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Reconstructing Recombination Network from
Sequence Data: The Small Parsimony Problem

C. Thach Nguyen, Nguyen Bao Nguyen, Wing-Kin Sung, and Louxin Zhang

Abstract—The small parsimony problem is studied for reconstructing recombination networks from sequence data. The small
parsimony problem is polynomial-time solvable for phylogenetic trees. However, the problem is proven NP-hard even for galled
recombination networks. A dynamic programming algorithm is also developed to solve the small parsimony problem. It takes O&n23"p
time on an input recombination network over length-d sequences in which there are h recombination and n  h tree nodes.

Index Terms—Recombination network, phylogenetic network, parsimony method, NP-hardness, approximability, dynamic
programming.

1 INTRODUCTION

ANALYSIS of genomic sequences indicates that horizontal
gene transfer (HGT), recombination, and other non-
point mutations often occur in genomic evolution. HGT
occurs when genetic material transfers from a species to
another remotely related species. HGT events are common
in the bacterial and other prokaryotic genomes [16], [3], [20].
New evidence also indicates that HGT events might occur
in eukaryotic genomes [10].

Recombination is another important mutational event
occurring in most genomes. It allows different species to
share common genetic materials. A species is defined as an
nodes of a network over the given sequences to achieve
the minimum parsimony score. Such a problem is called
the small parsimony problenit is well known that the small
parsimony problem is polynomial-time solvable for phylo-
genetic trees [4]. Hence, it is interesting and important to
investigate whether it is polynomial-time solvable or not for
phylogenetic networks [18].

In this paper, we study the small parsimony problem for
reconstructing recombination networks. After formalizing
the small parsimony problem for recombination networks
in Section 2, we prove that it is NP-hard even for galled
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0010 j O" % 0000 ; 0" 4 1101 j O" % 1111 ; O" %
0001 ij o" 4; 0011 ij o" 4; 1110 i o" 4; 1100 i o" 4;

and the label of Q&Pis 102, Finally, we label U by 110". B B

To complete the reduction, we will prove that the
internal nodes can be labeled and the recombination nodes
can be specified in a way such that: 1) The score of the
resulting network is minimal and 2) for each e ¥ &;j B the (a) (b)
label of R&Pis either 1110 j 0" #or 1101 j; 0" % We start
with the following fact:

Lemma 3.1. Let e % dy;; ujP 2ESGR The edge subnetwor®.

has parsimony score 10 if it is labeled in one of the following
two ways:

Fig. 4. The binary trees T* and T2 in the proof of Lemma 3.2.

this end, for each k2 X, we let T2 and T°denote the
subtrees of Ty rooted at Do and D1, respectively. Clearly,

0
1. LabelR&h Do, Eq, Dy, E1, andG; by 1110 ; O 4, S0P Sp0TP pspTe
Bo by 0000 ; 0" 4 Fo by 0010 ; 0" 4, Gy by
1100 j O" 4, andBy; F1 by 0011 j o 4. In addi-
tion, we set the crossover position By to 3 with
d&o; Bobas thep-edge the crossover position &; to 1.
j b 3 with (F1, B;) as thep-edge

First, T is identical to either T! or T2 in Fig. 4. By
Fitch’s algorithm, we have

If T?and T2 are T?, then their best scores s,dT{P
and s,8T JPare 1; if they are T?, their scores are at

2. LabelR&R Do, Eg, Go, D1, E1 by 1101 0" % B, least 2.
by 0011 ; 0" 4, Fy by 0001 ; 0" 4 G, by 2. IfTY,is T its score is at least 2; if it is T2, its best
1111 4 0" 4, andBg; Fo by 0000 ; 0" “. In addi- score is 1.

tion, we set the crossover position at the recombination 3. If T}, is T, its best score is 1; if it is T2, its score is
node By to j p 3 with &;Bob as thep-edge the at least 2.

crossover position at the recombination n@&leto 3 We have 1< 2<i p 2<j p 2 by assumption on
with &1; B,pas thep-edge e ¥, dy;; uj R Hence, no matter how we set the crossover
position for By, it is not possible that T, T3, and T, , are
T!, but T8, is T2 This implies that =,y s,0TP 5.
Furthermore, the equality holds only if T?and T are T?,

Proof.

1. Under the labeling, the score is 3 on E;1F1, 2 on
EoFo, 1 on EoGy, the right edges below Do; Go; D1,
and the left edge below Fi. The score on other
edges is 0.

2. It holds by symmetry. t

and T , is identical to T ,.

Similarly, the same conclusion holds for Tf? T209 Ti%oz,
and T9%. Thus, ,,x spé'B(D 10. For the equality to
hold, ,x ST P ¥Band |, SpOT P ¥4b5. This implies

that T1 and T are identical and Tip2 and Tjp, have the

In fact, the edge subnetwork under the labelings in the
above lemma has the minimum score as shown below.

Lemma 3.2. Let e¥ dyj;ujP and | be a labeling of the edge
network C (with the rootR&B in which a nodeu is labeled
with l&ub Then, the edge netwof® under| has score

same topology. In addition, by the Fitch algorithm,
another necessary condition for the equality to hold is
|aR&EPRY 2 8 R&EPRY 2. This concludes the proof.t
Lemma 3.3. There is a labeling of the networkN such that it
achieves the minimum score df and I6Ré&ePP Y4110 j;
0" 40or1101 j 0" “for any edgee.
Proof. Let | be a labeling of N that gives the minimum
score. Assume that [R&PH41110 j; 0" 41101 j 0" *
for some e ¥4 dy;; ujR We obtain a new labeling, [0 from |

s&Ce;IP  10p
k&41;2;ip 2;jp 2

OR3P HYA

Furthermore, if the equality holds, then

|R3&PHY 2 8 IREPHY 2:

Proof. Let X ¥4 f1;2;ip 2;jp 2g and Y % f1;2;...ng. We

have: such that sp8N; 1% sp8N; IPas follows:
X X
$pCe;IP ¥a  5,8TkP P SpOTkb e Let BT be the tree obtained from N by removing
k2x k2YnX all edge clusters. Notice that BT includes the edge

&P &b QdebHor each e. For each node u of BT, let
1%up ¥211 1&uP3np 2, ie., we replace the first
two sites of |auPby 11.

For each edge subnetwork Ce, if IR3ePRY 2 Y41,
then label R&Pby 1110 j 0" # and label other

where Ty is the binary subtree of Ce specified by the
crossover positions at the recombination nodes Bg and

B; in which each node u is labeled with ldubks, the °
kth character of &P

For any position, k 2 Y nX, all of the leaves of Ty are
labeled with 0. nce, its score %61' kP is at least 1 if
|RGEPHRA/1 150, 1oymx SpOTKP  prgaizip 2jp2 | RGPk
Therefore, we need only prove that |,y S,0TkP  10. To

nodes below RdepP according to Lemma 3.1.1; if
I&R&ebPRY 2 Y40, label Réebby 1101 ; 0" 4 and
label other nodes below Rd&bpP according to
Lemma 3.1.2.
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By definition,

X
$,0N; 1P ¥s,@T;IPp  %,8C,; I phddP &bplaRasbbb
e2E&GP

and
spON; 1P Visp®BT |
p 4,3Ce; 1% p hd"P b bl®R &P PP

e2E&GPh
Since, for each edge &u;vb 2BT,
1%ub¥2 val%vb¥%2 Yu11;
%ub%np 2 Yalaub%Hnp 2;
and
%vb3np 2 YaldvbBnp 2;

we have hd%up 1%PPp hd&ub l&/PPfor every edge
au; vb 2E®BT b Hence,

SpBT; 1P Vs ha%uk 1%vbp hdauk 1a/Pb
Au;,vPZE®BT b A, vPZE®BT b
YaspBT; IR

Therefore, we only need to prove that

$piCe; 1% p ha%P deP b ‘R eebPP
$p&Ce; IP phd&P PR EPPP

by considering the following cases:

Case 1. IR&EPRY) 2 61 I0R®EPHY 2. Without loss of
generality, we assume |6R&PBRY2 2 % 1. Then, I%R&PP V4
1110 ij on 4 and

hddR&ebPE/M b 2;1%R&EPE/M D 2b Y4 IR b HYA

k8a1;2;ip 2;jp 2
By Lemma 3.2, spdCe;lP 10D P kga:2ip 2jp 2 | ORGEPHY2
On the other hand, by Lemma 3.1, s,&Ce;|% %10.
But, hd%P &ebbl®Rabbbncreases. Since %P debHYR2 V4
I%R&EPHY? and %P &P p 2 Y4 8P &b/ p 2, the
increment hd%P debbl%RaEbPbb hdd &bbldR&EPPHs at

most

hddR&P/M b 2;1%R&EPE/M D 2b Y4 IR 3P HYA

k8a1;2;ip 2;jp 2
Therefore, SpéN;IOD SpON; 1R
Case 2. IR&PRY 2 Y2 |RE&PRY 2. In this case,
haa?al;(ptszm b 2:1%R&PE/M b 2
Ya |I0RGPH/D 1.
KBAL;2;ip 2;jp 2

P
By Lemma 3.2, spdCe; P> 10D kw;z;iszbzla?éebﬁé/z
Similarly to Iglase 1, 19 reduces the score of the subnet-

work Ce by g42ip2jp2 |OREPHD 1 and increases the
score of the edge P &eFRdePat most
[BR&ePHD 1.
keul;2;ip 2;jp 2
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Hence, we also have sp0N; 1% s,8N; 1R
This concludes the proof. t

Theorem 3.2. The small parsimony problem is NP-hard for the

recombination galled networks satisfying one of the following

two conditions:

1. Both the recombination edges and crossover position

are not specified for each recombination node.

2. The p and s-edges are specified, but the crossover

position is not known for each recombination node.

Proof. We first prove the NP-hardness for Condition 1, then
show how to modify the proof for Condition 2. The
theorem follows from the fact that G has a vertex cover of
size t if and only if spdNP dnp 9PESGPjpt, where
JEAGPjdenotes the number of edges in G.

Let V°be a vertex cover of G such thatjV4 % t. For each
edge e ¥ &J;; u; Pof G, uj or u; is in V° We select only one of
ui and y; that is in V%ven if both are in V% Without loss of
generality, we assume that u; 2 Vs selected. We label the
internal nodes in Ce according to Lemma 3.1.1. Further-
more, we label all the other nodes (including P dePfor each
edge) by the sequence 11 X;X»  Xp, where xx 2 0; 19
and Xi Y41 if and only if ux 2 VO Under the resulting
labeling |, the score is VY ¥4 t on the edge &R;URt 1lon
the edge P deh Rd&ePbn t on the edge &P &k QdebPand
0 on the other edges in the top part of the network N.
Using Lemma 3.1, we obtain

sONDP  5,3N; 1P Y EaGhjIopdt  1bp
Y, JESGPj& b 9P pt;

tb pt

Conversely, assume that spdNP jESGPj& p 9P pt.
By Lemma 3.3, there is a labeling | of N having
the minimum score in which the node Rdeb in the
edge network corresponding to e ¥ duj;u;P is labeled
with either 1110 j; 0" * or 1101 ;; 0" % Let
VO fuj9e 2 E&Gbs:t: IAR&PP Y41 0¢ 110" Xg. Clearly,
VYis a vertex cover of G.

Let T be the tree obtained by removing from N all of
the edge networks below R&Pp (not including RéepPand
Qdebfor each edge €). Applying the Fitch algorithm for
the small parsimony problem on T, we can easily show
that s,8T;1P 8n  1PE&GP] pjVY. Hence,

SpON; IP

$pdT; IP p 1GE 8GPj

dn 1PEXGPjpjVip 10EGP]
Ya & b 9PEGPj pjV:

Since s, 0N P ¥s,0N; 1P j E&GPjd p 9P pt, we have that
jV§ t,i.e. G has a vertex cover of size t. This concludes
the proof for Condition 1.

Now, we show how to modify the proof for Condi-
tion 2. Note that, in Lemma 3.1, the p-edgeof By is always
set to FoB; the p-edgeof B, is always set to F1B1. Hence,
when we assign the p-edgeof By and By to FoBg and
F1B1, respectively, in the reconstructed network for
Condition 1, all of the discussion above remains the






