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Abstract. It is often impossible to sequence all descendent genomes to
reconstruct an ancestral genome. In addition, more genomes do not neces-
sarily give a higher accuracy for the reconstruction of ancestral character
states. These facts lead to studying the genome selection for reconstruc-
tion problem. In this work, two greedy algorithms for this problem are
proposed and tested on computer simulation data as well as a biological
example.

1 Introduction

With more and more genomes having been sequenced, reconstructing ancestral
proteins and genomic sequences becomes a popular approach for understanding
the molecular origins and evolution of key components of virus, bacteria and
eukaryotic organisms. Ancestral protein sequences for ribonuclease [8I21], Tu
elongation factors [7], and steroid receptors [I7] have been reconstructed and
validated experimentally. Partial or complete DNA sequences for the common
ancestor of placental mammals [IJI1], HIV [6], and the 1918 flu virus [I5] have
also been constructed.

Parsimony, maximum likelihood and Bayesian methods are used for the re-
construction of ancestral protein or DNA sequences (see [4] for details of these
methods). The reconstruction accuracy of these methods has been assessed by
both theoretical analysis [I3JT9T4] and random simulation [20/TJ2IT8]. These
analyses indicate that the topology of the phylogenetic tree relating the extant
genomes to the target ancestral genomes affects the reconstruction accuracy sig-
nificantly. For example, a starlike phylogeny allows the ancestral character states
to be more accurately inferred than other topologies [I4/3] although the actual
situation is much more complicated [10]. Intuitively, more genomes should give
better reconstruction accuracy at the root of a phylogeny. However, this is not
always true even for a simple method like parsimony. Recently, we have shown
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that, in many phylogenetic trees, the accuracy of the ancestral state in the root
reconstructed with all the genomes is smaller than the accuracy of the ancestral
state reconstructed with only one genome (Refer to Section 3, and also see [9]
for details). This motivates us to study the following computational problem:

Given a phylogeny P on a set of genomes, an integer k and a reconstruc-
tion method M, find a subset of k genomes in the phylogeny that gives
the highest accuracy of reconstructing the ancestral genome at the root
of the phylogeny, using method M.

Another motivation for studying this problem is that, due to resource constraint,
it is often impossible to sequence all the extant genomes that are evolved from the
target ancestral genome. In this paper, we study the above genome selection for
reconstruction problem. We develop two greedy algorithms for it and test them
with the Fitch method on random simulation data as well as a biological example.

The rest of this paper is divided into six sections. In Section 2, we briefly
introduce the Fitch method and its accuracy analysis in a simple Jukes-Cantor
model. In Section 3, we demonstrate that more genomes are not necessarily bet-
ter in accuracy for reconstructing an ancestral genome. In Section 4, we present
two greedy algorithms for the genome selection for reconstruction problem. In
Section 5, we test our algorithms against random phylogenetic trees. In Section
6, we examine a biological example. In Section 7, we conclude the paper with a
few of remarks.

2 Parsimony Methods and Its Accuracy

2.1 A Simple Jukes-Cantor Evolutionary Model

Given the phylogenetic tree for a group of species, we assume that the character
evolves by a Markov process, starting with a state at the root and proceeding
to the leaves node by node. The probability that a node = receives a state ¢,
depends only on its parent node p and the conditions along the branch from p to
x. The evolutionary model specifies the probability that a character c evolves to a
character d on a branch from p to z as a conditional probability Pr[s, = d|s, = c|.
Here, we consider a simple Jukes-Cantor model. In this symmetric model, there
are only two states, say 0 and 1, and the probability of a substitution change of
any sort on any branch would be the same.

2.2 Parsimony Reconstruction Method

For reconstructing character evolution, parsimony methods assign to each inter-
nal node those states that allow for the fewest number of substitutions through-
out the tree. In this paper, we study the genome selection for reconstruction
problem with respect to the parsimony method proposed by Fitch [5]. This par-
simony method assigns a set of states to each node one by one downward through
the tree, starting with the leaves and using the subsets previously computed for
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the node’s children. For each leaf node, the observed state forms the state set.
Assume A is an internal node with children B and C'. The following rule is used
to compute the state subset S from the state subsets S and S¢:

S, = SBUSC Zf SBmSC:¢7
AT 18NS if SgNSc #¢.

The state set at the root contains all the possible states that will be assigned
to it. We say that the method unambiguously reconstructs a state at the root
if the state set contains only that state and ambiguously reconstructs a state if
the state set contains both 0 and 1.

Note that the method presented in [I3] (see also [I2]) reconstructs the states
of the internal nodes based on the information from all the leaf nodes, which is
a little bit more complicated than the method described above. As far as the
accuracy of the root is concerned, it gives the same state set as the method
described above and hence has the same reconstruction accuracy at the root.

2.3 Reconstruction Accuracy

Assume the character evolves in a phylogeny with the root A according to a
probabilistic evolutionary model. The evolutionary model specifies a prior prob-
ability for each state at A. When we say D is a state configuration at the leaves,
we mean that it contains a state for each leaf in the phylogenetic tree. For a
state ¢ and a state configuration D at the leaves, we let P[D]c] to denote the
probability that the state ¢ at the root evolves into the states given by D at the
leaves in the phylogeny. Then the reconstruction accuracy of a method M is

accurucy Z prlor | ] (C7 D7 M)’

where I(c, D, M) = 1 if the method M reconstructs ¢ correctly from D at the
root and 0 otherwise.

In this paper, we consider a symmetric evolutionary mode with two states 0
and 1. Hence, the reconstruction accuracy is independent of the prior distribution
of the states. The unambiguous reconstruction accuracy of the Fitch method is

Paccuracy - ZP[D‘O]I(O,D7M) = ZP[DH]I(LD,M)

There are three different state subsets {0}, {1} and {0,1} with two states 0
and 1. For a state set t, and a state s, we use Py/[t|s] to denote the probability
that the state set t is computed at the node N by the Fitch’s method given the
true state s at V. It is not hard to see that Puccuracy = Pa[{0}|0] = Pa[{1}[1].

At a leaf x with observed state s, we have

Po[{s}s] =1, Pu[{s'}s] = Px[{0,1}|s] =0
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for s # s. Let N be an internal node with the children L and R. Then, for
c,d=0,1,

Py [{d}|c]

=20 y—oa PrlsL = zlsn = | Pr[sr = y|sn = | PL[{d}|2] Pr[{d}|y]
+Zz,y:0,l Pr[s; = z|sy = ] Pr[sr = y|sy = ]
x{PL[{d}|z]Pr[{0, 1}|y] + PL[{0, 1}|z] Pr[{d}|y]}

and
Py[{0,1}]c] = 1 — Pn[{0}[c] — Pn[{1}|c].

The above recurrence relations give immediately a dynamic programming ap-
proach for computing the reconstruction accuracy of the Fitch’s method, which
is used in our analysis in the rest of this paper. Such a method first appeared
in [13].

The ambiguous reconstruction accuracy of the method takes the ambiguous
state into consideration and is defined as

PA—accuracy = Pa[{1}]1] + ;PA[{Oa 1}1]

where the first term is the unambiguous reconstruction accuracy and the second
term in the expression simply says that, when either state 0 or 1 is equally
parsimonious as a root state, we select either state with equal probability.

3 More Genomes Are Not Necessarily Better

Counterintuitively, more genomes do not necessarily give better reconstruction
even for the parsimony methods [9]. The reason is that the reconstruction ac-
curacy is highly sensitive to the topology used for the reconstruction and more
genomes may introduce more noise in the reconstructed ancestral state. For com-
pleteness, we briefly summarize the partial results proved in [9] in this section.

We first consider the complete phylogenetic trees. Let T' be the complete phy-
logeny with 4 leaves shown in Figure [[[(a). We assume the conservation proba-
bility is p on any branch in 7" and ¢ = 1 — p. For each node N, we denote the
true state at N by sy. Then, the conservation probability on each path from
the root to a leaf is

Ppath
= Prs; = 1]sa = 1]
=Pr[sp = 1|sa = 1| Pr[s, = 1|sp = 1] + Pr[sp = 0]|sa = 1]
x Pr[s, = 1|sp = 0]
=p*+ ¢,
where we assume z is a leaf below the node B.
Let tn be the reconstructed state set at a node N. For V = B,C and s,s’ =
0,1,
@ if ty ={s'} and s’ # s,
Pr[ty|V =s] =< p? if ty ={s'} and s’ = s,
2pq if tv ={0,1}.
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Fig.1. (a) The complete phylogeny with 4 leaves; (b) The path topology; (c¢) The
A-shape topology; (d) The Y-shape topology; (e) The W-shape topology

By this formula, the unambiguous reconstruction accuracy of using all the four
taxa is

Pwhole
= Pr[tA = {1}|SA = 1]
=2 s yeony PrlsB = zlsa = 1] Pr[sc = y|sa = 1]Prltp = {1}[sp = ]
x Prltc = {1}|sc = y]
—|—Zz’y€{0’1} Prsp = z|sa = 1] Pr[sc = y|sa = 1]
x{Prtg = {1}|sp = z] Pr[tc = {0, 1}|sc = ]
T+ Prftp = {0, 1}ss = 2] Pritc = {1}]sc = o]}
= (0° +¢° + 2°¢%) + 2[2p°q + 2pg° + 2p°¢" + 2p"¢°
=+ ¢*) +4p°a(° + ¢*) + p’ (P* + ¢*)]
= (@’ +¢* —pg)(1 + pg).

Since
Ppath - Pwhole

= (p* +¢*) — (0* + ¢ = pa)(1 + pq)

= —(p* + ¢*)pa + pa(1 + pq)

= 3p*¢>.
we have Ppatn, > Pyhole unless p = 0,1. Similarly, we can also show that the
unambiguous reconstruction accuracy of using the topologies in Figure [l(c),
[I(d) and[Ie) is smaller than Ppgyp,.

To find out how often the accuracy of using the whole phylogenetic tree to
reconstruct ancestral character states at the root is smaller than the conservation
probability on a path from the root to a leaf, we conducted simulation test by
generating random phylogenetic trees in the Yule model.

In the Yule model, a random phylogenetic tree grows recursively from a single
root node. In each step, one leaf in the current tree is selected to add two children
with equal probability. The procedure repeats until a phylogenetic tree with the
required number of leaves is generated.

For each set (N,p) of parameters, we generated five thousand random phy-
logenetic trees and count how many trees have the reconstruction accuracy less
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Fig. 2. (a) The number of the random phylogenetic trees in which the unambiguous
reconstruction accuracy from the longest (triangle line) or shortest (dot line) path is
better than the unambiguous reconstruction accuracy from the whole phylogeny. (b)
The unambiguous reconstruction accuracy of the whole tree (dot curve), shortest path
(triangle curve) and longest path (square curve).

than the conservation probability on the shortest or longest path from the root
to a leaf. Here, N denotes the number of leaves in the random trees and is set to
nine, fifteen, or twenty; p represents the conservation probability on each branch
and is set to 0.5 4+ 0.017 for each 0 <7 < 49.

Figure 2(a) shows the number of randomly-generated phylogenetic trees in
which the conservation probability on the shortest path or longest path is larger
than the reconstruction accuracy of using the whole tree. When the conservation
probability p on each branch is in the range of 0.5 and 0.8, the conservation
probability on the shortest path to some leaf is better in most of the trees.
When p exceeds 0.9, the number of ‘bad’ trees decreases rapidly. Figure 2I(b)
shows sampled reconstruction accuracy of these three different reconstructions.

We show the fact the more genomes do not always give better unambiguous
reconstruction accuracy in some phylogenetic trees. This observed fact also holds
for the ambiguous reconstruction accuracy [9.

4 Algorithms for Genome Selection

The counterintuitive observation in above section and the fact that limited re-
source prohibits one to sequence all the descendent genomes for ancestral recon-
struction motivate us to study the genome selection for reconstruction problem.
Formally, this problem is defined as

Genome selection for reconstruction
Instance: A phylogenetic tree P on a set of n genomes, a number k and a recon-
struction method M.
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Question: Find k genomes in P that allows the ancestral character states at the
root of P to be reconstructed with the maximum accuracy, using method M.

Since the reconstruction accuracy depends on both the topology of the given
phylogeny and the conservation probability of each branch, the genome selection
for reconstruction problem is unlikely polynomial-time solvable although its NP-
hardness is not proved yet. In the rest of this section, we present two greedy
algorithms for it.

4.1 Forward Greedy Algorithm

The forward greedy algorithm selects the k& genomes one by one based on accu-
racy increment. Initially, the algorithm chooses the genome that has the shortest
evolutionary distance from the root. In each of the following k& — 1 steps, the al-
gorithm selects a genome that gives the maximum increment on reconstruction
accuracy. In summary, the forward greedy algorithm can be described as follows:

FORWARD GREEDY ALGORITHM

1. Set S« ¢;

. Add the nearest genome to S;

3. For i=1,2,---,k—1 do {
for each genome g not in S, compute the accuracy A,
of the reconstruction by applying M to SU{g};
Add ¢g to § if A, is the maximum over all gs;

}

4. Output S.

N

4.2 Backward Greedy Algorithm

The backward greedy algorithm removes n—k genomes one by one by considering
the accuracy decrease. Initially, there are n genomes. In each of n — k steps,
the algorithm selects a genome whose removal leads to the least decrease in
reconstruction accuracy.

BACKWARD GREEDY ALGORITHM

1. Let S contain all the genomes in the phylogeny;

2. For i=1,2,---,n—Fk do {
for each genome g in S, compute the accuracy A,
of the reconstruction by applying M to S —{g};
Remove g from S if A, is the maximum over all g’s;

}

3. Ouput S.

Since the backward greedy algorithm starts from the full phylogeny, it is not hard
to see that the backward greedy algorithm is not efficient as the forward greedy
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algorithm especially when reconstruction method such as the maximum likelihood,
is used. However, as we will see below, this method has better performance.

5 Simulation Test

To evaluate the performance of the forward and backward greedy algorithms,
we apply them with the Fitch method on random phylogenetic trees generated
in the Yule model. For p = 0.75,0.80, 0.85,0.90,0.95,0.99 and N = 9, 16, we re-
spectively generated one hundred balanced and one hundred imbalanced random
trees with N leaves using the method described in the previous section.

For each random tree with nine leaves, we apply the two greedy algorithms to
find a three-leaf subset and a six-leaf subset; for each random tree with sixteen
leaves, we apply the two greedy algorithms to find a five-leaf subset and a ten-leaf
subset. The accuracy of reconstructing the character states at the root using the
found subset is computed and compared with the optimal accuracy over all the
subsets containing the desired number of genomes and the accuracy of using all
the genomes. Figure[3 shows the average accuracies from different algorithms on
one hundred balanced random trees. The left bar graph is the average accuracy
of six-leaf subsets from the balanced random phylogeny with nine leaf nodes, and
the right bar graph is the average accuracy of ten-leaf subsets from the balanced
random phylogeny with sixteen leaf nodes. The performance of the greedy algo-
rithms on the imbalanced trees with p < 0.9 is generally better (data not shown
here due to space limitation), which is consistent with the results in Section 3.

I Forward Il Forward
[ Backward M [l Backward ml
0.8/ [ Exhaustive i 1 0.8 [ Exhaustive
C_JFul L JFull
0.61 4 0.6r
0.4 : 0.4
02f 1 02f
0 - L 0 il |
0.75 0.8 0.85 0.9 0.95 0.99 0.75 0.8 0.85 0.9 0.95 0.99

Fig. 3. The left and right bar graphs summarize the average reconstruction accuracy of
the subsets found by the two algorithms against the optimal accuracy on the randomly
generated phylogenetic trees with nine and sixteen leaves respectively

In these tests, the algorithms can identify subsets of genomes that result
in better reconstruction accuracy than obtained using all genomes in the tree.
When the conservation probability p = 0.75, the accuracy from the backward
greedy algorithm on the three-leaf subset of the nine-leaf phylogeny is always
better than the accuracy from the full phylogeny (data not shown). As the
conservation probability increases, the greedy algorithms obtain better accuracy
less frequently.
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Both tests also indicate that the backward greedy algorithm yields higher re-
construction accuracy than the forward greedy algorithm in about 80% random
trees. But, as we mentioned earlier, the drawback of the backward greedy algo-
rithm is that it is time-consuming, especially when the phylogenetic tree is large
and maximum likelihood or a Bayesian method is used for reconstruction.

Furthermore, Figure [3] shows that, on average, the accuracy from the greedy
algorithms are comparable to, if not better than, the accuracy from the full
phylogeny. This provides the support for selecting a subset of the genomes to
reconstruct the ancestral genomes when there are resource constraints and we
can not sequence all the extant genomes in the domain of interest.
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Fig. 4. Average accuracy under different tree heights. The left and right bar graphs
summarize the average unambiguous reconstruction accuracy and ambiguous recon-
struction of the subsets found by the two algorithms against the optimal accuracy
from exhaustive search on the randomly generated phylogenetic trees with three-leaf
subsets on nine-leaf phylogeny respectively. The x-axis is the height of the trees and
the y-axis is the average accuracy under the individual heights.

We also generated random trees with different heights using Evolver in the
PAML package (http://abacus.gene.ucl.ac.uk/software/paml.html). We consid-
ered the trees with nine and sixteen leaves. The parameters used to generate the
trees are: 10 for Birth rate, 5 for Death rate, 1 for Sampling fraction, and 0.1, 0.2,
0.5, 1, 2, 5 for height. The height means the sum of the branch lengths from the
root to all leaf nodes. For each possible conbination of parameter values, we gen-
erated one hundred random trees and estimated the transition probability along
each branch using the Jukes-Cantor model. The left panel of Figure ] shows the
average unambiguous reconstruction accuracy for different heights. The right
panel of Figure [ shows the average ambiguous reconstruction accuracy for dif-
ferent heights. In both cases, the solutions output by our greedy algorithms are
near optimal. Note also that, for ambiguous reconstruction accuracy, the back-
ward greedy algorithm outperforms the forward greedy algorithm.

Unlike the unambiguous reconstruction accuracy, the ambiguous reconstruc-
tion accuracy from the full phylogeny is better on average, indicating that more
genomes introduce more noise. It seems true that more genomes always result
in higher ambiguous reconstruction accuracy in an ultrametric phylogenetic tree
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Fig. 5. A phylogenetic tree in the reconstruction of the Boreoeutherian ancestor and
the unambiguous reconstruction accuracies of the greedy algorithms on this tree. In the
left graph, the branch lengths are the substitution rate. In the right graph, the solid line
with triangles represents the accuracies from the forward greedy algorithm, the dashed
line with squares represents the accuracies from the backward greedy algorithm, and
the dotted line with diamonds represents the accuracies from the exhaustive search.

in which all the paths to a leaf have the equal height. However, it is not known
how to prove this hypothesis.

6 A Biological Example

We consider the reconstruction of the so-called Boreoeutherian ancestor where a
rapid radiation of many different lineages occurred. We applied the both forward
and backward algorithms to the phylogeny shown in Figure [ (see [16]). Among
the sixteen extant species of this phylogenetic tree, the genomes of human, chimp,
macaque, rat, mouse, and dog have been sequenced for the first time; other
genomes have been partially sequenced.

In this example, we examined the expected accuracy of the reconstruction of
the four nucleotides on each base in the Boreoeutherian ancestor. The branch
weight in the phylogeny is the substitution rate. Therefore, under the Jukes-
Cantor model, we assume that, for each branch, the conservation probability
is one minus the branch weight and the probability of one nucleotide replacing
another is one third of the substitution rate. Since the true ancestral nucleotide
residues are unknown at the Boreoeutherian ancestor, it is impossible to obtain
the true reconstruction accuracy. As a result, we calculated the expected recon-
struction accuracy using the formula stated in Section 2.3. (Here, we considered
four states, rather than two states in the model used in section 2 and section 3.)

For each of k from one to sixteen, the reconstruction accuracy obtained using k
genomes, estimated by the greedy algorithms, are compared in Figure Bl When
k = 1,2, the forward greedy algorithm performed similarly to the exhaustive
search algorithm. When k& = 3, all three algorithms obtained similar accuracy.
When k > 3, the performance of the backward greedy algorithm is similar to
the exhaustive search algorithm, and the performance of the forward greedy
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algorithm is worse. For example, when k = 8, the backward algorithm output the
following genomes: human, dog, galago, mouse, rabbit, dog, armadillo, elephant,
leading to the unambiguous reconstruction accuracy as high as 93.6%, which is
quite near the accuracy 94.6% obtained using the full phylogeny.

7 Conclusion

It is well known that parsimony method is not consistent when the branches are
long more characters do not lead to the right phylogeny (see Chapter 9 of [4]
for details). Here, we observe that more genomes are not necessarily better in
the reconstruction of ancestral character states with a given phylogeny, giving a
complementary example in which more data is not necessarily better.

Motivated by the above counterintuitive result and the impossibility of se-
quencing all the descendent genomes for ancestral genome reconstruction, we
have studied the genome selection for reconstruction problem in this work. We
proposed two greedy algorithms for the problem and tested them with simula-
tion data. The experiment results showed that, in most of the cases, the accuracy
from the greedy algorithms is comparable to the highest accuracy of using the
same number of genomes; it is also comparable to, if not better than, the ac-
curacy of using all the genomes in the full phylogeny. In general, the forward
algorithm is more straightforward, but has poor performance compared with the
backward greedy algorithm.

We also tested our algorithms on the reconstruction of the Boreoeutherian an-
cestor of the placental mammals. The test shows that using only eight genomes
identified by the backward greedy algorithm, an expected reconstruction accu-
racy of 93.6% can be obtained. It is quite close to the accuracy obtained with
the full phylogeny, namely 94.6%. This indicates that selecting the genomes for
ancestral genome reconstruction is also practical.
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