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Abstract. This paper studies the algorithmic issues of the spanning star forest problem. We
prove the following results: (1) There is a polynomial-time approximation scheme for planar graphs;
(2) there is a polynomial-time 3

5
-approximation algorithm for graphs; (3) it is NP-hard to approxi-

mate the problem within ratio 259
260

+ ε for graphs; (4) there is a linear-time algorithm to compute the

maximum star forest of a weighted tree; (5) there is a polynomial-time 1
2
-approximation algorithm

for weighted graphs. We also show how to apply this spanning star forest model to aligning multiple
genomic sequences over a tandem duplication region.
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1. Introduction. A star is a tree in which some vertex is incident to each of
the edges in the graph. Let G be a graph. A spanning star forest SFG of a graph
G is a spanning subgraph of G in which each connected component is a star. The
size of SFG is defined to be the number of edges in SFG; if G is weighted, the size of
SFG is defined to be the sum of the weights of all edges in SFG. Even in a graph,
spanning star forests may have different sizes. As in any forest, the size of a spanning
star forest of a graph G is equal to the number of vertices of G minus the number of
stars in the star forest. We call the vertex that is incident to all edges the center of a
star. A subset of vertices dominates G if every other vertex is adjacent to at least one
vertex in the subset. It is not hard to see that the centers of the stars in a spanning
star forest form a dominating set for G. Hence, finding a maximum spanning star
forest of a graph is equivalent to finding a smallest dominating set. The latter is a
fundamental problem in algorithmic graph theory.

Although the size of a spanning star forest of a graph and its relationship to
the dominating number have been observed [13], the problem of finding a maximum
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spanning star forest of a graph has yet to be well studied. Our work focuses on this
algorithmic problem.

Our motivation for studying this problem comes from aligning multiple genomic
sequences, a basic bioinformatics task in comparative genomics. A speciation is an
evolutionary process that creates new species. Two genes from different species are
orthologous if they diverged as the result of a speciation event. A duplication is an
evolutionary event in which a genomic segment is copied and inserted at a different
position. Two related genes could have diverged due to an intraspecies duplication
event. To perform comparative genome analysis, it is desirable to produce a multi-
species orthologous alignment, in which there is at most one row of sequence from
a given species in each alignment block. The many-to-many orthologous relation-
ships among duplicated genes causes a dramatic explosion of the alignment size when
the multispecies alignment contains all combinations of pairwise orthologous relation-
ships [16].

Currently, there are no good solutions to aligning duplication-rich genomic re-
gions. The existing threaded blockset aligner (TBA) program screens out duplicated
alignments and thus is not able to capture all pairwise orthologous relationships in a
duplicated-gene cluster [7]. For example, using TBA, each human alpha-globin gene
is aligned to only one rat alpha-globin gene, despite the fact that a human alpha-
globin gene is actually orthologous to several rat alpha-globin genes, and those other
alignments are lost. To control the size of the computed alignment blocks while guar-
anteeing the alignment quality, we propose to define a so-called alignment graph using
the pairwise similarity of the given sequences and then utilize a maximum spanning
star forest of the resulting alignment graph as a guide for building alignment blocks
(see section 5 for details).

In addition, the spanning star forest problem has potential application in com-
parison of phylogenetic trees [6]. A directed star is defined to be outward if all arcs
are from the center to a leaf. The directed version of the spanning star forest problem
is, given a directed graph, to find a maximum spanning subgraph in which each con-
nected component is an outward star. Such a directed version of the spanning star
forest problem arises from the diversity problem in the automobile industry [1].

The dominating set problem is a well-known NP-hard problem. Because of this,
the problem of finding a maximum spanning star forest is NP-hard in general but is
polynomial-time solvable for trees and has a polynomial-time approximation scheme
(PTAS) for planar graphs, as indicated in section 3.1. In section 3.2, we also present
a polynomial-time algorithm of approximation ratio 3

5 for any graph. On the other
hand, we prove in section 3.3 that it is NP-hard to approximate the problem within
ratio 259

260 + ε for any small ε > 0.

For weighted graphs, the spanning star forest problem is not equivalent to the
dominating set problem. In section 4, we present a dynamic programming algorithm
for weighted trees; we also give a simple polynomial-time algorithm of approximation
ratio 1

2 for arbitrary weighted graphs.

Finally, in section 5, we show how to apply this spanning star forest model to
aligning multiple genomic sequences over a duplicated region.

2. The spanning star forest problem. In this paper, we consider simple
graphs that are undirected and connected, weighted or unweighted. We simply say
that G is a graph if it is unweighted. A star is a tree having a vertex (called the
center) incident to each of all edges in the graph. The center of a star S has the
maximum degree. If a star has only two vertices, either vertex can be its center. A
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948 NGUYEN, SHEN, HOU, SHENG, MILLER, AND ZHANG

star forest is a graph in which each component is a star.
Star forests have previously appeared in the literature on star arboricity [2]. The

star arboricity of a graph G is the minimum number of star forests whose union
contains all edges of G. Bounds on star arboricity have been established for several
classes of graphs including planar graphs [3, 4, 11, 14].

The size of a graph G is the number of edges in G, and it is the sum of the edge
weights if G is weighted. A spanning star forest of a graph G is a star forest that
contains all the vertices of G. Different spanning star forests of G may have different
sizes. In the rest of paper, we study the following algorithmic problem:
Spanning Star Forest.
Instance: A (unweighted or weighted) graph G = (V,E).
Objective: Find a spanning star forest of G that has the largest size.

As we shall prove in the next section, this problem is NP-hard. Hence, we shall
focus on developing approximation algorithms for it. An approximation algorithm for
the spanning star forest problem has approximation ratio r < 1 if it always outputs a
spanning star forest of size at least r · OPTsf (G) given a graph G, where OPTsf (G)
is the maximum size of a spanning star forest of G. We call such an algorithm an
r-approximation algorithm.

3. Algorithms for unweighted graphs.

3.1. Spanning star forest and dominating set. The dominating set is one of
the most important concepts in graph theory [15]. Given a graph G = (V,E), a subset
of vertices D ⊆ V is called a dominating set if, for every v ∈ V −D, there is at least
one vertex u ∈ D that is adjacent to it, i.e., (u, v) ∈ E. Assume D = {v1, v2, . . . , vk}
is a k-vertex dominating set of G. For each u ∈ V − D, we select a unique vertex
vu ∈ D such that (u, vu) ∈ E and associate the edge (u, vu) to vu. For each d ∈ D, all
the associated edges of the form (v, d) give rise to a star Sd centered at d. Trivially,
∪d∈DSd is a spanning star forest of G. As in any spanning forest of d components,
there are n − d edges in ∪d∈DSd, where n is the number of vertices in G. Note that
from a dominating set, one may construct different spanning star forests with the
same size.

Conversely, given a spanning star forest F of size k of G, the centers of the stars
in F form a dominating set that contains n − k vertices. In summary, we have the
following simple fact.

Lemma 3.1. Let the largest size of a spanning star forest of a graph G be denoted
by α(G) and the domination number of G be denoted by γ(G). Then, α(G) = n−γ(G),
where n is the order of G.

This implies that finding a maximum spanning star forest of a graph is equivalent
to finding a minimum dominating set. Therefore, as the dominating set problem [10],
the spanning star forest problem can be solved in linear time for trees. The lemma
also implies the following result.

Theorem 3.2. The spanning star forest problem has a PTAS for planar graphs.
Proof. Recall that γ(G) denotes the dominating number of a graph G. Since the

dominating set problem has a PTAS for planar graphs [5], for any small ε > 0, there
is a polynomial-time algorithm Aε of approximation ratio (1+ ε) for the problem. We
first obtain a dominating set Dε of at most (1 + ε)γ(G) vertices by applying Aε to G.
Then, we construct a spanning star forest Fε from Dε as described before Lemma 3.1.
Since γ(G) ≤ n

2 (Ore theorem; see [15], for example), by Lemma 3.1, Fε has size

n− |Dε| ≥ n− (1 + ε)γ(G) ≥ (1 − ε)(n− γ(G)) = (1 − ε)α(G).
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Thus, Fε is a (1 − ε)-approximation solution of the spanning star forest problem
for G.

3.2. A 3
5
-approximation algorithm. In this subsection, we mainly present a

polynomial-time 3
5 -approximation algorithm using a known upper bound on the size

of a dominating set in a graph.
Theorem 3.3. If there is a polynomial-time algorithm that finds a dominating

set of at most ( 1
2 − ε)n vertices given an n-vertex graph of minimum degree at least 2,

then there is a polynomial-time ( 1
2 + ε)-approximation algorithm for the spanning star

forest problem.
Proof. Let A be the algorithm that outputs a dominating set of at most (1

2 − ε)n
vertices given an n-vertex graph of minimum degree 2. Consider a graph G. A vertex is
called a support vertex if it is adjacent to some degree-1 vertices. Suppose G contains
l degree-1 vertices. For simplicity, we first assume that G contains an even number of
support vertices u1, u2, . . . , u2k, k ≥ 0. Obviously, l ≥ 2k. We first construct a graph
H from G by removing all the degree-1 vertices and adding k vertices v1, v2, . . . , vk
and the following 2k edges

(u2i−1, vi), (u2i, vi), 1 ≤ i ≤ k.

Then, H has n − l + k vertices of degree at least 2. Applying A to H, we obtain a
dominating set DH of at most ( 1

2−ε)(n−l+k) vertices. Now we construct a dominating
set DG of G as follows: for each i, if vi ∈ DH , we remove vi from DH and add u2i−1

and u2i into the set; if vi �∈ DH , then at least one of u2i−1 and u2i is in DH , and we add
the other into the set. In other words, DG = (DH−{v1, v2, . . . , vk})∪{u1, u2, . . . , u2k}.
It is easy to verify that DG is a dominating set. By the construction of DG, its size
is at most

(3.1) |DH | + k ≤
(

1

2
− ε

)
(n− l + k) + k ≤

(
1

2
− ε

)
n +

(
1

2
+ ε

)
k

since l ≥ 2k. This implies that a spanning star forest F of G can be obtained from
DG with at least

(3.2) n− |DG| ≥ n−
[(

1

2
− ε

)
n +

(
1

2
+ ε

)
k

]
>

(
1

2
+ ε

)
(n− 2k)

edges. Since any dominating set of G must contain each support vertex or its degree-1
neighbors, γ(G) ≥ 2k, and hence α(G) ≤ n − 2k. Therefore, F contains at least
( 1
2 + ε)α(G) edges. This has proved that A can be extended into a ratio-(1

2 + ε)
approximation algorithm for the spanning star forest problem.

When G contains an odd number of support vertices u1, u2, . . . , u2k+1, k ≥ 1,
we modify the construction of H presented above by adding two new vertices xk+1

and xk+2 and three edges (u2k+1, xk+1), (xk+1, xk+2), (xk+2, u2k+1). Now, H has
n− l+k+2 vertices. We derive dominating set DG of G from the output dominating
set DH from the algorithm as

DG = (DH − {v1, v2, . . . , vk, xk+1, xk+2}) ∪ {u1, u2, . . . , u2k+1}.

The size of DG is at most |DH | + k and the inequalities (3.1) and (3.2) become

|DH | + k ≤
(

1

2
− ε

)
(n− l + k + 2) + k ≤

(
1

2
− ε

)
(n + 1) +

(
1

2
+ ε

)
k
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and

n− |DG| ≥ n−
[(

1

2
− ε

)
(n + 1) +

(
1

2
+ ε

)
k

]
>

(
1

2
+ ε

)
(n− 2k − 1),

respectively. Since α(G) ≤ n− 2k − 1, we have that the corresponding spanning star
forest F contains at least ( 1

2 + ε)α(G) edges. Hence, the theorem also holds in this
case.

Theorem 3.4. There is a 3
5 -approximation algorithm for the spanning star forest

problem.
Proof. McCuaig and Shepherd proved that any n-vertex graph of minimum de-

gree 2 has a dominating set of size at most 2
5n for any n ≥ 8 (see [18]). We demonstrate

that such a dominating set can be found in polynomial time by giving a different con-
structive proof of their theorem (see Appendix A). Hence, by Theorem 3.3, there is a
polynomial-time algorithm of approximation ratio 1

2 + 1
10 = 3

5 for the problem.
The above result could be improved by using a better upper bound on γ(G)

for graphs G with large minimum degree δ(G). If δ(G) ≥ 7, γ(G) ≤ |VG|[1 −
δ(G)( 1

δ(G)+1 )1+1/δ(G)] (Theorem 2.8 in [15]). Although such a bound is not true for

δ(G) = 3, γ(G) ≤ 3
8 |VG| if δ(G) ≥ 3 (see [19]). If there is a polynomial-time algorithm

that, given a graph of minimum degree at least 3, always outputs a dominating set
of at most α|VG|, 3

8 ≤ α < 2
5 , the following theorem implies a better approximation

algorithm.
Theorem 3.5. Let 3

8 ≤ α < 2
5 . If there is a polynomial-time algorithm that finds

a dominating set of at most αn vertices given an n-vertex graph of minimum degree
at least 3, then there is a polynomial-time ( 4

5 − 1
2α)-approximation algorithm for the

spanning star forest problem.
Proof. Let G = (V,E) be a graph with n vertices, where n ≥ 8. We denote

the subset of vertices of degree i by Vi, and hence V = ∪iVi. First, we construct a
maximal subset A1 ⊆ V1 such that the distance between any two vertices in A1 is
at least 3. Recall that a vertex is called a support vertex if it is adjacent to some
degree-1 vertices. It is easy to see that each support vertex is adjacent to a unique
vertex in A1. We next construct an A2 ⊆ V2 having the following property:

(i) Any pair of vertices in A1 ∪A2 has distance at least 3; and
(ii) A2 is maximal; i.e., A2∪{u} does not satisfy condition (i) for any u ∈ V2−A2.
Such a subset can be constructed recursively in polynomial time. Initially, we set

A2 = φ and add the vertices in V2 one by one to A2 subject to condition (i).
Let aj denote the number of vertices in Aj , j = 1, 2. By condition (i), no vertex

in G can dominate more than one vertex in A1 ∪A2. Thus,

(3.3) γ(G) ≥ a1 + a2.

For each vertex u, we use N(u) to denote the set of its neighbors. Define Bj =
∪u∈AjN(u), j = 1, 2. By the above observation, B1 is identical to the set of the
support vertices and |B1| = |A1| = a1. Hence, for each u ∈ V1 −A1, there is a unique
v ∈ A1 such that the distance d(u, v) between u and v is 2.

Since no two vertices in A2 have a common neighbor, |B2| = 2a2. By the max-
imality property of A2, for each u ∈ V2 − A2, there is some v ∈ A1 ∪ A2 such that
d(u, v) ≤ 2. If d(u, v)=1, then u ∈ B1 ∪B2. If d(u, v) = 2, then u is adjacent to some
vertex in B1 ∪B2. This implies that the disjoint union B1 ∪B2 dominates V1 ∪ V2.

Now, we construct from G a graph G′ such that δ(G′) ≥ 3 as follows.
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Step 1. Delete all the degree-1 vertices. For simplicity, we assume that 3 divides
|B1|. Partition B1 into groups of 3 vertices each. For each group of vertices x, y, z, we
add a new vertex uxyz and three edges uxyzx, uxyzy, and uxyzz. We also add edges
xy, yz, and zx if any of them is not in G. In this way, x, y, x, uxyz all have degree at
least 3. After the completion of step 1, the number of vertices in the resulting graph
is

n− |V1| +
|B1|
3

≤ n− |B1| +
|B1|
3

= n− 2a1

3
.

Step 2. Add edge uv if it is not in G for every u, v ∈ V2 − A2. This makes each
vertex in V2−A have degree at least three if |V2−A2| ≥ 4. (In case 0 ≤ |V2−A2| ≤ 3, in
the argument below D∪B1∪V2 would be a dominating set of G, and so the right-hand
side of inequality (3.4) would be replaced by αn + 2

3 (1 − α)a1 + 1
3 (1 − α)a2 + 3.)

Step 3. Delete all vertices in A2. For simplicity, again, we assume that 3 divides
|B2|. Partition B2 into groups of 3 vertices each. For each group of three vertices
x, y, z, add a new vertex uxyz and three edges uxyzx, uxyzy, and uxyzz. We also add
edges xy, yz, and zx if any of them is not in G. As a result, x, y, z, uxyz all have
degree at least 3. After this step is done, the resulting graph G′ has at most

n− 2a1

3
− a2 +

|B2|
3

= n− 2a1

3
− a2

3

vertices and δ(G′) ≥ 3.
By applying the polynomial-time algorithm to G′, we obtain a dominating set D′

of size at most (n− 2a1

3 − a2

3 )α. Since B1∪B2 dominates V1∪V2, D
′∪B1∪B2 induces

a dominating set D1 for G: For each group x, y, z in steps 1 and 3, if uxyz is in D′,
we replace it with x, y, z. The resulting dominating set D1 is of size at most

(3.4) |D′| + 2(|B1| + |B2|)
3

≤ αn +
2(1 − α)

3
a1 +

4 − α

3
a2.

Notice that B1 is the set of support vertices and |B1| = a1. Applying inequality
(3.1) with the McCuaig–Shepherd bound (1

2 − ε = 2
5 , k = a1

2 ), we can also obtain a
dominating set D2 of size at most 2

5n + 3
10a1. By selecting the smaller one between

D1 and D2, we obtain a dominating set D having size at most

1

2
(|D1| + |D2|) ≤

5α + 2

10
n +

29 − 20α

60
a1 +

4 − α

6
a2.

From D, by inequality (3.2), we construct a desired spanning star forest that has at
least

(3.5)

n− |D|
≥ ( 4

5 − 1
2α)n− 29−20α

60 a1 − 4−α
6 a2

≥ ( 4
5 − 1

2α)(n− a1 − a2)

≥ ( 4
5 − 1

2α)(n− γ(G))

edges since 4
5 − 1

2α ≥ 29−20α
60 , 4

5 − 1
2α ≥ 4−α

6 , and γ(G) ≥ a1 + a2. This shows the
fact stated in the theorem.

When 3 does not divide |B1| and |B2|, we can modify the above argument in
the same way as we have done in the proof of Theorem 3.4. For j = 1, 2, if |Bj | ≡
2 (mod 3), we add two more vertices to form a 4-vertex clique with the last two
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vertices in Bj ; if |Bj | ≡ 1 (mod 3), we add three more vertices to form a 4-vertex
clique with the last vertex. By this modification, the inequality (3.5) becomes

n− |D| ≥
(

4

5
− 1

2
α

)
(n− γ(G)) − 6 − r1 − r2

6
(4α− 1),

where rj ≡ |Bj | (mod 3), j = 1, 2. Since n − γ(G) ≥ n/2, the fact stated in the
theorem remains true.

3.3. Hardness of approximation. We have shown that the spanning star for-
est problem can be approximated within a constant ratio in polynomial time. On the
other hand, the dominating set problem cannot be approximated within (1−ε) lnn for
any ε unless NP ⊂ DTIME(nlog log n) [17, 12]. Hence, intuitively, the spanning star
forest problem should not be approximated within a large constant ratio in polynomial
time. Now, we prove this fact rigorously.

Theorem 3.6. The spanning star forest problem cannot be approximated within
a ratio 259

260 + ε in polynomial time for any ε > 0 unless P = NP .
Proof. We prove this fact using a reduction from the VERTEX COVER problem.

Recall that the VERTEX COVER problem is to find the smallest subset U ⊂ V such
that every edge has at least one endpoint in U given a graph G = (V,E). It is known
that this problem cannot be approximated within a ratio 53

52 − ε for 4 regular graphs
unless P = NP [9]. Given a 4-regular graph G = (VG, EG), we construct a graph
H = (VH , EH) from G by adding a length-2 path parallel to each edge in G. Without
loss of generality, we assume that G is connected and not a tree. Formally,

VH = VG ∪ {ve| e ∈ EG},
EH = EG ∪ {(x, ve), (ve, y)| e = (x, y) ∈ EG}.

It is easy to see that the following facts hold:
(�) For any V ⊂ VG, if it is a vertex cover set of G, then it is a
dominating set of H. Conversely, for each subset V ⊂ VH , if it is
a dominating set of H, then (V ∩ VG) ∪ {x ∈ VG | ve ∈ V and
e = (x, y) ∈ E and x < y} ⊆ VG is a vertex cover of G.

Let OPTvc(G), OPTd(H), and OPTsf (H) denote the minimum size of a vertex
cover of G, the minimum size of a dominating set of H, and the maximum size
of a spanning star forest of H, respectively. Then, the above facts imply that
OPTd(H) = OPTvc(G). Since G is 4-regular and connected,

|EG| ≤ 4OPTvc(G).

By the handshaking theorem,

|VG| =
1

2
|EG| ≤ 2OPTvc(G).

Therefore,

OPTsf (H)
= |VH | − OPTd(H) = (|VG| + |EG|) − OPTd(H)
= (|VG| + |EG|) − OPTvc(G)
≤ 5OPTvc(G).

Assume S is a spanning star forest of H. If S contains k stars, then the size |S|
of S is |VH | − k. In addition, these k centers of S form a dominating set of H and
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hence induce a vertex cover VS of size at most k of G by the fact (�). Hence, since
OPTd(H) = OPTvc(G),

|VS | − OPTvc(G) ≤ k − OPTd(H) = k − (|VH | − OPTsf (H)) = OPTsf (H) − |S|.

Thus, if |S| is a ratio-(1− 1
5 ·

1
52 +ε) approximation of the spanning star forest problem

for H, where ε > 0, i.e., |S| ≥ (1 − 1
5 · 1

52 + ε)OPTsf (H), then the resulting vertex
cover set VS satisfies

|VS | − OPTvc(G) ≤
(

1

5
· 1

53
− ε

)
OPTsf (H) ≤

(
1

52
− 5ε

)
OPTvc(G).

In other words, VS is a ratio-( 53
52−5ε) approximation of the VERTEX COVER problem

for G. This implies that the spanning star forest problem cannot be approximated
within a ratio 1 − 1

5 · 1
52 + ε = 259

260 + ε in polynomial time unless P = NP .

4. Algorithms for weighted graphs.

4.1. A remark on the maximum spanning star forests. In a connected
weighted graph, every maximum spanning star forest may contain some isolated ver-
tices. For example, the graph shown in Figure 4.1 has a unique spanning star graph
with the maximum weight 7. Therefore, when we design an algorithm for the span-
ning star forest problem for connected weighted graphs, we have to consider the start
forests with isolated vertices.

4.2. A linear-time algorithm for weighted trees. Trees are the simplest
connected graphs. In this subsection, we present a linear-time algorithm for finding
the maximum spanning star forest of a tree.

Given a tree T , we first root T at an arbitrary vertex r and consider each edge
(u, v) as a directed edge from the endpoint closer to the root to the other endpoint.
In the rest of this subsection, when we mention that (u, v) is an edge, we mean that u
is closer to the root; we say that u is the parent of v or v is a child of u if (u, v) is an
edge in the rooted tree. Obviously, in a star forest of T , the root can be a center of
a star, a leaf of a star centered at one of its children, or an isolated vertex. For each
vertex u of T , we let T (u) be the subtree rooted at u and define the following three
numbers:

Φ(u): The maximum weight of a spanning star forest of T (u) in which
u is a center of a multiple-vertex star.
Ψ(u): The maximum weight of a spanning star forest of T (u) in
which u is a leaf of a multiple-vertex star.
Ω(u): The maximum weight of a spanning star forest of T (u) in which
u is an isolated node.

First, these three numbers can be computed through recurrence formulas as shown
below.

Lemma 4.1. Let C(u) be the set of the children of u. Then,

Φ(u) =
∑

v∈C(u) Δ(v)

−minv∈C(u)(Δ(v) − Ω(v) − w(uv)),

Ψ(u) = maxv∈C(u)[w(uv) + max{Φ(v),Ω(v)}
+
∑

x∈C(u)−{v} max{Φ(x),Ψ(x),Ω(x)}],

Ω(u) =
∑

v∈C(u) max{Φ(v),Ψ(v),Ω(v)},
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1 2 4 1

(a)

1 2 4

(b)

Fig. 4.1. (a) A weighted graph; (b) The unique maximum spanning star forest with an isolated
vertex.

where Δ(v) = max{Φ(v),Ψ(v),Ω(v) + w(uv)}.
Proof. For any vertex u of T , let SFR(u) be a star forest of T (u) that has a

maximum weight Φ(u), over all the star forests in which u is a center of a star Su. For
any v ∈ C(u), we use SFR(u)|v to denote the restriction of SFR(u) in the subtree
T (v) rooted at v and define Δ(v) = max{Φ(v),Ψ(v),Ω(v) +w(uv)}. We consider the
following cases.

Case 1. The star Su centered at u contains at least two leaves. If v is a leaf of
the star Su centered at u in SFR(u), then SFR(u)|v must be a star forest of T (v)
that has the maximum weight Ω(v), over all the star forests in which v is an isolated
vertex. Moreover, w(uv) + Ω(v) ≥ Φ(v),Ψ(v). Equivalently, Δ(v) = w(uv) + Ω(v).
Otherwise, we could obtain a star forest with larger weight from SFR(u) by removing
edge uv and replacing SFR(u)|v by a star forest (of T (v)) in which v is not isolated,
contradicting our assumption that SFR(u) has the maximum weight.

If v is a not a leaf of the star Su, then SFR(u)|v is a star forest (of T (v)) with
weight Δ(v), which is max{Ψ(v),Φ(v)}. Otherwise, we can obtain a star forest of
T (u) with a larger weight by replacing SFR(u)|v by another star forest of weight
Ω(v) and adding the edge uv into T (u).

This implies that Φ(u) =
∑

v∈C(u) Δ(v) =
∑

v∈C(u) max{Φ(v),Ψ(v),Ω(v)+w(uv)}.
For any v ∈ C(u), by definition, Δ(v) − w(uv) − Ω(v) ≥ 0. For any v that is a leaf
of the star Su, by the above argument, Δ(v) = w(uv) + Ω(v). Therefore, in this case,
minv∈C(u)(Δ(v) − w(uv) − Ω(v)) = 0, and hence

Φ(u) =
∑

v∈C(u) max{Φ(v),Ψ(v),Ω(v) + w(uv)}
−minv∈C(u)(Δ(v) − w(uv) − Ω(v)).

Case 2. The star Su centered at u contains only one leaf. Let v′ be the unique leaf
in Su. Then, for any v ∈ C(u), we have Δ(v)−w(uv)−Ω(v) ≥ Δ(v′)−w(uv′)−Ω(v′).
Otherwise, we could obtain a star forest of a larger weight from SRF (u) by the
following operations:

(a) add edge uv,
(b) delete uv′,
(c) replace SFR(u)|v by a star forest (of T (v)) in which v is isolated,
and
(d) replace SFR(u)|v′ by the star forest (of T (v′) with the maximum
weight Δ(v′).

Hence, the weight Φ(u) of the star forest SFR(u) is equal to

∑
v∈C(u)−{v′} Δ(v) + (w(uv′) + Ω(v′))

=
∑

v∈C(u) Δ(v) − (Δ(v′) − w(uv′) − Ω(v′))

=
∑

v∈C(u) Δ(v) − minv∈C(u)(Δ(v) − w(uv) − Ω(v)).
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This proves the recurrence formula for Φ(u).
Let SFL be a star forest (of T (u)) in which u is a leaf of a star Su centered at

one of its children, v ∈ C(u). Then, SFL|v is a star forest (of T (v)) in which v is
isolated or the center of a star. Hence, SFL|v has weight max{Φ(v),Ω(v)}. For any
other v′ �= v in C(u), SFL|v′ is a star forest (of T (v′)) in which v′ can be a center of
a star, a leaf of a star, or an isolated vertex, and so SFL|v′ has weight Δ(v′). Hence,

Ψ(u) = maxv∈C(u)[w(uv) + max{Φ(v),Ω(v)}
+
∑

x∈C(u)−{v} max{Φ(x),Ψ(x),Ω(x)}].

This proves the recurrence formula for Ψ(u).
Let SFI(u) be the star forest (of T (u)) with the maximum weight Ω(u) in which

u is isolated. Then, for each v ∈ C(u), SFI(u)|v has to be a star forest of T (v) with
the maximum weight Δ(v). Otherwise, SFI(u) does not have the maximum weight
Ω(u). Therefore, the recurrence formula for Ω(u) is correct. This finishes the proof
of the lemma.

Theorem 4.2. There is a linear-time algorithm that outputs a star forest with
the maximum weight given a weighted tree.

Proof. Lemma 4.1 implies a dynamic programming approach for computing the
maximum star forest of a weight tree rooted at r. For each u in the tree, compute
Ψ(u), Φ(u), Ω(u) from the corresponding numbers at its children according to the
recurrence formulas given in the lemma in linear time.

After Φ(r), Ψ(r), Ω(r) are computed, the maximum star forest can be found by
backtracking along the computation path. We call a star forest SF (u) in which u is
a center of a star, a leaf of star, or an isolated vertex a type-1, type-2, or type-3 star
forest. The goal of finding the maximum star forest can be achieved by introducing
backtracking pointers r-ptr, l-ptr, i-ptr, which are used to construct the maximum star
forest of type-1, type-2, and type-3 at each vertex. At each vertex u, r-ptr(u) specifies
(a) which child of u is in the star Su centered at u, and (b) if v ∈ C(u) is not in the
star Su, the type of the restriction star forest on T (v); l-ptr(u) specifies (a) which
child of u is the center of the star containing u, and (b) the type of the restriction
star forest on T (v) for each v ∈ C(u); i-ptr(u) specifies the type of the restriction star
forest on T (v) for each v ∈ C(u). Obviously, with these backtracking pointers, the
maximum star forest can be found in linear time. This finishes the proof.

4.3. A 1
2
-approximation algorithm. For an arbitrary weighted graph, we find

a spanning star forest using the following algorithm:
1. Find a maximum spanning tree TG of the given graph G.
2. Compute a maximum spanning star forest SFG of TG.

Given a positively weighted connected graph, its maximum spanning tree can be
computed in polynomial time. For example, we can use Kruskal’s algorithm for this
purpose. Since Step 2 also takes polynomial time, the above method can be executed
in polynomial time.

Let OPTsf (G) and OPTt(G) be the maximum weight of a spanning star forest
and a spanning tree of G, respectively. Since G is connected, any spanning star forest
can be extended into a spanning tree by adding some “bridge” edges between the
stars. Hence, OPTsf (G) ≤ OPTt(G).

Consider a rooted weighted tree T . We call a node an odd node if the unique
path from the root to it has an odd number of edges and an even node otherwise.
Deleting from T all edges from an odd node to an even node gives a spanning star
forest of T ; deleting from T all edges from an even node to an odd node gives another
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spanning star forest of T . In addition, these two resulting spanning star forests are
edge-disjoint and the weight of one of these two spanning star forests is at least half
of the weight of T . Hence,

w(SFG) ≥ 1

2
w(TG) =

1

2
OPTt(G) ≥ 1

2
OPTsf (G).

Therefore, the above algorithm has approximation ratio 1
2 . This has proved the

following theorem.

Theorem 4.3. The spanning star forest problem can be approximated within
ratio 1

2 in polynomial time for arbitrary weighted graphs.

5. Application to aligning genomic sequences. To align multiple genomic
sequences from different species, the TBA program [7] works on the phylogenetic tree
T over the species in a bottom-up fashion. At each internal node v of T , the program
outputs a set of alignments of multiple segments (called blocks) in the given sequences
by merging the blocks generated at the left and right children of v through pairwise
alignments between sequences contained in left and right children. The program stops
and outputs a set of blocks (called a blockset) at the root of T . The output blockset
can be considered as a packing of the pairwise alignments between sequence segments
generated at each internal node.

Tandem duplication is an evolutionary event in which a genomic segment is du-
plicated into several adjacent copies. It is believed to be a major mechanism for
producing large gene clusters. In the human and mouse genomes, a gene family may
have dozens or even hundreds of members due to tandem duplication. Assume we
align a set of genomes. Consider a gene family that has multiple homologous genes in
each species. At an internal node v of T , in the worst case, an alignment program will
generate a pairwise alignment between every pair of the orthologous gene sequences
contained in the left and right subtrees, respectively. As a result, every pair of blocks
that contain the orthologous gene sequences and that are generated at the left and
right children of v, respectively, will be merged into a larger block. Hence, the number
of blocks that contain the gene sequences is equal to the product of the numbers of
blocks generated in the left and right children of v. When the program stops at the
root of T , it will output a blockset of an exponentially large size.

Currently, there are no good solutions to aligning duplication-rich genomic re-
gions. The existing TBA program screens out duplicated alignments and thus is not
able to capture all pairwise orthologous relationships in a duplicated-gene cluster.
An example of this deficiency, involving the human and rat alpha-globin genes, is
described in the introduction.

One way to avoid exponential growth of the number of blocks is to generate a
linear number of blocks at each internal node by carefully selecting the blocks to be
merged. More specifically, for the node v, we use Bv to denote the blockset generated
at v and |Bv| to denote the number of blocks contained in Bv. Obviously, when v is
a leaf in T , Bv = φ. Let v′ and v′′ be the left and right children of v, respectively.
A size explosion can be avoided by arranging that the blockset Bv contains at most
|Bv′ | + |Bv′′ | + c blocks, where c is a constant independent of |Bv′ | and |Bv′′ |. In
this way, for a gene family having gi copies in species i of N species, the final output
blockset will contain at most

∑N
i=1 gi + cN blocks over the gene family.

Let P be the set of pairwise alignments generated at v. We denote an alignment
in P with rows a and b by a.b, where a and b are segments of sequences in the left
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and right subtree, respectively. Define

LP = {a | a.b ∈ P for some b}

and

RP = {b | a.b ∈ P for some a}.

Our method selects blocks in Bv′ and Bv′′ to merge according to the following theory.
We first define a weighted bipartite graph Gv with vertex bipartition (V ′, V ′′).

The vertices in V ′ correspond one-to-one to the blocks in Bv′ and the rows in Lp that
are not contained in any blocks in Bv′ ; the vertices in V ′′ correspond to the blocks in
Bv′′ and the rows in RP in the same way. For simplicity, we considered the rows in LP

and RP as trivial blocks. For each x ∈ V ′, y ∈ V ′′, there is an edge between x and y if
and only if there is a pairwise alignment a.b ∈ P such that a and b appear in the blocks
corresponding to x and y, respectively, called a reference alignment of the blocks. In
general, there are multiple reference alignments for each pair of blocks. Hence, the
weight of the edge (x, y) is then defined to be the maximum alignment score over all
the reference alignments of the blocks corresponding to x and y. In practice, the rows
in P can partially overlap with some rows of a block in Bv′ ∪ Bv′′ . Here, however,
we assume a row in P is either contained in or disjoint from any row in Bv′ ∪ Bv′′ .
Since each genomic sequence may contain many different orthologous sequences, the
resulting bipartite graph Gv has more than one connected component in general. By
construction, none of the connected components in the graph are singletons.

To control the size of the output blockset, we make use of a maximum spanning
star forest of Gv to merge the blocks Bv′ and Bv′′ as shown in the Block-Merging
Algorithm. One desired property of a spanning star forest SF of a graph G is that
each edge has at least one degree-1 endpoint in SF . Such a property is critical for
controlling the size of the output blockset as shown below.

Block-Merging Algorithm

Input: Bv′, Bv′′, and P.

0. Bv = φ;
1. Construct the graph Gv by using Bv′, Bv′′,

and P;
2. Heuristically compute a maximum spanning

star forest SF of Gv;

3. For each edge (x, y) in SF,
merge the blocks correspondent to x and y,
and add the resulting block into Bv;

4. Output Bv.

Theorem 5.1. The Block-Merging Algorithm outputs a blockset satisfying the
following properties:

Full coverage property. Any position covered by a pairwise alignment
produced during the aligning process appears in some block in the
output blockset.
Nonredundancy property. Each block in the output blockset contains
a unique row that does not appear in any other blocks.
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Proof. The full coverage property is obvious. We prove the nonredundancy prop-
erty by induction on the depth of an internal node. Let v be an internal node. If the
children v′ and v′′ of v are leaves, then Bv′ and Bv′′ are empty; hence each vertex of
the bipartite graph Gv corresponds to a segment in some given sequence. For each
edge e = (x, y) in the spanning star forest of Gv computed in step 3 of the algorithm,
one of x and y, say, x, is of degree 1 and hence incident only to e. Then, the segment
corresponding to x is covered only by the block derived from e through merging the
two segments corresponding to x and y, respectively. Therefore, each block in Bv has
a unique row.

If at least one of v′ and v′′ is not a leaf, by induction, we assume that both
Bv′ and Bv′′ satisfy the nonredundancy property if they are not empty. Consider a
block Z ∈ Bv obtained through an edge (x, y) of the spanning star forest found in
step 3 of the algorithm. Without loss of generality, we assume that x is of degree 1
in the spanning star forest. If x corresponds to a block in Bv′ , then the unique row
in the block corresponding to x appears only in Z among all the blocks in Bv. If x
corresponds to a row Rx of a pairwise alignment in P , then, by the definition of Gv,
Rx is not contained in any block in Bv′ and Bv′′ and hence appears uniquely in Z
among all the blocks in Bv. This concludes the proof.

Theorem 5.1 can be used to estimate the base-pair size ||B|| of the blockset B
generated by the algorithm. Let N be the number of sequences in the input genomic
sequence set S. Since any pair of orthologous sequence segments s and s′ can be
assumed to have more than 50% identical bases, they have roughly equal length; i.e.,
|s| = Θ(|s′|). For each block X ∈ B, we use runique(X) to denote the unique row in
X. By assumption, the base-pair size |X| of X is at most NΘ(|runique(X)|) since X
has at most N rows. Therefore, using the fact that runique(X)’s are disjoint segments
of the input sequences in S, we have

||B|| =
∑
X∈B

|X| ≤
∑
X∈B

NΘ(|runique(X)|) ≤ NΘ

(∑
s∈S

|s|
)
.

In other words, the base-pair size of the output blockset is at most N times the
base-pair size of the input sequence set.

An initial test shows that our proposed approach is quite promising. For ex-
ample, we consider the alpha-globin gene cluster that has as many as 91 genes in
20 mammals. Both alpha-related and theta-related genes have clear many-to-many
homologous relationships. When aligning the alpha-globin gene cluster region (of total
length 3.9 Mbytes) in 20 mammals, a straightforward strategy meeting the two re-
quirements described in the last theorem produced a blockset of size over 900 Mbytes,
but the preliminary implementation of our approach can reduce the alignment size to
less than 10 Mbytes with little sacrifice of the alignment quality.

6. Conclusions. In this paper, we initiate the algorithmic study of the span-
ning star forest problem. In particular, we present a 3

5 -approximation algorithm for
graphs and a 1

2 -approximation algorithm for weighted graphs. In contrast, we also
prove that it is NP-hard to approximate the problem within a ratio 259

260 +ε. This study
raises several research questions for future investigation. For example, how to obtain
an approximation algorithm with better ratio and how to improve the inapproxima-
bility result are two interesting open problems. After this work was submitted, a
polynomial-time algorithm with approximation ratio 0.71 was presented in [8]. An-
other interesting question is how to design approximation algorithms for the spanning
star forest problem for directed and weighted graphs.
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H2
H1 H3 H4

H5 H6 H7

Fig. A.1. Seven bad graphs whose minimum dominating sets have size larger than 2n/5 (re-
produced from [18]; reprinted with permission of John Wiley & Sons, Inc.).

Appendix A. Finding a dominating set of size at most 2n/5.

Theorem A.1. Let G = (V,E) be a connected graph such that each vertex has
degree at least 2. If G is not one of the 7 graphs in Figure A.1 (called bad graphs),
then γ(G) ≤ 2

5 |V |. Moreover, such a dominating set can be found in O(|E|2|V |) time.

Proof. We use δ(G) to denote the minimum degree of a vertex in G = (V,E). We
prove by induction on |V |. It is easy to check that, for |V | ≤ 15, we can always find
a desired dominating set. Now assume that |V | > 15 and that the theorem holds for
all graphs G′ that have a smaller number of vertices than G and that are not listed
in Figure A.1. We show how to construct a dominating set of G whose size is at most
2
5 |V |.

If G is not edge-minimal with respect to connectedness and with a minimum
degree of 2, we keep deleting edges. Therefore, in the following, we assume that G is
edge-minimal with respect to these conditions.

Let B(G) = {u ∈ V | d(u) > 2}. If |B(G)| = 0, then G is a cycle. In this case,
a dominating set of G can be found by numbering its vertices starting from 0 and
choosing all the vertices whose indices is divisible by 3. It is readily verified that such
a dominating set contains at most 2

5 |V | vertices for any cycles that are different from
H1 and H2.

If |B(G)| = 1, then G is a union of cycles that intersect at the unique vertex
u ∈ B(G). Let A, B, C be the sets of cycles of length 4, 7, and another length,
respectively. Furthermore, let C = {C1, C2, . . . , Ct}. A dominating set of G can be
constructed by the following steps: (i) Construct a dominating set of size 2 that
contains u for each cycle in A; (ii) construct a dominating set of size 3 that contains
u for each cycle in B; (iii) construct a dominating set that contains u and is of size at
most 2

5 |Ci| for each i; (iv) merge all the dominating sets. The size of this dominating
set is

1 + |A| + 2|B| +
t∑

i=1

(
2

5
ni − 1

)
= 1 + |A| + 2|B| + 2

5

t∑
i=1

ni − t,

in which ni denotes the number of vertices in Ci. Noting that |V | = 3|A| + 6|B| +∑t
i=1 ni− t+1, we have that the size of the constructed dominating set is larger than

2
5 |V | only if G = H3, which contains exactly two length-4 cycles.

Now assume that |B(G)| ≥ 2. In the following, we call G a good graph if it is not
listed in Figure A.1. We consider the following cases.

Case 1. There is an edge uv between two vertices u and v in B(G). Due to the
minimality of G, this edge must be a bridge of G. Let Gu and Gv be the components
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Fig. A.2. A graph formed by adding a vertex to a bad graph contains one of these graphs.
The white vertex is the additional vertex. The circles mark the vertices in a dominating set of each
graph.

of G− uv containing u and v, respectively. Then both Gu and Gv are connected and
δ(Gu) ≥ 2 and δ(Gv) ≥ 2.

Case 1.1. Both Gu and Gv are good. By hypothesis, we can find dominating sets
Du and Dv of Gu and Gv such that Du ≤ 2

5 |Vu| and Dv ≤ 2
5 |Vv|. Du ∪Dv contains

at most 2
5 |V | vertices and dominates G.

Case 1.2. Only one, say, Gv is a good graph. Then Gu is a bad graph. Let
Gu = (Vu, Eu), and let G∗

u be the graph with vertex set V ∗
u = Vu ∪ {v} and edge set

E∗
u = Eu ∪ {uv}. We also let G∗

v be the graph constructed by (i) choosing a neighbor
v′ of v in Gv; (ii) joining v′ with all other neighbors of v in Gv; and (iii) deleting
v. Then, G∗

v is connected and δ(G∗
v) ≥ 2. Since Gu is a bad graph, G∗

u contains
one of the graphs in Figure A.2. Note that H4, H5, H7 in Figure A.1 contain H2 and
H6 contains H3, and so we need only to consider the cases in Figure A.2. From this
figure, we can see that G∗

u has a dominating set D∗
u that contains v and satisfies that

|D∗
u| ≤ 2

5 |V ∗
u |. Since Gu is bad and |V | ≥ 16, G∗

v contains at least eight vertices, and
so it is good. By induction, it has a dominating set D∗

v of size at most 2
5 |V ∗

v |. Then
D∗

u ∪D∗
v form a dominating set of G whose size is at most 2

5 |V |.
Case 2. There is no edge between any two vertices in B(G). In the following, we

will use 2-cycles to refer to the cycles that contain exactly one vertex in B(G), and
this unique vertex is called the endpoint of the cycle. We will also use 2-paths to refer
to the paths whose endpoints are in B(G) and in which other vertices are of degree 2.

If there is a path vv1v2v3v
′ in G such that v �= v′ and d(v1) = d(v2) = d(v3) = 2,

we construct a graph G′ by removing v1, v2, v3 and adding the edge vv′ if vv′ �∈ E(G).
Clearly G′ is connected and δ(G′) ≥ 2. Since |V | > 16, G′ must be good. Hence, G′

has a dominating set D′ of size at most 2
5 |V ′|. We construct a dominating set D for

G as follows: (i) if v ∈ D′, then D = D′ ∪ {v3}; (ii) if v′ ∈ D, then D = D′ ∪ {v1};
and (iii) if neither v nor v′ is in D′, then D = D′ ∪ {v2}. Then |D| = |D′| + 1 ≤
2
5 (|V ′|+ 3) = 2

5 |V |. Now assume that all 2-cycles in G are of length at most 4 and all
2-paths in G are of length at most 3.

Case 2.1. G contains a 2-cycle of length 4 whose endpoint’s degree is larger than
3. Let this cycle be vv1v2v3v, where v is the endpoint. A graph G′ is formed by
deleting v1, v2, and v3 from G. Since G′ contains at least thirteen vertices, it is good
and has a dominating set D′ of size at most 2

5 |V ′|. Then D′ ∪ {v2} is a dominating
set of G whose size is smaller than 2

5 (|V ′| + 3) = 2
5 |V |.

Case 2.2. Every 2-cycle of length 4 in G has an endpoint of degree 3. Consider
such a cycle vv1v2v3v, where v is the endpoint. The other neighbor v′ of v has degree 2,
since there is no edge between two vertices in B(G). The subgraph of G induced by
{v, v1, v2, v3, v

′} is called a 4-cluster and v′ is called the anchor of this cluster.

In this case, we assume that G contains a 4-cluster, say, C = {v, v1, v2, v3, v
′},

with anchor v′ such that the neighbor u of v′ not in C has degree larger than 2 in G,
and we define G′ = G − C. Then G′ is a connected graph with δ(G) ≥ 2. Since G′

contains at least eleven vertices, G′ is good, and it has a dominating set D′ such that
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|D′| ≤ 2
5 |V ′|. Furthermore, D = D′∪{v, v2} is a dominating set of G and |D| ≤ 2

5 |V |.
Case 2.3. For every 4-cluster, its anchor’s neighbor that is not in the cluster is of

degree 2. We define a 2-cycle of length 3 in G to be a 3-cluster, and the anchor of a
3-cluster is the endpoint of the cluster. Note that we define the anchor of a 3-cluster
differently. Finally, each vertex u such that d(u) > 2 and u is not an endpoint of any
2-cycles is considered as a 1-cluster with u as the anchor.

If there is an edge joining two anchors, the two anchors must be that of two 4-
clusters since other cases have been considered in Case 2.2. In this case, this graph
has only ten vertices. But we assume G has at least sixteen vertices. Hence, there is
no edge joining two anchors in G. A dominating set D of G is formed by collecting
all anchors and one vertex in each 4-cluster. Now we prove that |D| ≤ 2

5 |V |.
Let m4, m3, m1 be the number of 4-clusters, 3-clusters, and 1-clusters, respec-

tively. Then, there are also m4, m3, and m1 anchors of 4-clusters, 3-clusters, and
1-clusters, respectively. Clearly, |D| = 2m4 + m3 + m1.

Now we count the nonanchor vertices. Each 4-cluster, 3-cluster, and 1-cluster
contains 4, 2, and 0 nonanchor vertices, respectively. Furthermore, on each 2-path
connecting two anchors, there are one or two nonanchor vertices depending on whether
it is of length two or three. Therefore, the number of nonanchor vertices on these paths
is at least 1

2 (m4 +m3 +3m1) since there is at least one nonanchor vertex in the 2-path
between two anchors and the degree of the unique vertex in a 1-cluster is at least 3.
Hence, the number of nonanchor vertices is at least 9

2m4 + 5
2m3 + 3

2m1. Recall that
the dominating set D contains one nonanchor vertex in each 4-cluster. This implies
|V | ≥ 11

2 m4 + 7
2m3 + 5

2m1. Simple computation shows that |D| ≤ 2
5 |V |.

A recursive algorithm to compute a desired dominating set follows from the above
induction proof. To implement this algorithm, we have to compute d(v) for each
vertex in G and find (a) an edge between two vertices in B(G), (b) a length-4 path
that contains three consecutive degree-2 vertices in the middle, and (c) a 4-cluster
with an endpoint of degree larger than 3. Given the adjacent matrix of a graph G
as input, we can find the degree of a vertex in O(|V |) time and thus find B(G) in
O(|V |2) time. With B(G), we can find an edge between two vertices in B(G) if any
exist in O(|V |2) time. To compute (b), we just need to check if there is a degree-2
vertex having two degree-2 neighbors and these two neighbors have different neighbors
in O(|E|2) time. The task (c) can be done similarly. Overall, the algorithm finds a
dominating set iteratively. The number of vertices decreases by at least 1 after each
iteration step, and each iteration step takes O(|E|2) time and removes three vertices
from the graph. Therefore, the running time of the algorithm is O(|E|2|V |).
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