗ ∗ bEkn ∗ ∗ ∗ dEnrS +

sgn(σ̃)a ∗ ∗ ∗ b(Enn + (n− r)ε) ∗ ∗ ∗ dEkrS.

In general for r + 1 ≤ j ≤ n, we conclude similarly that the effect of
interchanging Xjr with the columns on the right is accounted for through
adding an ε to the (n − j + 1) × (n − j + 1)th diagonal term of the lower
right corner of the matrix Pr.
We therefore get det(Pr)S = det(Pr−1)S, if XirS = EirS for 1 ≤ i ≤ n.

��

A2 The second identity: Replacing the first few columns of the
determinant
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Theorem A2.1. Let E = (Eij)n×n, X = (Xij)n×n be matrices of linear
operators on a vector space V satisfying the commutation relations

[Eij ,Xkl] = εδjkXil.

Fix 0 ≤ r ≤ n, and suppose that S ∈ V satisfies

XijS = EijS, for 1 ≤ i ≤ n, 1 ≤ j ≤ r.

Then we have

det



E11 + (n− 1)ε · · · E1r X1,r+1 · · · X1n

· · · · · · · · · · · · · · · · · ·
Er1 · · · Err + (n− r)ε Xr,r+1 · · · Xrn

Er+1,1 · · · Er+1,r Xr+1,r+1 · · · Xr+1,n

· · · · · · · · · · · · · · · · · ·
En1 · · · Enr Xn,r+1 · · · Xnn


S

= det



Xr+1,r+1 · · · Xr+1,n Xr+1,r · · · Xr+1,1

· · · · · · · · · · · · · · · · · ·
Xn,r+1 · · · Xnn Xnr · · · Xn1

Xr,r+1 · · · Xrn Xrr · · · Xr1

· · · · · · · · · · · · · · · · · ·
X1,r+1 · · · X1n X1r · · · X11


S.

Remark A2.2. When r = n, we get the full “Capelli identity”:

det

E11 + (n− 1)ε · · · E1n

· · · · · · · · ·
En1 · · · Enn

S = det

Xnn · · · Xn1

· · · · · · · · ·
X1n · · · X11

S.

Proof. We shall sketch the proof since it is very similar to the proof of
Theorem A1.2.
Denote the matrix on the left hand side of the identity by Rr. We need to

interchange the rth column of Rr with all the (n− r) columns on the right
(using commutation relations). After the interchange, this rth column will
appear in the last column, and then we can use the given operator equation
to replace the last column to get various Xir’s. Then we have to do exactly
the same thing for the (r − 1)th column, and so on. We deal with the rth
column first.
We note that the entry of the rth column of Rr is given by Ekr+(n−r)εδkr

for 1 ≤ k ≤ n. We examine the commutation relations of Ekr + (n − r)εδkr
with entries of the jth column of Rr, for r + 1 ≤ j ≤ n. We have

[Ekr + (n− r)εδkr,Xlj ] = [Ekr,Xlj ] =

{
0, l �= r,

εXkj, l = r.

Thus for each column on the right, there is exactly one entry with non-zero
commutation relations with Ekr + (n − r)εδkr. All of them are in the rth
row of Rr.
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Using an argument similar to the one for the proof of Theorem A1.2, we
get

det



E11 + (n − 1)ε · E1r X1,r+1 · X1n

· · · · · · · · · · · · · ·
Er1 · Err + (n − r)ε Xr,r+1 · Xrn

Er+1,1 · Er+1,i Xr+1,r+1 · Xr+1,n

· · · · · · · · · · · · · ·
En1 · Enr Xn,r+1 · Xnn


= det



E11 + (n− 1)ε · E1,r−1 X1,r+1 · X1n E1r

· · · · · · · · · · · · · · · · ·
Er−1,1 · Er−1,r−1 + (n− r + 1)ε Xr−1,r+1 · Xr−1,n Er−1,r

Er+1,1 · Er+1,r−1 Xr+1,r+1 · Xr+1,n Er+1,r

· · · · · · · · · · · · · · · · ·
En1 · En,r−1 Xn,r+1 · Xnn Enr

Er1 · Er,r−1 Xr,r+1 · Xrn Err


.

Thus using the given operator equations, we obtain

det



E11 + (n− 1)ε · E1r X1,r+1 · X1n

· · · · · · · · · · · · · ·
Er1 · Err + (n− r)ε Xr,r+1 · Xrn

Er+1,1 · Er+1,r Xr+1,r+1 · Xr+1,n

· · · · · · · · · · · · · ·
En1 · Enr Xn,r+1 · Xnn


S = det



E11 + (n− 1)ε · E1,r−1 X1,r+1 · X1n X1r

· · · · · · · · · · · · · · · · ·
Er−1,1 · Er−1,r−1 + (n− r + 1)ε Xr−1,r+1 · Xr−1,n Xr−1,r

Er+1,1 · Er+1,r−1 Xr+1,r+1 · Xr+1,n Xr+1,r

· · · · · · · · · · · · · · · · ·
En1 · En,r−1 Xn,r+1 · Xnn Xnr

Er1 · Er,r−1 Xr,r+1 · Xrn Xrr


S.

Now we deal with the (r − 1)th column of the new matrix in the above
identity, and try to interchange with the rth, (r+ 1)th columns of this new
matrix, and so on. Continuing this way as what we have done for the rth
column of Rr, we arrive at the identity in the theorem. ��

A3 Variations: Row determinant and symmetric square represen-
tation

We shall deduce similar identities of Capelli type for row determinant,
when the relevant commutation relations are

[Eij ,Xkl] = εδilXkj,

as opposed to
[Eij ,Xkl] = εδjkXil,

for column determinant.
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Theorem A3.1. Let E = (Eij)n×n, X = (Xij)n×n be matrices of linear
operators on a vector space V satisfying the commutation relations

[Eij ,Xkl] = εδilXkj.

For each 0 ≤ r ≤ n, define a matrix Qr of order n× n as follows:

Qr =



X11 · · · X1r X1n · · · X1,r+1

· · · · · · · · · · · · · · · · · ·
Xr1 · · · Xrr Xrn · · · Xr,r+1

En1 · · · Enr Enn + (n− r − 1)ε · · · En,r+1

· · · · · · · · · · · · · · · · · ·
Er+1,1 · · · Er+1,r Er+1,n · · · Er+1,r+1


.

Suppose that S ∈ V satisfies

XijS = EijS, for r + 1 ≤ i ≤ n, 1 ≤ j ≤ n.

Then we have

rdet(X)S = rdet(Qr)S.

Proof. Let Fij = Eji, Yij = Xji so that F = Et, Y = Xt. Then we have

[Fij , Ykl] = [Eji,Xlk] = εδjkXli = εδjkYil.

Further we have YijS = FijS for 1 ≤ i ≤ n, r + 1 ≤ j ≤ n. Thus F =
(Fij)n×n, Y = (Yij)n×n satisfy the hypothesis of Theorem A1.2.
The current theorem now follows from Theorem A1.2 and the fact that

rdet(A) = det(At) for any n× n matrix A. ��
In a simalar way, we obtain (from Theorem A2.1)

Theorem A3.2. Let E = (Eij)n×n, X = (Xij)n×n be matrices of linear
operators on a vector space V satisfying the commutation relations

[Eij ,Xkl] = εδilXkj.

Fix 0 ≤ r ≤ n, and suppose that S ∈ V satisfies

XijS = EijS, for 1 ≤ i ≤ r, 1 ≤ j ≤ n.
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Then we have

rdet



E11 + (n− 1)ε · · · E1r E1,r+1 · · · E1n

· · · · · · · · · · · · · · · · · ·
Er1 · · · Err + (n− r)ε Er,r+1 · · · Ern

Xr+1,1 · · · Xr+1,r Xr+1,r+1 · · · Xr+1,n

· · · · · · · · · · · · · · · · · ·
Xn1 · · · Xnr Xn,r+1 · · · Xnn


S

= rdet



Xr+1,r+1 · · · Xr+1,n Xr+1,r · · · Xr+1,1

· · · · · · · · · · · · · · · · · ·
Xn,r+1 · · · Xnn Xnr · · · Xn1

Xr,r+1 · · · Xrn Xrr · · · Xr1

· · · · · · · · · · · · · · · · · ·
X1,r+1 · · · X1n X1r · · · X11


S.

Next we shall be concerned with the “symmetric square representation”.
Here we are given two matrices of linear operators acting on the same vector
space such that

Xij = Xji,

[Eij ,Xkl] = ε(δjkXil + δjlXki),

or (corresponding to the row determinant)

Xij = Xji,

[Eij ,Xkl] = ε(δikXjl + δilXkj).

where ε is a complex number. We also have some element S in the vector
space satisfying equations of the form

EijS = XijS.

We will state the following theorems without any proofs, since they are
identical to proofs of Theorems A1.2, A2.1, A3.1, A3.2. The reason is es-
sentially as follows: Because of the way the entries of relevant matrices are
positioned, the non-zero commutation relations that we use in interchang-
ing the two columns (in the first case) turn out to ignore the term εδjlXki,
namely as far as these interchanges are concerned, the commutation rela-
tions behave just like [Eij ,Xkl] = εδjkXil.

Theorem A3.3. Let E = (Eij)n×n, X = (Xij)n×n be matrices of linear
operators on a vector space V such that

Xij = Xji,

[Eij ,Xkl] = ε(δjkXil + δjlXki).
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For each 0 ≤ r ≤ n, define a matrix Pr of order n× n as follows:

Pr =



X11 · · · X1r E1n · · · E1,r+1

· · · · · · · · · · · · · · · · · ·
Xr1 · · · Xrr Ern · · · Er,r+1

Xn1 · · · Xnr Enn + (n− r − 1)ε · · · En,r+1

· · · · · · · · · · · · · · · · · ·
Xr+1,1 · · · Xr+1,r Er+1,n · · · Er+1,r+1


.

Suppose that S ∈ V satisfies

XijS = EijS, for 1 ≤ i ≤ n, r + 1 ≤ j ≤ n.

Then we have

det(X)S = det(Pr)S.

Theorem A3.4. Let E = (Eij)n×n, X = (Xij)n×n be matrices of linear
operators on a vector space V such that

Xij = Xji,

[Eij ,Xkl] = ε(δjkXil + δjlXki).

Fix 0 ≤ r ≤ n, and suppose that S ∈ V satisfies

XijS = EijS, for 1 ≤ i ≤ n, 1 ≤ j ≤ r.

Then we have

det



E11 + (n− 1)ε · · · E1r X1,r+1 · · · X1n

· · · · · · · · · · · · · · · · · ·
Er1 · · · Err + (n− r)ε Xr,r+1 · · · Xrn

Er+1,1 · · · Er+1,r Xr+1,r+1 · · · Xr+1,n

· · · · · · · · · · · · · · · · · ·
En1 · · · Enr Xn,r+1 · · · Xnn


S

= det



Xr+1,r+1 · · · Xr+1,n Xr+1,r · · · Xr+1,1

· · · · · · · · · · · · · · · · · ·
Xn,r+1 · · · Xnn Xnr · · · Xn1

Xr,r+1 · · · Xrn Xrr · · · Xr1

· · · · · · · · · · · · · · · · · ·
X1,r+1 · · · X1n X1r · · · X11


S.

Theorem A3.5. Let E = (Eij)n×n, X = (Xij)n×n be matrices of linear
operators on a vector space V such that

Xij = Xji,

[Eij ,Xkl] = ε(δikXjl + δilXkj).
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For each 0 ≤ r ≤ n, define a matrix Qr of order n× n as follows:

Qr =



X11 · · · X1r X1n · · · X1,r+1

· · · · · · · · · · · · · · · · · ·
Xr1 · · · Xrr Xrn · · · Xr,r+1

En1 · · · Enr Enn + (n− r − 1)ε · · · En,r+1

· · · · · · · · · · · · · · · · · ·
Er+1,1 · · · Er+1,r Er+1,n · · · Er+1,r+1


.

Suppose that S ∈ V satisfies

XijS = EijS, for r + 1 ≤ i ≤ n, 1 ≤ j ≤ n.

Then we have
rdet(X)S = rdet(Qr)S.

Theorem A3.6. Let E = (Eij)n×n, X = (Xij)n×n be matrices of linear
operators on a vector space V such that

Xij = Xji,

[Eij ,Xkl] = ε(δikXjl + δilXkj).

Fix 0 ≤ r ≤ n, and suppose that S ∈ V satisfies

XijS = EijS, for 1 ≤ i ≤ r, 1 ≤ j ≤ n.

Then we have

rdet



E11 + (n− 1)ε · · · E1r E1,r+1 · · · E1n

· · · · · · · · · · · · · · · · · ·
Er1 · · · Err + (n− r)ε Er,r+1 · · · Ern

Xr+1,1 · · · Xr+1,r Xr+1,r+1 · · · Xr+1,n

· · · · · · · · · · · · · · · · · ·
Xn1 · · · Xnr Xn,r+1 · · · Xnn


S

= rdet



Xr+1,r+1 · · · Xr+1,n Xr+1,r · · · Xr+1,1

· · · · · · · · · · · · · · · · · ·
Xn,r+1 · · · Xnn Xnr · · · Xn1

Xr,r+1 · · · Xrn Xrr · · · Xr1

· · · · · · · · · · · · · · · · · ·
X1,r+1 · · · X1n X1r · · · X11


S.

A4 Relationship with the Capelli identity

We recall the Capelli identity (see [29], [15]).
Let P (Mm,n) be the algebra of polynomial functions on the space ofm×n

matrices. We have the polarization operators

Eij =
m∑
t=1

xti
∂

∂xtj
, 1 ≤ i, j ≤ n,
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where x = (xij)m×n is a typical element of Mm,n. Then the Capelli identity
says

det(Eij + (n− i)δij) =
∑
det(xiajb) det(

∂

∂xiajb
),

where the sum is over all pairs of n-tuples 1 ≤ i1 < i2 < · · · < in ≤ m,
1 ≤ jb = b ≤ n, and det(xiajb) is the determinant of n×n minor of x formed
by the rows indicated by ia and columns indicated by jb. The equality is an
equality of operators on P (Mm,n).

Remark A4.1. The above is the way which appears in the literature. But
actually what Weyl proved in his book is

det(En+1−i,n+1−j + (n− i)δij) =
∑
det(xiajb) det(

∂

∂xiajb
).

To see how our identities imply that of Capelli’s, we shall employ the
technique of doubling the variables [12].
Introduce y = (yij)m×n, another typical element of Mm,n, and consider

P (Mm,n⊕Mm,n), the algebra of polynomial functions on Mm,n⊕Mm,n. We
identity P (Mm,n⊕Mm,n) as the algebra of polynomial functions in variables
xij and yij, where 1 ≤ i ≤ m, 1 ≤ j ≤ n.
There is a (polarization) map from P (Mm,n) to P (Mm,n ⊕Mm,n):

f ∈ P (Mm,n) �→ hf ∈ P (Mm,n ⊕Mm,n) : hf (xij , yij) = f(
xij + yij
2

).

Clearly hf (xij , xij) = f(xij), for f ∈ P (Mm,n).
Define U ⊆ P (Mm,n ⊕Mm,n) by

U = {h ∈ P (Mm,n ⊕Mm,n)|h = hf for some f ∈ P (Mm,n)}.
Thus U is a copy of P (Mm,n) in P (Mm,n)⊕ P (Mm,n).
Define

Dij =
m∑
t=1

xti
∂

∂ytj
, 1 ≤ i, j ≤ n.

We observe that

(1) Dijh = Eijh, h ∈ U,

(2) [Eij ,Dkl] = δjkDil.

Therefore Theorem A1.2 (for r = 0) and Theorem A2.1 (for r = n) imply
that

det(En+1−i,n+1−j + (n− i)δij)h = det(Dij)h,
det(Ei,j + (n− i)δij)h = det(Dn+1−i,n+1−j)h,

where h ∈ U .
Denote xt = (xji)n×m, ∂y = ( ∂

∂yij
)m×n and D = (Dij)n×n. Clearly

D = xt∂y.
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Note that the entries of D, xt and ∂y commute among themselves. Thus
we have

det(Dij) = det(Dn+1−i,n+1−j) =
∑
det(xiajb) det(

∂

∂yiajb
),

where the sum is over all pairs of n-tuples, as before. So we obtain

det(En+1−i,n+1−j + (n− i)δij)h = det(Ei,j + (n − i)δij)h

=
∑
det(xiajb) det(

∂

∂yiajb
)h, h ∈ U.

Finally we apply the above identities to h = hf , where f ∈ P (Mm,n), and
then we specialize at yij = xij , and we get the Capelli identity valid for any
f ∈ P (Mm,n), both the version in the literature and the version in Weyl’s
book.
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