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Abstract The accuracy of the Fitch method for reconstructing ancestral states on ultra-
metric phylogenetic trees is studied. Two recurrence relations for computing the accuracy
are given here. Using these relations, we analyze the convergence of the accuracy of the
Fitch method for reconstructing the root state on a complete binary tree of 2" leaves as n
goes to infinity, present a closed-form formula for the accuracy on ultrametric comb trees,
and provide a lower bound on the accuracy on arbitrary ultrametric phylogenetic trees.
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1. Introduction

Ancestral sequence reconstruction incorporates sequences from modern living things into
evolutionary models to estimate the corresponding sequence of an ancestor that lived mil-
lions of years ago. This approach to understanding proteins was first suggested by Pauling
and Zuckerkandl (1963) in their seminal work in 1963. With the rapid accumulation of
biomolecular sequence data and advances in computational biology, it has become an im-
portant approach to studying the origin and evolution of genes, proteins and even whole
genomes (see, for example, Liberles, 2007 and Thornton, 2004). The reader is referred
to the survey paper by Pachter (2007) for the mathematical issues of ancestral sequence
reconstruction.
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The evolutionary history of a set of extant taxa is modeled as a rooted binary tree with
leaves each labeled by a taxon, called a phylogenetic tree, in which any internal node
denotes the common ancestor of the taxa associated with the leaves below it. The state of
a character changes during evolutionary course and, therefore, the extant taxa may have
character states different from their common ancestor in a phylogenetic tree.

The goal of ancestral state reconstruction is to estimate the ancestral character state
at the root from the states of the extant taxa in a phylogenetic tree. The Fitch method
(Fitch, 1971) is the first phylogenetic technique used for inferring the ancestral states
of a character when the phylogenetic tree that evolutionarily relates the ancestor to the
extant species is known (Baba et al., 1984). Here, character states represent particular
traits or morphological features. In ancestral DNA sequence reconstruction, the characters
are simply sequence sites and the states are four nucleotides. As a parsimony method, it
estimates the ancestral states by minimizing the total number of hypothetical changes on
all branches that are used to explain the evolution of the character states. It is efficient and
accurate for sequences that are reasonably similar to each other. However, the accuracy
of the Fitch method for reconstructing ancestral states has yet to be well studied (Li et al.,
2008; Maddison, 1995; Salisbury and Kim, 2001; Zhang and Nei, 1997).

In this work, we study three mathematical problems arising from the analysis of the
Fitch method for ancestral sequence reconstruction. To solve these problems, we first
prove two useful recurrence relations for calculating the reconstruction accuracy of the
Fitch method (in Theorem 3.1). These relations are derived from formulas in earlier stud-
ies (Maddison, 1995) and (Steel, 1989).

The first problem is to analyze the convergence of the accuracy of the Fitch method for
reconstructing the root state in a complete phylogenetic tree in the equal-length branch and
two-state Jukes—Cantor model (see Section 2 for details). Let p denote the conservation
probability on each branch. Steel (1989) showed that, when the Fitch method is applied,
the accuracy of reconstructing the root state from all leaf states in the complete binary tree
of 2" leaves converges as n goes to infinity to % if % <p< % and %—}— %4W if% <
p < 1. This result was proved under the assumption that certain limits exists. However,
the existence of these limits is not trivial as shown in this paper. We fill the gap left in Steel
(1989) by proving their existence. Additionally, we show that the reconstruction accuracy
diverges when p < é

Complete phylogenetic trees in which all branches have equal length are special ultra-
metric trees. In an ultrametric tree, each branch has its own branch length /, with conser-
vation rate p(l) = % (1+e7) in a symmetry two-state Jukes—Cantor model, but requiring
that the sum of branch lengths is constant in each path from the root to a leaf. Hennigian
comb trees are trees in which each internal node has at least one leaf child. Hennigian
comb trees are also called caterpillar trees. We give a closed-form formula for the recon-
struction accuracy of the Fitch method on ultrametric Hennigian comb trees.

Lastly, we study the reconstruction accuracy of the Fitch method on arbitrary ultra-
metric trees. Contradicting the intuitive, the reconstruction accuracy of the Fitch method
is not a monotonic function of the number of taxa selected for reconstruction of the root
state (Li et al., 2008). Therefore, in Li et al. (2008), it is asked whether the accuracy RA ¢
of the Fitch method for reconstructing the root state from all leaf states is always larger
than or equal to the conservation probability along a root-to-leaf path or not on an ultra-
metric tree. Recently, this problem is positively answered by Fischer and Thatte (2009).
In this paper, we present a stronger lower bound on RAf for arbitrary ultrametric trees.
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Our lower bound implies that RA is not less than the accuracy of reconstructing the root
state from any three leaves in an arbitrary ultrametric tree with three or more leaves.

2. The Fitch method and its reconstruction accuracy

Let C be a character with multiple states. Given a phylogenetic tree 7 in which each leaf
has a state for character C, the Fitch method estimates the root state from the leaf states
in two steps. It first computes a subset S, of states for each node u of T as follows:

1. If u is a leaf, S, contains only the state of u;
2. If u is an internal node having children v and w, S, is equal to S, U S,, if S, and S,,
are disjoint and S, N S, otherwise.

After the subset S, for the root r of T is computed, the method selects a state as the root
state from S, randomly. In other words, a state is selected as the root state with probability
ﬁ, where |S, | denotes the number of states contained in S, .

Assume the state mutation process along each branch of the given phylogenetic tree
T is modeled as a stochastic process in which a state is replaced by another with some
probability. The Fitch method reconstructs correctly a root state s from a set D of leaf
states only if s evolves into the leaf states in D. Hence, the accuracy of the Fitch method
for reconstructing the state of the root in the tree 7', denoted by RA (T'), is defined to be
the expected probability that it outputs the true state on the given set D of leaf states. Let
Pr,[D|s] denote the probability that the root state s evolves into the leaf states in D. Then

RAR(T) = Z pr(s)Pr,.[D]s]Pr[s is selected by the Fitch method from D], (1)
s,D

where p, (s) is the prior probability of s being the root state.

3. Recurrence relations for analyzing the reconstruction accuracy

In the rest of this paper, we assume that a character has only two states 0 and 1 and the
root of a given phylogenetic tree takes these two states with equal prior probability. By
definition, the Fitch method selects 1 with probability 1 if {1} is the state subset S, (D)
computed from D at the root (see the last section for the calculation of S, (D)); it selects 1
with probability % if S, (D) = {0, 1}. By symmetry, Eq. (1) becomes

1
RAF(T) = ZPr,[D| 1] <Pr[s,(D) ={1}]+ 3 Pr[S.(D) = {0, 1}]). ()

D

Let

Pry[S|s] =) Pry[D'|s]Pt[Sx (D) = §]

D’
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for a node X of a phylogenetic tree, a state s € {0, 1}, S C {0, 1}, where the sum is over
all the combinations D’ of the states of the leaves below X. Clearly, Prx[S|s] is the prob-
ability that the Fitch method outputs state subset S at X in its first step given the true state
of X is s. By symmetry,

Pry[{1}1] = Prx[{0}]0],
Pry [{0}[1] = Prx[{1}]0],
Pry[{0, 1}]1] = Prx[{0, 1}10].

For anode X and a state s € {0, 1}, we further set
ax =Pry[{s}ls], Bx =Prx[{1 —s}Is].
Then
Pry[{0, 1}|s] =1 — ax — Bx.

Then Eq. (2) becomes

RAF(T) =Pr,[{1}]1] + %Pr,[{o, 1}11]

1 1

=5 + 5 (Pr[(011] = Pr.[(0}1])

_1 1 3
TS .

Let Z be an internal node having X and Y as its children. Furthermore, we let the
conservation probability on branches ZX and ZY be px and py, respectively, i.e., p, =
Pr[Z and v have the same state] for v = X, Y. The subset S, computed at Z is {1} if and
only if one of Sy and Sy is {1} and the other is {1} or {0, 1}. Hence,

az = (pxax +qxBx)(pray + qyBy)
+ (pxax +gxBx)(1 —ay — By)

+ (I —ax — Bx)(pray +qyBy), (€]

where gy =1 — px and gy =1 — py. Similarly,

Bz = (gxax + pxBx)(gray + pyBy)
+ (gxax + pxBx)(1 —ay — Br)
+ (1 —ax — Bx)(gray + pyBy). (5)
These two recurrence relations presented in Maddison (1995) lead to an efficient dynamic
programming method for calculating ¢, and B,. But these two relations are not simple

enough for the theoretical study of the reconstruction accuracy. In the rest of this section,
we shall establish two recurrence relations for the purpose of the theoretical analysis.
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Let
Cz=1—az— Bz
and
Dz =0z —Bz.
If Z is a leaf, we have that
C; =0, Dy =1. (6)
Otherwise, we have the following recurrence relations.
Theorem 3.1. Let Z be an internal node with children X and Y. Then

Cz== x[1=Cx—Cy+3CxCy — (2px —1)2py — 1)DxDy], @)

N —

and
1 1
DZ:§(2pX— 1)(1+Cy)DX+E(2pY_ D+ Cx)Dy. ®)

Proof: These two recurrence equations can be verified by using Egs. (4) and (5). The
details can be found in the Appendix A. (]

Although C’s and D’s are considered in earlier works such as Steel (1989) and Steel
and Székely (2007), the above powerful recurrence equations are different from those
presented on page 127 in Steel (1989) and Steel and Székely (2007). In Steel (1989),
Steel presented a recurrence formula for C’s and D’s involving not only C’s and D’s but
also a’s and B’s. The same formula for D appears also in Steel and Székely (2007).

As the first application of above equations, we obtain the following fact. This result
can be found in Steel (1989). Here, we give a simple argument.

Corollary 3.1. For any phylogenetic tree T with root r in which the conservation proba-
bility on each branch is at least %, Pr[{0, 1}|s]=C, < %for s=0,1.

Proof: 'We prove the inequality by induction on m, the number of nodes of 7. Form =1,
it follows from Eq. (6). Suppose C, < % for any tree with less than m nodes. Now, consider
a phylogenetic tree T of m nodes. Let the root r of T have children X and Y. Then by

induction, 0 < Cyx, Cy < % Since px, py > %, by Eq. (7),

172 1 1
C = E[g + 3<CX - 3) (CY - g) —Q2px —D2py — 1)DXDY]

oo,
<o, L
Y73
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N = N =

Hence, this completes the proof. (]

4. Accuracy on complete binary trees

In this section, we shall focus on the reconstruction accuracy of the Fitch method on
the complete binary trees. Let 7,, be the complete binary tree of 2" leaves in which the
conservation probability is p on each branch. Let r denote the root of 7, and C,(p) = C,
and D,(p) = D, in T,. Since the subtree rooted at each child of the root in 7, is the
complete binary tree of 2"~! leaves, Eqgs. (7) and (8) imply that, for n > 1,

2C,(p) =1-2C,1(p) +3C._ (p) — 2p —1)°D;_,(p).
D,(p) = 2p = (1 4+ Coi(p)) D1 (p), )

where 0 < p < 1.

Lemmad.1. Foranyn>1and0<p <1,
Cu(p)=C,(1 - p), |Dn(p)|:|Dn(1_p)|~

Proof: 'We prove by induction on n. For n = 1, by Eq. (6), C,(p) =2p(1 — p), D\(p) =
2p — 1, and hence the facts hold.

Assume that the facts are true forn — 1,i.e. C,_;(p) =C,_1(1 — p) and |D,_(p)| =
|Dn—1(1 - P)| Then

2C,(p) =1 —2C,_1(p) +3C2_(p) — 2p — 1)’ D2_,(p)

=1-2C,-1(1—p)+3C2_,(1 - p)— (201 — p) = 1)"D?_,(1 - p)

=2C,(1-p)
and
|Du(p)| = 12p = 1] - (1 + Caci(p)) - | Da1(p)|
=20 =p)=1]- (1+Comi(1 = p)) - | Dy_1(1 = p)|
= [D,(1 - p)|.
This completes the proof. O

By Lemma 4.1, we have

lim C,(p)= lim C,(1 — p)
n—o0o n—oo
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and

’

lim | D, (p)| = lim |D,(1 — p)
n—o00 n—00
if they exist. Therefore, it suffices to assume that % < p < 1. For simplicity, we put C; =
Ci(p) and D; = D;(p) for all i and p. The two equalities in (9) become
2C, =1-2C, 1 +3C2,—@2p—-1)?D?_,, (10)

Dy =Q2p—- DU+ Com1) Dy Y

Lemma 4.2. Foranyn > 1,

0<C, < 0<D,<1.

1

>
Proof: By the assumption % < p < 1, the first inequality follows from Corollary 3.1. The
second one is trivial since D, is some probability. (|

Lemma4.3. Letn>1.IfC,_; < %, then C,, < %

Proof: We rewrite Eq. (10) as

1 1 2 -
2(3-Cn)+3(5-Cu1) —@p-D?D7 =0 (12)

This implies that

1 _nep?
0<2 3~ G =@p—-1DD;,_,,

and

2
l_ _ 144
4(3-Cur) =@p-1'DL.

By Lemma 4.2, we have that

2o = 2] ’ Qp— 1D
n = 3 3 n—1 P n—1

2 3 4 4 2 2

< 3 + Z(zp —1D*D; ,—@2p—1) [(Zp - D+ Cn—Z)Dn—Z]
2 4 3 2 2 2

— §+(2p—1) ZDn72_(1+C"_2) anz
2 3

5—+@p—nf——a+mﬂ0iz
3 4
2

< —.

-3
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This completes the proof. O
Lemma4.4. Letn>1.1fC,_ > 3, then C, < C,_;.
Proof:

2C, =1-2C,_1+3C>, —2p—1)?D?_,

=2C, 1+ (1 —C,)(1=3C,.) —2p—1)°D;_,
= 2Cn—l- O

Theorem 4.1. Suppose % <p< % Then

1
lim C, = 3 lim D, =0.

n—> 00 n—0o0

Proof: The proof is divided into two cases.

Case1: C, > % for all n. By Lemma 4.4, C, is a decreasing positive sequence, and thus
lim,_, o, C,, exists and its value is at least % The equation 2C, =1 —2C,—1 +3C>_, —
Q2p— 1)2D5_1 implies that lim,,_, o, D,, exists. Taking limit on all terms in Eq. (11) implies
that lim,,_, o, D, = 0 since lim,_,, C,, > % Again, taking limit on all terms in Eq. (10)
gives that

2
2 1im C, =1—2 lim c,,+3(1im cn) —0:

n—o0 n—oQo n—00

that is, lim,_ o, C, = % or 1. Since C, is decreasing and C; = 2p(l — p) < %,

lim, 00 Cyy # 1. Thus, lim, oo C, = 3.
Case 2: Cy < % for some N. By Lemma 4.3, C, < % for all n > N. Equation (11)
implies that

4 n—N
D,=Q2p-1D1A+Cy_1)Dp1 < (5(217 - 1)) Dy,

forany n > N. Since 1 < p < 1,%(2p—1) <1 and hence lim, .o D, =0.

By Eq. (12),

] 2
3 " n=l n! 3

and hence

1 22
2(3-Ci)=@p-17Dy,

for all n > N. Since

1
052(— —Cn>
3
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and
2
Tim 2p = D?D}_, = 2p = D*(lim D, 1) =0,
n—00
by the Sandwich theorem
. 1

lim2({-—-C,)=0

n—o00 3
and thus lim,,_, o, C,, = 1/3. This completes the proof. O

To prove the convergence of C,, and D, for p > 3, we set

L _2-p)

n 2p_1 n
and

d, = D>

Then Eq. (12) implies that

2<2<1—p) _Cn>
2p—1

2 1 2(1— 2
+3<— ( ")+c,,,.) —@p -1,

K] 3 2p—1
2 8p—17 2 )
(2P o) —@p-1)d,.
=3t (3(2p—1>+c ‘) @p = di
2 8p—7%> 28p—7
=<+ Cp=17 202D 432, —@p— Dy,

32p —1)? 2p—1
or equivalently

2@8p—17) @p—7(4p—3)
20, =Q2p—1)d, .y — ————cp1 =32 | — — 1
cn=Q2p )od,_1 2y 1 Cp1 — 3¢, 3y -1 (13)

Equation (11) implies that

1 2
dnz(zp—1>2<2p —cn> dior =[1 = @p = Deui[Pduer. (14)

-1

Lemma 4.5. Forany k >2 and p > %

(1) ¢ =0.
2 dk+1 < d;.

5(1-p)
3) & = 350
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The proof of this lemma involves sophisticated inequalities, and hence is put in Ap-

pendix B.

Theorem 4.2. Suppose { < p < 1. Then

lim C, = M
n—00 " 2p -1
and
N [C )
n—soo " - (2p - 1)4

Proof: Since ¢, > 0 for all n, Eq. (13) implies

d > Bp—T(4p—3)

- @p-b?
for all n. Since d, = D,Z, is a decreasing sequence, lim,_, ., d, exists and is at least
(Sp(;;)#, which is larger than O for p > %. Since 0 <¢, <1,

0<1-Q2p—1), <1.
For p > I, Eq. (14) implies that

nlirlgol —2p—Dec, =1
and so

nli)rgocn =0.

Hence, lim,,_, o, C,, = %.

For p = % Egs. (13) and (14) become

9
2¢, + 3¢, = —d,_
Cn 361 = 7t

3 2
d, = <1 - _Cn—l) dy_y.
4

and

As a decreasing sequence, d,, has an non-negative limit. If lim,_, - d, = 0, by the Sand-

wich theorem, lim,,_, o, ¢, = 0 from the fact that 0 < 2¢,, <

2(1 —
lirnC,,=M
n—00 2p—1

9 J._. Therefore,
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and

i 2 8P =D Ep—3)
o T @p - D

If lim,,_, o d,, > O, then,

3 2
dy, =d,_y (1 - ch—l)

implies that lim,,_, o, ¢, = 0 and hence lim,_, o, d,, = 0, a contradiction. O

Theorem 4.3. Let T, be the complete binary tree of 2" leaves in which the conservation
probability is p along each branch. In the two-state Jukes—Cantor model,

(a) (Steel, 1989) the accuracy of the Fitch method for reconstructing the root state in T,
converges as n goes to infinity to % + 2(217;_1)2«/(817 —TN@p-3)ifpe [%, 1] and %
ifpels 3l;

(b) it diverges as n goes to infinity if p € (0, %).

Proof: By Eq. (3) and the definition of D,, RA#(T,) = 5 + 5 D,. Hence, part (a) follows
from Theorems 4.1 and 4.2.

When 0 < p < %, D, > 0 for even integers n and D, < 0 for odd integers n. By
Lemma 4.1 and Theorem 4.2, |D,| converges to a positive number. Hence, D, and
RAFR(T,) diverge. This proves part (b). O

5. The reconstruction accuracy on ultrametric comb trees

In the phylogenetic study, a rooted tree in which each internal node has at least one leaf
child is called a ‘Hennigian comb tree’, or a caterpillar tree. In this section, we present a
closed-form formula for the reconstruction accuracy of the Fitch method on ultrametric
Hennigian comb trees.

Let H, (n > 0) denote the ultrametric Hennigian comb tree with n 4 1 levels as shown
in Fig. 1, in which each branch between two internal nodes has positive length #;. Under

Fig. 1 The Hennigian comb tree H,, with n + 1 leaves. Its height is h = Z?=1 t.
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the two-state Jukes—Cantor model, the conservation probability p(¢) along a branch of
length ¢ is

1
pt)= 5(1 +e7M),
where A > 0, which is 2 times the substitution rate. Equivalently,
2p(t) —1=e7, 15)
On the tree H,, by (6), (7), (8), and (15),
1 n
Co=5[1=Cpy = e 210D, ], (16)
1 —At, 1 =201 t)
D,,=§(3 ”Dn—1+§e e (1+Cn—l) (17)

for n > 1, where we simply define Cy = 0 and Dy = 1. We remark that H; has two leaves
and that Cy and Dy are not the corresponding values for the degenerated comb tree in
which there is a root and a leaf. It is easy to see that

Dy =e . (18)

For n > 2, we have that
1 —At 1 —2Q0 )
D,= e D1+ e 11+ Chmy)
2 2
— %e_)\(tlz+tn7])Dn72 4 %e—MZ? ti)(l +Con) + %e—l(Z'f fi)(l +Cu1)

1 —AMtn+ty—1) 1 20"y 3 1
— _ nt+ip— Dn, _ (Z] ) = Cn7 _Cn7
46 2+ 26 3 + 1+ 3 2

— %e_“””'t”*])Dn_z + %e—A(Z'{ %) (2 _ %e—x(t,,,wz’]”‘ ti)Dn—Z)
— e—X(Z'f Wy %e_)\(tn+t;l—])(1 _ e—Z)»(Z'f_lti))D”_z, (19)

where the second last equality is obtained from Eq. (16). Using this recurrence formula
iteratively, we obtain

n ; n—2k+1 .
eI+ Y2 T (1 - e &) s even,

D, = n = ; n—2k+1 20
eI+ Y2 LT (1= 20T 0)] 0 pis odd.

Additionally, we can also establish the following bounds on C, and D,,.
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Theorem 5.1. Assume X, t; > 0. The following facts hold.
(i) C, and D,, can be bounded as

- 4 (1 =) . 1 1)
-3 1-c 3 x 2n=1’

- —C,

1
3

wherec:max{%,e’“" |1<i<n}<1,and

i _ 1 1— 18—2)\11 e M) <D, < i _ ! e MEI )
3 3 x 2l 3 3 3x2"

(22)

on the Hennigian comb tree H, for n > 2.
(ii) Let h = Zf:] t;. The reconstruction accuracy of the Fitch method on H, goes to %
when the height h of H, goes to infinity.

Proof: (i) We prove the inequalities by induction. By Eq. (19),

D, = efk(t1+t2) § _ le—zxtl < ée—k(nﬂz)
4 4 — 4
D3 — e*)u(ll+l2+l3) é _ lef2)u(l1+l2) < éef)»([1+[2+t3).
4 4 — 4
Thus, the inequality (22) is true for n = 2, 3 because % — ﬁ = %. Assume it is true for

n <k. Setting n = k — 1, we have that
4 1 1 k-1 4 1 k-1
- 1—— —2A1 7)\4(21 t) <D, <|2——— 71(21 fl').
(3 3x%4>( 3¢ )e SPer=3 7 35001 )¢
By Eq. (19), we obtain that

k1, 1
Dk+l < e*)t(zl 1) + Ze )L(tk+1+fk)Dk_l

< eI 4 %e—wkﬂw) [e—uzf"ri)(f 1 >]

3 3 x 2kl
= t’:‘ik(X:]fJrl ) i — 71
3 3 x 2kl )

On the other hand, by Eq. (19) and the fact that #; > O for each i, we obtain that
Diuy > efx(zlfﬂ,[) + le—k(tkﬂﬂk)(l —e*ZA’l)Dk,l
- 4

> €7A(21;+1 1) 4 %efk(fk+1+tk)(l _ 672}‘2‘1)
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X ‘_l _ # 1— le—zxr, e—x(z’;*lm
3 3 x2k2 3
> f _ ; 1— lefzm e—x(zll““z,-)
3 3 x2k 3

This proves the inequality (22).
Now we estimate C,, as follows. By Eq. (16),

1 1 1

s—Ci=z—z[1-C1 — —AM+Y ti)Dn_
3 373l 1 1]
= leix(t’dkzlll ti)Dn—l - l l - Cn—l .
2 2\3
Hence, we have
1 1 n 111
5 Cn == _)L([n+z] ti)an S5 Cnf .
3 =3¢ 15 3 !

Applying this inequality iteratively, we

1 "1 I 1 |1
g_Cn SZ Mtg—k+1+227 tz)Dn k+2n ] 'g—CO
4 1 _2 Zn—k-H P 1 1
<= — 1 i - —0],
=34xf T3

where the second inequality follows from (22). By the definition of ¢, we have that % <c
and e " < ¢. Hence,

ZM” 1 40— 1
=3 3x2n-1 T3 1—¢ 3 x 2n=1"

i<l

Hence, we proves inequality (21).

(i) Since A > 0, lim,_, o, e~2*" = 0. Moreover, n goes to infinity when 4 goes to infin-
ity. Hence, inequality (22) implies that lim;_, ., D,, = 0 and the reconstruction accuracy
of the Fitch method goes to % by Eq. (3). (|

When a set of species originated in a burst of speciation events, their phylogenetic tree
has a star-like topology. It has been know that a star-like topology allows more accurate
reconstruction than others. A star-like topology can approximately be considered as one
obtained from an ultrametric comb phylogenetic tree by contracting the branches between
internal nodes. By Theorem 21(i),

4 _
D, ~ s Mh
by letting #; go to zero for each i > 2. Hence, we conjecture that the accuracy of recon-
structing the root state on a star-like phylogenetic tree is about %(1 + %e*“‘) when the
Fitch method is used if the height 4 of the tree is large.
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6. The reconstruction accuracy on arbitrary ultrametric trees

We now consider the accuracy of reconstructing the root state in arbitrary ultrametric
phylogenetic trees. In an ultrametric phylogenetic tree T, a branch xy has a length £y,
but all the leaves have the same distance from the root. For an internal node u of T, the
distance between it and any of its leaf descendants is defined as its depth, denoted by
du).

Lemma 6.1. Let T be an ultrametric phylogenetic tree and u an internal node. Under
the 2-state Jukes—Cantor model, for any path P(x,y) from an internal node x to its leaf
descendant y,

[] @pw—1=e7. (23)

uveP(x,y)

Proof: 1t follows from that 2p,, — 1 = e " for each branch uv and that d(x) =
ZuveP(x,y) Luy- O

Let T be an ultrametric tree that has three or more leaves. For any internal node w with
children w; and wy, by Eq. (8) and Lemma 6.1, we have that

1 1
Dw > _(prwl - I)le + E(prwz - I)Dwz (24)
because Cy,,, C,, > 0. By induction, we can easily show the following fact from Eq. (24).

Lemma 6.2.

D, > l_[ (zpuv - 1) = e*)»d(w)’
(u,v)eP(w,l)

where 1 is a leaf below w.
By (3), the above lemma implies that the accuracy of reconstructing the root state from
all the leaf states is not less than from a single leaf. Such a fact was established by Fischer

and Thatte (2009). It can be strengthened as follows.

Theorem 6.1. Let T be an ultrametric tree having three or more leaves and let x be a
child of its root r. If x has two children, then

1
D, > ¢ 20 [1 +7 (1- e—“d<x>)]. (25)

Proof: By Lemma 6.2, D, > ¢ *40)_ where y is the other child of r, different from x.
Since C, > 0, by Eq. (8), we have that

1 1
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=

| =

(@pre = DD+ 567401 4 Co). (26)
Let u and v be the children of x. By Lemma 6.2, D, > ¢ ™ and D, > ¢™*™_ Let
D,=e M1+ Aw), Dy=e V(14 A®)).
where A(u), A(v) > 0. We then have
Dy = 3Cpa— D0+ COD, + 3@pey — DA +CD,

1
— M { 5[1 +Cy+ A) + C,LAW)] + = [1+ Cu + Aw) + C,,A(v)]]

—_— ol

e {1 N %[cu +Cy + AW + AW)] | @7

Combining inequalities (26) and (27) gives that
—Ad(r) 1 1
D, >e 1+Ecx+1[cu+cv+A(u)+A(u)] .
By Eq. (7),

1
Cx = 5[1 - Cu - Cv +3Cucu - (2pxu - 1)(2va - 1)DuDv]

=

[1 - Cu - Cv - (2qu - 1)(2va - l)DuDv]

N = N =

{1-C,—C,— eI+ Aw][1+ AW)]}.

We further have that

D, > —e M5+ Aw) + AQ) —e O 1+ AW][1 + AW)]}.

L e

Since d(x) > d(v),
[1+A@]e MY <[1+ A@)]e ™Y =D, < 1.
Therefore, we obtain that

AW) + A@w) — e O+ Aw)][1+ AW)]
> A(w) — e O+ Aw)]

> _p~ M)
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and

1 i “2d )\ —Ad(r) 1 —20d(x)
D,ZZe (S—e X)_e 1+Z(1—e "). O

It is known that there exists an ultrametric tree in which the root state can be recon-
structed more accurately from the states of a subset of four leaves than from all the nine
leaf states (Li et al., 2009). Let [;, [, and /5 be three leaves in 7. Assume that the least
common ancestor (Ica) y of [, and /3 is below the lca of [, [, and /5. Let y be below x
and have depth d(y).

Proposition 6.1. The accuracy of reconstructing the state at the root r from the states of
ll, 12, and l3 is

1 l—Adr 1 —2Ad(y
PR [ |

Proof: There are two cases as shown in Fig. 2.

Case 1. The Ica of [; and ¢ is the root. In this case, the fact follows from (19) because
Dy = 1 by definition.

Case 2. The Ica of /; and y is below x. In this case, we let the Ica of /; and y be z. Then
by the case 1 discussed above, the accuracy of reconstructing the state at z is

1 1 1
A7 — — ,—Ad(2) 1 (1= —2xd(y) .
c= 5+ e + 4( e )

Since our model is symmetric two-state model and that the conservation probability on
the path from r to z is p,, = 3(1 4 e *@")=4@)) the accuracy of reconstructing the state
at the root r from /;’s is

przAZ + (1 - prz)(l - AZ)
=1- Drz + (zprz - DAz

1 o 1 0 1 s
=1 prt e A(d(r) d(z))_;r_ie Ad()[H_Z(l_e zm(,))]

Fig. 2 In the left tree, the least common ancestor (Ica) y of / and /3 is below x, but the Ica of y and /; is
the root of the tree. In the right tree, both the Ica’s are below x.
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1

1
g reolis

Z (1 _ e—2kd(y))j| .

This proves the result. O

Under the assumption that /; and /3 are below x, the above proposition suggests that
the accuracy of reconstructing the root state from /y,/,, and /3 is not larger than % +
e MO 4 %(1 — e72*4™)], Thus, by Theorem 6.1, the reconstruction of the root state
from all the leaf states is at least as accurate as from the states of any three leaves in an
ultrametric tree.

7. Conclusion

In this paper, we present two recurrence relations for studying the accuracy of the Fitch
method for reconstructing the root state on phylogenetic trees. Using these two relations,
we have addressed three theoretical problems. First, we prove that the accuracy of the
Fitch method on a complete phylogenetic tree with equal branch length converges when
the number of taxa goes to infinite if and only if the conservation probability on each
branch is larger than é This fills a technical gap left in the study in Steel (1989) (also see
Steel and Charleston, 1995). Second, we give a closed-form formula for computing the
accuracy of the Fitch method on an ultrametric Hennigian comb tree. Lastly, we present
a lower bound on the accuracy of the Fitch method on an arbitrary phylogenetic tree,
improving the bound given in Fischer and Thatte (2009).

The maximum likelihood (ML) method is another important method for ancestral state
reconstruction. It assigns a state at the root based on the likelihood of the observed states
of taxa given the state at the root. The convergence of the reconstruction accuracy of
the ML method on infinite trees has extensively been studied in information theory and
statistical physics in the past three decades (see Bleher et al., 1995; Evans et al., 2000;
Mossel, 1998 for example). An interesting and important question for future research is
how to generalize the convergence result on complete phylogenetic trees in Section 4 to
arbitrary large trees.
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Appendix A: Proof of Theorem 3.1

We first have that

(pxax +qxBx)(1 —ay — By) — (gxax + pxBx)(1 —ay — By)
= (2px — DCyDx, (A.1)
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(I —ax — Bx)(pray +qyBy) — (1 —ax — Bx)(gray + pyBy)
= (2py — 1)Cx Dy,

and
(pxax +qxBx)(pray +qyBy) — (gxax + pxBx)(qvay + pyBy)
= (px + py — D(axay — BxBy) + (py — px)(Bxay — axpy).
Since
axay — BxPr = (ax — Bx)ay + Bx(ay — Br)
and

Bxay —axBfy = ax(ay — By) — (ax — Bx)ay,
combining the equalities (A.1)-(A.3) given above leads to

Dz =Q2px — DU - By)Dx + 2py — D1 —ax)Dy.
By symmetry,

Dz =Q2px — (A —ay)Dx + 2py — 1)(1 — Bx) Dy.
Therefore,

1 1
Dy = E(ZPX - DQ2—ay —By)Dx + 5(217}’ - D@2 —ax — Bx)Dy

1 1
= E(ZPX - DA +Cy)Dx + E(ZPY — D1+ Cx)Dy.
Moreover, we also have that

az + Bz
= (pxpr +aqxqy)(axay + BxBy) + (gxpy + pxqy)(Bxay +axBy)
+ (ax +Bx)(1 —ay — By) + (1 —ax — Bx)(ay + By).

Since
1
axay + BxPr = 5((1 —Cx)(1 = Cy) + DxDy)
and

(1 =Cx)(1 = Cy) — DxDy),

N =

Bxay +axBy =
we obtain that

1
1-Cz= 5[1 + Cx 4+ Cy —3CxCy + 2px — 1)(2py — 1) Dx Dy ],

(A2)

(A.3)

(A.4)
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or equivalently

1
Cz= 5[1 —Cx —Cy+3CxCy —Q2px — D(2py — I)DXDY]~ (AS)

Appendix B: Proof of Lemma 4.5

We prove it by induction on k. The three inequalities clearly hold for k = 2, 3. Assume
they hold for k <n — 1. We now prove they hold for k = n.

(1) By induction, 0 < ¢, _», ¢,—1 < 45((21p 5 . Hence,

8p—7 3
— 5Cn—1
2p—1 2

[1-Cp—Deya] -

6(1 —p) 3
= m —=2@2p— Do — 2Cn 1+Q@2p— 1) Cn 2

>6(1—p)_8p—1>< 5(1—p)
= 2p—1 2 42p—1)
_1-p  53-40p
2p—1 8
>0. (B.1)

Bp=7(4p-3)

Setting A = o1y

, we have

28p —7
2oy = 2p— 1Yy = 2P =D 32 _p
2p—1

8p—7 3
= (2P - 1)2dn—l =241 <ZZ ] + Ecn—1> —A.

By using recurrence Eqs. (13) and (14), we obtain that

@p—-T7) 3
2en=2p =11 = 2p = Deya) dy z—[ 21 T3 ]
28p —17
X[(z”‘”zdﬂf% ]

8p—7
= (2p - 1)2|:(1 - (2p - 1)Cn—2)2 - 22 1 2Cn l]dn 2

8p—7 3 2@8p—17) 2
~btn— — . (p— 3 _ A —A
+[2p_1+2c 1}[ 2p—1 Ch2+3¢,_,+

Since ¢,—; > 0, Eq. (13) implies that

28p—17)

2p— 1)%d,_, >
@2p—-1 2> 21

Cpn2 + 3c272 + A.
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This inequality and inequality (B.1) implies that

8p—7 3 ]
n—1

2¢, > |:(1 —Q2p- l)cn,z)2 — -1 — 26’ _

2@8p—1)
X [2177_16”_2 + 3(,'572 + A]
8p—7 3 28p—17) )
e || 22 43 Al —a
+[2p—1+2c ‘M p—1 et
88p —7)(1 — p)
= %%—2 + [3 +@p—"7Wp— 7)]C,2,72

+4Q2p—D(dp —5c ,+32p— Dt ,.
By assumption, ¢, » < f((zl)__”l)) and 4p — 5 < —1. Replacing Ci—z with 45((21[:_”1)) cfl_z in the
right-hand side of the last inequality, we have that

_8@p=1(1—p)

oz, oy et 3+ @ =D@p-D]a
+5(1=p)dp —5)c, , +32p — 1’6, ,
_ w e300 = p)O—4p)ct,
p—1
+32p— 12,
> 0.

(2) We have proved that ¢, > 0. Therefore, d,; =[1 — 2p — De,)?d, < d,.
(3) Since d; decreases for k <n,
d,<dy=D3; <2p— 1) (B.2)
Let g =1 — p. Note that p > % and g < % Therefore, we have that

1
1-2¢q

=<

Wl

and

1 1\ 4
16¢(1 —5¢) <16 x — x [1=5x — | ==.
q(1=3¢) = X10X( X10) 5

Recalling that ¢,,_; > 0, by inequality (B.2), we have that

28p—17) ) @8p—"7(4p — 3)]
—Cy1 =3¢, ——————

2p—1 2p—172
@p—7(4p - 3)}

_1 Q2p—-1)%4d
Cn = = - n— -
) 14 1

=

[(217 - 1)’d, 1 —

N =

@2p—1)?
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1
= [@p—D*dyr — Bp—T4p —3)]

22p — 1)2
1 6
=< m[(ZP -1D°"=@p—-74p— 3)]
1
= m[ﬂ —2¢9)° — (1 —8g)(1 — 4q)]
- ﬁ [24(7 — 409 + 60¢> — 484 + 16¢*)]
q

<9 oy(7-40g+ 2L+t

=op—1n2|1 17 64T 256

<1
T @2p-1)y?
g 16q(1—5q)
T2p—1 1-24
<4 1
=52p-1D1-2¢

[24(8 —409)]

: 1 4
< 1 <
Since g < g and

1 .
5 =36 = This concludes the proof.

16g Sq
0 <29
152p—1) — 4@2p—-1)"°
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