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Abstract

Optimal spaced seedswere introduced by the theoretical
computer sciencecommunity to bioinformatics to e ectiv ely
increase homology seard sensitivity. They are now serving
thousands of homology seard queries daily. While dozens
of papers have beenpublished on optimal spacedseedssince
their invention, many fundamental questions still remain
unanswered. In this paper, we settle seweral open questions
in this area. Speci cally, we prove that when the length of
a non-uniformly spacedseedis bounded by an exponertial
function of the seedweight, the seed outperforms strictly
the traditional consecutive seed in both (i) the average
number of non-overlapping hits and (ii) the asymptotic
hit probability. Then, we study the computation of the
hit probability of a spaced seed, solving three more open
questions: (iii) hit probabilit y computation in a uniform
homologousregion is NP-hard and (iv) it admits a PTAS; (v)
the asymptotic hit probabilit y is computable in exponential
time in seedlength, independert of the homologous region
length.

1 Intro duction

Optimal spacedseedsare a theoretical computer science
invention to increasethe sensitivity and speed for ho-
mology seard. They have beenextensiwely studied re-
certly. Homology seard, or local alignmert, nds simi-

lar segmens betweentwo DNA or protein sequences.

It is the most fundamental and the most frequenly
performed task in bioinformatics. A large fraction of
world's supercomputing time is currently consumedby
homology seardr. The NCBI BLAST [1] serer pro-
cessesver 10° queriesa day, which increaseby 10-15%
per month. By a dierent accourt, GenBank doubles
in size every 18 months [24] which is at par with the
growth rate of CPU speed. The inter-speciescompar-
ative genomicsreseard implies that homology sear
needsgrow at a rate proportional to squareof GenBank
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size, quickly outgrowing the computer advances. Big-
ger and bigger clusters (over 1000 nodes) and parallel
\BlastMac hines" have been built to cope with this gi-
gartic demand. Better algorithmic and mathematical
solutions to this problem are thus indispensable.

In the 1970's,the dynamic programming technique
[25, 30] was adopted to solve the problem \e cien tly".
It was quickly overwhelmedby the seaof biomolecular
sequences.

In the 1980's, heuristics represeried by FASTA [20]
and BLAST [1] wereintroduced, trading sensitivity for
speed. BLAST was designed based on the principle
of Itration, where alignment betweentwo sequencess
found by rst identifying short consecutive matchesin
speci ed positions, called sed hits, and then extending
them for approximate matches, or local alignments
This approad facesa dilemma: setting the seedlonger
will cause many local alignments missing, resulting
lower sensitivity; and setting the seedshorter generates
too many random hits, resulting lower speed.

In PatterHunter [21], Ma, Tromp and Li intro duced
the idea of optimized spaced seedsto trigger a local
alignment to increaseboth speedand sensitivity. More
speci cally, PatternHunter looks for runs of 18 con-
secutive nucleotide basesin eah sequence,in which
the nucleotide matches of a hit are only required at
the eleven xed positions specied by 1's in the string
112*1**1*1**1 1*111, called spaced seed. It was no-
ticed in [21] that sudch a spacedseedled to surpris-
ingly higher sensitivity aswell as speed. Moreover, fur-
ther sensitivity improvemert can be achieved by using
multiple spacedseeds. PatternHunter was used by the
Mouse Genome SequenceConsortium to compare the
mouse and human genome sequenceg14]. Recernly,
MegaBLAST, BLASTZ, next version of BLAST, and
other alignment programs have also adopted the spaced
seedapproadh.

For two spacedseedsof the sameweight i.e. same
number of 1's, the expected number of hits is the
same [21]. Intuitiv ely, one might suspect that their
sensitivities are also the same. However, the optimized
spacedseedcan improve sensitivity by asmuch asmore
than 50%]21]. The phenomenonis informally explained
in terms of relaxing the correlations existing among
consecutive sampling. However, rigorous theoretical



analysis of this behavior is extremely hard. So far,
it is only known that (i) with the same weight, the
consecutive seed has higher hit probability than so
called uniformly spaced seds (1 ¥)™1, wherek;m 1
[7, 6] in any homologous region and hence not all
spacedseedsare better; and (i) non-uniformly spaced
seedsmay outperform consecutive seedsunder various
conditions, [16, 6, 7], but there have been no strict
and de nite statemerts regarding their relative power.
To elucidate the mecanism that confers power to
spacedseeds,Buhler, Keich and Sun [6] proposed an
asymptotic modeling of the problem; Preparata, Zhang
and Choi [27] proposeda probability leakage model.

This paper is to formally answer the above open
problems. Since the overlapping hits can only be
extended into one local alignment between the two
sequences,the sensitivity of a spaced seed depends
largely on the expected number of non-overlapping hits.
We prove that, for a non-uniformly spacedseedQ of
weight wg and length Lq, the expected number of
its non-overlapping hits, g, in a Bernoulli sequence
generatedwith probability p is strictly larger than the
consecutive seed B of the same weight when Lg <
wq + 1—pp((%)WQ 2 1). This explainsclearly that non-
uniformly spacedseedsQ are more sensitive than B.
We note that when p < 1 is xed, the bound is an
exponertial function of the seedweigtt.

Another indicator of sensitivity is the hit probabil-
ity Qn(p) for a spacedseedQ, in a Bernoulli sequence
of length n generatedwith probability p. The study of
the hit probability of single or multiple patterns can
be traced badk to run statistics and renewal theory
[3, 9, 31, 15, 28]. The general theory focuseson ex-
act and asymptotic distribution of pattern occurrences,
while the theory developed here is about seedcompari-
sonin terms of hitting probability. Basedon a general
theorem of Nicodeme et al. [26], Buhler et al. proved
that there aretwo constarts ¢ and g determinedonly
by Q and p, such that limnin (1 Qn(P)=( @ ¢) =1
([6]; seealso [31]). It wasthen conjecturedthat ¢ of
a non-uniformly spacedseedQ is smaller than that of
the consecutie seedB with the sameweight [6]. In
this paper, by providing tight lower and upper bounds
on g in terms of o, we prove that the conjecture is
true when Lg < %((%)WQ 2 1)+ 1. Therefore, if
Lo < L2((H)™ 2 1)+ 1, then Qu(p) > Bn(p) for
large n. This also answers the conjecture posedin the
section 3 of [7].

Another important and practical problemisto nd
the most sensitive seed. A direct approachto nding the
most sensitive seedis through exhaustive seard after
the hit probability of eadh spacedseedis calculated.
The hit probability of a spacedseedcan be computed by

dynamic programming [16] (seealso|[5, 6, 17, 19, 32] for
various generalizations)or a recurrert relation [7]. This
approach quickly becomesimpractical because(i) the
number of spacedseedsof length L and weight w grows
exponertially in L w; (ii) the time complexity of the
dynamic programming algorithm or recurrent relation
based method is polynomial in the homologousregion
length n but exponertial in L w. It remains a major
open problem whether computing the hit probability of
a single spacedseedin a uniform regionis NP-hard [21,
19]. With much eort, it was proved in [19] that
computing the hit probability of a seedin non-uniform
regions, or of muiltiple seedsin uniform regions, are
NP-hard. It wasalsorecerly brought to our attention
that [10] provedthe determination of whether a seedcan
hit all regionswith xed length L and m mismatchesis
NP-hard.! However, the original open problem remains
unsolved. In this paper, we show that computing
the hit probability in a uniform region is indeed NP-
hard, via a sophisticated courting argumert. We
then give an algorithm that computesthe asymptotic
sensitivity of a spacedseedin time independert of region
length, by extending an eigervalue argumert of [6, 26].
This provides an algorithm to e ectiv ely compare the
asymptotic sensitivity of two seeds. A polynomial
time algorithm that approximately computes the hit
probability with any xed small error ratio is also
provided.

2 Notations and preliminaries

Since the publication of [21], the spacedseedproblem
has been extensively studied in the Bernoulli sequence
model [8, 12, 34, 16, 17, 19, 32] and more general
Markov and HMM models [5, 6]. For simplicity, we
restrict ourselves to the Bernoulli or zero-th order
Markov sequenceanodel in this paper, although most of
our results generalizeto higher order Markov models.
Following the original PatternHunter paper [21], a non-
gapped alignment of two DNA sequencesS® and S%of
length n corresponds a 0-1 sequenceS of length n: 0
meansa mismatch and 1 a match. S is modeled as a
0-1 Bernoulli random sequenceof length n in which 1 is
generatedwith probability p.

Let R beanin nite Bernoulli random sequence We
useR[k] to denote the kth symbol of R and R[0; k 1]
the length-k pre x of R for k 0. A smoced sed
Q = o q, 1 is represerted by a string over
alphabet f1; g. L is called the length of Q. And the
number of 1sin Q, denoted by wg, is called the weight

TThis does not imply the NP-hardness for uniform regions
becausea uniform region with similarit y m=L may contain more
than m mismatc he.



of Q. For the purposeof homology seard), we always
requirep = g, 1= 1.

The “1'-positions of a spaced seed Q de ne the
following relative position set

RP(Q) = fi1 = 0jiz;  ;iwg = Lq

Thus, the seedQ is said to hit R ending at position k
if andonly if Rk Lo+ i;+1]=1foralll j wq.
Correspondingly, Q is said to hit R starting at position
k if and only if R[k + i; + 1] = 1. In this paper, if not
explicitly specied, a hit at position k meansthe hit
endsat position k. This is to follow the convertion in
renewal theory [9].

Let A; be the evert that Q hits R at position
j and A; be the complemen of A;. Let f; be the
probability that Q rst hits R at positionj 1. That is,
fi = P[AoALr Aj 2A; 1]. Let Q, := Qn(p) denote
the probability that Q hits R[O;n 1]andQp := 1 Q.
The sensitivity of a spacedseedQ over the above length-
n homologousregion R[O;n 1] is thus de ned to be
Qn(p) given the similarity levelp.

When 0 n Lo 2, obviously A, = ; and
Qn = 0. For generaln, we have

(2-2) Qn = P[\j n 1Aj]:Qn 1

(2.1) 1g:

X

i>n

3 Distance between non-o verlapping hits

Renewal theory studies certain recurrent evernts con-
nectedwith repeatedtrials. Roughly speaking, an event
E quali es for the theory if after eac occurrenceof E,
the trials start from scratch [9]. Therefore, the humber
of trials betweensuccessie occurrencesof E are jointly
independert random variables having the identical dis-
tribution. It is easyto seethat a non-overlapping hit of
a spacedseedQ is a recurrent event with the following
cornvertion: If a hit at position i is selectedas a non-
overlappinghit, then the next non-overlapping hit is the
rst hit at or after position i + Lg.

This section focuseson the averagedistance, q,
betweentwo successie non-overlapping hits of a spaced
seed. We rst give a formula for computing g using
technique in [13]; then, we give a simple upper bound on

o. This simple bound will be usedin the next section.

3.1 A formula for computing o. Let Wqo be
the set of all m := 2-¢ We distinct strings obtained
from the seedQ by lling 0 or 1 in the \don't care"
positions. For example, if Q =1*11*1, we have Wq =
f101101101113111101;111111g. The seedQ hits at
position n if and only if thereisaW; 2 Wq occurring at

the position. For eadh j, we useA{’ to denotethe evert
that the pattern W, occurs at the position n. Clearly,

An=11; mA and AQ)'s are disjoint. Setting

fr(1j)= P[AcA1  An ZAgj)l]; 1] m;

P .
we have f, = ;. f%) and so Formula (2.2)

becomes

Qn=0Qn 1

Forany W; 2 Wg and0 a<b Lo 1,weuse
Wi [a; b] to denotethe substring of W; from position a to

i

(3.3) fO @ f{m:

position binclusively. For any i, j andk, 1 i;j m,
1 k Lg,dene
8
. <Vjk if Wi[LQ k;LQ 1]= Wj [O;k 1]
pU)= 1 k=Lg&i=]
" 0 otherwise
where vj is the probability that W;[k;Lqo 1] hits at
apositon n Lo 1. In other words, pi'’ is the

conditional probability that W; occurs at the position
a+ (Lo k) giventhat W; occursat a position a.

Lemma 3.1. ([7]). Let p; (1 j m) be the
probability that the pattern W; 2 Wq hits at position
Lo 1 Then, foranyl j m,

XX

Qupy = £ pli)

(3-4) + kpk

i=1 k=1

To nd the average distance o between non-
overlapping hits of Q, we de ne the generatingfunctions

X
Ux)=  Qux"; Fi(x)=  fx" i m
n=0 n=0
" P . .
By denition, ¢ = i Lij] Applying For-
mula (2.2), we have
Q=Lo+ Q; = U()

i Lo

and both U(x) and F;(x) corverge when x 2 [0;1].
Multiplying (3.3) by x" ! and summing on n, we obtain

(1 XUX) + Fi(x) + Fa(x) +  + Fn(x) = L

Similarly, by (3.4), we obtain

xtepU(x) +

1im

Ci(X)Fix)=0;, 1 j m

p i}
where Cj (x) = = 8 pl’xte k. Solving the above

linear functional equations,and setting x = 1, we obtain
the following formula for computing .



Theorem 3.1. Let Ag = [Cj(1)lm m and Mg =

0 1
b ;Qm cwhere | = [ m and P = [ pilm 1.
Then, ¢ = det(Ag)=det(Mg).

Remarks (a) Ugng the above theorem, one can easily
shovthat g = L, p'

(b) For spacedseedQ =12 1% a b
Wq = fW;g;W,g = f1201°% 13*b*1 g and

1, then,

il | i
Ap = 4 5

Q P P

b 1 a+1+ i a+b i

i=0 p i=0

P a+b P b P b 1pa+|+|q
Hence, o = —= P10

Q paro(l+ C pia)

3.2 An upper bound for ¢. A spacedseedQ is
uniform if its relative match positions form an arith-
metic sequence.For example, 1**1**1 is uniform with
relative matching position set f 0; 3; 6g in which the dif-
ference between two successie positions is 3. Any
spacedseedof weight 2 is uniform. By de nition, we
havethat o Lg. Thus,for any xed p, the expected
distance o between two successie non-overlapping
hits will be larger than that of the consecutive seedof
the sameweight whenL g is large enough. However, we
can show that when Lq is not too long, ¢ is always
smaller than that of the consecutie seed.

For any 0 j Lo 1,dene RP(Q)+j =
flo+jil2+j  lw, +jgandlet og(j) = jRP (Q)\
(RP (Q) + j)j. In other words, 0g(j) is the number of
1's that overlap betweenthe seedand the j-th shifted
versionof it. Trivially, 0g(0) = wg andog(Lg 1)=1
for any seedQ.

Theorem 3.2. For any non-uniformly spaced sed Q,

) CH
Q p'+(Lq
i=1

WQ) g p (wo 2) 1

Proof. Using martigrgale theory, Keich et al. [16]

proved that o Lo 1p %o (i): S0, we only needto
prove that
Plo 15 00
Hpire w) gpted 1

for any non-uniformly spacedseedQ by induction on
the weight wg. Obviously, this is true for wg = 3.
AssumeRP (Q) = fly = O;l2;  ;lwe = Lo 19
andlet Q = 1 " Q% wherer = I, 1 0. Now,
we consider Q° as a spaced seed. Obviously, Lgo =
Lo r landwgo= wg 1. Assumethere arek letters

1'in Q[0 Lg
andr+1+k wq letters ™ inthe Q[Lg r
Hence,we have,forO i Lo r 2,

2]. Then, there arewg Kk letters "1’
Lo 1]

Ogo(i) + 1

ogo(i)

Lo 1,

=112l

(3.5) otherwise

0q (i) =
andforLgo r 1 i

1 0= lgeasla; lw

(3.6) 0 otherwise

0q (i) =
1+ WQO =

Since I; = 0, we also have og(l1) = wg =
=1+ % we rst

1+ 0go(l1). Using (3.5) and (3.6) and ¢
have

H(3)%e®

_ Lo r 27 1y000)

= (5)% +
(L )oQo(l Moy

k
1
PWQ 1 Lo 1 (H]
J k+1 p i=L r 1;i62RS(Q)\p
_ 0g0(lj )+1 Lo 1 2 0go(i)
= [ 1( )Pt ) + Saemso)(3)7°]
+[§Wo K)(3) +r+F;L+(k wo)]
_ o (r )+1 Lo 1 2 1y000(i)
= i 1( )50 + |o;i62RS(Q)(H) e”]
+(wo pk+ r+1
= [@+d LG Lyoqollj) 4

j
(wq

Lo 1 (£)02M
i=Lqg r21 p

Lo r 1104 0(i)
i=0 ;iezRS(Q)(B) Q ]

Lo 1 2 o(i)
i:o;iezRS(Q)(E)Q ]
Ko+r+1

= Lo r 2( )Qo(l)+ q

k 1y050(lj)
i=0 j:l(H)Q !
k)%+ r+1

+(wq

Replacing x by in tBe formula
x"e 1= (x 1) "% 'x, we obtain (3)¥e = 1+
a0 l( ) Recplacing 1 by ()" 2 WQ l( ) and
grouprng the terms having q together we further have

P (1 oq (i)
_ 1 W L r 2 (i)
= (a)g § e g
il Fg)°o°< rwe KSR
= l)F()l) QO l( )OQO(I) +r
p ’
Sl et e 10 T rg 2

Now, we considerthe following two cases.

Case 1. The seed Q° is uniform. Assume the
matching positions of Q° form an arithmetic sequence
with dierence s. Since Q is non-uniform, r 6 s,
and hence, ogo(l;) wg Jj lforj = 23 k.
Therefore,

"R
Gt s wo k) (B (D Dy
b _p p
j=2 i=0
Since QP is uniform,
"Ly et = E.W%"(;)i + Lo woo
= (3)+Lo wo T



Hence,

P LQ 1( )OQ(l)

Case?2. The seedQCis not uniform. By induction,

Ploo1

h (l)ooo(i)
POyqo, R0,
P -1 (1;)' *Lloo woe pl(p)¥ec 2 1]
NGOG e wo ot JI(HYe * 1
Since Q% is not uniform, 0go(l2) = 0g(l2) 1 wg
2 1=wg 3andogo(lj) wgo j,j 3.Hence,
E'VLV% 1( )oe ()
—(i( )+ (Lo wo)+ plL G *
ﬁ J 2( Lyoooli) + (wg k) %))
4 (G )'+(|-Q wo) al(F)%e * 1k

4 The average number of non-overlapping hits

Renewal theory shows that the number of the non-
overlapping hits of a spacedseedQ in a long Bernoulli
random sequenceof length N has, approximately, a
normal distribution with mean M- Rgcall, for the
consecutive seedB of weight w, g = }’Vzl(%)i, by
Theorem 3.2, we have

Theorem 4.1. Given any non-uniformly spaced sed
Q of length Lo and weight wg. If Lo < wg +
q[( )WQ 2 1], then, Q has on average more non-
overlapplng hits than the consecutive seed of the same
weightin homola@ousregions with sequene similarity p
in the Bernoulli model.

This explains clearly why a homology seard pro-
gram with a good spacedseedis much more sensitive
than with the consecutie seedof the sameweight al-
though it generateson averagefewer number of hits. In
homology seard, the weight of the seedspacedusedis
about 11 and sequencssimilarity is roughly 70%. When
a spacedseedQ of weight wg andlength Lg < 5wg=2is
used, by Theorem 3.2, the program will identify on av-
eragelQ non-overlapping hits in a homologousregion of
length N, which is much larger than the corresponding
number when the consecutive seedof the sameweight
is used. Since overlapping hits can only be extended
into one local alignment, the program with a spaced
seedgeneratesmore local alignments and henceis more
sensitive.

5 Asymptotic analysis of the hit probabilit y

Becauseof its larger span, in terms of the hit probability
Qn, aspacedseedQ usually lagsbehind the consecutive

seed B of the same weight for small n and then
surpassed whenn is large enough. To comparespaced
seede cien tly, Buhler et al. proposedthe asymptotic
analysisof spacedseeds.In [6], they provedthat for any
spacedseedQ, there are two constarts o and ¢ that
do not depend on n sudh that limy1  Qn=( o g) =1
(seealso[26]), where ¢ isthe largesteigervalue of some
transition matrix of a Markov Chain model constructed
for computing the hit probability Q. Surprisingly,
Solov'ev proveda similar result in a more generalsetting
four decadesago [31].

To compare spacedseeds,we rst establish tight
lower and upper bounds on ¢ using o studied in
Section 3.

Theorem 5.1. (1) For the conseutive seed B of

weight w, g satis es the following inequalities: 1
1 - B 1 P 1 P — .
o, @=p) wel ooa=p) owe U T pl
(2) For a spaced sed Q,
1 —igr o 1 &
Q Q Q
P .
Proof. (1). Noticing that g = }N:l p ', wecanderive

the rst inequality from the corresponding onein (2).
Now, we prove the secondone.

Since B is consecutive and of weight w, the event
that B hits R at position n + 1 but not at n occurs
if andonly if Rln  w+ 1;n+ 1] = 011:::1. Let A;
denote the evert that the seedB occurs at position i
and A; the complemen of A;. Then, we have b+, =

P[AcA1  An 1An]=pYgBn w, whereq=1 p, and
therefore
Bn
= P[AcA1 A, 2An 1]
= B[AOAl An w 1An 1]
Lo P[AGAL  An wij 1An wejAn 1]
=Bn wBw p“q ;I:V;ZBn 2w+ (1 pw.j D)
Bn wBw PYq _JL,'Bn w( pY )

= Bnp W[BW pq ;Nj_l(lp pw ])]
= anpq[Bw+1 V\b"' |1p]
= b [8r Y1 owe T
= bl .1(p +p Y

wl:
Taking limit and using Formula (2.2), we obtain

g =limpy %= dimag (10 %)
1 B 1 ;
i (PP ) w
2) Forany n 2Lg and k 2, by the rst in-
Q

equality in Theorem3.1(a)in [7], f n+k
Therefore, by Formula (2.2),

fna QLQ+k 2-

fnp

frsr +fna

- P fn+1

fn+1

Qn

i ]1fn+|

- o Lo+l

i=0 QL+i



and so

T Qn+a1 — fns
Q |Imn!1 1—Qn |Imn!1 1 Qn
1 —~ Lo

Similarly, by the secondinequality in Theorem 3.1
(@ in[7],fns1+j fne1Qj foranyj Lg. Therefore,

fna fn+1D

- pfnﬂ p
Qn

=1 fnei | = fn+1+fn+1 i=0 QLQ+i
P 1 - i
Lo+ [, Qug+i Q'

1.
andso o 1 -
Theorem 5.2. Let Q be a non-uniformly spaced seed.
If Lg < %[(%)WQ 2 1]+ 1, the hit prokability Q, of Q
is larger than that of the consecutive seed B of the same
weight whenn is large enough.

Proof. By Theorems 3.2 and 5.1, ¢ 1 % <
1 ——sr s andhence,
n
im 20 = jim 2.9 - 22y =0
nl B, ni B N nu

Therefore, there exists a large integer N suc that, for
anyn N, g—:< 1or Q, > B,.

Remark. Proposition 3.1 in [7] implies that an uni-
formly spacedseedQ hasthe same asthe consecu-
tive seedB of the sameweight and for any n

Qn  Bn.

Lo,

6 Computing hit probabilit y
6.1 NP-hardness. When the homologousregion is
uniform, that is, a Bernoulli sequencegenerated with
probability p, there have been many exponertial time
algorithms to compute the hit probability of a given
spaced seed [21, 19, 16, 5, 6]. Howewer, it remains
unknown whether the hit probability computation is
NP-hard. The uniform distribution is structureless
which makesour problem look hopelesslyhard to grasp.
Nevertheless,we now proceedto settle the original open
question that, even under the uniform distribution,
the problem of computing the hit probability of a
given spacedseedis NP-hard. Our proof sharessome
similarity with the NP-hardness proof in [21] for the
use of Lemma 6.1. However, the key idea here is a
sophisticated courting in the proof after Claim 6.3 and
is completely novel.

Let y; and y, betwo real numbersbetween0 and 1,
represerted by their binary expansions. The non-zero
bits of y; are betweenbit 1 to bit k;. The non-zerobits

of y, are betweenbit k; + 2 to bit k,. Intuitiv ely, both
y1 and y, can be recovered easily from either y; + y,
ory: Yz. The following simple lemma formulates this
intuition and will be usedse\eral times in our proof.

Lemma 6.1. Lety; = & 2 % and 0 = ko < kl <
ko < iii< k. Ifjaj< 26 &v Yoorij=1;2:::;
then Ypo: yg; 111;Yn can be computed in polynomial t|me
using -, yi and kq;ka; i1k asinputs.

Proof. Let y?= 2 ki = 1+ y. Theny? 0. We only
needto prove that y?; yz'F:,' : 'yn can be computed in
polynomial time by using i kn as
inpuﬁs.

?1 y? is represened by its binary expansion.
ky;:::;k, divides the bits after the decimal point into
n zones,where the i-th zoneconsistsof the bits k; 1 +
Becausea; < 24 ki 1 1 addingy° 0
will only change the bits in the i-th zone. Therefore,
py looking at the i-th zong of the bllgary expansion of

. y% which |sequalto Lyt 2k liwe
can easily determine y°, and hencey; .

Let x be a spacedseedwhich is a sequenceover
alphabet f ;1g. Let jxj be the length of x. Let R be
a random sequenceover alphabet f0; 1g and jRj be the
length of R. Recall that we use RP (x) to denote its
relative match position set. Let Cy (i) denote the set of
required match positions of R when x hits R starting at
position i. Then

Cy(i)=fi+i% i°%2 RP(x)g:= RP (X) + i

If we require x to hit R starting at seweral positions
i1;:::;ik, then the setof required match positions of R,
denotedby Cy(i1;:::;ik), IS

k

k) =

cwersthe posmons |n CX(Il; ::1;1k) when being put at
;1x)] may dependonthe
shape ofx becauseCy (ij) \ CX(| o) may be nonempty.

Let | = f(ig;ip; ik)j 1 i1 < 1< g
jRj jxj+ 1g. Let p be the probability that “1' occurs
in a position in the region R. Then

From inclusion-exclusionwe know that

6.7 B[x hits R]
(6. )= JRJ | ( 1)k+1 | pi Cx(ivini

(isiz2; k)2



Theorem 6.1. Computing sensitivity of a spaced sed
over a uniform region is NP-hard.

Proof. We prove the theorem for homology level p = %
Similar proof holds for p = L for any integersi <
j. We will reduce 3-Set-Cover to the hit probability
computation. Supposewe haveasetX = f1;2;:::;ng,
and m size-3 sets X; X,i=12::;m. The 3-
Set-Cover problem askswhether there ye K of the m
subsets, Xi,, :::, Xi,, sud that X = :le Xi.. It is
well-known to be NP-hard [11].

The core of our reduction is a length-n string s; for

if j 2 X;. Then we put thesesy into a single string

S, = Slln(m2+1) Szln(m2+2) Sz 1n(m2+m 1)Sml

For any ry;:::;rk, there are k positions iy;:::;ik,
such that putting k copiesof S; at positionsiq;:::;ik
will align the corresponding s;,;:::;s;, together. If
X0 X, cover X, then the overlap of s¢,;:::; sy,

will cover n positions. Otherwise, they cover fewer than
n positions. Our proof will exploit the di erence made
by this design: when there are K sets that cover X,

such that the k copiesof S; cover somemore bits.

It is also obvious that jS;j = nm(m? J + 1)
Let N = |S3j. Let Ky;K3;Ky4;Ks be sucien tly
large numbers to be determined later. The rest of the
reduction consistsof the following componerts:

1. S, = (ANSy)K2aN .| By repeating S; many times,
we\amplify" the above mertioned di erence. Also,
the 1N between copiesof S; simplify the analysis
at the boundary of S;.

2. S3 = (INON)K3. When k copiesof S3 are put at
k dierent positions 1 i3 < ::: < ig N, the
coverageis (N + iy i;)Ks. That is, the coverage
only dependson the two farthest positions. Again,
K3 is to amplify the situation.

3. S; = (10" 1)K<: When two copiesof S, are put at
two dierent positions iy < iy, if i = i; mod n,
the coverageis K4 + (i, i1)=n. Howewer, if
i, 6 i; mod n, then the coverageis 2K 4, which
is signi cantly higherthan K4+ (i, i1)=n. Ss will
allow us to focus on the caseswhere s; overlapss;
either completely or completely not.

4. S5 = (10V)Xs: Putting Ss at k dierent positions
1 g < i< iy N will cover kK5 positions.
This will allow us to examine di erent valuesof k
separately

5. Finally, we let our seedbe x = S,0N S30N S,0N Ss:
The random region R haslength jxj+ N 1 and
identity level 3.

We will show that the accurate computation of the
hit probability of x at R will give a polynomial time
algorithm to the original 3-Set-Cover problem.

Claim 6.1. LetKs= 2
X

jSZON SgON S40N j Then

Pk = 2] Cx(igsiik)i

1 i1<ii<ig N

can be recovered from P(x hits R).

P
Proof. From (6.7), P[x hits R] = | ( 1)*1Py:

. . 1
Culiniiisiik 1)< (k DKs+ 2= (k H)Ks:
Moreover, there are Nk < 2N possible(iy;:::;ix) and

N < % 1. From Lemma 6.1, the claim is true.

Claim 6.2. LetK,= 2 jS,0NS;0Vj. Let

19=f(i;::i;i)j1 i1<:::<ix Ng
I = f(ig;:isik) 219 i1 = :::=ix mod ng:
Then
Xk = 21 Cx(iriiik)j
(i1 2
can be computed accurately from Py.
Proof. For each iq;:::;ix that i1 = ::: = ix mod n is

not true, the coveragecausedby S, only is at least 2K 4.
The coveragecausedby Ss is equalto kK 5. As aresult,

111 = ix mod n is true, the coveragecausedby S, is at
most K 4 + ; and the coveragecausedby S,0N Sz0V is
at most 5¢. As a result,

K, 5
D4 ¢ kK + 2Ky
2 R T

Moreover, there are Nk < 2N possible(iy;:::;

N < % 1. From Lemma 6.1, the claim is true.



Claim 6.3. LetKz= 2 jS,0Vj. Let

i1 = Ig

Then
Xy = 21 Cx(iniiik)i
(i1;sik)20

can be computed accurately from x.

Proof._From the de nition of xx and ., we know that
Xk = ,N:l Xk:1. For any |, the coveragecausedby S
is (N + 1)K 3. Togetherwith the coveragecausedby S,

Cx(iz;ii;ik)
N K
< KKs+ (Kot )+ (N+ 1 DKa+ =
K
< KkKg+ Ksa+ (N+DKs —2
Moreover, there are E < 2N possible(iy;:::;ix) and

N < % 1. From Lemma 6.1, the claim is true.

Next let us examine the relationship between xy;|
and the answer of the 3-set-caver problem. Givenk, |,

Case 1: There are no n consecutive columnswhere
Sr,; 0 i S, aligned together.

In this case, the coverage caused by S; is
(2K, + 1)N + I, and therefore

=kKs+ Kg+ =+ (N + DKz + (2K + )N + |

Case 2: There are n consecutive columns
where s;,;:::s,, are aligned together. Furthermore,
Sr,;:::s, cover all the n positions. (Correspond-
ingly, X,,;:::X;, cover X). It is easyto seethat

Case 3: There are n consecutive columns where
Sr,; i i S, alignedtogether, respectively. But s;,;:::sy,
do not cover all the n positions. (Correspondingly,
Xr,;::1: Xy, donot cover X). Then the coveragecaused
by S, is no morethan (2K, + 1)N + | K. Hence,

kKs+ Ka+ L+ (N + 1)K
+2Ka+ N + 1 Koy

Let K, = 2N. Becausethe K, dierence between
case3 and the other two casesby cheding Xxx; at bits
betweenkK sk+ K 4+ L+( N+ 1)K 3+(2 Ko+1) N+1 Kp+1
and Ksk+ Kg+ L+ (N + )Kg+ 2K+ )N + |, we

can get the total number of (iy;:::;ik) 2 | for the rst
two cases.
It turns out that the total number of (iy;:::;ik) 2

I, for the rst casecanbe computedeasilyin adierent
way, to be described in the following. Therefore, by
comparing the numbers for the rst two casesand for
the rst case,we will be able to know whether case?2
exists. The 3-set-corer can then be answered.

suchthat i = :::= ik modnandiy i;=1Iis b 21 .
And i, can take valuesfrom 1 to N |. Therefore,
P 1
hi= S5 (N D).

Recall that | standsfor iy iy for (iq;:::;1i) 2 1.

For some values of I, there exists a pair of r; and ry
sudh that putting x at i1 and i; will align s,, and
Sy, together. Becauseof the design Si, r1 and rg
can be uniquely determined by | and can be easily
computed in polynomial time. Then for a xed i, the

ri rg 1

« 9 = - Also becausei, has

ri rg 1 )
K 2 (N D:

For someother valuesof |, there is no pair of r; and
re suc that s;, of x ati; ands;, of x at ix are aligned
together. Then, the number of combinations in Casel
is equalto

(6.8) i

1
(6.9) jhij= E (N D)

2
That is, for given k and |, by using either (6.8)

in Case 1. On the other hand, from the previous
discussion, if P[x hits R] is known, we were able to

question is answered.
The key idea in the above proof is that the prob-

limited range of the binary expansionof the hit proba-
bility P[x hits R]. This property still holdsif we change
the identit y level from % to J'— for any integersi < j and
changethe binary expansionof the hit probability to a
basej expansion. As a result, by slightly changing the
proof, the NP-hardnessfollows for identity level ]'— for
alli<j.



Remark. What about the complexity of nding the
optimal seed?We have mentioned earlier that it is NP-
hard to nd the optimal seedin somedistribution [19].
Can we similarly improve this result under uniform dis-
tribution? The answer is \not likely", as now the prob-
lem is de ned by the language: L, = f(1";1%; Q)jw
L g, whereQ is the optimal seedsf length L and weight
w on a uniform region of homology level p. Suc a set
is sparseand a sparseset being NP-hard implies NP =
P [22].

6.2 Computing the asymptotic hit probabilit y.
Now we know that computing the hit probability of
a spaced seed is NP-hard. This justies that the
exponertial time algorithms used in all the papers
[21, 16, 6, 7, 5, 19, 33]. Howeer, the time complexities
of all these algorithms also depend on the homologous
regionlength, and therefore not usefulfor comparingthe
hit probabilities of two seedsasymptotically asdiscussed
in Section 5.

In this section, we extend the argumert of Buhler
et al. [6], but usinga dierent line of argumert, to give
an exponertial time algorithm to compute the the hit
probabilit y of a spacedseed,independert of homologous
region length. Thus this also givesan e ectiv e method
to comparethe asymptotic sensitivity of two seeds.

A positive matrix is a matrix whose entries are
strictly greaterthan 0. Then, we have

Lemma 6.2. ([23, 4]) Let A =
matrix. Then,

(a; ) be a positive

1. A hg,s a uniqqg largest eigenvalue 1 in
[min; j & max  aj ] Furthermore, the
eigenvetor asswiated with 1 can be normalized
so that all its components are positive.

2. Let M = max; a;, m = min;j a;, and K =
maXijx g:’I jkkj' : Then, other eigenvalues of A

satisfy the inequality below:

K 1
K+1

M m

6.10
(6.10) M

J] 1 1:

Theorem 6.2. Given a spaced seed Q and homolagy
level p. The asymptotic hit probability on a homolgous
region R can be computed in time exmpnentially propor-
tional to the length Lo of Q, independent of the length
of R.

The proof will be provided in the full versionsof the
paper. The following corollary answersan open question
raisedin [7].

Cor ollar y 6.1. Given two seeds Q; and Q; of the
same length L, their limiting sensitivities are well-
de ned by their largest eigenvaluesof their transition
matrices [6], and they can be e ectively compared in
exmnential time in L.

6.3 Ecien t appro ximation of the hit probabil-
ity of a seed. Authors of [19] proposeda simple ran-
dom sampling algorithm for computing the hit proba-
bility. The algorithm guaranteesthe absolute error to
be small. However, this doesnot guarantee an approxi-
mation ratio asthe hit probability can be very small for
lower identit y level and higher seedweight. In this case,
a small absolute error may causea very bad approxi-
mation ratio. To guarantee an approximation ratio, the
time complexity of such algorithm has to depend on
homology level and seedweight and can be very high.
In this section, we give an e cien t and practical poly-
nomial time approximation algorithm, guaranteeing ar-
bitrarily good performanceratio with high probability,
independert of homology level and seedweight.

Let p be the identity level of R. That is, R[i] = 1
with probability pfor 0 i < L, wherel is the length
of R. Let N be a large number. Our algorithm is the
following.

Algorithm  WiseSample

n; Lo;
Repeat N times
Let R[i]= 1fori 2 RP (Q);

Fori 2 RP (Q), let R[i]= 1 with probability p.

Fori=1;:::5;L Lo
if Q doesnot hit R[1;i+ Lo 1]
n; ni + 1.
Output pYe(1+ N 1 }‘zlLQ n;).

The proof of the following theorem will be provided
in the full versionsof the paper.

Theorem 6.3. Let the hit probabyjjty of Q be x. For

any > 0, let N = 8209l Then with high
prokability, Algorithm WiseSampleoutputs valuey such
that jy xj x.
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