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Abstract. This paper studies various algorithmic issues in reconstructing a species tree from
gene trees under the duplication and the mutation cost model. This is a fundamental problem in
computational molecular biology. Our main results are as follows.

1. A linear time algorithm is presented for computing all the losses in duplications associated
with the least common ancestor mapping from a gene tree to a species tree. This answers
a problem raised recently by Eulenstein, Mirkin, and Vingron [J. Comput. Bio., 5 (1998),
pp. 135–148].

2. The complexity of finding an optimal species tree from gene trees is studied. The problem
is proved to be NP-hard for the duplication cost and for the mutation cost. Further, the
concept of reconciled trees was introduced by Goodman et al. and formalized by Page for
visualizing the relationship between gene and species trees. We show that constructing
an optimal reconciled tree for gene trees is also NP-hard. Finally, we consider a general
reconstruction problem and show it to be NP-hard even for the well-known nearest neighbor
interchange distance.

3. A new and efficiently computable metric is defined based on the duplication cost. We
show that the problem of finding an optimal species tree from gene trees is NP-hard under
this new metric but it can be approximated within factor 2 in polynomial time. Using
this approximation result, we propose a heuristic method for finding a species tree from
gene trees with uniquely labeled leaves under the duplication cost. Our experimental tests
demonstrate that when the number of species is larger than 15 and gene trees are close to
each other, our heuristic method is significantly better than the existing program in Page’s
GeneTree 1.0 that starts the search from a random tree.
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1. Introduction. As DNA sequences become easier to obtain, in the field of
evolutionary moleculor biology emphasis has been placed on constructing gene trees
and, from the gene trees, reconstructing evolutionary trees for species (called species
trees) [9, 11, 20]. The current strategy for reconstructing species trees is based on the
separate consideration of distinct gene families represented by homologous sequences;
these homologous sequences are assumed to evolve in the same way as species. How-
ever, because of the presence of paralogy, sorting of ancestral polymorphism, and
horizontal transfer, gene trees and species trees are often inconsistent [21, 25, 31, 33]
and a “correct” species tree may simply not exist. Hence, a fundamental problem
that arises is how to reconcile different, sometimes contradictory, gene trees into a
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species tree [10]. This problem has been studied extensively for the last two decades.
Several similarity/dissimilarity measures for gene trees and species trees have been
proposed and efficient comparison methods have also been investigated. See, for ex-
ample, [8, 14, 15, 18, 32].

This paper studies the problem of reconciling different gene trees into a species tree
under two well-known duplication-based similarity measures. These measures were
proposed by Goodman et al. [14], Page [23], and Guigó, Muchnik, and Smith [15].
Genes have gene trees because of gene replication. As a gene copy at a locus in the
whole genome replicates and its copies are passed onto offsprings, branch points are
generated. Since the gene copy has a single ancestral copy, the resulting history is a
branching tree. Gene divergence causes all the inconsistencies among different gene
trees. Such divergence can be the result of either speciation or duplication events [22].
If the common ancestry of two genes can be tracked back to a speciation event, then
they are said to be related by orthology; if it is tracked back to a duplication event,
then they are related by paralogy [10]. Taking orthology and paralogy into account,
Goodman et al. proposed a similarity measure for annotating species trees with du-
plications, gene losses, and nucleotide replacements [14]. Later, Page developed a
method based only on duplications for interpreting inconsistency between vertebrate
globin gene trees and the species tree that is constructed from morphological data [23];
Guigó, Muchnik, and Smith elaborated the idea for locating the gene duplications in
eukaryotic history [15].

A species tree can be defined as the pattern of branching of species lineages via
the process of speciation. When species are split by speciation, the gene copies within
species likewise are split into separate bundles of descent. Thus, gene trees are con-
tained within species trees. However, a gene tree may disagree with the containing
species tree because of the reasons mentioned above. The duplication and muta-
tion costs were defined using a least common ancestor (LCA) mapping M from gene
trees to a species tree. Assume that only genes from each contemporary species are
presented in gene trees. In a gene tree, leaves denote the genes from contemporary
species; internal nodes are considered as ancestral genes. We may think that an ances-
tral gene is uniquely determined by the subset of contemporary genes descending from
it in the gene tree. Similarly, in a species tree, an internal node is considered as an
ancient species (which might not exist today) and is determined by the contemporary
species descending from it. We may denote a contemporary species and the genes
from that species by the same label. The mapping M from a gene tree to a species
tree just maps a contemporary gene to the corresponding species, and an ancestral
one to the most recent species which contains that gene (as a subset). Hence, we call
it the LCA mapping in this paper. When the gene and species trees are inconsistent,
it maps an ancestral gene g, and its child gene c(g) to the same ancient species. In
this case, we say that a duplication happens at g. Furthermore, roughly speaking,
the number of gene losses associated with g is defined as the total number of ancient
species between M(g) and M(c(g)) for all children c(g). To measure the similarity
between a gene and species trees, Page defined the duplication cost as the number of
duplications, and Guigó, Muchnik, and Smith defined the mutation cost as the sum of
the number of duplications and the number of gene losses [15]. The mutation cost is
not only efficiently computable, as shown in [4] and [34] independently (see also [5]),
but also biologically meaningful [18]. Reconstructing a global species tree is based on
the parsimonious criterion of minimizing the concerned cost between the gene trees
and the species tree. In their paper [15], Guigó, Muchnik, and Smith developed a
heuristic method for the problem using a nearest neighbor interchange (NNI) search
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algorithm and applied it to infer the most likely phylogenetic relationship among 16
major eukaryotic taxa from the sequences of 53 different genes. In spite of having sev-
eral serious flaws, their work demonstrated the potential of these measures in studies
of genome evolution.

The contributions of this paper are in three aspects. First, we study the properties
of the LCA mapping as well as the duplication and mutation costs. In particular, we
prove a less obvious fact that the duplication cost satisfies the triangle inequality
(Lemma 5.1) and study the relation between the duplication cost and the best-known
NNI distance. We also present a linear time algorithm for computing all the losses
in all duplications (section 3). Secondly, the complexity of reconstructing a species
tree from gene trees is investigated. We prove that the problem is NP-hard under the
duplication cost and under the mutation cost. The concept of a reconciled tree was
introduced by Goodman et al. [14] for studying hemoglobin gene phylogeny, where
there were significant discrepancies between gene and organismal phylogenies; later
it was formalized by Page [23] as a means of describing historical associations such
as those between genes and species. We prove that finding the best reconciled tree
from a gene tree is NP-hard. We also consider a general reconstruction problem
and prove it to be NP-hard even for the NNI distance. These results justify the
necessity of developing heuristic methods and experimental research for reconstructing
species trees [15, 24]. Finally, we give a heuristic method for reconstructing species
trees. To this end, we propose a new and efficiently computable metric, satisfying the
metric axioms, based on the duplication cost. Under this new metric, we show that
the problem of reconstructing a species tree from gene trees is NP-hard but can be
approximated within factor 2 in polynomial time. Using this approximation result,
we present a new heuristic method for reconstructing species trees from uniquely
leaf-labeled gene trees under the duplication cost.

The rest of the paper is divided into six sections. In section 2, we define the
concepts of gene duplications and losses, review the duplication cost and the mutation
cost and their basic properties, and formalize three problems of reconstructing a
species tree from gene trees. In section 3, we present a linear time algorithm for
computing all the losses between a gene tree and a species tree. In section 4, we
prove that the problems defined in section 2 are NP-hard. In section 5, a new metric
is proposed based on the duplication cost. We prove that, under the new metric,
reconstructing a species tree from gene trees is NP-hard but can be approximated
within factor 2 in polynomial time. Then a new heuristic method for reconstructing
species trees is proposed. Experimental results are given to demonstrate that our new
heuristic works quite well. In section 6, we consider a general reconstruction problem
and prove it to be NP-hard even for the popular NNI distance. In section 7, we discuss
further research and open questions.

We refer the reader to [2, 13] for textbooks on NP-completeness and approxima-
tion algorithms.

2. Comparing gene and species trees: Duplications and losses. In this
section we first define the gene trees and species trees. We then introduce the two
duplication-based measures for comparing gene and species trees: the duplication and
mutation costs. For their biological meaning, we refer the reader to [14, 15, 23].

2.1. Species trees and gene trees. For a set I of N biological taxa, the model
for their evolutionary history is a rooted full binary tree T where there are N leaves
each uniquely labeled by a taxon in I and N − 1 unlabeled internal nodes. Here the
term “full” means that each internal node has exactly two children. Such a tree is
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β-lineageα-lineage

α-human α-chimp α-horse β-chimp β-human β-horse

Fig. 1. A gene tree based on α-hemoglobin and β-hemoglobin [4].

called a species tree. In a species tree, we treat an internal node as a subset (called
a cluster) which includes as its members its subordinate species represented by the
leaves below it. Thus, the evolutionary relation “m is a descendant of n” is expressed
using set-theoretic notation as “m ⊂ n.”

The model for gene relationship is a rooted full binary tree with labeled leaves.
Usually, a gene tree is constructed from a collection of genes each having several copies
appearing in the studied species. For example, the gene family of hemoglobin genes
in vertebrates contains α-hemoglobin and β-hemoglobin. A gene tree based on these
two genes is illustrated in Figure 1 for human, chimpanzee, and horse. We use the
species to label the genes appearing in it. Thus, the labels in a gene tree may not be
unique. An internal node g corresponds to a multiset {xi11 , xi22 , . . . , ximm }, where ij is
the number of its subordinate leaves labeled with xj . The cluster of g is simply the
set

Sg = {x1, x2, . . . , xm}.

Finally, we use L(T ) to denote the set of leaf labels in a species or gene tree T .

2.2. Gene duplications and the duplication cost. Given a gene tree G and
a species tree S such that L(G) ⊆ L(S). For any node g ∈ G, we defineM(g) to be the
LCA of g in S, i.e., the smallest node s ∈ S such that Sg ⊆ s. Here we used the term
“smallest” to mean “farthest from the root.” This correspondenceM , first considered
by Goodman et al. [14], is referred to as a mapping of G into S by Page [23]. We call
M the LCA mapping from G to S. Obviously, if g′ ⊂ g, then M(g′) ⊆M(g), and any
leaf is mapped onto a leaf with the same label. For an internal node g, we use c(g)
(sometimes a(g) and b(g)) to denote a child of g and G(g) the subtree rooted at g.

Definition 2.1. Let g be an internal node of G. If M(c(g)) = M(g) for some
child c(g) of g, then we say G(g) and S(M(g)) are root-inconsistent or a duplication
happens at g.

The total number tdup(G,S) of duplications happening in G under the LCA map-
ping M is proposed as a measure for the similarity between G and S [14, 23]. We call
such a measure the duplication cost.

A subset A of (internal or leaf) nodes in a species tree S is disjoint if x ∩ y = φ
for any x, y ∈ A. For a disjoint subset A in S, the restriction of S on A is the smallest
subtree of S containing A as its leaf set, denoted by RS(A). The homomorphic subtree
S|A of S induced by A is a tree obtained from RS(A) by contracting all degree 2 nodes
except the root. These concepts are illustrated in Figure 2. We state, without proofs,
the following facts which will be used implicitly in the rest of this paper.
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Fig. 2. (a) A species tree S; (b) the restriction subtree RS(A) for A = {1, 2, x}; (c) the
homomorphic subtree S|A induced by A.

Proposition 2.2. Let G be a gene tree and S a species tree. Then tdup(G,S) = 0
if and only if G is identical to S|L(G).

Proposition 2.3. Let g be the root of G with children a(g) and b(g) and let s be
the root of S with children a(s) and b(s). Then, if a duplication happens at g under
the LCA mapping from G to S, then tdup(G,S) = 1 + tdup(a(g), S) + tdup(b(g), S).

Furthermore, the duplication cost also satisfies the triangle inequality, which will
be proved in Lemma 5.1 in section 5. Under the duplication cost, the problem of
finding the “best” species tree from a set of known gene trees can be formulated as
the following minimization problem.

Optimal Species Tree I (OST I).

Instance: n gene trees G1, G2, . . . , Gn.

Question: Find a species tree S with the minimum duplication cost
∑n
i=1 tdup(Gi, S).

One can easily convert the above optimization problem into its decision version
by having an extra integer c as input and requiring the minimum duplication cost to
be less than c. This comment applies to all other optimization problems in this paper.

2.3. Gene losses and the mutation cost. After defining the duplication cost,
we now introduce the mutation cost. We first define the number of gene losses asso-
ciated with the LCA mapping M from G to S. Since L(G) ⊆ L(S), S|L(G) is well
defined and M induces an LCA mapping M ′ from G to S|L(G). Let g and g′ be two
nodes in S|L(G) such that g ⊆ g′. Define

d(g, g′) = |{h ∈ S|L(G) |M ′(g) ⊂ h ⊂M ′(g′)}|.

Let a(g) and b(g) denote the two children of g. The number of losses lg associated
to g is

lg =




0 if M ′(g) =M ′(a(g)) =M ′(b(g));
d(a(g), g) + 1 if M ′(a(g)) ⊂M ′(g) &M ′(g) =M ′(b(g));
d(a(g), g) + d(b(g), g) if M ′(a(g)) ⊂M ′(g) &M ′(b(g)) ⊂M ′(g).

Note that our definition of l(g) is a generalization of the one defined by Guigó, Much-
nik, and Smith [15]. When L(G) = L(S) and gene tree G is also uniquely labeled, our
definition is identical to the one defined in [15]. The mutation cost is defined as the
sum of tdup and the total number of losses l(G,S) =

∑
g∈G lg. This measure turns

out to be identical to a biologically meaningful measure defined in Mirkin, Muchnik,
and Smith [18] when G has the same number of uniquely labeled leaves as S. The
problem of finding the “best” species tree from a set of known gene trees under this
measure is formulated as the following.
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Fig. 3. (a) A gene tree G; (b) a species tree S; (c) the reconciled tree Tr(G,S) of G with respect
to S.

Optimal Species Tree II (OST II).
Instance: n gene trees G1, G2, . . . , Gn.
Question: Find a species tree S with the minimum mutation cost

∑n
i=1(tdup(Gi, S)+

l(Gi, S)).

2.4. Reconciled trees. For visualizing the relationship between gene and species
trees, we use a third tree called the reconciled tree [14]. The reconciled tree has two
important properties. The first property is that the observed gene tree is a subtree
of the reconciled tree. The second property is that the clusters of the reconciled tree
are all clusters of the species tree. Formally, the reconciled tree is defined as follows.

Let T ′ and T ′′ be two rooted trees; we use T ′	T ′′ to denote the rooted tree T
obtained by adding a node r as the root and connecting r to r(T ′) and r(T ′′) so that
T ′ and T ′′ are two subtrees rooted at the children of r. Further, let t be an internal
node in T ′; then T ′| t→T ′′ denotes the tree formed by replacing the subtree rooted at
t with T ′′. Similarly, T ′| t→T1, t′→T2

can be defined for disjoint nodes t and t′.
For a gene tree G rooted at g and a species tree S rooted at s such that L(G) ⊆

L(S), letM be the LCA mapping fromG to S and let s′ =M(a(g)) and s′′ =M(b(g)).
The reconciled tree R = R(G,S) of G with respect to S is defined as

R =




R(G(a(g)), S) 	 R(G(b(g)), S) if s′ = s′′ = s,
S| s′→R(G(a(g)), S(s′)) 	 R(G(b(g)), S) if s′ ⊆ a(s), s′′ = s,
S| s′→R(G(a(g)),S(s′)), s′′→R(G(b(g)),S(s′′)) if s′ ⊆ a(s), s′′ ⊆ b(s),
S| a(s)→R(G,S(a(s))) if M(g) ⊆ a(s).

(1)

Such a concept is illustrated in Figure 3. An efficient algorithm was presented in [23]
for computing a reconciled tree given a set of gene trees and a species trees. It is
easy to see that the reconciled tree R(G,S) satisfies the following three properties, of
which the first two are mentioned above:

1. It containsG as a subtree, i.e., there is a subset L of leaves such thatR(G,S)|L
is isomorphic to G.

2. All clusters are in S, where a cluster is defined as a subset of species below
an internal node in S (see subsection 2.1).

3. For any two children a(g) and b(g) of a node g ∈ R(G,S), a(g)∩ b(g) = φ, or
a(g) = b(g) = g.

Actually, Page also defined the reconciled tree R(G,S) as the smallest tree satisfying
the above properties. However, these two definitions are not obviously equivalent. A
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rigorous proof of this equivalence is needed and unknown. Reconstructing a species
tree from a gene tree can be formulated as the following.

Optimal Species Tree III (OST III).
Instance: A gene tree G.
Question: Find a species tree S with the minimum duplication cost tdup(Tr(G,S), S).

3. Computing all loss events. When comparing a gene tree and a species
tree, one may need to know both mutation cost and all “loss events” (to be defined).
It is an open problem to compute all loss events efficiently [5]. In this section, we
will develop a linear time algorithm to solve the problem. In the rest of this section,
we assume that both gene tree G and species tree S are uniquely leaf labeled and
L(G) = L(S). We first introduce the concept of the gene loss events.

Let u ∈ G and a duplication du occur at u. Recall that S(M(u)) denotes the
subtree of S below M(u). A node v ∈ S(M(u)) is mixed in the duplication du if
v∩c(u) 
= φ for any child c(u) of u; it is speciated if v∩a(u) 
= φ but v∩b(u) = φ or vice
versa; it is gapped if v∩ c(u) = φ for any c(u). Finally, we say that a loss event occurs
at a maximal speciated/gapped node in du. Note that a unique loss event occurs at
some node on the path fromM(u) to any leaf in S. Figure 4 presents a mapping from
a gene tree G (in (b)) to a species tree S (in (a)). Three duplications occur at nodes
r(g), {4, 5, 6}, and {7, 8, 9} that are shown in (c), (d), and (e), respectively, where
mixed nodes are labeled with “+−,” speciated nodes with “+” or “−” depending on
which intersection is empty, and gapped nodes are not labeled. All 14 loss events are
marked by square boxes.

1 2 3 4 5 6 7 8 9

(b)

5 4 6 2 9 3 8 71 5 4 6 2 9 3 8 71

B

5 4 6 2 9 3 8 71

(c) (d) (e)

A

5 4 6 2 9 3 8 71

B
C

(a)

A

+−

+−

+− +− +−
+−

+−
C+−

+−
+−

−
− +

+−
+

−
− +

−+− −
+−

Fig. 4. Duplications between a species tree (a) and a gene tree (b).

Formally, the problem of computing all the loss events is formulated as follows.
Given a gene tree G and a species tree S such that L(G) = L(S), to find for each
duplication d occurring at a node g ∈ G, the subtree S(M−1(g)) of S with all the
loss events as its leaves. For example, for the gene tree and species tree illustrated in
Figure 4, the output is the three subtrees shown in Figure 5.

Note that the species tree S and gene tree G are rooted. We first impose an
arbitrary ordering on the children of each node and produce an in-order traversal of
G and S, respectively. Recall that in an in-order traversal, i < j if and only if i is in
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B

C

A

1 2 {4,6} 2 9 3 {7,8} {1,5} 4 6 2 {9,3} 8 7

Fig. 5. Output from computing all the loss events.

the left subtree of j [2]. Without loss of generality, we may assume that each node
of S is labeled by a number k ≤ 2n − 1, which is called the in-order number of the
node. Preprocess the tree S in O(n) steps so that an LCA query can be answered
in constant time [16, 28]. Using this preprocessing, we can also compute the LCA
mapping from G to S in linear time [34].

We store M in G as follows. To each node x in G, we associate a pair of 〈i, j〉,
where i is its in-order number while j is the in-order number of M(x) in S.

Definition 3.1 (see [34]). Let g be an internal node of G. It is said to be type-1
under the LCA mapping M : G → S if M(a(g)) ⊂ M(g) and M(b(g)) ⊂ M(g);
it is type-2 if M(a(g)) ⊂ M(g) and M(b(g)) = M(g) or vice versa; it is type-3 if
M(a(g)) =M(b(g)) =M(g). Recall that a(g) and b(g) denote the children of g.

To each node y ∈ S, we also assign an ordered pair 〈i, n23〉, where i is its in-order
number and n23 is the number of type-2 or type-3 nodes in G that is mapped to y.
Observe that duplications occur at type-2 or type-3 nodes.

For a type-1 node g1,M(a(g1)) andM(b(g1)) are distinct fromM(g1). The unique
path from M(a(g1)) to M(b(g1)) through M(g1) is called an arc in the mapping M
from G to T . For our purpose, we say that such an arc starts at M(g1). We also say
that such an arc passes through any intermediate nodes betweenM(a(g1)) andM(g1)
and between M(b(g1)) and M(g1). For a type-2 node g2, assume M(a(g2)) ⊂ M(g2)
and M(b(g2)) = M(g2). The unique path from M(g2) to its descendant M(a(g2)) is
called an arc in the mapping M from G to T ,1 starting at M(g2). Such an arc passes
through all intermediate nodes between M(a(g2)) and M(g2). To each node y in S
we associate a (linked) list A(y) of all arcs passing or starting from y and two integers
sy and py, where sy is the number of arcs starting at y, and py is the number of arcs
passing y.

Proposition 3.2. The A(y)’s, sy’s, and py’s can be computed in O(l+2n) time,
where l denotes the total number of loss events.

Proof. We use breadth-first search starting from the root on the gene tree G. For
each node x ∈ G, if M(x) 
= M(a(x)) and M(x) 
= M(b(x)), then M(a(x)),M(b(x))
is below M(x) in S, we use the in-order numbers of M(x), M(a(x)), and M(b(x)) to
travel down from M(x) to M(a(x)) and M(b(x)) in S, and add the arc (a(x), b(x)) to
the list A(y) and update sy and py for each node y on the arc. If x is a type-2 node,
let M(x) 
=M(a(x)) but let M(x) =M(b(x)). Then, we use the in-order numbers of
M(x), M(a(x)) to travel down from M(x) to M(a(x)), during which we add the arc
(x, a(x)) to the list A(y) and update sy and py for each node y on the arc.

1In [34], this is called a path.
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Now we analyze the time complexity. For each node x, we take O(d(M(a(x)),
M(b(x)))) in total to update the linked lists A(y), the starting numbers sy, and
passing numbers py of nodes y on the arc. Thus, the algorithm takes

t =
∑

x∈G−L(G)

d(M(a(x)),M(b(x)))

=
∑

y∈S−L(S)

|A(y)|

= n− 1 +
∑

y∈Mixed(S)

|A(y)|

≤ n+ l + tdup
≤ 2n+ l,

where the third equality follows from the fact that the number of duplications in
which a node y is mixed is equal to sy + py − 1 [34], and the first inequality is based
on the fact that for each duplication, the number of losses is equal to one plus the
number of mixed nodes [34]. This concludes the proof.

Proposition 3.3. Let x be an internal node in the species trees S; then a loss
event occurs at x in some duplication if and only if sp(x) + pp(y) − px − sx + n23 > 0,
where n23 is the number of type-2 or type-3 nodes mapped to x under the LCA map-
ping M .

Proof. There are exactly sp(x) + pp(y) − 1 duplications in which the parent p(x)
of x is a mixed node [34]. On the other hand, there are sx + px − 1 duplications in
which x is a mixed node. Further, n23 of these duplications occur at x. Thus, there
are exactly sp(x) + pp(y) − sx − px + n23 duplications in which p(x) is a mixed node
but x is a speciation, i.e., a loss event occurs at x if sp(x) + pp(y) − px − sx + n23 > 0.
This concludes the proof.

Thus, by Proposition 3.3, we can list all the nodes at which a loss event occurs
in O(n) steps by traveling down the species tree S. Moreover, we need to find out for
each loss event which duplication causes it. Recall that A(y) denotes the set of all
arcs that pass or start at y for each node y ∈ S. Let

A(y) = {(xi, x′i) | i ≤ m}
and let A−1(y) = {M−1xi,M

−1x′i | i ≤ m}. The following proposition is a combina-
tion of Claim 1 and Claim 2 in the proof of Proposition 3.4 in [34].

Proposition 3.4. The homomorphic subtree G|A−1
y

contains all the duplication

nodes z in which y is a mixed node.
By Proposition 3.4, we have the following.
Proposition 3.5. An in-order traversal of G|A−1

y
can be computed in O(|A−1(y)|)

steps.
Proof. Let |A−1(y)| = k. Then k = O(m). Radix sort A−1(y) in O(m) steps.

Let z1, z2, . . . , zk be the in-order list of leaves of G|A−1
y
. Let z′2j−1 = zj and z′2j =

LCA(zj , zj+1). Then z
′
1, z

′
2, . . . , z

′
2m−1 is the in-order traversal of G|A−1

y
.

Let Dup(G,S) denote the set of all duplications occurring under the LCAmapping
from G to S. For each duplication d ∈ Dup(G,S), let Loss(d) denote the set of nodes
of S on which a loss event occurs in d. For each node y ∈ Sloss = ∪Loss(d) on which
a loss event occurs, let

Sy = {d ∈ Dup(G) | y ∈ Loss(d)}.(2)
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Since for a duplication d, a loss event occurs at a node y if and only if the parent p(y)
of y is a mixed node in d, but y is a speciation node. Then, by Proposition 3.4, an in-
order traversal of Sy can be obtained from difference between the in-order traversal of
G|A−1(p(y)) and G|A−1(y), which takes at most O(sp(y)+ppy+sy+py) steps. Therefore,
we have the following.

Proposition 3.6. The Sy’s for all nodes y can be computed in O(l + n) steps.
Proof. Do a breadth-first search for loss nodes in S. For each loss node y, we

find the in-order traversals of G|A−1(y) and G|A−1(p(y)) and then find Sy from them
as described above. The complexity is

t =
∑

y∈Sloss

(O(sp(y) + pp(y) + sy + py)) ≤ O(l + 2n).

This concludes the proof.
Recall that, for each duplication d, we use Loss(d) to denote the set of nodes on

which a loss event occurs in d and let

Ld = {y ∈ S | y ∈ Loss(d)}.(3)

Then, from all Sy constructed above, we can derive all Ld as follows.
Proposition 3.7. All Ld can be computed in O(l) steps. Thus, all loss subtrees

can be constructed in O(l) steps.
Proof. Radix sort Sloss and let

y1, y2, . . . , yc

be the in-order list of nodes in Sloss. For a duplication, we will keep Ld in a linked
list which is denoted by the same symbol. Let there be m duplications d1, d2, . . . , dm.
Initially, Ldi is empty for every i. Then, we examine Sy1 , Sy2 , . . . , Syc in order one by
one. First, for each d ∈ Sy1 , we insert y1 in Ld. In general, after Sy1 , Sy2 , . . . , Syi have
been examined, we search Syi+1

in the same way: for each d ∈ Syi , we insert yi+1 in
Ld. After all Syi have been examined, Ld stores all the nodes on which a loss event
occurs in duplication d. Actually, following the construction carefully, one will see
that Ld is an in-order traversal. Therefore, one can easily construct the loss subtree
for duplication d from Ld. The time bound is obvious.

We have proved the following theorem.
Theorem 3.8. Given a gene tree G and a species tree S, Algorithm A constructs

the loss subtrees in O(n+ l) time.

Algorithm A.
INPUT: A gene tree G and species tree S.
1. Impose an arbitrary ordering on the children of each node and

produce an in-order traversal of G and S, respectively.
Assume ix denotes the in-order number of x for x ∈ G,S.

2. Compute the LCA mapping M : G→ S. To each x ∈ G assign
a pair < ix, iM(x) >; To each y ∈ S assign a pair < iy, n23 >, where
n23 is the number of type-2 or type-3 nodes in G that are mapped to y.

3. Compute the set Sloss of all the nodes in which a loss event occurs
using Proposition 3.3.

4. For each y ∈ Sloss, compute the set Sy that is defined in equation (2).
5. For each duplication d, use the sets Sy to compute Ld that is defined

in equation (3).
6. Reconstruct all the loss subtrees from the Ld’s.
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Fig. 6. (a) The tree L[T1, T2, . . . , Tn] and (b) a line tree.
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Fig. 7. (a) The gene tree Gij is constructed from the edge (vi, vj). (b) The gene tree Gi is
constructed from the node vi.

4. The complexity of finding optimal species trees.

4.1. Optimal species tree I. Given n trees T1, T2, . . . , Tn, we use L[T1, T2,
. . . , Tn] to denote the tree T shown in Figure 6(a). When Ti is a single labeled node,
the resulting tree is just a line tree as in Figure 6(b).

Theorem 4.1. The decision version of OST I is NP-complete.

Proof. The problem is trivially in NP. To prove its NP-hardness, we reduce the
independent set problem to OST I. Recall that the independent set problem is as
follows: given a graph G = (V,E) and an integer d ≤ |V |, decide if G contains an
independent set of size d, i.e., a subset of V ′ ⊆ V such that |V ′| = d and no two nodes
in V ′ are joined by an edge in E. Given an instance G = (V,E) of the independent set
problem, where V = {v1, v2, . . . , vn}, we construct a corresponding instance of OST I
as follows.

Let N = 5n3. For each vi, we introduce N labels lip, 1 ≤ p ≤ N , and a line tree
Ti = L[li1, li2, . . . , liN ]. We also introduce extra N labels l0p, 1 ≤ p ≤ N , and a line
tree T0 = L[l01, l02, . . . , l0N ]. For each pair (i, j) (1 ≤ i 
= j ≤ n) such that (vi, vj) ∈ E,
we define a tree Gij with leaves labeled by A = {lip | 0 ≤ i ≤ n, 1 ≤ p ≤ N} as shown
in Figure 7(a). In Gij , the left subtree is formed by connecting all Tp’s (p > 1) except
for Ti and Tj by a line tree. Note that Gij and Gji have different right subtrees.
Hence, we use two trees Gij and Gji to encode an edge (i, j). Finally, for each vi ∈ V ,
we define a tree Gi with leaves labeled by A as shown in Figure 7(b). The left subtree
of Gi is formed by connecting all Tp’s except for Ti by a line tree, and the right subtree
is a line tree with leaves l0k (1 ≤ k ≤ N) and lik (1 ≤ k ≤ N) from left to right.
Overall, we encode an edge (vi, vj) by two trees Gij and Gji and a node vi by one
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tree Gi. Obviously, such a construction can be carried out in polynomial time. The
NP-hardness of OST I derives from the following lemma.

Lemma 4.2. The graph G contains an independent set of size d if and only if
there is a species tree S for all the gene trees Gij and Gi constructed above with the
duplication cost c < (|E|+ n− d+ 1

2 )N .
Proof. (⇒) Assume that G contains an independent set K of size d. Without loss

of generality, we assume V (K) = {v1, v2, . . . , vd}. Then, we define a species tree S as

S = L[ln1, . . . , lnN , . . . , l(d+1)1, . . . , l(d+1)N , l01, . . . , l0N , ld1, . . . , ldN , . . . , l11, . . . , l1N ].

For each i ≤ d, tdup(Gi, S) = n − 1. For each i > d, tdup(Gi, S) = N + n − 1.
Further, for any (vi, vj) ∈ E, either i > d or j > d, and so

N ≤ tdup(Gij , S) + tdup(Gji, S) ≤ N + 2n.(4)

Thus, the duplication cost c of S is

∑
(vi,vj)∈E

(tdup(Gij , S) + tdup(Gji, S)) +
∑

1≤i≤n
tdup(Gi, S)

≤ |E|(N + 2n) + (n− d)(N + n− 1) + d(n− 1)

≤ (|E|+ n− d)N + 2n3

<

(
|E|+ n− d+ 1

2

)
N.

(⇐) We prove the converse by contradiction. Suppose that the optimal duplica-
tion cost is c for gene trees Gij and Gi. Denote Ai = {lip | 1 ≤ p ≤ N}. Let S be
an optimal species tree. Then one can define a total order ≺ on {Ai|1 ≤ i ≤ n} such
that LCA(Ai) ⊂ LCA(Aj) implies Ai ≺ Aj . Suppose Ain ≺ Ain−1

≺ · · · ≺ Ai0 is
such a total order; then we define a line tree S′ as

S′ = L[li01, . . . , li0N , li11, . . . , li1N , . . . , lin1, . . . linN ].

Let S′ have duplication cost c′. Then we have the following two facts.
Fact 1. c′ ≤ 2n3 + c.
Proof. Since S′|Ai

= Ti, no duplication happens at all subtrees Ti (0 ≤ i ≤ n) in
each gene tree Gi′j′ and Gi′ . On the other hand, let u be any internal node on a right
subtree of Gij . If u is a parent of some lip (0 ≤ p ≤ N − 1) and u is not a duplication
node in the mapping from Gij to S, then it is easy to see LCA(Aj) ⊂ LCA(Ai)
and LCA(A0) ⊂ LCA(Ai). Thus Aj ≺ Ai and A0 ≺ Ai. Therefore, u is not a
duplication node in the mapping from Gij to S′. Note that two exceptions are the
parent and the brother of liN . Similarly, for each internal node x ∈ Gi that is a parent
of l0p (1 ≤ p ≤ N − 1), it will not be a duplication node for S′ if it is not for S. Thus,
the duplication cost for S′ on all the right subtrees of gene trees is at most the cost
for S plus 2n2.

Since there are at most n′ = n2 + n(n − 1)(n − 2) extra internal nodes on the
left subtrees of gene trees that have not been considered above, we have that c′ ≤
2n2 + n′ + c ≤ 2n3 + c. This finishes the proof of Fact 1.

Fact 2. c′ ≥ (|E|+ n− d+ 1)N .
Proof. Let E< = {(vi, vj) ∈ E | parentS′(li1),parentS′(lj1) ⊂ parentS′(l01)}

and V< = {vi ∈ V |parentS′(li1) ⊂ parentS′(l01)}. If G = (V,E) does not contain
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Fig. 8. Rooted line trees.

an independent set of size d, then |E<| − |V<| ≥ 1 − d. In fact, this is trivial if
|V<| < d. Otherwise, let the largest independent set of restriction subgraph G|V< be
K ′. Then |K ′| ≤ d− 1. Since K ′ is largest, for any node v ∈ V< −K ′, (v, v′) ∈ E for
some v′ ∈ K ′. This implies that |E<| ≥ |V<| − |K ′| ≥ |V<| − d + 1 or, equivalently,
|E<| − |V<| ≥ 1− d when |V<| ≥ d.

It is easy to verify that, for any i, j, if (vi, vj) ∈ E<, then
tdup(Gij , S

′) + tdup(Gji, S′) ≥ 2N,(5)

and if vi /∈ V<, then
tdup(Gi, S

′) ≥ N.(6)

By formulae (4), (5), and (6), we have

c′ ≥
∑

vi∈V−V<

tdup(Gi, S
′) +

∑
(vi,vj)∈E−E<

(tdup(Gij , S
′) + tdup(Gji, S′))

+
∑

(vi,vj)∈E<

(tdup(Gij , S
′) + tdup(Gji, S′))

≥ N (n− |V<|) +N (|E| − |E<|) + 2N |E<|
≥ (|E|+ n+ |E<| − |V<|)N
≥ (|E|+ n− d+ 1)N.

Thus, Fact 2 is proved.
Combining Fact 1 and Fact 2, we have that c > (|E|+n−d+ 1

2 )N , a contradiction.
Thus, we finish the proof of the lemma.

Remark 1. We have actually proved that OST I is NP-hard even for all gene
trees with the same uniquely labeled leaves. Such a stronger conclusion will be used
to prove that OST III is NP-hard in section 4.3.

Remark 2. Based on the above remark, we can also prove that the decision
version of OST I remains NP-complete even for one gene tree that are not uniquely
leaf-labeled. The proof of this result can be found in the proof of Theorem 4.7.

4.2. Optimal species tree II. Let C be a set of full binary trees G with
leaves uniquely labeled by L(G), and let T be a full binary tree with leaves uniquely
labeled by

∑
G∈C L(G). We say that C is compatible with T if for every G ∈ C, the

homomorphic subtree T |L(G) of T induced by L(G) is G, and it is compatible if it is
compatible with some tree. Finally, recall that L[z, w, v, u, x] denotes a rooted line
tree with 5 leaves z, w, v, u, x as shown in Figure 8(a).

Lemma 4.3. If a collection C of 5-leave rooted line trees L[y, wi, vi, ui, x], 1 ≤ i ≤
k, is compatible, then it is compatible with a rooted line tree L[y, xn, xn−1, . . . , x1, x],
where {x1, x2, . . . , xn} = ∪ki=1{ui, vi, wi}.
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Fig. 9. Three trees correspond to an ordered triple (a, b, c).

x
y

· · ·
f(|A|)

f(2)
f(1)

Fig. 10. The species tree constructed from a cyclic ordering f .

Proof. Choose a label z not in {x, y} and ∪ki=1{ui, vi, wi}. For each t = L[y, wi,
vi, ui, x], we add an edge between z and the root so that the resulting tree tz is an
unrooted full binary tree in which each internal node has degree 3. It is not difficult
to see that tz is defined by the following set of quartets [29]:

Q(tz) = {xui|viz, xvi|wiz, xui|yz, xvi|yz, xwi|yz}.

Suppose that C is compatible with a rooted full binary tree T ; then Cz = {tz | t ∈ C}
is compatible with T z, and thus quartet set ∪t∈CQ(tz) is compatible with T z. By a
lemma in [29], ∪t∈CQ(tz) is compatible with a line tree L[x, u1, u2, . . . , u|A|, y, z]. This
implies that C is compatible with the binary tree rooted at the internal
node that is jointed with z (after the removal of z), which has the form shown in
Figure 8(b).

Theorem 4.4. The decision version of OST II is NP-complete.
Proof. The problem is obviously in NP. To prove its NP-hardness, we now describe

a transformation from the cyclic ordering problem [13] to OST II. The cyclic ordering
problem is defined as follows.

Instance: A finite set A, and a collection C of ordered triples (a, b, c)
of distinct elements from A.
Question: Is there a one-to-one function f : A → {1, 2, . . . , |A|}
such that, for each (a, b, c) ∈ C, we have either f(a) < f(b) < f(c)
or f(b) < f(c) < f(a) or f(c) < f(a) < f(b)?

The problem is proved to be NP-complete in [12].
Suppose an instance (A,C) of the cyclic ordering problem is given. We construct

for each ordered triple π = (a, b, c) ∈ C three gene trees Gπ1 = L[y, c, b, a, x], Gπ2 =
L[y, a, c, b, x], and Gπ3 = L[y, b, a, c, x] as shown in Figure 9, where x and y are two
new labels fixed for all triples in C. Now, we consider a collection G(C) = {Gπi | 1 ≤
i ≤ 3, π ∈ C} of 3|C| gene trees. Obviously, such a construction can be carried out in
polynomial time.

We claim that there is a species tree, with leaves A ∪ {x, y}, which has mutation
cost at most 14|C| if and only if A has a cyclic ordering.

Suppose a cyclic ordering f exists. Let f(i) denote the ith smallest element in A
and let S = L[y, f(|A|), . . . , f(2), f(1), x] as in Figure 10.
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Fig. 12. Cases (a)–(m) in the proof of Claim 1.

For a triple π = (a, b, c) ∈ C, without loss of generality, we may assume that
f(a) < f(b) < f(c). Then Gπ1 is the homomorphic subtree of S on {x, a, b, c, y}.
Thus, c(G1, S) = 0, c(G2, S) = 5, and c(G3, S) = 9. Hence, the total mutation cost
over all 3|C| gene trees is 14|C|.

Conversely, suppose that T is a species tree with leaves A ∪ {x, y} and with
mutation cost at most 14|C|. Then we have the following fact.

Fact . For any π = (a, b, c) ∈ C, the homomorphic subtree of T on {x, a, b, c, y} is
G1, G2, or G3 as shown in Figure 9.

Proof. The homomorphic subtree T ′ of T on {x, a, b, c, y} is a full binary tree
with five labeled leaves. Assume that it is not one of Gπ1 , G

π
2 , or G

π
3 . All possible

homomorphic subtrees are illustrated in Figure 11 and Figure 12 and a case-by-case
analysis of the mutation cost of G1, G2, and G3 with T is shown in Table 1.

Hence, T has mutation cost at least 14|C|+ 1. This is a contradiction. Thus we
conclude the fact.

By Lemma 4.3, there exists a line tree such that for each triple π = (a, b, c), the
homomorphic subtree on {x, y, a, b, c} is one of the gene trees Gπ1 , G

π
2 , G

π
3 . It is not

difficult to see that such a line tree induces a cyclic ordering. This concludes the proof
of Theorem 4.4.
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Table 1
Case-by-case analysis of duplications.

Case Ti (a) (b) (c) (d)
Cost 17 18 27 42, 45 29,32
Case (e) (f) (g) (h) (i)
Cost 31,34 32,35 35 34 35
Case (j) (k) (l) (m)
Cost 26,29 20 33 28, 29,32

4.3. Optimal species tree III. To prove the hardness result, we need to estab-
lish Lemma 4.5 and Lemma 4.6, which are derived from the definition of reconciled
trees. Recall that for a node g in a gene tree G, G(g) denotes the subtree of G rooted
at g.

Lemma 4.5. Given a gene tree G and a species tree S, let Tr be the reconciled
tree of G with respect to S, and let g be an internal node in G. If g is mapped to
t ∈ Tr when G is considered as a subtree of Tr, then Tr(t) is the reconciled tree of
G(g) with respect to S(t).

Proof. The lemma follows from the definition of reconciled trees.
Lemma 4.6. Let Tr be the reconciled tree of G with respect to S. Then tdup(Tr, S)

= tdup(G,S).
Proof. We prove this lemma by induction on the number of leaves in G. It is

obviously true for a gene tree G that has only three leaves. Now assume that G has
at least four leaves. Let t be the root of Tr with children a(t) and b(t), let g be the
root of G with children a(g) and b(g), and let s be the root of S with children a(s)
and b(s). We consider the following cases.

Case 1. a(t) ∩ b(t) = φ.
Note that t = s and a(t) and b(t) are two clusters in S. Further, by the

definition of reconciled trees, a(t) 
= t, and b(t) 
= t. Thus, t is not a duplica-
tion node under the LCA mapping from Tr to S. On the other hand, since G
is identical to Tr|L(G), we have that a(g) ⊂ a(t), b(g) ⊂ b(t) or a(g)subsetb(t),
b(g) ⊂ a(t). Let a(g) and b(g) be mapped to t1 and t2, respectively, when G
is considered as a subtree of Tr. By Lemma 4.5, Tr(t1) = Tr(G(a(g)), S(t1)) and
Tr(t2) = Tr(G(b(g)), S(t2)). By induction, tdup(Tr(t1), S(t1)) = tdup(G(a(g)), S(t1))
and tdup(Tr(t2), S(t2)) = tdup(G(b(g)), S(t2)). Since a(g) ⊆ t1 and b(g) ⊆ t2, g is not
a duplication node under the LCA mapping from G to S. Thus,

tdup(G,S) = tdup(G(a(g)), S(a(s))) + tdup(G(b(g)), S(b(s)))
= tdup(Tr(a(t)), S(a(s))) + tdup(Tr(b(t)), S(b(s)))
= tdup(Tr, S).

Case 2. a(t) = b(t).
Then a(t) = b(t) = t = s. Thus a duplication happens at t under the LCA

mapping from Tr to S. Since a(t) = b(t), then either a(g) is mapped to a(t) or b(g) is
mapped to b(t). Otherwise, a(t) or b(t) contains G as a subtree, which contradicts the
fact that Tr is the reconciled tree of G with respect to S. Without loss of generality, we
may assume that the former is true. Let b(g) be mapped to t′. Note that t′ ⊆ b(t) = s.
Under the LCA mapping from G to S, a(g) is mapped to s. Thus, by induction,

tdup(Tr, S) = 1 + tdup(Tr(a(t)), S) + tdup(Tr(b(t)), S)
= 1 + tdup(a(g), S) + tdup(G(b(g)), S(t

′))
= tdup(G,S).
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Fig. 13. Connection of m gene trees in a right line tree.

This proves Lemma 4.6.
By Lemma 4.6, the problem OST III is a special case of the problem OST I in

which each instance has only one gene tree. Unfortunately, such a problem is still
NP-hard when a given gene tree is not a uniquely leaf-labeled tree.

Theorem 4.7. The decision version of OST III is NP-complete.
Proof. Again, the problem is obviously in NP. To prove its NP-hardness, by

Lemma 4.6, we need only to prove the following problem to be NP-hard:
Given a gene tree, find a species tree S with the minimum duplication
cost tdup(G,S).

Given a class C of m gene trees with the same n uniquely labeled leaves, we
construct a gene G by connecting all gene trees in C through a right line tree as
shown in Figure 13. Since all gene trees in C have the same labeled leaves, we have
that for any species tree S,

tdup(G,S) = m− 1 +
∑

1≤i≤m
tdup(Gi, S).

This finishes the reduction from an NP-hard problem OST I to the problem given
above (see Remark 1 after Theorem 4.1).

5. A heuristic method. We have proved that the problem of reconstructing
an optimal species tree from gene trees is NP-hard. Therefore, there is unlikely an
efficient algorithm for the problem. In this section, we will develop a heuristic method
for it in a special case when all gene trees are uniquely leaf-labeled. Throughout
this section, we will assume that trees are uniquely leaf-labeled without explicitly
mentioning it.

5.1. A new metric. In this section, we introduce a new metric for measuring
the similarity of two rooted full binary trees with uniquely labeled leaves based on
the concept of duplications. Given two rooted full binary trees T1 and T2, in which
each internal node has at least two children, we define the LCA mapping M from T1

to T2 as in section 2. We say a duplication happens at x ∈ T1 under M if and only
if for some child c(x) of x, M(c(x)) = M(x). We also use tdup(T1, T2) to denote the
number of duplications occurring under the mapping M .

Let T be a rooted full binary tree. For any internal edge e = (u, v), the contraction
tree of T at e is the resulting tree after the removal of e and combining u and v into
a new node p such that p is adjacent to all the neighbors of both u and v.

Lemma 5.1. The duplication cost satisfies the triangle inequality, i.e., tdup(T1, T3)
≤ tdup(T1, T2) + tdup(T2, T3) for any three rooted full binary trees T1, T2, and T3 with
same uniquely labeled leaves.

Proof. Let Mij denote the LCA mapping from Ti to Tj . Now let T ′
1 be the

resulting tree from T1 by contracting all edges (u, v) such that M12(u) = M12(v).
Furthermore, let M ′

12 be the mapping from T ′
1 to T2. We prove the following facts.
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Fact 1. For any m ∈ T ′
1, M

′
12(m) = m. Thus, tdup(T

′
1, T2) = 0.

Proof. It follows from the definition of T ′
1.

Fact 2. tdup(T1, T3) ≤ tdup(T1, T2) + tdup(T2, T3) if tdup(T
′
1, T3) ≤ tdup(T2, T3).

Proof. Under the mapping M13, a duplication happens at a node n ∈ T1 if and
only if M13(n) = M13(c(n)) for some child c(n) of n. Let D denote the set of such
duplication nodes in T1 under M13. We divide D into two disjoint subsets:

D1 = {n ∈ D |M12(n) =M12(c(n))}

and

D2 = {n ∈ D |M12(n) 
=M12(c(n))}.

Obviously, |D1| ≤ tdup(T1, T2) since any node in D1 is also a duplication node under
M12. Furthermore, by the definition of T ′

1, |D2| ≤ tdup(T
′
1, T3) since any node in

D2 is a duplication under the LCA mapping from T ′
1 to T3. Hence, tdup(T1, T3) =

|D1|+ |D2| ≤ tdup(T1, T2) + tdup(T
′
1, T3) ≤ tdup(T1, T2) + tdup(T2, T3) if tdup(T

′
1, T3) ≤

tdup(T2, T3). This concludes the proof of Fact 2.
Let M ′

12(n) = p and M ′
12(c(n)) = q. Then, by Fact 1, n = p and c(n) = q. If

M13(n) =M13(c(n)), then all nodes in the path fromM23(p) andM23(q) are mapped
to the same node in T3. This implies that tdup(T

′
1, T3) ≤ tdup(T2, T3) and so, by

Fact 2, tdup(T1, T3) ≤ tdup(T1, T2) + tdup(T2, T3). This finishes the proof of
Lemma 5.1.

Now we define a new similarity measure between two rooted full binary trees as

d(T1, T2) =
tdup(T1, T2) + tdup(T2, T1)

2
.

Since the duplication cost is computable in linear time [34], the measure d(., .) is also
efficiently computable. Further, it satisfies the three metric axioms.

Proposition 5.2. For any three full binary trees T1, T2, and T3 with the same
uniquely labeled leaves, d(., .) satisfies the following properties:

(1) d(T1, T2) = 0 if and only if T1 = T2;
(2) d(T1, T3) ≤ d(T1, T2) + d(T2, T3) for any T2;
(3) d(T1, T2) = d(T2, T1).
In what follows, we call d(., .) the symmetric duplication cost. Interestingly, the

symmetric duplication cost is closely related to the NNI distance for full binary trees,
which was introduced independently in [19] and [27]. An NNI operation swaps two
subtrees that are separated by an internal edge (u, v) as illustrated in Figure 14. The
NNI distance, DNNI(T1, T2), between two full binary trees T1 and T2 is defined as the
minimum number of NNI operations required to transform one tree into the other.

Proposition 5.3. For any species trees T1 and T2, d(T1, T2) ≤ DNNI(T1, T2).
Proof. Suppose T1 is converted into T2 by one NNI operation. Then, we can

easily verify that d(T1, T2) = 1. Thus, d(T1, T2) ≤ DNNI(T1, T2). Since d(., .) satisfies
the triangle inequality, the result holds in general also.

We now prove the following NP-completeness result.
Theorem 5.4. The decision version of finding an optimal species tree from a set

of gene trees is NP-complete under the symmetric duplication cost.
Proof. Obviously, it is in NP. In section 4.1, we have shown that OST I is NP-

complete even for all gene trees with the same uniquely labeled leaves. Moreover, we
may even assume that the duplication cost between any two gene trees is at least 2.
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D
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D

A C

C

B

D B

u v

Fig. 14. The two possible NNI operations on an internal edge (u, v).

· · ·Gj1

GjN
Gj2

Gj(N−1)

uj1

uj2

ujN

uj(N−1)

Fig. 15. The tree G′
j of Theorem 5.4.

We reduce this special case of OST I to the problem of finding an optimal species
tree from gene trees under the symmetric duplication cost. Given an instance of
OST I I1 = {G1, G2, . . . , Gn} where each Gi is leaf uniquely labeled, and for any
i 
= j, L(Gi) = L(Gj) and tdup(Gi, Gj) ≥ 2. Assume that the leaf label set is
L = {l1, l2, . . . , lm} for each gene tree. For any species tree S with leaf label set L, if
S 
= Gi for any i, 1 ≤ i ≤ n, then tdup(S,Gi) ≥ 1 for any i. If S = Gi for some i in
the range from 1 to n, then tdup(S,Gj) ≥ 2 for any j 
= i. Thus, for any species tree
S with leaf label set L,

n∑
j=1

tdup(S,Gj) ≥ n.(7)

Let N = 3n2. We introduce mN new labels lik, 1 ≤ i ≤ m and 1 ≤ k ≤ N . For
any j (1 ≤ j ≤ n) and k (1 ≤ k ≤ N), we construct Gjk from Gj by replacing
the leaf li by lik for every i, 1 ≤ i ≤ m. Let G′

j be the tree L(Gj1, Gj2, . . . , GjN )
defined in Figure 15. Note that G′

j is a tree with mN labeled leaves. Finally, let
I2 = {G′

1, G
′
2, . . . , G

′
n}. In order to finish the reduction, we now prove that I1 has

a solution with cost at most d if and only if I2 has a solution with cost less than
(d+n2 + 1

4 )N .
Suppose S is a solution for I1 with cost d. Let S′ be the tree obtained from S

by replacing each leaf li by a line tree L(li1, li2, . . . , liN ). Then it is easy to see that
tdup(Gjk, S

′) = tdup(Gj , S). Thus, tdup(G
′
j , S

′) ≤ tdup(Gj , S)N + N . Furthermore,
since tdup(L(li1, li2, . . . , liN ), G

′
k) = 0, and S′ has n− 1 internal nodes that are not in

L(li1, li2, . . . , liN ) for any i, tdup(S
′, G′

j) ≤ n−1. Therefore, the symmetric duplication
cost of the solution S′ for I2 is

n∑
i=1

tdup(S
′, G′

j) + tdup(G
′
j , S

′)
2

≤ 1

2
(dN + nN + n(n− 1)) <

(
d+ n

2
+

1

4

)
N.

Conversely, assume that the optimal solution for I1 has duplication cost at least
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d + 1. Suppose S is a solution of I2. For any 1 ≤ k ≤ N , let Ak = {lik|1 ≤ i ≤ m},
Sk = S|Ak

, and let uk be the LCA of ujk in S, where ujk’s are the nodes in G′
j as

shown in Figure 15. Note that uk does not depend on the choice of j. Obviously,
uN ⊆ · · · ⊆ u2 ⊆ u1. Assume that there are h indices k’s (1 ≤ k ≤ N − 1) satisfying
uk+1 ⊂ uk. Let these indices be k1, k2, . . . , kh. Then for any k 
= kt (t = 1, 2, . . . , h),
1 ≤ k ≤ N − 1, ujk is a duplication node in the mapping from G′

j to S. Hence, we
have that

tdup(G
′
j , S) ≥

N∑
k=1

tdup(Gjk, S) +N − 1− h.(8)

We use hj to denote the number of duplications that occur on one of the nodes uk1 ,
uk2 , . . ., ukh under the LCA mapping from S to G′

j . Let j
′ be the index that minimizes

hj over all j from 1 to n and let h′ = h−hj′ . Assume that ur1 , ur2 , . . . , urh′ are the h
′

nonduplication nodes in the mapping from S to G′
j′ . We have that {r1, r2, . . . , rh′} ⊆

{k1, k2, . . . , kh} and r1 < r2 < · · · < rh′ . Let A =
⋃h′
t=1Art ; then it is easy to verify

that in the tree S|A, for any 1 ≤ s ≤ h′, Ars ∩ LCA(
⋃h′
t=s+1Art) = ∅. Thus,

tdup(S,G
′
j) ≥ hj + tdup(S|A, G′

j) ≥ h− h′ +
h′∑
t=1

tdup(Srt , Gjrt).(9)

Combining formulae (7), (8), and (9), we have

n∑
j=1

[
tdup(G

′
j , S) + tdup(S,G

′
j)
]

≥
N∑
k=1

n∑
j=1

tdup(Gjk, S) + n(N − 1− h′) +
h′∑
t=1

n∑
j=1

tdup(Srt , Gjrt)

≥ (d+ n+ 1)N − n.
Thus we know that for any solution of I2, the cost is at least (d+n+1)N−n

2 ≥ (d+n2 +
1
4 )N .

5.2. A heuristic method for finding species trees. Although finding an
optimal species tree from gene trees is NP-hard for the symmetric duplication cost
d(., .), we have the following approximation result.

Theorem 5.5. There is a polynomial-time approximation of ratio 2 to the prob-
lem of finding an optimal species tree from gene trees with the symmetric duplication
cost d(., .).

Proof. Given an input of n gene trees G1, G2, . . . , Gn, we compute
∑n
i 	=j d(Gi, Gj)

for each j ≤ n and output Gj with the minimum cost
∑n
i 	=j d(Gi, Gj) as the species

tree. We now prove that the output species tree has at most twice the optimal
symmetric duplication cost. Assume that G1 is the output and S is an optimal
species tree. Then

∑
i≤n
d(Gi, G1) ≤

∑
i≤n

∑
j≤n

d(Gi,Gj)

n

≤
∑

i≤n

∑
j≤n

(d(Gi,S)+d(Gj ,S))

n

≤ 2
∑
i≤n d(Gi, S).
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This proves Theorem 5.5.

In general, the optimal species tree for a set of gene trees under the symmetric
duplication cost is different from ones under the duplication and mutation costs.
However, these trees should be quite similar to each other intuitively. Hence, based
on Theorem 5.5, we propose the following heuristic method for the problem.

Search Paradigm

Input: Gene tree G1, G2, . . . , Gn.
1. Find a gene tree T ′ = Tk with the minimum
symmetric duplication cost

∑
i≤n d(Ti, Tk).

2. Search for the optimal species tree starting from
T ′ using NNI, CP, or alternate NNI and CP.

Here cut and paste (CP) is also known as subtree pruning and regrafting [30]. Ac-
cording to the experimental research conducted by Page and Charleston [24], the best
choice seems to be alternating between the NNI and CP method in step 2 of our
heuristic method.

We have extensively tested our heuristic method and compared it with the al-
gorithm that starts the search from a random tree. The latter was implemented in
Page’s package GeneTree Version 1.0. When running Page’s algorithm, we start from
a random tree and search near-optimal species trees using the method of alternating
NNI and CP. We also use the method of alternating NNI and CP to do the search
in our algorithm. When there are less than 10 species, and gene trees in each data
set are chosen randomly, both algorithms perform well. They produce quickly species
trees with optimal duplication costs. However, when there are over 15 species, and
gene trees in a data set are closely related, which is usually true for practical molec-
ular data, our algorithm performs much better. We have conducted 22 tests. We
generated a set of gene trees as follows: (a) Generate a random tree R using an
algorithm of Rémy [1, 26]; (b) repeatedly generate a tree by randomly choosing up
to 10 NNI operations and applying these operations on R. The results are listed in
Table 2 except for three unfinished tests in which the algorithm of searching from a
random tree took over one hour and was stopped before finishing, but our algorithm
finished within half a minute. Our algorithm found species trees with better duplica-
tion costs in all the cases and took much fewer CP and NNI operations (and hence
much less time) to get the solution. We used a Pentium MMX-233 personal computer.
In each of the 22 tests, our algorithm finished in less than half a minute, while the
search-from-a-random-tree algorithm took more than one hour for 6 tests.

6. A general reconstructing problem. There is a large family of genes each
having several distinct copies in the studied species. In order to derive a species
tree that truly reflects the evolution of species, one needs full knowledge about which
copies of the gene are comparable. This is usually impossible until a careful study of
the species has been done. However, one may have different confidences in different
genes. Hence, it is natural to propose the following general problem. We use I+ to
denote the set of positive integers and let m be any similarity measure between gene
and species trees.

General Optimal Species Tree (GOST).

Instance: A set of n gene trees G1, G2, . . . , Gn, to each tree a confidence value
ci ∈ I+ is associated.

Question: Find a species tree S with the minimum cost
∑n
i=1 cim(Gi, S).
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Table 2
R = the algorithm that starts the search with a random tree, SP = our search paradigm. The

last column contains the numbers of NNI/CP operations used by the two algorithms.

Data
sets

Species
Gene
trees

Alg.
Optimal

trees
Dup.
cost

NNI/CP
operations

1 15 5
SP
R

14 18
10628
37872

2 15 5
SP
R

4 21
2848

53394

3 15 10
SP
R

1 34
716

147540

4 15 10
SP
R

1 32
1466

17228

5 17 5
SP
R

3 16
2780

102758

6 17 5
SP
R

2
999

17
21

994
872660

7 17 5
SP
R

9
6

17
9221

42356

8 17 5
SP
R

7 18
7310

105370

9 17 5
SP
R

14
999

18
20

12638
878552

10 18 5
SP
R

6
999

19
23

7490
1059318

11 18 5
SP
R

6 19
7289

113472

12 18 5
SP
R

2 20
1684

16462

13 18 5
SP
R

6 16
6430

33968

14 18 5
SP
R

1 17
1068

98694

15 19 7
SP
R

1
22
23

1216
84170

16 19 7
SP
R

2 26
2374

15880

17 20 5
SP
R

7
999

13
15

8898
1326562

18 20 7
SP
R

1
999

31
36

1430
1384018

19 20 8
SP
R

4
999

38
43

6656
1323186

Clearly, GOST is NP-hard under the duplication cost and the mutation cost. For
the NNI distance, the same conclusion also holds.

Theorem 6.1. The decision version of GOST is NP-complete for the NNI dis-
tance.

Proof. We reduce the problem of computing NNI distance between two trees (see
[3]) to GOST. Given are two binary trees T1 and T2 with n leaves. By applying an
NNI operation to T1, there are as many as 2n− 2 different resulting trees. Let T3 be
such a tree, i.e., dNNI(T3, T1) = 1. We consider the following instance I of GOST:

I = {T1, T2, T3, c1 = 2, c2 = 2, c3 = 1}.
Let S be an optimal species tree for I. Then one can easily verify that S = T3 if
and only if dNNI(T1, T2) = dNNI(T1, T3)+dNNI(T3, T2). Note that the NNI distance
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dNNI(T1, T2) is at most n log n + 2n [17]. If GOST is solved in polynomial time,
we can compute dNNI(T1, T2) using an efficient search as follows. For each T3 such
that dNNI(T1, T3) = 1, compute the optimal species tree S for the instance I defined
above. If S = T3, then we use T3 to replace T1, compute dNNI(T3, T2) inductively,
and output 1 + dNNI(T3, T2). This finishes the reduction and hence the proof.

Note that the approximation algorithm in Theorem 5.5 cannot be generalized to
GOST. Therefore, it is challenging to develop polynomial-time algorithms with good
approximation factors for GOST under the various similarity measures.

7. Further research. Further studies on our topics in relation with parametric
complexity classes have been carried out recently by Fellows et al. We refer the reader
to [6, 7]. We end the paper with a list of open questions.

1. Is the definition of reconciled tree in section 2.4 identical to the one defined by
Page (the smallest tree satisfying the three properties listed in section 2.4)?

2. Study the complexity of approximating the problems OST I, OST II, and
OST III. Is it possible to develop efficient polynomial-time approximation
algorithms for these problems?

3. Develop efficient polynomial-time approximation algorithms for GOST de-
fined in section 6 under the various measures studied here.
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[27] D. F. Robinson, Comparison of labeled trees with valency trees, J. Combin. Theory Ser. B, 11

(1971), pp. 105–119.
[28] B. Schieber and U. Vishkin, On finding lowest common ancestors: Simplification and paral-

lelization, SIAM J. Comput., 17 (1988), pp. 1253–1262.
[29] M. Steel, The complexity of reconstructing trees from qualitative characters and subtrees, J.

Classification, 9 (1992), pp. 91–116.
[30] D. Swofford and G. Olsen, Phylogeny reconstruction, in Molecular Systematics, D. M. Hillis

et al., eds., Sinauer Associates, Sunderland, MA, 1990, pp. 411–501.
[31] N. Takahata, Gene genealogy in three related populations: Consistency probability between

gene and population trees, Genetics, 122 (1989), pp. 957–966.
[32] M. Waterman and T. Smith, On the similarity of dendrograms, J. Theoret. Bio., 73 (1978),

pp. 789–800.
[33] C.-I. Wu, Inference of species phylogeny in relation to segregation of ancient polymorphisms,

Genetics, 127 (1991), pp. 429–435.
[34] L. Zhang, On a Mirkin-Muchnik-Smith conjecture for comparing molecular phylogenies, J.

Comput. Bio., 4 (1997), pp. 177–188.


