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Shortest Superstring Problem

S: agcqtttttttcgtttctgcaataggct S is a superstring of V:

V- tm/ S is a superstring of a set

of strings if itis a super-

| string of all strings.
Example Let F = {agt, gta, act}. 8 8

agtict, agtgtaact, agtact

are superstrings of F.

Shortest Superstring Problem
INSTANCE: A set F of k strings.
QUESTION: Find a shortest superstring of F.



Fact Let F is a set of k strings and let S € F. If S is a substring
of another of . then, a superstring of F — {S} is also one of F.

In the following discussion, any string set is “substring free”.

Definition:
(1) Forany strings, let |s| denote the length of s.
(2) For two strings x and y, let w(x, y) be the length of the longest
match (overlap) of a suffix of x and a prefix of string y.

For two strings sy = ajas---a,, and sy = biby---b,. Let w be
w(sy, s2), the length ot the longest overlap of a suffix of s; and a
prefix of so. Then, a,,_,4; = b; for 1 < w and we define

8108y = aiag - - - Aym—wbibos - - by = aras - - - ambuwst - - - by.
called the overlap string of string s1 and s2. s;7  abacd

S,: acdef
s,05,: abacdef



Greedy Algorithm

INPUT: A non-empty substring-free set § of strings.

REPEAT until & contains just one string
Select a pair of strings s and t that has the longest overlap:
Remove s and  from & and add sot into §.

Remarks: (1). When several pairs have the
longest overlap at the start of a step, choose an
arbitrary pair to merge.

(2). Merging strings in different order may give
different output.




Example:

S={aaaxbbb, bbbxccc, cccxddd, bbxaaax,
ccxbbbx, ddxcccx}

Step 1: Merger bbxaaax and aaaxbbb

{bbxaaaxbbb, bbbxccc, cccxddd,
ccxbbbx, ddxcccx}

Step 2: Merger ccxbbbx and bbbxccc

{bbxaaaxbbb, ccxbbbxccc, cccxddd,
ddxcccx}

Step 3: Merger ddxcccx and cccxddd
{bbxaaaxbbb, ccxbbbxccc, ddxcccxddd }

Step 4: Merge the first and second strings

{bbxaaaxbbbccxbbbxccc, ddxccexddd }
bbxaaaxbbbccxbbbxcccddxccexddd



Greedy Algorithm

INPUT: A non-empty substring-free set § of strings.

REPEAT until & contains just one string
Select a pair of strings s and t that has the longest overlap:
Remove s and  from & and add sot into §.

Remarks: (1). When several pairs have the
longest overlap at the start of a step, choose an
arbitrary pair to merge.

(2). Merging strings in different order may give
different output.

Does the algorithm perform well?




Overlap graphs

Definition The overlap graph G(F) of a set F of strings is a
directed graph where each node corresponds to a string of F and
there is an arc from Sy to Sz of weight w(Sy, S2) for any Sy and
S5,

Example 1. The overlap graph of

{51 = tagca, Ss = aggg, Ss = gtaaac, Sy = caga}

is the graph (a) in the figure.
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{S] = cbadef, Sy = fcbade, Sy = adefed, Sy = fedafb}



Recall that a directed path P is a list of nodes in which two neigh-
boring nodes are connected by a directed edge.

Fact 1:Each directed path
P = 5189 -5
in the overlap graph G(F) gives rise to a superstring
S(P)=s108 005

of the strings appearing in P hence, a Hamiltonian path corre-
sponds to a superstring of F.

Fact 2:Let P be a directed path in G(F), and let A be the set of
strings appearing in P. Then, if A is substring-free,

|S(P)| = ]A

— w(P)

where

S

A|| = Zecals| is the sum of lengths of strings in A and
w(P) is the weight of P, the sum of weights of edges in P.



Each Hamiltonian path P contains involves all the strings in ¥ and
gives a superstring of F.

In addition,

IS(P)| + w(P) = || F|

Fact 3 Each shortest superstring of F corresponds one-to-one
to a Hamailtonian path with the maximum weight in the overlap
graph G(F).



Graph version of the greedy algorithm

Scan the edges in non-increasing order of weight and
select an edge (u,v) if any edge of the form (uw,x) or
(y,v) have not been choosen and if the collection of paths
constructed so far does not include a path from v to w.

Example On the following graph, the greedy algorithm selects the
edges (83, 50), (52, s1), (85, s4), (56, 82), (s4, s3) in order.




Theorem 5.7.1 Let G(F) be an overlap graph of a substring-
free string set F and let a maximum Hamiltonian path in G(F)
has weight Wope. Then, the greedy algorithm always outputs an
Hamiltonian path of weight at least W, /2.

In terms of compression measure, the greedy algorithm has
an approximation ratio %.

Proof. Let F have s strings and let

€1,62, ", Co 1
are all the edges chosen by the algorithm listed in the order in which
they were selected. Then the Hamiltonian path P,ccq, output from
the algorithm has weight Wi, eeqy = Zf;f w(e;), where w(e;) is the
weight of edge e;. We need to prove

I,_.?'[,-"Gp t g 21’;[’:}?“86 dy-



Fori=1,---,5—1, define E; = {ey,e9,---,¢;}. We also define
Ey = ¢. Then,

EhCcEiCEsC---C Eoq.

Let H; be the set of all the Hamiltonian paths that contain the arcs
in E;. Then.
HyOoOH DHyD - D Hs

and Hy contains all the Hamiltonian path in the graph while Hg 4
contains the unique Hamiltonian path consisting of ey, eq, -+, e51.

Let Wi = maxpeg, W(P). lf. fori=1,---s—1,
W,y <wle;) + Wi,

then, We,r = Wy < Z;:_f w(e;)+Wey = 2Weeqy. This finishes the
proot.



Now we prove that W1 < w(eg) + Wy for any 1 < bk < s—1
using the following fact.

Lemma 5.7.1 Let u, v, x,y be four nodes in an overlap graph. If
w(ur) = max { wluv ), wluy), w(xv), -u:(:;z:y}_'}»; where w(uv) denote
the weight of the directed edge (u,v), then,

w(uv) +wlzy) = wluy) + w(xv).




Lemma 5.7.2 Wy < w(ey) + Wy for k=1,---,s— L.

Proof. Fix a k. Let

P = vivg - - - vg
be an Hamiltonian path has weight W, , in H, ,,
l.e., I1tcontains e, e,, ..., €.

Let e =(u, v).
P is a Hamiltonian path ==ssss) u and v appear in P.

If e, Isanedge inP,

H_,oH, —V\(P) = ma>§.er_1 V\(P') — ma)ﬁ'er V\(P‘)
=) W, _, =w(P)=W, <w(e )+W,

If e, I1snotan edge in P, we consider the following three cases.



Case 1l u=v,and v=1v;, 1 < s. P

/ - P .-"'“-h-..__ i
(Vi—1.v;) € Er1 = {e1, e, -+, €p-1}. ( -
, 1 P . . .1 F Vi "f \\
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Some edge in the path fromvitovs isnot  v_j.
N Ep_ 1 ={er,ea, -, €51} NN
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Casel  ~i=n=

contains all edges in E, and

wlep) + Wi
> wier) +w(P')
= 2w(eg) + w(vi—1Umy1) + w(P) — w(vi—1v;) — W(UmUm+1)

'IL-‘{ P ) = I-"'I-"'T;;_l

A%



jase 2 u =wv; and v = v;, < j. See Assignment 3.

T}JEH, we have that {1"2'! Ui+1:]v [:.L]_.ii—l.1 U_}.jl E EFE—]. — {Ela €2, ", Ek—l}'

Otherwise, e = (u, v} could not be selected after edges e;, 7 < k—1.
We consider the following Hamiltonian path

P = ULl =+ U0 U4 -+ s Usiq1 -+ V1.

Since P includes ey, ez, - -+, e and e(k) = w(vjvi ), w(vi_1v;),

w(er) + Wi

>

Y

wier) + w( P
2wler) + w(vsvipr) + w(P) — w(viviy) — w(vj_1vy5)




