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Learning Algorithm

Input: For a sequence O: o1, o2, … ot,
Output:  find the parameters  λ=(P, B, π) that 

maximizes Pr[O | λ].
(We assume the topology of the model is fixed.)



Two Cases
• How to generate the observed sequence is also known

Examples:

GIVEN: A sequence of  2,000 rolls. In addition,  how the casino 
player changes dice and produces these 2,000 rolls is recorded by  
video camera.

• How to generate the observed sequence is unkown

Examples:

GIVEN: Gambler observed 2,000 rolls of the 
casino player in one night, but he could not detect when 
he changes dice



Algorithm in Case 1.
Input:  An observed sequence O: o1, o2, … ot and the corresponding 

parse Q:   q1, q2, …, qt.  

Set:
Ai            = # times state Si in Q
Aij = #  times transition Si Sj occurs in Q
Bi(o)     = #  times state Si in Q emits o in O

The parameter λ=(P, B, π)  is estimated as 
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Casino Example:   A sequence of 300 rolls and the corresponding
generating parse.

AFF = 209     AFL = 6    
ALF = 6       ALL = 78       

AF = 216     AL = 84         

BF(1)=36
BF(2)=41
BF(3)=36
BF(4)=33
BF(5)=30
BF(6)=34

BL(1)=6
BL(2)=8
BL(3)=12
BL(4)=3
BL(5)=11
BL6)= 44



Casino Example:   A sequence of 300 rolls and the corresponding
generating parse.
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Rationale: When the underlying states are known,
max likelihood estimate is the normalized frequency 
of  transitions and emissions that occur in the training 
data.

Drawback:
Given little data, there may be overfitting:
In other words, P(x|θ) is maximized, but θ is unreasonable
0 probabilities – BAD

Example:
Given 10 casino rolls, we observe

O: 2, 6, 5, 6, 1, 6, 3, 6, 2, 3
Q: L, L, L, L, L, L, L, L, L, L  



Modified Estimation

For small training sets, we add  small pseudocount terms to 
avoid 0 probabilities.

Ai            = # times state Si in Q  + ∑j aij
Aij = #  times transition Si Sj occurs in Q   + aij
Bi(o)     = #  times state  in Q emits o in O + bi(o)

Where aij   and bi(o)  are pseudocounts representing our prior belief.



Example:  CpG Islands
(Batzoglou’s slide)

• One way cells differentiate is 
methylation
– Addition of CH3 in C‐nucleotides

– Silences genes in region

• CG (denoted CpG) often mutates to 
TG, when methylated

• In each cell, one copy of X is 
silenced, methylation plays role

• Methylation is inherited during cell 
division



Cellular differentiation
A   process by which a less specialized cell becomes a more 
specialized cell type.  Differentiation occurs during the 
development of a multicellular organism.

It  also occurs in adult. Adult stem cells divide and create 
fully-differentiated daughter cells during tissue repair and 
during normal cell turnover. 

Differentiation dramatically 
changes a cell's size, 
shape, membrane potential,
metabolic activity, and
responsiveness to signals



Example:  CpG Islands
(Batzoglou’s slide)

• One way cells differentiate is 
methylation
– Addition of CH3 in C‐nucleotides

– Silences genes in region

• CG (denoted CpG) often mutates to 
TG, when methylated

• In each cell, one copy of X is 
silenced, methylation plays role

• Methylation is inherited during cell 
division



Example: CpG Islands
(Batzoglou’s slide)

CpG nucleotides in the genome are frequently methylated

(Write CpG not to confuse with CG base pair)

C →methyl‐C → T

Methylation often suppressed around genes, promoters
→ CpG islands



Example: CpG Islands
(Batzoglou’s slide)

• In CpG islands, 

– CG is more frequent

– Other pairs (AA, AG, AT…) have different frequencies

Question: Detect CpG islands computationally



A model of CpG Islands – (1) 
Architecture 

(Batzoglou’s slide)

A+ C+ G+ T+CpG Island

+ A C G T
A .180 .274 .426 .120

C .171 .368 .274 .188

G .161 .339 .375 .125

T .079 .355 .384 .182



A model of CpG Islands – (1) 
Architecture 

(Batzoglou’s slide)

A- C- G- T-Not CpG Island

- A C G T
A .300 .205 .285 .210

C .233 .298 .078 .302

G .248 .246 .298 .208

T .177 .239 .292 .292



A model of CpG Islands – (2) 
Architecture (Batzoglou’s slide)

A+ C+ G+ T+

A- C- G- T-

CpG Island

Not CpG Island



A model of CpG Islands – (2) 
Transitions between + and – states 

(Batzoglou’s slide)
• What about transitions between (+) and (‐) states?

• They are computed from  
– Avg. length of CpG island

– Avg. separation between two CpG islands

X Y

1-p

1-q

p q

Length distribution of region X:

P[lX = 1] = 1‐p

P[lX = 2] = p(1‐p)

…

P[lX= k] = pk‐1(1‐p)

E[lX] = 1/(1‐p)

Geometric distribution, with mean 
1/(1‐p)



Algorithm in Case 2:
The Baum-Welch Algorithm

We are not able to  find the true frequencies Ai , Aij , Bi(o) in this 
case. 

What we will do: 

• Estimate Ai , Aij, Bj(o) using  our best guess of  the model.

• Update the parameters of the model, based on our guess

• Repeat the above two steps until the generating probability of 
the observed  sequence do not change much. 



In   a loop step,  

-- We have the given sequence O: o1, o2, … ot
-- But  we do not know the generating parse.
-- However, we have a model (whose parameter set is 

obtained in the last loop step), called the current model.

1. Estimate Ai, Aij,Bk(o) in the training data;
2. Update θ according to Aij, Bj(o).



How to estimate new parameters? 
To estimate Aij, based on the current model.

At each time point,   find probability  that transition Si→ Sj is used:

Pr[Qk = Si , Qk+1 =Sj | O] 
= Pr[Qk = Si , Qi+1 =Sj , O ] /Pr[O]= W/Pr[O]

where W= Pr[o1…ok, Qk = Si , Qk+1 =Sj , o1…ot]
= Pr[o1…ok, Qk = Si] Pr[Qk+1 = Sj, ok+1…ot| Qk = Si]
= α(k, Si) Pr[Qk+1 = Sj, ok+1…ot| Qk = Si]
= α(k, Si) Pr[ok+1 | Qk+1 = Sj ] Pr[Qk+1 = j| Qk = i] Pr[ ok+2…ot| Qk+1 = Sj] 
= α(k, Si)  bj(ok+1)pij β(k+1, Sj)

Hence, Pr[Qk = Si , Qi+1 =Sj | O] =α(k, Si)  bj(ok+1)pij β(k+1, Sj) /Pr[O]

i j

pij

bj(ok+1)o1………ok-1 ok+2………ot

α(k, Si) β(k+1, Sj)



How to estimate new parameters? 
Based on the current model.

At each time point k,   the probability  that transition Si→ Sj is used is 

Pr[Qk = Si, Qk+1 = Sj| O] =α(k, Si)  bj(ok+1)pij β(k+1, Sj) /Pr[O]

Nij = the E[# times transition Si→ Sj , given current θ]

= Σk≤t‐1 Pr[Qk = Si, Qk+1 = Sj| O] 

Similarly,
Ni (o) = the E[#  times state Si in Q emits o in O]

= (1/ Pr[O] )Σ {i | oi=o} α(k, Si) β(k, Si)

Ni = the E[# times  state Si  given current θ]

= Σj Nij

Use Nij, Ni and Ni(o) to define the new parameters like in Case 1.



The Baum-Welch Algorithm

Input:  An observed sequence O: o1, o2, … ot

Initialization:
Pick the best-guess of the model parameters

(or arbitrary)

Iteration:
1. Forward
2. Backward
3. Calculate  Nij, Ni,  Ni(o), given θCURRENT
4. Calculate new model parameters     θNEW : pij, bk(o)
5. Calculate new log‐likelihood  Pr[O | θNEW]

Until Pr[ O| θNEW] does not change much



Time Complexity:

# iterations × O(K2N)

• Guaranteed to increase the log likelihood Pr[x | θ]

• Not guaranteed to find globally best parameters



Dishonest casino example

Apply the Baum‐Welch algorithm to the sequence of 300 rolls, we can obtain the 
following estimation:

But if we have a sequence of  30,000 rolls,  the Baum‐Welch algorithm returns a very 
close model:


