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Abstract—The small parsimony problem is studied for reconstructing recombination networks from sequence data. The small
parsimony problem is polynomial-time solvable for phylogenetic trees. However, the problem is proven NP-hard even for galled
recombination networks. A dynamic programming algorithm is also developed to solve the small parsimony problem. It takes Oðdn23hÞ
time on an input recombination network over length-d sequences in which there are h recombination and n � h tree nodes.

Index Terms—Recombination network, phylogenetic network, parsimony method, NP-hardness, approximability, dynamic
programming.
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1 INTRODUCTION

ANALYSIS of genomic sequences indicates that horizontal
gene transfer (HGT), recombination, and other non-

point mutations often occur in genomic evolution. HGT
occurs when genetic material transfers from a species to
another remotely related species. HGT events are common
in the bacterial and other prokaryotic genomes [16], [3], [20].
New evidence also indicates that HGT events might occur
in eukaryotic genomes [10].

Recombination is another important mutational event
occurring in most genomes. It allows different species to
share common genetic materials. A species is defined as an
nodes of a network over the given sequences to achieve
the minimum parsimony score. Such a problem is called
the small parsimony problem. It is well known that the small
parsimony problem is polynomial-time solvable for phylo-
genetic trees [4]. Hence, it is interesting and important to
investigate whether it is polynomial-time solvable or not for
phylogenetic networks [18].

In this paper, we study the small parsimony problem for
reconstructing recombination networks. After formalizing
the small parsimony problem for recombination networks
in Section 2, we prove that it is NP-hard even for galled
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0010	 ij 0n� 4; 0000	 ij 0n� 4; 1101	 ij 0n� 4; 1111	 ij 0n� 4;

0001	 ij 0n� 4; 0011	 ij 0n� 4; 1110	 ij 0n� 4; 1100	 ij 0n� 4;

and the label of QðeÞis 1nþ 2. Finally, we label U by 110n .
To complete the reduction, we will prove that the

internal nodes can be labeled and the recombination nodes

can be specified in a way such that: 1) The score of the

resulting network is minimal and 2) for each e ¼ ði; j Þ, the

label of RðeÞis either 1110	 ij 0n� 4 or 1101	 ij 0n� 4. We start

with the following fact:

Lemma 3.1. Let e ¼ ðui ; uj Þ 2EðGÞ. The edge subnetworkCe

has parsimony score 10 if it is labeled in one of the following
two ways:

1. LabelRðeÞ, D0, E0, D1, E1, andG1 by 1110	 ij 0n� 4,
B0 by 0000	 ij 0n� 4, F0 by 0010	 ij 0n� 4, G0 by
1100	 ij 0n� 4, and B1; F1 by 0011	 ij 0n� 4. In addi-
tion, we set the crossover position atB0 to 3 with
ðF0; B0Þas thep-edge, the crossover position atB1 to
j þ 3 with (F1, B1) as thep-edge.

2. LabelRðeÞ, D0, E0, G0, D1, E1 by 1101	 ij 0n� 4, B1

by 0011	 ij 0n� 4, F1 by 0001	 ij 0n� 4, G1 by
1111	 ij 0n� 4, and B0; F0 by 0000	 ij 0n� 4. In addi-
tion, we set the crossover position at the recombination
node B0 to j þ 3 with ðF0; B0Þ as thep-edge, the
crossover position at the recombination nodeB1 to 3
with ðF1; B1Þas thep-edge.

Proof.

1. Under the labeling, the score is 3 on E1F1, 2 on
E0F0, 1 on E0G0, the right edges below D0; G0; D1,
and the left edge below F1. The score on other
edges is 0.

2. It holds by symmetry. tu

In fact, the edge subnetwork under the labelings in the

above lemma has the minimum score as shown below.

Lemma 3.2. Let e ¼ ðui ; uj Þ and l be a labeling of the edge
networkCe (with the rootRðeÞ) in which a nodeu is labeled
with lðuÞ. Then, the edge networkCe under l has score

sðCe; lÞ � 10þ
X

k6¼1;2;iþ 2;j þ 2

lðRðeÞÞ½k�:

Furthermore, if the equality holds, then

lðRðeÞÞ½i þ 2� 6¼ lðRðeÞÞ½j þ 2�:

Proof. Let X ¼ f 1; 2; i þ 2; j þ 2g and Y ¼ f 1; 2; . . . ng. We

have:

spðCe; lÞ ¼
X

k2X

spðTkÞ þ
X

k2YnX

spðTkÞ;

where Tk is the binary subtree of Ce specified by the

crossover positions at the recombination nodes B0 and

B1 in which each node u is labeled with lðuÞ½k�, the

kth character of lðxÞ.

For any position, k 2 Y n X , all of the leaves of Tk are

labeled with 0. Hence, its score spðTkÞ is at least 1 if

lðRðeÞÞ½k� ¼ 1. So,
P

k2YnX spðTkÞ �
P

k6¼1;2;iþ 2;j þ 2 lðRðeÞ½k�.
Therefore, we need only prove that

P
k2X spðTkÞ � 10. To

this end, for each k 2 X , we let T0
k and T00

k denote the

subtrees of Tk rooted at D0 and D1, respectively. Clearly,

spðTkÞ � spðT0
kÞ þ spðT00

k Þ:

First, T0
k is identical to either T1 or T2 in Fig. 4. By

Fitch’s algorithm, we have

1. If T0
1 and T0

2 are T1, then their best scores spðT0
1Þ

and spðT0
2Þare 1; if they are T2, their scores are at

least 2.
2. If T0

iþ 2 is T1, its score is at least 2; if it is T2, its best
score is 1.

3. If T0
j þ 2 is T1, its best score is 1; if it is T2, its score is

at least 2.

We have 1 < 2 < i þ 2 < j þ 2 by assumption on

e ¼ ðui ; uj Þ. Hence, no matter how we set the crossover

position for B0, it is not possible that T0
1, T0

2, and T0
j þ 2 are

T1, but T0
iþ 2 is T2. This implies that

P
k2X spðT0

kÞ � 5.

Furthermore, the equality holds only if T0
1 and T0

2 are T1,

and T0
iþ 2 is identical to T0

j þ 2.

Similarly, the same conclusion holds for T00
1 , T00

2 , T00
iþ 2,

and T00
j þ 2. Thus,

P
k2X spðTkÞ � 10. For the equality to

hold,
P

k2X spðT0
kÞ ¼5 and

P
k2X spðT00

k Þ ¼5. This implies

that T1 and T2 are identical and Tiþ 2 and Tj þ 2 have the

same topology. In addition, by the Fitch algorithm,

another necessary condition for the equality to hold is

lðRðeÞÞ½i þ 2� 6¼ lðRðeÞÞ½j þ 2�. This concludes the proof.tu

Lemma 3.3. There is a labelingl of the networkN such that it
achieves the minimum score ofN and lðRðeÞÞ ¼1110	 ij

0n� 4 or 1101	 ij 0n� 4 for any edgee.

Proof. Let l be a labeling of N that gives the minimum

score. Assume that lðRðeÞÞ6¼ 1110	 ij 0n� 4; 1101	 ij 0n� 4

for some e ¼ ðui ; uj Þ. We obtain a new labeling, l0, from l
such that spðN; l0Þ � spðN; lÞas follows:

. Let BT be the tree obtained from N by removing
all edge clusters. Notice that BT includes the edge
ðPðeÞ; QðeÞÞfor each e. For each node u of BT , let
l0ðuÞ ¼11� lðuÞ½3; n þ 2�, i.e., we replace the first
two sites of lðuÞby 11.

. For each edge subnetwork Ce, if lðRðeÞÞ½i þ 2� ¼ 1,
then label RðeÞ by 1110	 ij 0n� 4 and label other
nodes below RðeÞ according to Lemma 3.1.1; if
lðRðeÞÞ½i þ 2� ¼ 0, label RðeÞby 1101	 ij 0n� 4 and
label other nodes below RðeÞ according to
Lemma 3.1.2.
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Fig. 4. The binary trees T1 and T2 in the proof of Lemma 3.2.



By definition,

spðN; lÞ ¼spðBT; lÞ þ
X

e2EðGÞ

½spðCe; lÞ þ hðlðPðeÞÞ; lðRðeÞÞÞ�

and

spðN; l0Þ ¼spðBT; l 0Þ

þ
X

e2EðGÞ

½spðCe; l0Þ þ hðl0ðPðeÞÞ; l0ðRðeÞÞÞ�:

Since, for each edge ðu; vÞ 2BT ,

l0ðuÞ½1; 2� ¼ l0ðvÞ½1; 2� ¼ 11;

l0ðuÞ½3; n þ 2� ¼ lðuÞ½3; n þ 2�;

and

l0ðvÞ½3; n þ 2� ¼ lðvÞ½3; n þ 2�;

we have hðl0ðuÞ, l0ðvÞÞ � hðlðuÞ, lðvÞÞfor every edge

ðu; vÞ 2EðBT Þ. Hence,

spðBT; l 0Þ ¼
X

ðu;vÞ2EðBT Þ

hðl0ðuÞ; l0ðvÞÞ �
X

ðu;vÞ2EðBT Þ

hðlðuÞ; lðvÞÞ

¼ spðBT; lÞ:

Therefore, we only need to prove that

spðCe; l0Þ þ hðl0ðPðeÞÞ; l0ðRðeÞÞÞ

� spðCe; lÞ þ hðlðPðeÞÞ; lðRðeÞÞÞ

by considering the following cases:
Case 1. lðRðeÞÞ½i þ 2� 6¼ lðRðeÞÞ½j þ 2�. Without loss of

generality, we assume lðRðeÞÞ½i þ 2� ¼ 1. Then, l0ðRðeÞÞ ¼
1110	 ij 0n� 4 and

hðlðRðeÞÞ½3; n þ 2�; l0ðRðeÞÞ½3; n þ 2�Þ ¼
X

k6¼1;2;iþ 2;j þ 2

lðRðeÞÞ½k�:

By Lemma 3.2, spðCe; lÞ � 10þ
P

k6¼1;2;iþ 2;j þ 2 lðRðeÞÞ½k�.
On the other hand, by Lemma 3.1, spðCe; l0Þ ¼10.

But, hðl0ðPðeÞÞ; l0ðRðeÞÞÞincreases. Since l0ðPðeÞÞ½1; 2� ¼
l0ðRðeÞÞ½1; 2� and l0ðPðeÞÞ½3; n þ 2� ¼ lðPðeÞÞ½3; n þ 2�, the

increment hðl0ðPðeÞÞ; l0ðRðeÞÞÞ �hðlðPðeÞÞ; lðRðeÞÞÞis at

most

hðlðRðeÞÞ½3; n þ 2�; l0ðRðeÞÞ½3; n þ 2�Þ ¼
X

k6¼1;2;iþ 2;j þ 2

lðRðeÞÞ½k�:

Therefore, spðN; l0Þ � spðN; lÞ.
Case 2. lðRðeÞÞ½i þ 2� ¼ lðRðeÞÞ½j þ 2�. In this case,

hðlðRðeÞÞ½3; n þ 2�; l0ðRðeÞÞ½3; n þ 2�

¼
X

k6¼1;2;iþ 2;j þ 2

lðRðeÞÞ½k� þ 1:

By Lemma 3.2, spðCe; lÞ> 10þ
P

k6¼1;2;iþ 2;j þ 2 lðRðeÞÞ½k�.
Similarly to Case 1, l0 reduces the score of the subnet-

work Ce by
P

k6¼1;2;iþ 2;j þ 2 lðRðeÞÞ½k� þ 1 and increases the

score of the edge PðeÞRðeÞat most

X

k6¼1;2;iþ 2;j þ 2

lðRðeÞÞ½k� þ 1:

Hence, we also have spðN; l0Þ � spðN; lÞ.
This concludes the proof. tu

Theorem 3.2. The small parsimony problem is NP-hard for the
recombination galled networks satisfying one of the following
two conditions:

1. Both the recombination edges and crossover position
are not specified for each recombination node.

2. The p and s-edges are specified, but the crossover
position is not known for each recombination node.

Proof. We first prove the NP-hardness for Condition 1, then

show how to modify the proof for Condition 2. The

theorem follows from the fact that G has a vertex cover of

size t if and only if spðN Þ � ðn þ 9ÞjEðGÞj þ t , where

jEðGÞjdenotes the number of edges in G.

Let V0be a vertex cover of G such that jV0j ¼ t . For each

edge e ¼ ðui ; uj Þof G, ui or uj is in V0. We select only one of

ui and uj that is in V0even if both are in V0. Without loss of

generality, we assume that ui 2 V0is selected. We label the

internal nodes in Ce according to Lemma 3.1.1. Further-

more, we label all the other nodes (including PðeÞfor each

edge) by the sequence 11� x1x2 � � � xn , where xk 2 f 0; 1g
and xk ¼ 1 if and only if uk 2 V0. Under the resulting

labeling l, the score is jV0j ¼ t on the edge ðR; UÞ, t � 1 on

the edge ðPðeÞ; RðeÞÞ, n � t on the edge ðPðeÞ; QðeÞÞ, and

0 on the other edges in the top part of the network N .

Using Lemma 3.1, we obtain

spðN Þ � spðN; lÞ ¼ jEðGÞj½10þ ðt � 1Þ þ ðn � tÞ� þ t

¼ jEðGÞjðn þ 9Þ þ t:

Conversely, assume that spðN Þ � j EðGÞjðn þ 9Þ þ t .
By Lemma 3.3, there is a labeling l of N having

the minimum score in which the node RðeÞ in the

edge network corresponding to e ¼ ðui ; uj Þ is labeled

with either 1110	 ij 0n� 4 or 1101	 ij 0n� 4. Let

V0 ¼ f ukj9e 2 EðGÞs:t: lðRðeÞÞ ¼11� 0k� 110n� kg. Clearly,

V0 is a vertex cover of G.

Let T be the tree obtained by removing from N all of

the edge networks below RðeÞ (not including RðeÞand

QðeÞfor each edge e). Applying the Fitch algorithm for
the small parsimony problem on T , we can easily show

that spðT; lÞ � ðn � 1ÞjEðGÞj þ jV0j. Hence,

spðN; lÞ

� spðT; lÞ þ 10jEðGÞj

� ð n � 1ÞjEðGÞj þ jV0j þ 10jEðGÞj

¼ ðn þ 9ÞjEðGÞj þ jV0j:

Since spðN Þ ¼spðN; lÞ � j EðGÞjðn þ 9Þ þ t , we have that

jV0j � t , i.e., G has a vertex cover of size t . This concludes

the proof for Condition 1.

Now, we show how to modify the proof for Condi-

tion 2. Note that, in Lemma 3.1, the p-edgeof B0 is always
set to F0B0; the p-edgeof B1 is always set to F1B1. Hence,

when we assign the p-edge of B0 and B1 to F0B0 and

F1B1, respectively, in the reconstructed network for

Condition 1, all of the discussion above remains the
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