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ANALYSISOF KALAH

1. ABSTRACT

The aim for this research will be to suggest possble winning strategy for the first player
and possible aunter attack for the secondplayer on two cases of Kalah. The two cases of the
game that will be analyzed are Kalah (1, m) and Kalah (n, 1). Kalah (1, m) isthe case where
there is only one pit and varying number of seals in each pit. Kalah (n, 1) is the case where
there is one seed and varying number of pits. Other than suggesting possble winning
strategy and counter attack, any observations together with its proof and or trends of the two

cases will be noted down aswell.

2. INTRODUCTION

2.1 Naming of the Game

Depending upon where Kalah game is played and the culture in which it took root, the
game has been given many names. These names refer to the manner of winning, the mode of

play, the board used, or the seeds used. Kalah bears the meaning of losesin Indonesia.

The English name it as Count and Capture. It refers to the fact that there is no chance
factorsin the game. Player strategy is dependent upon abili ty to reason and count. Winning is
based upon a player's ability to claim or capture an opponent's game seeds.

Islamic cultures name the game according to the physical action that takes place during
the game. Thus, it has the name Mancala that is an Arabic word meaning in English "to

move" or "to transfer".

In certain West African dialeds, the depressons or cups in the board are referred to as
wari or awari that bears the meaning of “houses’ in English. Therefore, some aultures name

the game a Wari.

Often, seeds used in the game are pebbles, ivory balls, coins, seeds, etc. this game is
known as Adi in Nigeria due to the reason that the seeds used are the seeds from the Adi
plant.



2.2 Brief Introduction of Kalah

Kalah is a modern, commercial variant of Mancala, introduced and made available to the
public in 19%0s by a firm of the name “ The Kalah Game Company”. In 1960, the first
computerised verson o the game was produced and many followed. Kalah has a relatively
long history in Artificial Intelligence: Bell (1968) already used Kalah to demonstrate game
played by computer, and Slagle and Dixon (1970) used Kalah to illustrate their M and N

search algorithm. Nowadays, Kalah is often used as an example game in computer-science.

2.3 Distribution of Kalah

2.3.1 From Then Till Now

Kalah games are an extensive dassof board games played today primarily in Africa, the
Middle East, Asia, and the Caribbean area. Its origins are rooted in ancient Egypt and it can
be traced to the Empire Age - about the 15th to 11th centuries B.C. The game spread from
Egypt to many parts of Africa and then to the Middle East. As Mudim culture spread in the
early A.D. centuries, it carried the game with it to India, Ceylon, Malaya, Indonesia, and the
Phili ppines. It was carried from many Black African cultures during the period of the dave
trade to the Caribbean area Until recent times, the game was unknown in the non-Islamic

parts of Europe and The Americans.

2.3.2Commercial Distribution of the Game

Nokia Hand phone — Bantumi - Bantumi is derived from "Mancala" which originated in
Africa, thousands of years ago. ThisNokia variant hasfour seedsin each pit at the start of the
game. The objective of the game is to move your seeds from the pits at the bottom of the

screen into your score pit on the right hand side.

Figure 1. Bantumi. A clasdsc start




3. ABOUT KALAH

The game usually involves two players (North and South), a board with two rows of sx
pits and two score pits called Kalahas, and 48 seads. The board is placed between the two
players. Each of the playerstakes 24 seedsand putsfour piecesin each of the six pits on their
side of the board. In this research, the case of Kalah (6,4) will not be analyzed. Analysis will
be caried out mainly on Kalah (1, m) and Kalah (n, 1).

The two larger pits to the right of the player at each end of the board are known as the
Kalaha The Kalaha ae left empty at the beginning of the game. Thefirst player scoopsup all
the pieces from any non-empty pit on his sde of the board and sows in anti-clockwise
direction, starting with the next pit.

3.1 Rules
i The player can start his move from any non-empty pit from his sde of the board.
ii. The player cannot start his move using the pieces onthe opponent’s sde of the board.

iii . The player's Kalaha, the player’s pits and the opporent’s pits are included in the

sowing.
iv. The player cannot sow any of his seds into the opponent's Kalaha.

V. If a seed lands in the player’s Kalaha, his sore increases by 1 and he retain the right

to continue playing.
Vi. If the last seed does not end up in the player’ s Kalaha, the player loses his turn.

vii.  The seeds that are being captured or the seeds that has entered bah players Kalaha
do not re-enter the game. The game value of this game thus depends on the
configuration d the active seeds or seeds that are not captured.

3.2 Possible Outcomes of a Move

i Home or Kalah-move - If the last seed lands in his score pit, the player will have
another turn.



Capture - If the last seed lands in an empty pit on the player’s sde of the board, it is
added to his total and any seeals in the opposte pit are added as well. The player’s

turn isthen over.

Null Capture — If the last seed played endsin an empty pit on the player’sside and the
opponent's pit that is diredly opposite is also empty. For this case, the last seed is 4ill
placed in the player’ s Kalaha and the player’ sturn is over.

If the last seed is put anywhere else, the turn is over directly.

End Game - If the player is left with no seeds on his sde, the game is over. The
remaining seeds are alded automatically to the opponent’s score pit.

3.3 Observations

The game value of this game decreases as with each turn that any of the two players

get to sow.
Proof:

For every turn that any of the two players get to sow his seeds from any pit that he
chooses, the number of seedsthat are not captured or has not entered into the players
Kalaha decreases. Since the game value depends on the configuration d the adive

seeds, game value of the game decreases with each sowing that is done.
The player’s score increases by at least 1 for every capture he makes.
Proof:

The rule states that the player can get to capture the opponent’s sed or seeds
opposite to the pit that his last seed lands if the last seed lands in an empty pit on his
side. There are basicdly two partsto this proof for the casesthat are investigated. The
cases that will be investigated are Kalah (1, m) and Kalah (n, 1). For both the cases,
these two parts of the proof applies:

Asauming that the player’slast seed lands in an empty pit on his side

a. The opponent’s pit that is opposite to the pit where the player’s last seed lands is
also empty.



For this case, the player is able to capture his own seed. This provesthat if
this case is to happen, the player is able to capture one seed. Thus, the
observationisvalid.

b. The opponent’s pit that is opposite to the pit where the player’s last seed lands
contains at least one seed.

In this case, the player gets to capture his one seed (i = 1) and the
opponent’s eed (j = 1)

m = number of seeds captured
= i+]
>1+1
>1
Thus, the observationis valid.

In conclusion, every capture that a player makes will increase the score of
the player by at least 1.

If in the case for normal play, player 1 starts by moving the seed that will end up in
his home, he will lead by at least one capture. Thus, he can gptimise his chances of
winning by leading by at least one capture.

There ae five types of movesthat a player can make:

a. Move to capture — This is a move to capture & leagt itself (1 sedl) if the
opponent’s pit opposite to the player’s pit where his last seed lands is empty.

If the opponent’s pit is non-empty, the player can capture & least 2 seals.

b. Move to defend — Thisisamove to prevent a capture of a seed that isexposed
to the opponent in the immediate move that the opponent might make.

c. Mirror the move of the opponent - This is a move where the player imitates
the moves made by his opponent.

d. Move to go home — This is a move where the last seed of the player landsin
his Kalaha or moving of the seeds that are doser to his Kalaha.

e. Random move — Thisis a move other than those described above.



3.4 Objective of the Game

Aimsto be the player with the highest number of seedsin his Kalaha.

3.5 Confusing Variations

Vi.

The game usually opens with 4 seeds in every pit, but other amounts (2,3,5,6) are
possble.

Two players normally play the games but there ae variants that allow one or three

playersto play the game.
Opponent's Kalaha is not skipped while sowing seeds.

The player captures the seeds in the reached pit as well as those previous pits that
match the criteria without taking in account the territorial limits or take the limits of

the territory into account.

Flow Capture - This consists of the capturing of the seeds of some pits during the
player’s sowing. If allowed, both the player and the opponent can use that technique.

Flow capture can capture seeds only into his own territory.

Multiple sowing - As the last seeds are dropped, the player grabs all the seedsin this
pit and starts to sow again. This ends when the last dropped seeds st the number of
the seadsin the pit to one in any territory.



4. KALAH (1, m)

The rules are stated as above in Sedion 3. For the ase of Kalah (1, m), instead of having
six pits on each side of the board and 4 seeals per pit, we have 1 pit on each side of the board

and we varies the number of seeds in the pit.

4.1 Normal Play

Table 1. Kalah (1, m) following the rules of Normal Play. 1< m< 75

M |endgame Status | L/D/W | m |endgame status | L/D/W | m |endgame status | L/D/W
P1 P2 P1 P2 P1 P2
1 1 1 D 26 11 41 L 51 39 63 L
2 1 3 L 27 29 25 wW 52| 46 58 L
3 6 0 W 28 34 22 w 53 51 55 L
4 3 5 L 29 22 36 L 54| 53 55 L
5 6 4 wW 30 38 22 w 55 62 48 wW
6 6 6 D 31 62 0 W 56 60 52 wW
7 4 10 L 32 30 34 L 57 59 55 wW
8 8 8 D 33| 40 28 wW 58 64 52 wW
9 7 11 L 34| 25 43 L 59 52 66 L
10| 20 0 W 3B 41 29 wW 60 66 54 w
11 11 11 D 36 36 36 D 61 61 61 D
12 7 17 L 37 29 45 L 62 64 60 wW
13 8 17 L 38 38 38 D 63 65 61 wW
14| 14 14 D 39| 44 34 w 64| 77 51 wW
15 9 21 L 40 21 58 L 65 70 60 wW
16 11 21 L 41| 45 37 w 66 60 72 L
17 14 20 L 42| 42 42 D 67 35 99 L
18| 20 16 wW 43 32 54 L 68| 44 92 L
19| 21 17 wW 44| 44 44 D 69 57 81 L
20| 26 14 wW 45 39 51 L 70 70 70 D
21| 26 16 wW 46 62 30 L 71 73 69 wW
22 14 32 L 47| 49 45 wW 72 72 72 D
23 8 38 L 48 55 41 w 73 65 81 L
24| 18 30 L 49| 47 51 L 74| 70 78 L
25| 32 18 wW 50 65 35 wW 75 76 74 wW

10




Table 2. Kalah (1, m) following the rules of Normal Play. 76 < m<150

M |endgame status | L/D/W | m |endgame status | L/D/W | m |endgame status | L/D/W
P1 P2 P1 P2 P1 P2
76 76 76 D 101, 111 91 W 126 133 119 W
77 76 78 L 102| 143 61 W 127 133 121 W
78 78 78 D 103, 112 94 W 128 122 134 L
79 83 75 W 104, 107 101 W 129 129 129 D
80 61 99 L 105| 105 105 D 130| 129 131 L
81 70 92 L 106| 112 100 W 131 130 132 L
82 89 75 W 107, 109 105 W 132 133 131 W
83 67 99 L 108| 105 111 L 133| 138 128 W
84 55 113 L 109, 111 107 W 134 80 188 L
85 84 86 L 110, 119 101 W 135| 115 155 L
86 86 86 D 111 114 108 W 136 132 140 L
87 84 90 W 112, 122 102 W 137 143 131 W
88 86 90 L 113, 112 114 L 138| 139 137 W
89 89 89 D 114, 114 114 D 139 138 140 L
90 116 64 W 115, 108 122 L 140 138 142 L
91 86 96 L 116, 114 118 L 141 136 146 L
92 92 92 D 117, 119 115 W 142 141 143 L
93 91 95 L 118 124 112 W 143| 134 152 L
94 188 0 W 119, 117 121 L 144 156 132 W
95 93 97 L 120, 117 123 L 145 138 152 L
96 114 78 W 121 63 179 L 146 144 148 L
97 101 93 W 122, 120 124 L 147 149 145 W
98 100 96 W 123, 125 121 W 148| 150 146 W
99 92 106 L 124, 129 119 W 149 136 162 L
100, 102 98 W 125, 128 122 W 150| 150 150 D

11




Table 3. Kalah (1, m) following the rules of Normal Play. 151< m< 225

m |endgame status | L/D/W | m |endgame status | L/D/W | m |endgame status | L/D/W
P1 P2 P1 P2 P1 P2
151| 146 156 L 176| 175 177 L 201| 194 208 L
152| 134 170 L 177| 184 170 W 202| 103 301 L
153| 159 147 W 178 191 165 W 203| 206 200 W
154| 153 155 L 179 171 187 L 204 204 204 D
155| 161 149 W 180, 181 179 W 205 155 255 L
156| 146 166 L 181 182 180 W 206 208 204 W
157 155 159 L 182 187 177 W 207| 214 200 W
158| 158 158 D 183 190 176 W 208 214 202 W
159| 158 160 L 184| 186 182 W 209 212 206 W
160| 243 77 W 185, 185 185 D 210| 209 211 L
161| 155 167 L 186| 193 179 W 211 213 209 W
162| 155 169 L 187| 182 192 L 212 71 353 L
163| 186 140 W 188| 186 190 L 213| 205 221 L
164| 153 175 L 189| 188 190 L 214\ 212 216 L
165 151 179 L 190| 196 184 W 215| 215 215 D
166| 158 174 L 191 194 188 W 216| 223 209 W
167 172 162 W 192| 184 200 L 217| 223 211 W
168| 168 168 D 193] 196 190 W 218| 262 174 W
169 169 169 D 194| 186 202 L 219| 217 221 L
170 189 151 W 195| 196 194 W 220 220 220 D
171 175 167 W 196 88 304 L 221 222 220 W
172 175 169 W 197 183 211 L 222 226 218 W
173| 167 179 L 198| 201 195 W 223| 223 223 D
174 172 176 L 199| 204 194 W 224 222 226 L
175 178 172 W 200| 198 202 L 225| 235 215 W

12




Table 4. Kalah (1, m) following the rules of Normal Play. 226< m< 300

m |endgame status | L/D/W | m |endgame status | L/D/W | m |endgame status | L/D/W

P1 P2 P1 P2 P1 P2

226| 225 227 251 249 253 276 269 283

227| 223 231 252 249 252 277| 275 279

228| 240 216 253| 243 263 278| 285 271

229| 230 228 254 253 255 279 280 278

230| 231 229 255| 242 268 280| 287 273

231 212 250 256| 227 285 281 290 272

232 227 237 257| 260 254 282| 282 282

233| 208 258 258| 248 268 283| 566 0

234 211 257 259| 256 262 284| 282 286

235| 238 232 260| 190 330 285| 283 287

236| 228 244 261| 261 261 286 290 282

287| 274 300

238| 171 302 263| 262 264 288| 294 282

239| 238 240 264| 270 258 289| 287 291

240| 227 253 265| 211 319 290 309 271

241 240 242 266| 267 265 201| 291 291

242 237 247 267| 262 272 202| 270 314

243| 234 252 268| 267 269 293 295 291

244 244 244 269| 269 269 204| 284 304

245 239 251 270 275 265 295 302 288

246| 267 225 271 269 273 296 291 301

247 249 245 272 273 271 297| 304 290

248| 243 253 273 361 185 298| 296 300

249| 246 252 274 277 271 299 301 297

L
L
W
W
W
L
L
L
L
W
L
237| 223 251 L 262| 291 233
L
L
L
L
L
L
D
L
W
W
L
L
L

Ol gl g rm|r|lEgrErr| o rmr|rmErmr|m|m e
S el I - O 3 Pt =2 2 Pt 3 2 Bl Bl N B =2 I I - 3 Bl

250 249 251 275 275 275 300| 291 309

Some of the results are highlighted. The ones that are in red is the case where player one
wins all the seeds. The onesin purple ae when the difference in the number of seeds between
the two playersis more than 100. And the onesin blue ae those where the game endsup in a

draw between the two players.

13




Verification o Steps for Selected Cases

m=1 D
01 -~ 0 1 O 1 0
10 0 1 01
m=31 W

0 31 - 0 40 - 0 44 - 00
31 0 10 11 3 15 0 62

m=85 L

0 8 - 0 113 - 0 122 - 0 125 0 42 41
85 0 28 29 9 39 3 42 45 42

- 42 56 0 61 18 - 61 29 - 61 33 0 72 11

15 57 34 57 11 69 3 73 14 73
- 72 16 0 78 5 0 80 1 - 80 5 0 82 1

4 78 9 78 11 78 3 82 50 82
- 82 3 0 86 O

1 84 0 84

4.1.1Possible Strategiesfor Player 1

For this case, there exist no possble strategies for player 1. Player 1 can orly sow his
seeds and lose his turn if the last seed doesnot endin hisKalaha. Player 1 will regain histurn
when player 2 loses turn. This will continue until one of the players does not have any more
counter in his pits. The remaining seeds will then go into the opponent’ s Kalaha. The player
with the larger number of seedsisthe winner. If both players have the same number of seeds,
it isadraw.

4.1.2 Possible Strategiesfor Player 2 (Counter Attacks)

Thereisno possible counter attacks available for player 2 in this case.

14



4.1.3 Observations

It can be observed that

i If aplayer garts off with 0 (mod 3) number of seeds, hislast seed will endin
his pit.

ii. If a player garts off the game with 1 (mod 3) number of seeds, his last seeds
will end in his Kalaha.

ili . If a player garts off the game with 2 (mod 3) number of seeds, his last seeds

will end upin his opponent’s pit.

iv. The result for the game where both players has one seal each is always a

draw.
Proof:

In this case, player one can only move his seed back home. Once that move is made,

player one will has no more sead in his pit.

01 - 01 0O 10
10 01 01

Following the rule for this game, player two gets to bag all the remaining seed. Thus, for
this configuration, it is always a draw for both players. This applies for both form of Kalah
that isthe normal play and the dternate play.

V. The results for the game where the player starts with 3 + 3* + 32 + ... + 3"
[dedmal representation] or 111...1(ternary representation) number of seedsis
always alog for player 1 excluding the ase where there isonly one seed. The
ternary representation for these numbers is of this form: 11...1which has k
number of “1”s, k>1.

Two observations can be seen from the Kalah that started with 11...1

(ternary representation) number of seeds.

a. For this starting configuration of 11...1 that has k number of “1"s, the
number of turnsthat P1 getsto retain is equivalent to the number of “1”s
that P1 has.

Thisisatrendthat can be seen easly by working out number of cases
of Kalah with a starting configuration d 11...1(ternary configuration).

15



The following example ill ustrates that the number of turn that P1 getsto

retain is equal to the number of “1”s he has.
For e.g.:

m=1,n=4, k=2

0 11 - 0 1+11
11 OH1 1 1(decima)+1

P1 getsto retain histurn for the first time.

- 0 1+11
H2 0 1(decima)+1

P1 retains his turn for the second time.
(Unlessotherwise stated, the “1”sis of base 3)
Proof:

When k =2, the dove example has siown that the number of turnsthat P1 getsto retain is
equivalent to the number of “1”sP1 has.

Asauming that when P1 has a starting configuration of 11...1 that has x number of ‘1"s,
P1 getsto retain his turn for x times. Want to show that when P1 has a starting configuration

of 11...1 that has x+1 number of “1”s, he getsto retain x+1 nunber of turns:

It is not difficult to notice that with each round d sowing that P1 gets, the number of seed
that he hasin his pit decrease by one “1”. Asillustrated by the ebove example, after the first
sowing back to hame, the number of seeds in Pl's pit deceases from 11(ternary
representation) to 1(ternary representation). Thus, after one round of sowing, the number of

seedsthat isin P1'spit is11...1(ternary representation) where there isx number of “1”s.

We have asumed ealier on that if P1 has a starting configuration of 11...1(ternary
representation) that has x number of “1”s, P1 gets to retain his turn for x times. As aresult,

P1 getsto retain histurn for x+1 times altogether.

By mathematical induction, P1 gets to retain the number of turns that is equivalent to the
number of “1”s he hasfor his

b. P2 aways gets to win with such configuration that impliesit is always a

loss for P1.

16



Proof:

For such cases, both players always have 1 (mod 3) number of seeds. Notice that all this
while, the player always gets another turn to play as his last seed always ends up in his

Kalaha and the opponent is unable to make any move.

Though the player gets another turn since the last seed always ends up in his Kalaha, for

every round of sowing that he gets, he gains % of what he started with and loses % to his

opponent. Another % will end up in hispit. Eventually, he will get to the state where he has 4

seedsin hispit. After thisround of sowing, he ends up with an empty pit. The rules date that
if a player is left with no seeds, the opponent will capture all the remaining seads. Thus, in
order to proof that the player will always loses, it is aufficient to proof that the number of
seeds that the player has in his Kalaha is always smaller than the number of seeds that the

opponent has in the opponent’ s pit.
Asauming the player started the game with k number of “1”s seeds:

The reaursive formula for the number of seeds, written in its base 3 or ternary representation,

in the player’ s Kalahaiis of the form:
1+11+...+11..1+Kk D

where 11...1 (ternary representation) has k-1 number of “1”sand k is any positive integers of
base 10.

The reaursive formula for the number of seedsin the opponent’ s Kalaha will be:
1+11+...+11..1 2

where 11...1 hask number of “1”sand k is any positive integers of base 10.

The reaursive formula for the difference in the number of seeds between the two playersis:
11..1 -k 3
where 11...1 hask number of “1”sand k is any positive integers of base 10.

P2 getsto win thegame by 11...1 — k.

17



Since the rules date that the opponent will get to pocket all the seeds when the player no
longer can make any more move and we know that the number of seedsin the opponent’ s pit
which eventually equates to the number of seeds in the opponent’s Kalaha is always bigger
than the number of seedsin the player Kalaha, it is clear that the player will always loses.

Note: With each sowing, the number of 1 for the ternary representation o the number of
seeds deceases. For e.g.: if player one starts off with 13 seeds that have the ternary
representation o 111. This ternary representation has 3 “1”s. After one sowing, the number
of seedsin the player’s pit is 4. 4 in terms of ternary representation are 11. This has one “1”

lessthan the ternary representation o 13.

Vi. The player who gart off with 10111...1 (ternary representation) number of
seeds always wins all the seedsthat is on the board.

E.g.: 3 have aternary representation of 10
10 is of the ternary representation o 101
31 isof the ternary representation 1011
Proof:

With each sowing, the number of “1”s after “10” decreases. As proven in above, with this
strings of “1”s, the player getsto retain histurn. Thiswill continuetill the player isleft with 3
seeds in his pit. The sowing of 3 seeds will result in the last seed landing in his empty pit.
Following the rule, the player gets to capture the opponent’s seds that are opposite to this
empty pit in which the last seed lands. This result in the player capturing all the seeds that is
on the game board.

31 - 0 40 - 0 44 - 00

For e.q.:
g 31 0 10 11 3 15 0 62

P1 wins all the seeds that are available on the board.

18



4.2 Alter nate Play

The additional rule is that the player loses his turn after each move even if the moveisa

move into his Kalaha

Table 5. Kalah (1, m) following the rules of Alternate Play. 1< m< 75

m |endgame status |L/D/W | m |endgame status |L/D/W | m |endgame status | L/D/W
P1 P2 P1 P2 P1 P2
1 1 1 D 26 27 25 W 51 50 52 L
2 1 3 L 27 28 26 W |52 52 52 D
3 6 0 w 28 29 27 W 53 52 54 L
4 6 2 W |29 28 30 L 54| 53 55 L
5 7 3 W |30 28 32 L 55 54 56 L
6 5 7 L 31 30 32 L 56 55 57 L
7 9 5 W |32 30 34 L 57 55 59 L
8 9 7 W |33 32 34 L 58 57 59 L
9 8 10 L 34 33 35 L 59 57 61 L
10 9 11 L 35 34 36 L 60 59 61 L
11 10 12 L 36 35 37 L 61 60 62 L
12 13 11 w |37 36 38 L 62 63 61 w
13 15 11 W |38 39 37 W |63 65 61 w
14 15 13 W |39 40 38 W |64 66 62 w
15 16 14 W 140 42 38 W 65 66 64 W
16 15 17 L 41 42 40 W |66 67 65 W
17 16 18 L 42 43 41 W |67 69 65 W
18 16 20 L 43 45 41 W 68 69 67 W
19 17 21 L 44 46 42 W 69 70 68 W
20 19 21 L 45 47 43 W 70 71 69 W
21 20 22 L 46 48 44 w |71 72 70 W
22 24 20 L 47 48 46 W 72 73 71 W
23 24 22 W |48 49 47 w |73 74 72 w
24| 25 23 W |49 50 48 W (74| 75 73 W
25 27 23 W |50 48 52 L 75 76 74 w

19




Table 6. Kalah (1, m) following the rules of Alternate Play. 76< m<150

m |endgame status |L/D/W | m |endgame status |L/D/W | M |endgame status | L/D/W
P1 P2 P1 P2 P1 P2
76 78 74 W 101 99 103 L 126| 127 125 W
77 79 75 W |102| 100 104 L 127 128 126 W
78 80 76 W |103| 102 104 L 128| 130 126 W
79 81 77 W 104| 102 106 L 129 131 127 W
80 81 79 W |105| 104 106 L 130 132 128 W
81 80 82 L 106| 106 106 D 131 133 129 W
82 81 83 L 107| 109 105 W |132| 134 132 W
83 82 84 L 108 109 107 W |133| 135 131 W
84 82 86 L 109 110 108 W 134 135 133 W
85 84 86 L 110, 111 109 W 135 137 133 W
86 84 88 L 111 112 110 W 136/ 138 134 W
87 85 89 L 112, 114 110 W 137 139 135 W
88 87 89 L 113, 114 112 W |138| 139 137 W
89 88 90 L 114 115 113 W |139| 140 138 W
90 89 91 L 115| 116 114 W |140| 138 142 L
91 90 92 L 116 117 115 W |141| 140 142 L
92 91 93 L 117| 118 116 W |142| 141 143 L
93 92 94 L 118| 119 117 W |143| 142 144 L
94 94 94 D 119| 120 118 W |144| 143 145 L
95 94 96 L 120| 120 120 D 145| 144 146 L
96 95 97 L 121| 122 120 W |146| 144 148 L
97 96 98 L 122| 122 122 D 147 145 149 L
98 97 99 L 123| 124 122 W |148| 147 149 L
99 97 101 L 124| 125 123 W |149| 148 150 L
100 98 102 L 125| 126 124 W |150| 149 151 L

20




Table 7. Kalah (1, m) following the rules of Alternate Play. M

m |endgame status |L/D/W | m |endgame status |L/D/W | m |endgame status | L/D/W
P1 P2 P1 P2 P1 P2
151| 150 152 L 176] 174 178 L 201| 201 201 D
152) 151 153 L 177, 175 179 L 202| 203 201 W
153| 152 154 L 178| 177 179 L 203| 203 203 D
154| 153 155 L 179, 178 180 L 204| 205 203 W
155| 154 156 L 180| 179 181 L 205| 206 204 W
156| 155 157 L 181| 180 182 L 206| 207 205 W
157) 157 157 D 182| 183 181 W |207| 208 206 W
158 157 159 L 183| 184 182 W |208| 209 207 W
159| 158 160 L 184, 185 183 W |209] 210 208 W
160| 159 161 L 185| 185 185 D (210 211 209 W
161| 160 162 L 186| 187 185 W (211 212 210 W
162| 161 163 L 187| 189 185 W [212] 212 212 D
163| 162 164 L 188| 189 187 W |213] 214 212 W
164| 163 165 L 189| 190 188 W [214| 215 213 W
165/ 164 166 L 190, 191 189 W |215] 215 215 D
166| 166 166 D (191 193 189 W |216] 217 215 W
167| 166 168 L 192| 193 191 W [217| 218 216 W
168| 167 169 L 193| 195 191 W |218] 220 216 W
169| 168 170 L 194, 195 193 W |219] 220 218 W
170| 168 172 L 195| 197 193 W |220] 222 218 W
171 170 172 L 196| 198 194 W [221] 223 219 W
172| 171 173 L 197| 199 195 W [|222| 224 220 W
173| 172 174 L 198| 200 196 W |223] 225 221 W
174) 172 176 L 199| 201 197 W [224| 225 223 W
175 174 176 L 200, 201 199 W |225] 227 223 W
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Table 8. Kalah (1, m) following the rules of Alternate Play. 226< m< 300

m |endgame status |L/D/W | m |endgame status |L/D/W | m |endgame status | L/D/W
P1 P2 P1 P2 P1 P2
226| 228 224 W |251] 250 252 L 276| 275 277 L
227| 228 226 W |252| 251 253 L 277 277 277 D
228 229 227 W |253] 252 254 L 278| 277 279 L
229 231 227 W |254| 252 256 L 279| 278 280 L
230 231 229 W |255| 253 257 L 280 279 281 L
231 232 230 W [256| 255 257 L 281| 280 282 L
232| 233 231 W 257 256 258 L 282| 281 283 L
233 234 232 W |258| 257 259 L |283| 283 283 D
234| 233 235 L 259 258 260 L 284| 283 285 L
235 234 236 L 260 259 261 L 285| 284 286 L
236| 234 238 L 261 260 262 L 286 285 287 L
237| 235 239 L 262| 261 263 L 287| 286 288 L
238 237 239 L 263| 263 263 D 288| 287 289 L
239, 237 241 L |264] 264 264 D |289| 288 290 L
240) 239 241 L 265 265 265 D 200| 288 292 L
241 240 242 L 266| 265 267 L 201| 289 293 L
242| 241 243 L 267| 266 268 L 292| 290 294 L
243 242 244 L 268| 268 268 D 203| 291 295 L
244 243 245 L 269 268 270 L 204| 293 295 L
245 244 246 L 270| 269 271 L 205| 295 295 D
246| 245 247 L 271 270 272 L 296 295 297 L
247 247 247 D (272 271 273 L 297| 296 298 L
248 247 249 L 273| 271 275 L 208| 297 299 L
249, 248 250 L |274| 273 275 L 299 298 300 L
250| 249 251 L 275 273 277 L 300 298 302 L
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Table 9. Kalah (1, m) following the rules of Alternate Play. 301< m< 350

m |endgame status | L/D/W | m |endgame status | L/D/W

P1 P2 P1 P2

301| 300 302 326 328 324

302| 300 304 327 328 326

303| 301 305 328 330 326

304 | 302 306 329 330 328

305| 303 307 330 331 329

306| 305 307 331 333 329

307 | 306 308 332 334 330

308 | 307 309 333| 335 331

309| 310 308 334 336 332

310| 312 308 335| 336 334

311 312 310 336 337 335

312| 313 311 337 339 335

313| 314 312 338| 340 336

314 | 315 313 339 340 338

315| 316 314 340 341 339

316| 317 315 341 342 340

317| 316 318 342 | 342 342

318 | 319 317 343 | 343 343

319 321 317 344 | 344 344

320 321 319 345| 345 345

321| 322 320 346 | 347 345

322| 323 321 347 | 347 347

323| 324 322 348 | 349 347

324 | 326 322 349 351 347

SRl vl el el el - - S e S - e - S - -

= Y e S I~ I T ] ] A 33—~ ettt

325| 327 323 350 351 349
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Verification o Steps for Selected Cases

m=1 D

01 -~ 0 1 O 1 0
10 0 1 01
m=2 L

0 2 -~ 0 3 o 30
2 0 01 01
m=3 W

0 3 - 00

30 0O 6

4.2.1 Possible Strategiesfor Player 1

Similarly, there is no possble strategy to be suggested to player 1.

4.2.2 Possible Strategiesfor Player 2 (Counter Attacks)

There exists no counter attacks available for player 2.

4.2.3 Observations

i Excluding the case where m = 3, thereis no ather configuration in which player one
wins all the seeds unlike the case for normal play. The main reason is that the player
does not get to retain his turn even if his last seed lands in his Kalaha till the stage
when the player is left with 3 seeds to sow.

ii. The diff erence between the numbers of seedsthat both players have in their respective
Kalaha is always an even number and at most 4 or zero for all m excluding the case

whenm = 3.
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5. Kalah (n, 1)

The rules are stated as above in Section 3. For the case of Kalah (n, 1), instead of having
six pits on each side of the board and 4 seals per pit, this case have n pits on each side of the
board and one seedsin each of the pit.

5.1 Normal Play

The results as giown in Table 10 is obtained with the help of a C++ program that was

provided by Geoffrey Irving.

Table 10. Results for Kalah (n, 1) following the rules for Normal Play

N\1 |L/D/W-P1
D

| O B~ W N
S| O 2|0 =

5.1.1 Possible Strategiesfor Player 1

The five moves that can be made ae capture, home, mirror, defend and random. At the
beginning of the Kalah, in order to maximise the chances of winning, the moves to be made

at the beginning are & follows:

1. Kaaha- It is advisable for the player to move seed in pit 1 towards Kalaha for the
first move since it will guarantee ancther move for the player that might result in a
capture. This ensures that the player can lead by at least 2 seeds.

2. Capture — The following move isto move the seed in pit 2. Thismove will result in a
capture of at least 1 seed.

Thisistermed asthe dassic starting strategy.

The following are some of the possble strategies that have been studied and failed.
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i Capture, Kalaha - A hypothesis was constructed from TablelO. It is
assumed that the first player employs the classc starting strategy as
suggested above. After using that drategy, he attempts to capture
whenever possble. If capture is not possble, the first player attempts to
sow the seed that will land in his Kalaha or move the seed that is nearest to
his Kalaha. P2 isfree to make any kind of moves. The hypothesis was that

whenever n is even, the first player would always win.

This drategy works for the case whennis2 and 4

n=2m=1

011 - 011 - 010 - 100
11O0H 101C 0 0 3H 0 0 3

P1 wins.

n=4m=1

01111 - 01111 -~ 01110 O 10110
1111O0H 11101C 1100 3H 1100 3

o 30010 - 30000
C 01 003C 0 00O0S5

P1 wins.

The strategy fails once it reached the case when n= 6 that is aupposed to be awin. It isnot
true when it is assumed that the first player always move to capture whenever possble, else
he has to move the seed that is nearest to his Kalaha.

n=6,m=1

01117111 - 0111111 - 0111110
1111110H 111110 1C 111100 3
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01011110 0 1011200 - 1011200
H 111100 3D 111100 3C 111000 4

|
=
o

00O - 102 2 000
D 1110004C 1100005

l

w
o
w
o
o
o

0 - 3030000
C 01 000O0S5C 0 0O0OOOOG®6

- 3022000 - 600O0O0O00O0
C 01 00O0O0S5C O 0O0OOOO®6
A draw.

ii. Defend, capture, Kalaha - Assuming that the classc starting strategy is
employed. The strategy that isto be used will be to defend if possible, else
capture. If it is not possble to defend or capture, then go back to his
Kalaha. This grategy isfailed again in the case of n = 6:

n=6,m=1
0111111 - 0111111 - 0111110
111111O0H 1111101C 1111003

o 1011110 g 1011200 - 1011200

H 111100 3D 111100 3D 0211003

0 1020200 - 1020200

R 0211003D 020200 3

o 2100200 O 3000200
H 020200 3H 0202003

0 6001000 - 6001000
C 000200 3C 000O01O04

P1 lose.
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5.1.2 Possible Strategiesfor Player 2 (Counter Attacks)

The following are some of the possble strategies that were tested and have failed:

i Mirror — Thisis the case where second player always mirror the moves of first player.

This drategy failed when it reach the case where nis 6.

n=6,m=1

01117111 - 0111111 - 0111110
1111110H 111110 1C 111100 3

o 1011110 0O 3001110 - 3001100
H 111100 3C 011100 3C 0110005

o 5000100 - 5000000
C 00100O0SC 000O0OO¢77

P2 loses.

ii. Capture, Kalaha - The counter example given for the case when P2 mirrors P1’s
moves also illustrates the fact that employing the strategy of capturing the seed
whenever possble, else sowing the seed that will land in the player’s Kalaha or

moving the seed that is closest to Kalaha is hot a good strategy.

iii . Kalaha— The counter example for the mirror strategy also shows that the strategy for
P2 to aways move the seed that is closest to P2’ s Kalaha will naot work well.

iv. Defend, capture, Kalaha— P2 is assumed to always defend if possble, else capture. If
both defend and capture ae not possble, then P2 isto sow the seeds that is nearest to
his Kalaha. This grategy failed at the case whenn =4

n=3m=1

01171 -~ 0111 -~ 02110 0O O02O00
111O0H 1101C 1 00 3D 1 0 0 3

- 0200 O 2000
C 0 00 4C 0 00 4

P2 loses.
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5.1.3 Observations

i Here are some of the configurations that will result in the player being able to
retain histurn for a number of times:

For this case, the player can get to retain histurn for at most 5 times.

a ..bocd -~ a ..b cd -~ a ..bcd
321 f H1 .. 32 0 f+1 H2 .. 30 1 f+2
- a .. bcd -~ a .. b cd
H3 .3 00 f+3 H4 .. 01 1 f+4
- a .. bcd
H5 .01 0 f+5
a .. b cd
2.
3 2 f

Player getsto retain histurn for at most 4 times.

a ..bocd -~ a ..bcd -~ a ..bcd
320 f H1 .. 30 1 f+41 H2 .. 300 f+2
-~ a .. b cd -~ a ..bcd
H3 .. 01 1 f+3 H4 .. 01 0 f+4
a .. b cd
3.
0 21 f

This configuration allows the player to retain histurn for at most 3 times.

a ..bcd - a .. b cd - a .. b cd

0 2 1 fH1 .. 02 0 f+1H2 .. 00 1 f+2
- a ..bcd
H3 .. € 00 f+3
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ii. It can be easily observed from the aove part (i) observation that in order for the
player to be able to retain histurn, if a pit is n steps away from his Kalaha, that pit
will have to contain n number of seals.

ili . The game is aways a draw (when n is odd) or win (when n is even) for the first
player if first player always follow the strategy of moving the seeds nearest to his
Kalaha and the second payer always mirror his moves.

5.2 Alter nate Play

The additional rule will be that the player will have to lose his turn after every move that
he has made. The results for Table 11 are obtained by hands.

Table 11. Results of Kalah (n, 1) following the rules for Alternate Play

L/D/W-P1

-POOI\)H;
H
U|o|o|o

5.2.1 Possible Strategiesfor Player 1

The first move to be made by P1 is preferably the moving of the seed that is nearest to his
Kaaha. Random move is not encouraged. This can be illustrated by the following e.g.:

n=3m=1

0111 - 0111 O 1011 - O0O012
1110R 1 0 2 OH 1 0 2 OH 1 001

o 3002 0O 5000
C 0 001C 0 001

P1 loses.
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Thus, the classc starting move for the aternate play will be to move to Kalaha. It is
assumed that the first player always garts the Kalah using the dassic starting move. When it
isimpossble to make a move to Kalaha, it is suggested that P1 movesto capture.

The results that are obtained following this suggested strategy is at least a draw for P1
until the case when n= 6. Thisisthus a non-losing strategy and guarantees a higher chance of

winning.
Proof:

Asauming that P1 started off his move by moving to his Kalaha, he captures 1 seed into
his Kalaha. At this time, P1 leads by one capture. P2 then have three types of move that he

can make:

1. Capture — In order to capture aty seeds, P2 can only go to his Kalaha & the
beginning.

P1 can then counter it by capturing of seeds. By capturing, P1 continueto beinthe
lead in terms of the number of captures made. Since for every capture, at least 1 seed
will go into the Kalaha and P1 isin the lead, the result of the game is at least a draw

even if P2 always move to capture.

2. Defend— By choosing the move to defend, P2 isbehind P1 by at least one apture that

encompasses 1 seed.

P1 can then respond by capture. If P2 continue to use the defend strategy, the
number of captures made by P1 will increase in this case. Unless P2 makes a series
moves that can result in capturing of more seeds or equal amount of seeds, P1 wins.

Thus, P1 will at least have adraw in this case.

3. Random — Thismove not only resultsin P2 being behind P1 by at least one capture of
one seed. Unless P2 is able to make a series of moves that can capture more or an
equal amount of seeds, P1 wins. Thus, it isat least a draw for P1 again.

5.2.2 Possible Strategiesfor Player 2 (Counter Attacks)

P1 isassume to use the classc starting move and followed by move to capture whenever
the move to his Kalahais not possible. The following are strategies that were tested and have
failed:
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i. Mirror — For this case, P2 mirrors the moves of P1.

n=4m=1

01111 - 01111
1111O0H 1110 1H

111

o 30010 - 30000
0 00O0S5

C 01 003C

P2 loses

i Random, Kalaha

n=3m=1

0111 -5 0111

111O0H 1101R

o 1000 - 1000
H 2 00 3C 0 005

P2 loses.
iii . Defend, Kalaha

n=5m=1

011111 -
11111C0H

l

o
N
o

|
o
w
o
o
o

011111

0O 02 01

1101

111101

0 012200
11100 2

D
- 0 2
C 1

- 130000 0O 200

C 01000 5H

1 2

3 000

g 10111 - 10110

0 1C 11003

- 0200
C 1 00 3

0O 011120

D 1111001

- 012200
C 11000 3

0 13 0000

0 00O0M4D 2 000O0O0 4

000 -
0 005C
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6. Kalah (n,m)where 2<n<6and 1<m<10

Table 12. Kalah (n, m) where 2<n<6and 1< m<10

N\m 2|/ 3|4|5|6
1 WD |W|D|W
2| L{WW DWW
3|L{WW W W
4 |L W W W W
5 | WW W W W
6 |L|L|DW
7 |LJ|L
8|L|L
9 |L|L
10/ L|L

Table 13. Kalah (n,m) moves taken by the players

N and m

Moves Made

3and 1

120 12

3and 2

21031 -202-201

3and 3

3202-203-101- 130 312

4and 1

120 12 - 3

4 and 2

101 - 2140 213 - 3121

4and 3

3103541202104 423502 403

5and 1

120 12 - 30 3

5and 2

2411 233105550242

5and 3

310 2 - 20 53 - 141512130 24 - 20 1 - 150 5 - 413121

6and 1

12012 303 -4

6and 2

241024 .3601-506-405

6and 3

20 1310 415 - 40 512 - 21513121400 13 - 30 12 - 4
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This is the result of Table 12 of Kalah is obtained using C++ program on Linux
machine. The moves of the players are shown in Table 13.The strategy involved is basicaly
to move the seed or seads from the pit in which the last seed will land in the Kalaha whenever
possble. When the move to have the last seed lands in the Kalahais not possble, the player
then attemptsto capture. The strategy was assumed to be goplicable to both players of Kalah.

[The explanation for the numbering of the pits and symbols are provided in Section 11]

7. Computations

Computations of the Kalah (n, m) where 2<n<6and 1< m<10are done on Linux
machine with Pentium Il | ntel Processor and 128.0 MB of RAM. The case for Kalah (1, n) —
alternate and normal play, is done using the QBasic Program on Windows machine with
Pentium Il Intel processor and 128.0 MB of RAM.

8. Discussons and Conclusion

Solving the game from the computational point of view may seem more and more possble
as stated in the journal that | have used as my main reference. From that point of view,
solving bears the meaning of the ability to predict the endgame satus of a given

configuration with a few pushes of buttons on the computer keyboard.

From mathematical point of view, solving of the game may bea the meaning of the
conjecturing of winning strategies and counter attacks for both of the players. Thisisarather
challenging process Thus far that | have investigated, | till see no sure win strategies for
both players. | am only able to come up with possble strategies and observationsthat | have
made while analysing the game. This game is an interesting, complicating and challenging
game where, | think, even if there exists no sure win strategy, there exists a better strategy
that can increase the chances of winning for both of the players and more can be dore to

make the strategies a better one.
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11. TERMINOLOGY

1)

2)

3)

4)
5)
6)
7)

8)

9)

Figure 2. The playing board

As en in the éove figure 2, the pits of a player is numbered from hisright most pit,
excluding his Kalaha, to hisleft most pit in increasing order of n. n represents natural

numbers.
Active seed - Seeds that are not captured or has nat entered into the players Kalaha

Kalah (m, n)

where m represents the number of seedsin each pit where m = Z+

and n represents the number of pitsthat isinvolved in a game where n = Z+

Kalaha - Home or score pit

L/D/W —Lose, Draw or Win from the point of view of the first player

P1 isthe short form for player 1

P2 isthe short form for player 2

Pit — small holes on each side of the board. The holes are divided into North
and South territories

Player 1 isthe player who gets to start the game first

10) Possible strategies are strategies that have been studied.

11) Seeds— Counters
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~orQd 01 ..1

12)
H/D/C/IR 1 ..1 0

The Kalaha ae located at the extreme right and left. The bottom row represents pits
and Kalaha of P1. The top row represents the pits and Kalaha of P2.

H — Moving the seed which is nearest to the player’s Kalaha

D — Defend the seed that is exposed to capture

C — Capture at least the seed of the player.

R — Random move

13) - Represents the move made by P1

14) 0 Represents the move made by P2
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