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Introduction

The purpose of this project is to study two classes that all complex numbers are classified
into, algebraic numbers and transcendental numbers. A number « is said to be algebraic

if it is a root of the polynomial
flx) =ana" + -+ amxr+a,  flx)#0

with rational coefficients. To be more precise, a complex number « is said to be algebraic
of degree n if it is the root of a polynomial of degree n over Q. A complex number «
(which maybe a real number) that does not satisfy the above prerequisite is said to be
transcendental. In other words, a transcendental number is not a root of any polynomial
with algebraic coefficients which is not identically zero. One particular point to note is
that the class of transcendental real numbers are irrational. This is because given any

a € Q, where v = p/q, (p,q) € Z x N, it satisfies the polynomial

flz) =z — g’, f(z) € Qlzl.

This gives us the first important criterion to determine if a number is algebraic or transcen-
dental. However, this does not mean that all irrational numbers are transcendental. This
is a sufficient but not necessary condition. For example, the number v/2 is an algebraic
number of degree 2, satisfying the function, f(x) = x — 2. The main crux of this report is
studying methods of approximation of real numbers by real numbers finally leading to the
approximation of algebraic numbers by algebraic numbers. This gives us the criterion in
which a number 7 must satisfy before deeming it as algebraic or transcendental. In fact
Liouville (1809 - 1882) gave a criterion that any algebraic number of degree n must satisfy.
It can be shown that the criterion limits the extent to which a real algebraic number of
degree n can be approximated by rational numbers. The project goes on further to prove
the the transcendence of w. We shall employ the method attributed to Hermite which was
further developed by Lindemann in 1882 to prove the transcendence of 7. In the process,
Lindemann also provided basis for the proof of the impossibility of squaring the circle.

This will also be touch upon in the project.



Approximation of algebraic numbers

We approach the problem by approximation methods to identify whether a number is
rational or irrational. We define a real number o to have rational approzimations of order
©(q) if there exist a constant ¢ > 0 depending only on « and the function p(q) such that
the inequality

0< a1 <eplo)

has infinitely many solutions (p,q) € Z x N. We can show that all irrational numbers have
rational approximations of order 1/¢*. We introduce the concept of irreducible polynomials
and use it to provide the first rigorous proof, by Liouville in 1844, for the existence of

transcendental numbers. He proved: If a is a root of an irreducible polynomial with

rational coefficients of degree n, n > 1, then there exist a constant c(«) > 0 such that the

following inequality holds for any rational integers p and q, with ¢ > 0 and p/q # «:

c(a)

o — 2| > &Y
q qr

This criterion is of such nature that we can easily construct real numbers that violates
it for every n > 1. Any such number will have to be transcendental. It also tells us
that an algebraic number cannot be approximated “too closely” by rational numbers. By
approximating algebraic numbers using algebraic numbers, we can obtain a stronger form

of Liouville Theorem, and do multiple approximations for algebraic numbers.

Transcendence of 7 and Applications

The theorem developed by Liouville is not sufficient to prove the transcendence of w. In
order to do so, we need to first prove the irrationality of 7 and use contradiction to show

that 7 is transcendental. We make use of Fuler’s Identity:
e +1=0

to prove this case. This result will be applied to prove the impossibility of squaring the

circle, or quadrature of the circle as it is sometimes called. This is one of the three classical

IT



problems in Greek mathematics which were extremely influential in the development of
geometry, the other 2 being doubling the cube and trisecting an angle. To approach the
problem, we introduce the concept of constructible numbers and prove that they form a
subfield in R. By showing that all constructibles are algebraic numbers, we prove the

result.

III
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Chapter 1

Approximation of real and algebraic

numbers

1. Approximation of real numbers by algebraic num-

bers

The following notations will be used in the report: N is the set of natural numbers, Z is
the ring of rational integers, Z" is the set of nonnegative rational integers, Q is the field
of rational numbers, R the field of real numbers, and C the field of complex numbers, and

R™ denotes the m-dimensional real Euclidean space.

Let « € R, p € Z, ¢ € N and let ¢(q) be a function which is positive for all ¢ € N. We

consider the following definition:

Definition 1. A real number « has rational approzimation p/q of order ¢(q) if there exists

a constant ¢ > 0 depending only on « and the function ¢(q) such that the inequality
p
0 <la- §| < co(q)
has infinitely many solutions (p,q) € Z x N.
A common choice for ¢(q) is the power function

p(q) = —, v > 0.
() =5



In this case, our interest lies in finding the different possible values for ¢ and v. We will

show for the special case of v = 1 and use Dirichlet’s Theorem to prove for the case v > 2.

Suppose that « is a rational number: « = a/b, (a,b) € Z x N, ged(a,b) = 1. From Density
Theorem! we deduced that for any ¢ € N there exist p € Z such that:

a 1
P oo prl

q b q

Then we obtain the following relation:

0<]a—=|<

(1.1)

Q3

1
.

By allowing ¢ to take on different values, we find that there exist an infinite set of fractions

p/q, p/q # « that satisfies (1.1).

However for any fraction p/q, p/q # a/b, we get

—b 1
o- =2 -2 _ g =bpl
q

—. 1.2
q bg — bg (1.2)

The above equation is obvious since a/b # p/q, where (a,b), (p,q) € Z x N, therefore
lag — bp| > 1.

From (1.2), it can be seen that for any constant ¢ with 0 < ¢ < 1/b the inequality

0<la-2<f
q q

has no solution p/q. This will lead us to the following theorem.
Theorem 1. If v(q) > 0 for all ¢ € N, the inequality
p
0 < Jor— 5\ < cp(q)

has infinitely many solutions (p,q) € Z x N, and

lim gp(q) =0

g—-+oo

then o« is an irrational number.

!Bartle and Sherbert : Introduction to Real Analysis 3rd Edition Pg 42



Proof. Suppose « is a rational number. Then there exist (a,b) € Z x N such that o =
a/b. Given that,
p
0 <la=Tl<ceeld)

for infinitely many solutions (p,q) € Z x N, and

p,_ag—bp _ 1
o= L= 1T 2
q q q
We obtain the following result
@) >~ — (q) > :
C — JR—
Al b qap\q b

for all ¢ € N. This tells us that gp(q) is a divergent function or it does not converge to 0.

However recall that:

lim gp(q) = 0.

g—+00
This creates a contradiction in our argument. Hence we are force to conclude that o must

be irrational. O

One thing to note is that the order of approximation by rational numbers is not unique,
i.e. for different real numbers the order of approximation is different. The next theorem
aims to show that for any irrational number, it has rational approximation p/q of order

1/q¢?. To show this we rely on Dirichlet’s pigeon-hole principle.

Definition 2 (Dirichlet’s Pigeon-Hole Principle). If n objects are placed in m bozes

(or pigeon-holes) and if n > m, then some box will contain at least two objects.

Mathematically, the principle asserts that if a set with n elements is the union of m of its

subsets and if n > m, then some subset has more than one element.

Dirichlet’s Theorem. If o € R, t € R, and t > 1, then there exist p € Z and ¢ € N
such that

1
a-Y<=, o0<q<t. (1.3)
q qt

Proof. Let a € R. Let {a} and [a] denote the fractional part and integer part of a
respectively i.e. a = [a] + {a}. We define T := [t] + 1 and consider the T' 4+ 1 numbers:

0={a-0}, {a-1},...., {a- (T -1}, L (1.4)



where

{az} = ax — |az], 0 <{az} <1, (x=0,1,...,T—1).

Note : All the numbers in (1.4) are contained in the interval 0 < y < 1. We divide this

interval into 7" equal parts of length 1/7"

k k+1 T-1
f§y<%, (k=0,1,....T—2), ——<y<l. (1.5)

Each of the points in (1.4) must lie in one of the intervals in (1.5). We note that the
number of points are greater than the number of intervals. Hence by Dirichlet’s Pigeon
Hole Principle, we come to the conclusion that one or more intervals in (1.5) must contain
2 or more points in (1.4). We then consider such an interval. Two possible scenarios will

occur:

1. The interval is not the one on the extreme right. Suppose it contains the points {ax;}

and {axy} where xo > x1. Then we have

Hows} —{aw}] = |a(ry —21) = ([axs] = [azs])] < % <

| =

We define ¢ = x5 - 1 and p = [axs] - [axy]. From the definition of T we see that

0 <q<T-1<t Wethen obtain the following result:

1
1

-2 < = (1.6)
q qt

Further manipulation gives us the result in (1.3).
2. The interval is on the extreme right of (1.5). Suppose it contains the point {az;} as

well as 1, where x; # 0. Then

{azi} — 1] = |az; — ([az1] + 1) < = <

N =
~+ | =

As in the previous case we let ¢ = 27 and p = [ax] + 1. Wethen get 0 < ¢ < T -1 <,
and the equation (1.6) from which (1.3) will follow. O

We shall consider 2 possible cases arising from (1.3):

Suppose a € Q, a« = a/b, (a,b) € Z x N and ged(a,b) = 1. Consider ¢t > b. Recall from
equation (1.2)

=22 o
q — bg



so if ¢ > b this means

Hence, together with (1.6), for (1.3) to be true, the only possible solution is o = p/q.

Suppose t < b, then ¢ < t < b. This tells us that there is a bound on the value of q.
Hence there can only be a finite set of solutions (p,q) for (1.3). Thus p/q can be used as

an approximation for a.
We will now prove a corollary that arises from (1.3)

Corollary. Suppose « is irrational, then there are infinitely many solutions (p,q) satisfying

lag —p| > 0.

Proof. Suppose that there are finitely many solutions i.e S = {(p1,¢1), (p2,42), --- ,
(Pn,qn)} is the solution set for (1.3). Then for all solutions in the set S, there exist a
(P,qx) € S, 1 < k < m such that

Pk
a——|=0
| qk

where (3 is the smallest value obtain from the solution set S when substituted into equation

(1.3). Hence we obtain the following:

Ia—§|25>0 V(p,q) €5

From (1.6), as t — oo,  — 0. Hence by squeeze theorem we find that |ag — p| — 0. This

would imply that there exist a (p,q) € Z x N such that « = p/q. However « is irrational.

Hence this provides a contradiction. O

Theorem 2. For any irrational number o € R, the inequality

1

o -2 < 5 (1.7)
q q

has infinitely many solutions (p, q) € Z x N, and hence the set of denominators of the

solutions to (1.7) is unbounded.

Proof. We apply Dirichlet’s theorem to prove this problem. From (1.3) we note that for

any solution (p, ¢) we have
1 1
la — B[ <= < .
q qt q



From the corollary above, we see that if « is irrational, we have infinite solutions for (1.3).
Hence (1.7) has an infinite set of solutions (p,q) € Z x N. Thus from Definition 1 we

see that any irrational number has approximations of order 1/¢>. O

From (1.7) we get

]oqu —-pgl <1 = |ozq2 —pq| = 10,], 6, < 1.
Thus,
ag® — pg = b, 18)
9 .
o= b + —g
q q

where (p, ¢) € Z x N, |6,| < 1. Hence for any irrational number «, we can represent it in

the form of (1.8).

Example 1. Consider the irrational number

=1
cm> L aen az2 0o
k=1
We define
Pn N L g
_:ZW’ where ¢, = a™, Pn € N, n=12,...
dn —1 a
Then
n = ‘_:ZF— P > >0 n=12
tn k=1 k=1 k=n+1
Hence
B 1 1
'n = D T a(n+2)! T

|
2
3=
=
VRS
—_

1
+ q(nr2)—(nt1)! + .. ) :

We note that

m+k)l =+ =+1){n+2)...(n+k)—1} >k, keN, k#I.



Hence,

Thus
N 1
O<a-— Pn <
& (gn)"

This gives us the conclusion that for any non-negative v € R the inequality

n=12...

P 1 1

has a solution (p,q) € Z x N because [v] +1 € N.
This implies that for any solution for a given value of v in (1.10) it works for a smaller

value of v as well. Hence for any v € R, v > 0, (1.10) has infinitely many solutions. O

Theorem 3. Given any positive function ¢(q) on the natural numbers, there exists an

wrrational number o € R such that the inequality

p
oo =31 <)

has infinitely many solutions (p,q) € Z x N.

Proof. Let us define a sequence {7,}, 7, € R, 7, > 0 such that the sequence of natural

numbers

my =1 mn:[log2( )—l—%_l)]—l—l, n=223,...

p(2mn-1



satisfies the condition m,, > 2m,,. We define

— (=D
k=

2

(1.11)

o =
1

and

Qn:2mn> pn:qn n:1,2,...
k=1

We note that (1.11) is an alternating series with decreasing terms. Hence we get the

inequalities
1 1 P 1
0 < G ~ g <la- PR (1.12)
1 m
Som ey = P2 =eld),  n=12...
Since my,41 > 2m,, it follows from (1.12) that
pn, 1 11
0 < |a— —n] < S < gamn — 2
From theorem 1, « is irrational and we get Theorem 3 from (1.12). O

2. Simultaneous Approximation

In this section, we will develop techniques for doing simultaneous approximation, that is,
given a set of real numbers, is there a technique to allow us to detect whether if there are
any irrational numbers in the set. Using methods developed in section 1, we will attempt
to solve this problem. This will allow us to solve problems with greater ease especially

computation types.

Theorem 4 (Generalized Dirichlet). If aq,...,a,, are real numbers, m > 1, and if

t € R, then there exist aq, ..., a,,, b € Z such that

1
laraq + -+ + apmo, — bl < — 0 < max |ag| <t. (1.13)
1<k<m

tm’
Proof. We define T' := [t] 4+ 1 and consider the 7" + 1 numbers : the 7™ fractional parts

v=A{aaq + - + aman}, 0<~v<1, and 1. (1.14)



We note that each ay, where 0 < k < m, has a choice of T" numbers, i.e 0,...,7 — 1. Since
there are m of such ay, the total number of changes possible is 7"-T"...T-T =T™. Given
that ~ is a fraction and 1 is also included, therefore there are 7™ + 1 numbers. We divide

the interval 0 <y < 1 into 7™ parts of length 1/7™.
k k+1 ™ —1
— < y< — k=01,.... T -2 <qy<l. 1.15
Tm SY< o ( B P ), T SYS (1.15)

We make the observation that all the points in (1.14) are included in the range in (1.15).

Since the number of intervals is lesser than the number of points, we apply the Pigeon
Hole Principle to arrive at the conclusion that there must exist an interval in which 2 or

more points are contained in it. We consider the following two cases:

1. The interval containing two of such points are not on the extreme right. Suppose the

interval contains the points
= {djay + - +a,an} and = {dfay + - +ada,}

where v > 7;. Then

{afen + - it = {dhon o+ i} = Jancr + -t —
- 1
Tm
1 1
_ o 1.16
@ e 9
where
ay = ay—ay k=1,...,m;
b = [dfoq + -+ aj,an] — [ajoq + - + a;, 00, (1.17)

in which 0 < max |ag| <T —-1=[t] <t
1<k<m

2. The interval considered is on the extreme right:

Suppose the interval contains the points

v=A{aoq + -+ amant, 0< max lag] <t  and 1. (1.18)
Then
Haroq + -+ aman} — 1| = |ajar + -+ + apmoy, — b
1
<
S Tm
1
< 3 (1.19)



where b = [aja1 + - - - 4+ @] + 1 which gives the form of equation (1.13). It is interesting
to note that Dirichlet’s Formula in section 1 is in fact a special case of the generalized

Dirichlet’s formula, i.e. m = 1. O

Kronecker’s Theorem. If a,...,«a,, are arbitrary real numbers ,m > 1, and if t € N,

then there exist p1,...,pm € Z and q € N such that
oy, — —| < — (k=1,...,m), 0<qg<t™ (1.20)
Proof. In R™ we consider the points
M,({onz}, ... {amz}), (x=0,1,...,t™) (1.21)
where {ar} = apr — [oye], 0 <{agz} <1, (k=1,...,m);
and we consider the unit hypercube; i.e. the set of points

M(y1,Y2, - Ym)s 0<yp <1, E=1,...,m; (1.22)

On each axis, we divide each 0 <y, <1, k =0,1,..., m segments into ¢ parts of 1/t and

we use hyperplanes to further subdivide it into ¢”* small cubes., each of which consists of

all the points Q(z1, ..., 2,) whose coordinates satisfy the equation
k ki +1 ko km+ 1
Mgy I, T (1.23)
t t t t

where the ki, = 1,...,m, are an m-tuple of integers from {0,1,...,¢ — 1}. Since all the

points in (1.21) are contained in the hyper unit cube, hence each point must be contained
in one of the smaller hyper cubes. Furthermore, we note that the number of points exceed
the number of hyper cubes. Hence by Dirichlet’s Pigeon Hole Principle, there exist a hyper

cube such that it contains at least 2 of the points in (1.21). We consider 2 such points:

M., ({a1z1}, .. {amx}), M,,({onza}, ..o {amza}), Tg > X7.

Since these two points lie in the same hyper cube, it follows that the absolute difference
between any two corresponding coordinates must be lesser than 1/t. For example consider
two points contained in a unit square. Then the absolute difference of each coordinate

must be lesser than 1.

10



From above, we obtain the following result

1
|{Oékl'2}—{05kx1}’ < Ea (kzlvam)
Defining q := xo — 1 and py, = [ogxs] — [axq] for K =1,...,m, we obtain
1
lakq — prl <5 (k=1,...,m), 0<g<tm (1.24)

from which equation (1.20) follows. Note that the case of which m = 1 gives us the

Dirichlet’s Theorem. O

Corollary. Under the assumptions in Kronecker’s Theorem, if at least one of the aq, . ..,

18 1rrational, then the inequalities

have an infinite set of solutions p1,...,pm € Z, q € N.

Proof. Let ¢t € N and from Kronecker’s Theorem, we know that there exist py,...,p, € Z
and ¢ € N such that

1
|ak—@<—, (k=1,...,m), 0<qg<tm.
q qt
Since
g <t
— gm <t
1 N 1
Hence from Kronecker’s Theorem, we have
A
Suppose one or more «y is irrational, where £ = 1,... m. Let us assume that there exist

finite set of solutions p,...,pm € Z, ¢ € N. Without loss of generality, let us denote «;

to be irrational, where 1 <7 < m. Then

o =1 < =m

11



has finitely many solutions (p;,q) € Z x N.

However, let us recall from Theorem 2 that if a number o € R is irrational, then the

inequality
1
la — ]—9] <o —
q a q

has infinitely many solutions (p,q) € Z x N. Let us further note that

P D 1 1
Hence,
P 1
o —=| < gi+/m

must have infinitely many solutions. Thus our previous assumption is wrong and we

deduced the condition stated by the corollary. a

Theorem 5. If ay,...,a,, are arbitrary complex numbers, m < 2, and if H € N, then
there exist numbers

ay € Z, lax| < H, (k=1,...,m), 11<r}€a<>§n|ak| >0 (1.25)

such that the linear form

L=aaq+ "+ apnom, (1.26)

satisfies the inequality
|L| < cH™™, (1.27)

where T =1 if all the oy are real and 7 = 1/2 if one or more of them is complex, and

Z'Gk‘ s Zszl

k=1

V23 |, ifT=3
k=1

Proof. We consider the 2 cases : H =1 and H > 2.
Case (1): H=1
From (1.26)

L =aj10q0 + -+ apno,.

12



Then

Ll = |aroq + -+ + apay]

< aroa| + |agas| + - - + aman|. (A inequality)
Since |ag| <1, (k=1,...,m), we have
L] < loa] + faz| + -+ - |am].

Suppose all the oy, are real, then we get the form

NE

L] < |k

k=1

o (1) 77

NE

1

I
°or

Hence the first part is shown.

Suppose some of the ay, are complex. We let oy, = Re(ay) + iIm(ay). Since R € C, thus
for each oy,

|| < [Re(ag)| + [Tm(ay)].
Recall from complex analysis, we have the following inequality:
V2|ag| = [Re(ag)| + [Im(ay)].

Hence from (1.26) we get

m

Ll <> Joyl
< Z{|Re(0zk)|+|1m(oék)|}
<

V2 |y
= V2 fal()

1
= c, if T =—.
2

13



Case (2) : H>2

Let us consider all possible linear forms of (1.26) where a; independently run through all

the integers satisfying the inequality below:

P L R

We note that a; € Z. Hence the total number of such forms L is equal to

()

Since we know that [ay| < [Z], we get

L] = |aioq + -+ 4 aman|

IN

lai||ar| + -+ + |am]|am], (A inequality)

< Gl + ool -+l |5

2
- ()t
Hence  |L| < ’y{g} ’y:g]aﬂ. (1.29)

Excluding the case v = 0, we consider the following 2 cases.
Case (1) : Suppose all of the oy, ..., a,, are real numbers. Then all the values of L will be

contained in the interval with endpoints £~ [%}, which has length 2 [g} Let us divide

<2 E} + 1)m ~1 (1.30)

subintervals. We see that the total number of forms of L is greater than the number

the interval into

of subintervals. Hence by Dirichlet’s Pigeon Hole Theorem, there exist a subinterval

containing the values of two different forms L. We define the two forms of L as:
L'=dja;+-+ad,am L'=da+ - +aan. (1.31)

Then from Dirichlet’s Pigeon Hole theorem, we obtain the following inequality:
o~ [H

|L,—L”’§ H’Y[Q}m )

@El+1)" -1

14



Let us consider 2 sub-cases. Suppose that H is an even number, then 2 [g] = H, and

vH
(H+1)m—1
— vH (binomial expansion)
1+ H+H?+---+H™—1
vH
H1+H+---+Hm 1)
T
(H+1)m1!
g

o 1-m

|L/_L/l| S

Suppose H is an odd number, then 2 [%] =H -1, and
— 1)

y(H —1)
Hm —1

V(H 1)
(H-1)(H+1)m!
T
(H+1)m-1

i . 1-m

|L/_L//| S

(binomial expansion)

Thus,
|L/ o L//| < ,yHl—m‘

We define a,, = a), — a, k =1,...,m. Then the form
L=L-L"=aq0o1+ 4+ anan
satisfies the conditions

H m
ol <lail + Il <2 | 5| <3 Jal >0

and

|L| < cH™™, c=4.

Case (2) : At least one if the numbers ay, ..., a,, is complex.
Let us consider a square whose sides are of length 2~ [g}, centered at the origin. We note
that any form of L will be contained in the square. We divide the side of the square into

M equal segments, with M satisfying the inequality:

LI )™ e (o] 0™ wss

15



Using the segmented points, we draw lines to divide the square into M? parts. From (1.32)

<[z

We see that the number of points is lesser than the number of squares, hence by the pigeon

we arrive at the inequality

hole principle, we see that there must exist a square such that it contains two such forms of
L. Note the distance between any two such forms is lesser than the length of the diagonal.

Let us consider one such small square. The length of such a square is

27 [5]

M

Using Pythagorean Theorem, we know that the length of the diagonal must be

2v2y [5]

u
Hence for any H > 2 and m > 2, we obtain the following inequality:

2o (4] B
M

T eE )

Suppose H is an even number, then 2[H/2] = H and for m > 2, we applying binomial

L'~ L"| < (1.33)

theorem as in the real case to obtain:

V2yH

L/ _ L// <
| < (H +1)m/2 —

7 < V2yH"3

Given that m > 2, H > 1,

1 1
- <
Hm/?2 — H

1 1

1_ﬁ I_W.

IN

Thus, we arrive at the inequality

A-H <1
1—H-m™/2 = 7

Hence if H is odd, then 2[H/2] = H — 1 and we can arrive at the conclusion that
V2y(H — 1) m 1—H™? m
/ " _ 1-2 1-=
L= L' < S = Vo H T s < Vo

In both cases, we define ¢ = /2y to arrive at the inequality (1.27). O
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3. Approximation of algebraic numbers by rational

numbers

In this section, we will analyze the approximation of algebraic numbers by rational num-

bers. But first, we shall prove some lemmas and state some definitions.

Definition 3. The polynomial p(z) € Flz| is irreducible if p(x) is of positive degree and
given any polynomial f(x) in Flz|, then either p(x) | f(x) or p(x) is relatively prime to

f(z).

In other words what the definition implies is that a polynomial of positive degree is said

to be irreducible if it cannot be written as a product of two polynomials of positive degree.

Let us note that if p(z) = apz™ + a1z ' + -+ + ay_12 + ay. ag # 0 is irreducible in Fz],
then ay 'p(7) is also irreducible in F[z]. However, a;'p(x) has the advantage of being a
monic polynomial. In other words, given any polynomial p(z) € F[z], we can trivially

obtain a monic polynomial from p(z).

Theorem 6. Let f(x) € Flx| be of positive degree. Then either f(x) is irreducible in F|x]
or f(x) is the product of irreducible polynomials in F[z]. In fact, then,

f(x) = apy ()™ pa(2)™ - - pg ()™

where a is the leading coefficient of f(x), pi(z),...,pr(x) are monic and irreducible in
Flz], my > 0,...,mg > 0 and this factorization in this form is unique up to the order of
pi(x).

Proof. We will prove it using induction. Suppose deg f(z) = 1, then f(x) = ax + b with
a # 0. This is clearly irreducible on F'[z]. Hence the case for deg f(z) = 1 is true. Now let
us suppose that the theorem holds true for all g(z) € F[z] such that degg(z) < deg f(x).
Suppose f(z) is irreducible, then there is nothing to prove. Suppose this is not so, then
f(z) = g(x)h(x) where g(z), h(x) € F|x] and deg g(x), deg h(x) < deg f(x). By induction

since the theorem holds true for g(z) and h(x), hence g(z), h(zx) is irreducible or is the
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product of irreducibles. This tells us that f(x) is the product of irreducibles. Hence the

first half of the theorem is proven.

As for the uniqueness, suppose the uniqueness for the product of polynomials holds for
those with degree less than deg f(z). [Note that the uniqueness for degree 1 polynomials

is clear]. Suppose

f(x) = api(z)™ pa(x)™ - - - pr(x)™ = aqi(z)" g2 ()" - - - pr ()™

where a is the leading coefficient of f(x), where p;(x) and ¢;(x) are monic irreducibles
and the m;, n; are all positive. Now, since p; () divides the right hand side, p;(x) divides
some ¢;(x). Without loss of generality, we suppose p1(x) | ¢1(x). Since ¢y () is irreducible,
p1(z) = q1(x). By induction, we have a unique factorization for f(x)/pi(z), and hence,

our factorization for f(x) is also unique. O

Let FF = Q. We say that « is an algebraic number if « satisfies the equation p(a) = 0
with p(x) € Q[z]. There exist an unique irreducible polynomial f(z) € Q[z] with leading
coefficient 1 which has « as a root. This polynomial is called the minimal polynomial of
a, and its degree is called the degree of o, denoted dega. If v is an algebraic number of
degree n, then the roots a = a, s, . .., a,, of the minimal polynomial of o of the minimal
polynomials of « are called the conjugates of a. Furthermore, a complex number is said

to be an algebraic number if it is algebraic over QQ.

Example 2. The number \/v/1 + /7 is algebraic over Q.

Proof.

Let o = 1+ /7. Then
at = 1—|—\[7,
at—1= ﬁ,
(a*=1)* =1,

a® —2a* —6=0.

We define f(z) = 2% — 22* — 6. It is easy to verify that the other roots of f(z) are:

Y N N e
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1 1
t—(1+)\VVVT—1 and £ -=(-1+i)\/yV7-L
\/5( ) \/§< )
Hence « is a root of f(z) = 2® — 22% — 6. O
Example 3. We can see that v/2 is a root of f(z) = 22 — 2 = (z — v/2)(z + v/2). Hence
the conjugate of v/2 are v/2 and —v/2. Furthermore, deg(v/2) = deg(a? — 2) = 2. O

Lemma 0. Let f(z) € Q[z], then
u n n—1
f(x) = —(apz" + ap_12" " + -+ ap),
m
where u, m, a,,...,aqy are integers such that
ged(u,m)=1 and ged(aq,...,a,) = 1.

Proof. Let

Suppose

B B B B
—oged (A= Ay A Ag =
lf@(m;%’7& %)

where B = By - By --- B,,, then

fz) = %(anz”+---+ao)

where a; € Z. Clearing common factors in U and B yields the desired result. O

Definition 4. A commutative ring R is an integral domain if a-b =0 in R implies that

a=0o0rb=0.

A more detailed discussion of rings will be held in Section 4. For now we shall look at

polynomial rings.

Gauss Lemma. Let f(z) € Z[x] be a monic polynomial and f(x) = a(x)b(x), where a(x)
and b(x) are in Q[x]. Then f(x) = ai(x)bi(x), where a;(x), by(x) are monic polynomials

in Z[z] and deg a;(z) = dega(x) and degbi(x) = degb(x).

19



Proof. Suppose f(x) = ai(z)bi(z) is in Q[z]. Then from Lemma 0, we may write

a(x) = ﬂal(x) and b(x) = %bl(x)

U1 V2
with a1 (), by () € Z[z] and wuy, ug, vy, vo € Z. We write
U

f(@) = Lar(@h (),

where u /v is the product of (ujus)/(v1v2) in its lowest term. Hence,

vf(x) = uay ()b (x).

Suppose v = 1, then since f(x) is monic, then 1 = walb), , where a] and b, are the
coefficients of a;(x) and by(x) respectively. Therefore, v = 1, a], = b/, = 1 (We may
choose the coefficients to be positive integers). Therefore, f(z) is a product of monic
polynomials in Z[z].

Suppose v # 1. Then since v and u are relatively prime integers, there exist a prime p

which divides v but not uw. If

/ !/ —1 /
aj(xz) =a,z" +a, 2" 4+ +ag

then by our construction, we have ged(ay, - - -, al,) = 1 and hence there exist an i such that

»'n

p 1 a;. Similar there exist a j such that p { b, where
bi(z) =™ +b, 2" b

Now since p | v, vf(z) is the zero polynomial in (Z/pZ)[x]. However, since p 1 a, and
p 1 b, the polynomial a,[r] and b;[z] are both nonzero polynomials in (Z/pZ)[x]. Since

(Z/pZ)|x] is an integral domain, this is impossible. Therefore v = 1. O

This result tells us that to determine if the monic polynomial f(x) € Zlx| is irreducible in

Qlz], it suffices to determine if f(x) is irreducible in Z|x].

Let us define

ol = lgg§|ak|

and call m the size of the algebraic number a. We shall now prove Liouville’s Theorem

on the approximation of algebraic number by rational numbers.
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Liouville’s Theorem. If « is a real algebraic number of degree n, n > 1, then there exist

a constant ¢ = c¢(a) > 0 such that the following inequality holds for any p € Z and q € N,

p/q # o

c
q'f'L
Proof. Suppose « is the root of the irreducible polynomial f(x) = a,z" + - -+ + a1z + ao,

\a—?> (1.34)

f(z) € Z[z], ap, > 0 and o = a1, g, . . ., oy, are conjugates of a. Then
lf(@)] = an|lx — aq||]z — gl -+ |2 — ap| = an|z — @ H |z — oy (1.35)
k=2

Let p € Z, ¢ € N, p/q # . We consider two cases.
Case(1) : degar = n > 1. Suppose we choose (p,q) € Z x N such that |o — £| > 1, then

obviously,
1
a—-2>1> = (1.36)
q q"
Hence we just set ¢ = ¢(a) = 1 to obtain (1.34). Suppose we choose (p,q) € Z x N such

that |a — g\ < 1 then by Triangular Inequality,

p p
ol = |21 < la=2i<1,
q q
= -1 < |a]—’£’<1,
q
— F'<IM+1SEWJ- (1.37)
q

We note that f(2) # 0 because f(z) is irreducible on Q. We substitute z = p/q in (1.35)

to obtain
_lanp" 4t apg" taog”] 1
q" - qt

p
V%H

Furthermore, substituting (1.37), we get

H |B — Oék| < H (‘]—?‘ + |C¥k|) < (2@4‘ 1)n—1.
k=2 q k=2 q

This will allow us to obtain :

— 1
|2 — a|(2]a] + 1) > = (1.38)
q q"

We define
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to obtain the inequality in (1.34).
Case (2) : Suppose deg(a) = n = 1. Then there exist an f(x) = ag+ a1z € Z[z] such that

f(a) =ap+ aja = 0. Hence o = —ap/a;. Thus,

a a 1

c
q aq q ay q @161_(]'

The assumption o = p/q holds for n = 1 only because for n > 1 f(x) is irreducible in

Q[z]. Hence o must be irrational. 0

Corollary. Under the conditions of Liouville’s Theorem, there exists a constant ¢ =
c(a) > 0 such that the inequality
c
0<|a— ]—)| < —
q q"
has no solutions (p,q) € Z x N.

This corollary is a direct consequence of Liouville’s Theorem and it suggest the existence
of transcendental numbers and the means of determining if a number in question is tran-

scendental. This leads us to the following theorem.

Theorem 7. Suppose that o is a real number such that for anyv € R, v > 0, the inequality

1

- (1.39)

O<\a—]—9]<
q

has an infinite set of solutions (p,q) € Z x N. Then « is transcendental.

Proof. We shall adopt proof by contradiction to show that « is transcendental. Suppose
that « is an algebraic number that satisfies (1.39). Recall by Liouville’s Theorem, there
exist a constant c(«) > 0 such that for any (p,q) € Z x N, p/q # «, we have
o= P> 4 (1.40)
q q"

From (1.39), we choose v = n+1 and select a solution (p, ¢) € Z x N such that 1/q < ¢(«).

Then
1 1 1/1
|Of—£|<_y: +1:_(_n><c<i)'
q q qr q \q q

This contradicts (1.40) and Liouville’s Theorem. Hence we are forced to conclude that «

is transcendental. O
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Theorem 8. There exist transcendental numbers

We can produce a real number 7 such that it violates Liouville’s Theorem. For example
consider 7 = 0.10100100000010...010. .., where there are m! 0’s between the m' 1 and
the (m +1)™ 1. Hence 7 must be transcendental, since it violates Liouville’s Theorem for
all n > 0. Also from Example 1, we see that

a:ii a €N, q>2

an! )
n=1

has infinitely many solutions (p,q) € Z x N for every non negative v € R. Hence « is

transcendental. O

4. Approximation of algebraic numbers by algebraic

numbers

In this section, we shall introduce the concept of rings and fields to aid us in proving

certain theorems and lemmas, We will start by defining some definitions.

Definition 5. The height H = Hy of a polynomial ¥V = W(x) € C[z] is the mazimum

modulus of the coefficients of the polynomial.

For example let us consider the polynomial ¥(z) = x? — 10z + 1. The height of the

polynomial is 10.

A polynomial in Z[x] is called primitive if there is no integer greater than 1 which divides
all of its coefficient. Suppose f(x) is the minimal polynomial of an algebraic number «.
By multiplying the least common denominator of its coefficient, we obtain a primitive
polynomial ¢(z) € Z[z] which has « as a root. The height H = H, of the algebraic
number « is defined to be the height of the irreducible primitive polynomial ¢(x) € Z[x]
which has a as a root. Lastly, an algebraic number « is said to be an algebraic integer if
all of the coefficients of its minimal polynomial f(x) are rational integers. We shall denote

A to be the set of algebraic numbers.
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Let us recall the definition of a ring. A non empty set R is said to be a ring if in R there

are two operations + and - such that :

a) a, b € R implies that a +b € R.
b) a+b=>b+afora,beR.
c) (a+b)+c=a+ (b+c) fora, b, c €R.

Given a € R, there exists a b € R such that a + b = 0.

(
(
(
(d) There exists an element 0 € R such that a + 0 = a for every a € R.
()

(f) a, b € R implies a-b € R.

(

(

g) a-(b-c)=(a-b)-cfora,b, ceR.
) a-(b+c¢c)=a-b+a-cand (b+c)-a=b-a+c-a,fora,b ceR.

Suppose there exist an element 1 € R such that a-1 =1-a = a for every a € R. We
then say that R is a ring with unit. Furthermore, a ring for which the commutative law of
multiplication holds is known as a commutative ring. The set of algebraic integers form a

ring which we shall denote Z 4. We shall prove a lemma, which is of independent interest.

Lemma 1. Suppose o € A, then there exist an r € N such that ra € Z 4. If a is a root of

o(x) € Zlz], p(x) £ 0, then we can choose r to be the modulus of the leading coefficient of
p(x).

Proof. Let us define
() = apz" + ap 12"+t ag € Zlx),  a, #£0

such that p(a) = 0. Multiplying a"! to p(a) = 0, we get,

a’a™ +a" ra, 10" a a0 P+ a ey = 0,
(ana)n + an—l(ana)n_l + an—2an(ana)n_2 + -+ a0a2—1 = 0.
We define r = a,,. Hence ra is a root of some ®(x) € Z|x]. O

Definition 6. A commutative ring R with unit is called a field if every non-zero a € R

has a multiplicative inverse, i.e there exist an element a=* € R such that a 'a = 1.
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A field is necessarily an integral domain for if ab = 0 and a # 0, then
b=1-b=a‘tab=a"'-0=0.

We remark that a field may also be viewed as a commutative ring in which the non zero

elements form a group under multiplication.

Let us now consider a relationship between two fields K and F', where K D F. We call K
an extension or extension field of F', and we call F' a subfield of K. The operations in F
are those in K restricted to the elements of F'. We say that K is a finite extension of F
if, viewed as a vector space over F, dimp(K) is finite. We shall write dimg(K) as [K : F]

and call it the degree of K over F.

An algebraic number field is defined as the extension field of Q obtained by adjoining an
algebraic number 0, i.e, the set of numbers Q(6), where Q(x) runs through all the rational
function in Q(z) whose denominator does not vanish at . We denote the algebraic number
field as Q(#). We call 6 the generating element or primitive element of the algebraic number
number field Q(#). The generating element 6 is not unique, as different elements of the
field can be choose to serve as a generating element. Each of such generating element have
the same degree h. Since K = Q(f) D Q, we can view K = Q(f#) as a vector space over
Q, i.e dimg(K) is finite. We shall write dimg(K) as [K : Q] = [Q(f) : Q] and denote it as
the degree of an algebraic number field Q(#).

Let p(z) € Q[z] be the minimum polynomial of . Given f(z) € Q[z], then f(x) =
q(z)p(x) + r(z) where g(z) and r(x) are in Q[x] and r(x) = 0 or degr(z) < degp(x)
follows from the division algorithm. Hence , f(6) = ¢(0)p(0) +r(6) = r(0), since p(f) = 0.
Thus given any element o € K, we can express it as a polynomial expression in € of degree

at most h — 1 i.e
a=10)=co+ci0+- 4 cp0"", ¢ € Q, (1=0,1,...,h—1).

Suppose such an expression for « is not unique, then there exist d; € Q, i =0,1,...,h—1,

d; # ¢; such that o = dy + - - - + dj_10"1. We obtain the expression

(co—do) + (cr —di)0 + -+ (ch1 — dhfl)el%1 =0.
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But this contradicts the definition of the minimum polynomial. Hence all polynomial

expressions of o must be unique.

We define the numbers

as the conjugates of av in the field of K. They are the conjugates of «, but each conjugate is
repeated ﬁm) times. Hence ao, ..., a, do not belong to K. For example, let us consider

o = v/2 whose minimum polynomial over Q is f(z) = 2* — 2 Then the roots of f(z) is

2w

a,wa, w?a, where w=e¢e3 .

Suppose K = Q(+/2), then a is in K but wa, w?a & K

If « is an element of K, we define its size m by

When considering an algebraic number field K = Q(6), we shall suppose that the number-
ing @ =04, --,0y is fixed. Hence from (1.41) we also fix the numbering of the conjugates
of any a € K. The set of algebraic integers contained in the field K form a ring which we

shall denote as Zx. We denote the norm by N («a):

N(a) =71(01)---r(6h), a=r(0).

We list some properties of the norm:

(1) N(a)eQforall o€ K;

(2)  N(a)€Zforall a € Zg;

(3)  N(a)=0if and only if a = 0;

(4)  N@)=d"ifaeQ

() N(Oéﬁ) = ( N (B);

(6)  N(aa) =a"N(a) for alla € Q and a € K.

For the rest of the discussion in this section, we shall use N(«) to denote the norm of a

in the algebraic field Q(«) generated by «. If v is a root of a nonzero polynomial f(z)
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over K, ie., if f(x) € K[z], then o € A. The degree of o over K, denoted degj «, is the

degree of the monic irreducible polynomial in K[z] which has « as a root.

We shall now define the symmetric polynomial which will be used in the proof of a lemma.

Defination. Let V' be a commutative ring with unit. A polynomial F(ay,...,ap) €
Vai, ..., «ap) is called a symmetric polynomial in oy, . .., if it does not change when
i, ..., Qn are subjected to any permutation.

Let us further denote

o1 = Qi+ Qp,
Oy = g +aias+ -+ Q10
On = Qi+ Q.
as the elementary symmetry polynomials in aq, ..., «,. Notice that they are up to sign

equals to the coefficients of the polynomial (z — ;) -+ (x — a;,). We shall now state the

symmetric polynomial theorem which we will require in the proofing of Lemma 2.

Definition 7. The symmetric polynomial theorem states that any symmetric polynomaial

F(ay,...,a,) € V]ag,...,a,] can be expressed uniquely in the form F(oq,...,a,) =

H(oq,...,04), where H(oy,...,0,) € Vioy,...,04].

Lemma 2. Suppose that a € A, degax = n, and o = o, ..., «a, are the conjugates of .

Further suppose that

F=F(xy,...;¢50,...,00) € Qlzq,. .., Tx;00, ..., 0], k>0,
and that, as a polynomial in o, . .., o, with coefficients in [x1, ..., x|, F is a symmetric
polynomial in ay,...,a,. Then

F= F('rla--'?xk) S Q[xla"ka];
and F' € Q in the case k = 0. In addition, if we also have o € Z 4 and

F=F(xy,...,¢500,...,00) € Z[x1,..., 25501, .. ., Qp), k>0,

27



then it follows that
F=F(xy,...,2x) € Z[xq,. .., Tkl

and F € Z in the case k = 0.

Proof. Let us consider F' as a polynomial in ay, ..., q, with coefficients in Q[x, ..., z].
Since F' is a symmetric polynomial in ag, ... a,, then by the symmetric polynomial theo-
rem, we can write F' as a polynomial H in the elementary symmetric polynomial o4, ..., 0,

with coefficients in Q[xy, ...,z

Let us recall that the symmetric polynomial oy,...,0, are equal (up to sign) to the
coefficients of the minimum polynomial f(z) of the algebraic number « and that f(x) €
Q(x). Hence each oy,...,0, € Q. This leads us to the fact that H = H(xq,...,x)) €
Q[z1, ..., xx]. Hence by the the symmetric polynomial theorem, we come to the conclusion
that

F=F(xy,...,2x) € Qly, ...,k

In the case of k = 0, it just means that we substitute each x1, ..., x; by a complex number

and its conjugate and the sum of which will give us the result F' € Q.

For the second part of the lemma, the proof is similar to that above except that we are
considering algebraic integers which has its minimum polynomial f(z) in Z[z]. Hence the
elementary symmetric polynomials oy, ..., 0, are equal (up to sign) to the coefficients of
the minimal polynomial f(z) of the algebraic integer a. Thus they are elements of Z. The

rest of the proof follows from above. O

We will now generalize the problem of approximating real numbers by rational numbers by
studying the approximation of complex numbers by certain classes of algebraic numbers.

That is, given a complex number «, we consider the modulus of the difference
la — 0] (1.42)

for different 6, where 6 is an algebraic number. We are interested in the approximation
of complex numbers by certain classes of algebraic numbers whose values are bounded by
the following inequality

o — 0] < p(H, k),
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where H = Hy is the height of § and k£ = degf. In particular, we want to investigate for
which ¢(H, k) does the inequality has finite or infinite solutions in the algebraic number

6.

We shall consider approaching this problem by considering the behavior of |P(«)| for
a complex number « and different polynomials P(z) € Z[z] of degree k and height H.
Suppose P(f) is small, then given any « such that o = 6, |P(«)| will be arbitrary small.
Conversely suppose if | P(«/)| is small, then at least one of the differences |a—6;|, 1 < s < k,
is small where 6y, ..., 0 are the roots of P(x). Hence the magnitude of | P(«)| characterizes

the order of approximation of a by the algebraic number of height H and degree k.

For a fixed a € C, we will like to find a lower bound
[P(ar)| > o(H, k),

where @(H, k) is a function of the height H and the degree k of the polynomial P(x), which
holds for all polynomials P(z) € Z[x], not necessarily irreducible, for which P(«) # 0. We
can generalize this problem to the case which involves several complex numbers aq, ..., o,

and the polynomials P(xq,...,2y,) € Zlx1, ..., Tp].

We will now consider a generalization of Liouville’s Theorem using the properties and
criterion stated above. In particular we want to show that given any a € A, for all

P(z) € Z[z], P(x) not necessary irreducible and P(«) # 0 we have the following inequality,

C

Let us consider for the case
P=Px)=axr+ay, a€Z, a €N, Hp=H.

Let us recall from Liouville’s Theorem that suppose a € A then for any (p,q) € Z x N,

there exist a ¢ = ¢(a), ¢(a) > 0 such that,
c
a=21>=, (pg)eZxN,
q q

Given that,

[
=

P=Px)=ax+ay, a€Z, a €N, Hp
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Then from Liouville’s Theorem, we let p = —ag, ¢ = a;. Then,

c
|Oé - ]—? > T
q q
Qo C
— a2 > £
c
=  |mata| > —
1
Therefore we get,
c c

|P(a)] >

Hence we obtain the desired inequality. O

In general, this result is true for all polynomials P(x) € Z[z] of any degree k. We shall

show this result. But first we shall prove a lemma.
Lemma 3. If
f(x) =bya" + -+ bix+ by, f(x)€Clzr], bybg#0, Hyppm=H

and f(x) =0, then the following inequality holds

|bol
H + |bol

H + |by,|

<o < —

lba| < 2H.

Proof. We shall consider 3 cases: |a] > 1, |a] < 1 and |a] = 1. The case for || =1 is

trivial. Let us note that for all b; such that i = 1,...,n,

b;| < H
= il > 1
il
H
- —+1 > 2
|bi]
H + |b;] |bi] 1
> 2 and < —.
|bi] - H+b] ~ 2

Hence || = 1 satisfies the inequality.

Suppose |a| < 1. Then as in the case of |a| = 1, the upper bound is easily proven as it is

satisfied as shown above. We shall prove the lower bound. Given that « is a root of f(z),
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we get

fla) = ba"+---+bia+by=0
’bo‘ = ’bnOdn‘i‘""i‘blCt’
< H(la["+ o] +--- +|al)

= |a/H (14---+|a|""), (& inequality)
L—[of" _ Hlaf
I1—l|a " 1-]af

= Hla|
Then we get,

bo| — |bolla] < H]al
la|(H + |bol) > |bo
|bo|

of > 2
o H + [bo|

Hence for |a| < 1, it satisfies the inequality.
Let us consider the case for |a| > 1. Using the fact that « is a root for f(z), we get

fla)=0; bya"+---+bat+b = 0

ballaf™ < H(la"' +--+1)

la|" —1 "
= H < H .
la| —1 la| —1
Hence
H
b, <
bulla] = |ba| < H
0]

The lower bound for the third case is quite trivial.

Let us recall that

o] > 1,

and that
|bo| < H.
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Hence we deduce the following:

|bo] |bol
H + |bo |bo| + [bo|
B 1
T2
< lal.

Thus we get the lower bound for the third case.
Hence the first inequality is proven for all 3 cases.

The second inequality is quite obvious. From the upper bound we have,

|Oé| < H + |b'fl|
1
lal|bn] < H+ |b,| < H+ H < 2H.

Hence the second inequality is proven. O

Corollary. If« is a nonzero algebraic number of height h, then its size satisfies the bounds

1 _
— < < h+1<2h.
op <lol<h+l<

Proof. Let us recall the definition of an algebraic number. We say that « is an algebraic
number if « satisfies the equation p(a) = 0 with p(z) € Q[z]. Let f(z) be a monic
polynomial, f(x) € Q[x]. Then b, = 1.

Hence f(z) = 2" + b, 12" ' 4+ -+ + by. Then from Lemma 3 we have

h+b,] h+1
bl 1

la| < =h+1<2h.

1

Consider the polynomial g(z) = b—f(a:) Then for all a;, i = 1,...,n, such that f(a;) =0
0

implies that g(a;) = 0 and from Lemma 3, we obtain,

166 1

1
h+|b€)| h+1, where 0 0

la| >
o] b

Recall that h > 1 from our definition of f(x). Hence,

1 1 1

Wil hth  2h

o]
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Thus we obtain the inequality

1 -
— < < h+1<2h.
op <lal<h+ls<

We shall now state the theorem formally.

Theorem 9. Suppose that « € A, degae < n, H, < h and P = P(x) € Z[z], deg P < k,
Hp < H. Then either P(a) =0, or else the following inequality holds:

ck 1

Pl 2 o= = gomage

(1.43)

Proof. Without loss of generality, we may assume that dega =n, H, = h, deg P = k,
Hp = H. Since P(x) € Z|x], therefore H > 1. Given that o € A, this implies that there
exist a f(z) € Z[z] such that f(a) = 0. The case for P(«) = 0 is trivial. We shall suppose
that P(a) # 0. We define b, as the leading coefficient in the primitive and irreducible
polynomial f(x) € Z[x] having « as a root. We shall consider possible 2 cases that arises.
Case (1) : dega=n=1

Suppose deg v = n = 1, then there exist f(z) € Z[z|, f(x) = by + bz such that

bo—i‘blOé = 0,

a = ——.

Let us consider 2 possibilities. Suppose P(z) is irreducible in Z[x]. Then by Gauss Lemma

P(z) is irreducible in Q[z]. Hence,

b
Pl = [P
1
 Jardbf + -+ aobh]
T S
1
> L
1 ck 1
2 pu—

R T iU ¢= SI-1p1°

Suppose P(z) is reducible? in Z[z]. Then from Theorem 6 in Section 3 we obtain

P(z) = Po) (@) Pogz) () - Pog (2)

2This step is actually not neccessary in the context of the proof.
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where P,;y(x), i =1,...,j are irreducible in Z[z] and

J
deg Poy(x) =mi,  (i=1,....5% > mi=Fk
=1

Then applying Gauss Lemma to each irreducible polynomial, we obtain the same result
as in the first case. Hence

|Pla)] = = >

1
Rk

N

which proves (1.43) for the for the case n = 1.

Case (2) dega > 1.

Suppose dega = n > 1. For each conjugate of a: @ = oy, i, ..., ay, let us define
& = by P(a)l.

From Lemma 1 we can deduce that & € Z 4. Hence,

G=bP()|, &€Za (i=1,...,n). (1.44)

Let g(z) be the irreducible monic polynomial of £, deg g(x) = N and g(z) € Z[x]. Then,

glr) = 2N +Ox 2N+ Clr +Co, g(x) €Z[T]), Co#0

= (z-&)(@—&)...(z— &),
where & = &1,&, ... &y are conjugates of £&. Then

(-)N& & = G
N = (-D)YCy
V()] = [Co| > 1. (1.45)

Then from (1.44) and (1.45) we get,
V()] = bEP()| [ bl Plas)] = 1. (1.46)
i=2
Given any «;, we have

| P ()]

IN

H(1+ il + -+ Jail?)

< H(1+ ey (1.47)
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Recall from Lemma 3

o < eIt
|n|
Hence
Plag)| < H (LH"’”'Y L BpH
v [bn| [bnl*
[bal*|P(ci)] < (3h)"H. (1.48)
From (1.46) we have
1
P(a)| > — .
= T TP
Applying (1.47) and (1.48) we get,
1

P > > )
‘ (Oz)’ - bﬁ(gh)k(nf1)an1 - (anlhn)k:anl

Hence the case for dega = n > 1 is proven. O

Theorem 10. If « is an algebraic number of degree n, n > 1, then there exists a constant
¢ = c(a) > 0 such that the following inequality holds for any algebraic number 0 of degree
k, k> 1, and height H for which 6 # «.

Ck

la — 6] > I (1.49)

Proof. Suppose that 6 is not equal to a and is a root of the irreducible polynomial
P(z) = apz” + -+ + a1z + aq, P(x) € Zx], ap > 0.
Then three possible cases will arise:
Case (1) : k=1
In this case we define
P(x) = a1x + ao, where P(6) = a0 + ag = 0, a; > 0.

Then # = —ag/a;. From Liouville’s Theorem we know that for all (p,q) € Z x N, there

exist a ¢ = ¢(a) > 0 such that

c(e)

n

]a—g\ > , where deg a = n.
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Let us choose p = —ag and ¢ = a;. Then

o= 0] = o — —20) > S0 o)
ap ay Hn
where H = max{|ay|, |ao|}. We define
c= ycla).

Then we get the required inequality.
Case (2) k> 1 and P(a) = 0:

Since P(«) = 0, therefore n = deg v = degf = k, and 6 is a conjugate of a. Let 6 = §(«)

be any constant such that

0<od< 1<Ig§lgn |CY,L' — CYj|. (150)
Then
/S k
la—0]>4d > (\I{Ig") (. k=n and H>1, HEeZ)
k
- % (1.51)

Hence the inequality (1.51) shows that the theorem holds in the case k£ > 1 and P(«) = 0.
Case 3: k>1and P(a) #0
Let us consider 2 sub-cases. Suppose |a — 6| > 1, then

|a—9|212% (H>1, HeZ and c=1). (1.52)
Suppose that | — 0| < 1, then by the triangular inequality,

lal =10l <la—6] < 1

— |0 -la] < 1

— 0] < |of+1. (1.53)
Let us define
Pz
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Then given that a # 6 we can write

Pl(O[) = (];(_04)9
o 1P()
=0 = @)

Recall that:

Hence
_ Pl@) P)-PO) _
xk_ek k—1 gk—l r—0
= akx_e + ap—1 9 + - —l—alx_@

Recall that:

Thus,
Py (x) = ak<1‘k71 + (91’1672 + 92];]“73 4+ 97672 + ekfl) +
ak—1(:17k_2 +0zF 3 ¢ a’f—Q) + 4
k-1
= > a®),
1=0
where

gl<0) = a1 + al+26 + o+ akekilila (l = Oa 17 - '>k - 1)

Let us consider ¢;(f). From (1.53) and (1.56), we get

lq(0)] < HQA+16]+---+ 0"

< H(1+|0)F

(
< HA+|0|+---+10")
(
< H(

2+ |a))k, (1=0,1,...,k—1).
Then from (1.55) and (1.57) we have

[Pu@)] = [go(®)a’ +g1(O)ar+ -+ + gra(F)a" |

< go(0)a®| + -+ + |ge-1(0)a" 1|
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< H2H+|a)" 14+ |affh
< HE+ o)A+ 4] +]aff)

< H2+|a)k(1+|a)*
From the Corollary to Lemma 3, we have

1 N
ﬁ<|a|<h+1§2h, h>1, heZ,

where h is the height if a. Then,
|Pi(a)| < H((h+ 3)(h+2))". (1.58)

From Theorem 9, if P(«) # 0, then

ck 1

|P(Q>IZW> Czw-

Therefore from (1.54) we have

P
oy _ 1P
[Pr(a)]
- 1 1
3n—1pn ffn—1 H((2 + h)(h + 3))k
c h : ! <1. (1.59)
= — ere c= c<1. (L
e 3 (2 W)+ 3
Hence we obtain the desired inequality. O

Theorem 11. Suppose that o is a complex number such that for any v € R, v > 0 the
inequality
1
— 0| <« —
o~ < gz
has an infinite set of solutions in algebraic number 6 of degree degf < k and height Hy.

Then a is transcendental.

Proof. Suppose that o were an algebraic number of degree n. From Theorem 10, there
would exist a constant ¢ = ¢(a) > 0 such that the following inequality holds for any

algebraic number 6 of degree k, k > 1, and height H for which 6 # a.

o — 0] > dHLf (1.60)
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Let us set ¥ = n + 1 in (1.60) and choose an algebraic number @ such that 1/HO < c(a)*.
Then,

1
1 (1
- HO \H»

c(@)
< o

This contradicts Theorem 10 for algebraic numbers. Thus « must be transcendental. O

Let us now consider a generalization of Theorem 9 to the case of a polynomial in several
algebraic numbers. We make use of an algebraic number field K = Q(6) containing the

algebraic numbers oy, ..., q,,.

Theorem 12. Suppose that o, ..., q,, are algebraic numbers, and h is the degree of an

algebraic number field K = Q(0) which contains these numbers. Then there exist a constant

c=c(ay,...,any) >0 such that for any polynomial
P="P(z,...,2m) €Z[z1,. .., 2Zml, deg, P < k, Hp < H,
either P(ay,...,q,) =0 or else
o
[P, ..., o) > g1 (1.61)

Without loss of generality, let us assume that deg, P = k, Hp = H and degg Q(0) = n.
Let o = otV ...,ozl(h) be the conjugates in the field K, ¢« = 1,...,m, and let » € N be

7

chosen such that from Lemma 1, ra; € Zg. Hence by definition and properties of Zg
E=r"Play,...,q) € Zg. (1.62)

Suppose h = 1. Then «; = oV, i = 1,...,m. From (1.62) we know that ¢ € Zy. Hence

1 Y

there must exist a minimum irreducible polynomial f(x) € Z[z| such that f(£) = 0. Since
degé =1,
f(z) =z + co, co € Z, €#0.

Since £ € Z,
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Hence we get

|§| = Tklp(ah ,Oém)| > ]-7
1
|P(aq, ... am)| > et (1.63)
1
We define ¢ = —. Hence
T
1 ck
|P(041,---,Oém)|2r—k=H(1_1), n=1.

Therefore we get the form of (1.61) for h = 1.
Now let us suppose that h > 1. Let us denote
A;j=P? ... a9y, (j=1,... k)

Let us recall that two algebraic numbers o and 3 are said to conjugates if and only if there

exist an isomorphism

o : Qo) — Q(P)

such that
o(a) =
Let agq) be conjugates of o, t = 1,...,m. There exist Q-isomorphisms
01:a§Q)—>a§l) ey Om D —
and o; fixes every ay) when ¢ # 7, i.e. O'i(a](.l)) = ozg-l),
Let us denote 0 = 0,,00,,_10---00900;. Then
_ . (@ _(q) (@)
o(4,) = omooyu_10---00900 (P, 05",...,0.7))
= 0p00,_ 100030 UQ(P(agl), aéq), 0\ 9))
= OmO0p-19+0040 0-3(P(Oégl)7 Oél)7 s 70-7(3)))
= P(agl), aél), N C)
= A
Hence the numbers Ay, ..., A, are conjugates in the field K.
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We define

= r*A;, & € Ly,.
Then from Lemma 1, we conclude that
§=61,.-:6n
are conjugates of £. Since {; € Zg there exist a f(x) € Z[z] such that
f@)=a"+d, 12" '+ +dy and f(§) =0,

d, € Z, (y=0,...,n—1); dy # 0.

Let us recall that

N(E) = (-1)"6& & = (—1)d,.
NI = INOFA| =¥ Ay - An] = [do] > 1.

Therefore

b —1
|Ar] = ('f“th IAj|> :
=2

Let us note that

kl km kl k’m ]Cl k}m
Pz, .oyzm) = 721 2m b Yazy 2o 2m e FE F e 2m
— kl km
= E, ChiyokmZ1 " 2 Chit i € L

0<k1+-+km <k

where v, € Z, n; = ki, 4+ + ki, Vi, (1 < j < E).

Then from (1.65) and the definition of A;, we have
451 = Inllad” e - gl -

where

0< by, + +km, <k, (1<w<k).

41
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Then,

L

Al < H(al™ Jaml ™ Tl o ™)
m k
< H (1 + ZW)
=1
A =14 Tl (167
i=1
From (1.64) and (1.67) we obtain:
|P(ay,... o) > (Thpg—ll)thl
= Hkal’ p= %gl. (1.68)

Hence for the case of h > 1, we obtain the desired inequality. Using the Corollary to

Lemma 3, we can further refine (1.68) to get:

k
1
IP(ay, ..., om)| > Hil_l, p = _
i=1
where h; is the height of the algebraic number oy, 1 <17 < m. O
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Chapter 2

Transcendence of m and applications

In this chapter, we shall investigate and prove the transcendence of 7. It should be noted
from the previous chapter that the class of real transcendental numbers are irrational.
Hence, our strategy is to first prove the irrationality of 7 and using analytic methods
and theorems and lemmas from Chapter 1 to show the transcendence of m. However it
should be noted that proving the transcendence of 7 is sufficent to show that m is irrational.
Lastly, we will apply the transcendence property of 7 to show the impossibility of squaring

the circle.

1. Transcendence of T

'

. c
Lemma 1. For any fiz ¢, c € R, we have lim - = 0.
n—oo 1.

Proof. The case for ¢ = 0 is obvious. We need only to consider the case for which ¢ € R™.

The proof for ¢ < 0 is exactly the same for ¢ > 0. Let us observe that
a, = —

nn—1)---1
Let us fix M > ¢, M € Z. Then for any n > M,

C-C-..C.C

nn—1)---(M+1)

&
Ay = ay < —ap.
n
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Hence by squeeze theorem, lim a,, = 0. O

n—oo

Theorem 13. 7 is irrational.

Proof. Suppose on the contrary that 7 is rational, i.e. there exist a,b € N such that

m=a/b.

Let us define a function f(x) such that
z"(a — bx)" a
f(l“):T> =1 (2.1)
Then f(x) is a polynomial of degree 2n with rational coefficients and that given any x
such that 0 < x < a/b, f(x) # 0. Expanding the function we obtain

n!

fz) =

where

n n—1 (_]_)an n—ipi nin
ap = a”, a, na .., a i!(n—i)!a a (—1)

are integers.

Let us observe the function of f(x).

b (g — x)n

flo) = 2
_ bra(m — x)"
n!
= f(r—ux).
Hence
fO@) = (=1 fOr —x), V. (22)

Recall that deg f(z) = 2n. This means that for all m > 2n, f(™(z) = 0. Furthermore,
from the definition of f(x), for all i < n, f®(0) = 0. Hence we shall consider i for
n <1 < 2n. We observe that

f9(0) = ! C;' , n <i<2n. (2.3)

Since i > n, this implies that i!/n! is a positive integer and a;_, is also an integer. Hence
f®(0) is an integer for all non negative i. Since f@(x) = (=1)'f% (7 — x), hence f@(x)

must be an integer for all non negative i. Let us define

F(z) = f(x) = fP (@) + -+ (=1)" " (2).
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Recall that since f(™(z) = 0 if m > 2n. we deduce

(3127]; = F'(x) = fD(x) = fD(@) + -+ (1)L (2)
= —F(x)+ f(z). (2.4)
Hence
S} sing — F)eoss) = F'(a)sins+ F'(z) cosa
— F'(z)cosz + F(z)sin(x)
= (F'(z)+ F(z))sinz = f(z)sinz. (2.5)
Thus

/7r f(z)sinzdz = [F'(z)sinx — F(x)cosz]]
0 = F(m)+ F(0).
Since we have proven for all non-negative i, f@(0) and f@(7) are integers, hence
F(r) + F(0) € Z.

Let us consider f(x)sinz. Note that for all 0 < x < 7, 0 < sinz < 1. Hence,

z"(a —bx)" _ w"a"
<

0< f(z)sinz < f(z) = (2.6)

n! nl

Let us define u = aw. Recall the Taylor Series of e*:

[e.e] un
L — JE—
€= Z nl’
n=0
s n
Since the function ) %7 converges, therefore from Lemma 1,
n=0
un
lim — =0
n—oo n‘
Let us choose a n large enough such that
u 1
n! w

Then from (2.6) we get

0 < /f(x)sinxdxg/ °
0 o nl

0 < /f(x)sina:dxﬁﬂu < 1L
0
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But this contradicts the result that
/ f(z)sinzdz = F(r) + F(0) € Z.
0

Hence 7 must be irrational. O

Hermite’s Identity. Let f(x) be a degree v polynomial with real coefficients and set
F(z) = f(x) + f'(x) + -+ f(2). (2.7)

Then
e /O F(#)etdt = F(0)e” — F(x). (2.8)

/0 ’ f(t)e tdt.

/0 " F@)etdt = F(0) — flz)e + /O " P (et (2.9)

Proof. Let us consider

Integrating by parts, we get

Repeating this process v + 1 times, we get

/0 " F(t)etdt = F(0) — F(z)e.

Hence we get the equation in (2.8). O

Lemma 2. If g(z) € Z[x], then for any k € N, all the coefficients of the k-th derivative

g®)(z) are divisible by k!.

Proof. Let us consider the polynomial x°, s > 0. Suppose k& > s, then the k-th derivative

of 2% is 0. Suppose 1 < k < s, then the k-th derivative of x° is

()
8

is an integer. Hence the lemma is proven. O

in which the binomial coefficient
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Lemma 3 (Leibniz’s Formula). Let f and g be analytic in a domain D. Then the nth
deriwatives of the product fg is given by:

n

F ) =3 (1)) vee D,

m=0

where f© = f, ¢ =g and

15 the mth binomial coeffcient.

Proof. We prove the above Lemma using induction.

Let f, g be analytic in a domain D.

m

Let P, be the statement “(fg)™(z) = Z (n>f(”_m)(z)g(m)(z), Vze D”

m=0

Consider P;. The case for n =1 is just the product rule. Hence,

(fo)V(z) = fgW(2)+ fWg(z)

-y ()7

m=0
Thus we prove the case for n = 1. Suppose P is true for some k € Z*. Then we get

k

(f9) ™ Z( ) FEM(2)g™ () Vze D,

m=0

We differentiate the equation with respect to z to get:

k
Loy = 2 (Z (" )f(k‘m)(Z)g(m’(Z)) .

m=0

Expanding the equation, we get

d K\ Lo K\ Lo k .
- {f(k>g+ (1)f<k DG 4 (2) FO2g@) 4y <k i 1) £ =) +fg<k>} -
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+
-
=
Q
z
+
~
S
Q/\
=
+
=
—

But let us recall that:

(Z)+<ml€—1) B (k—ii)!m!+(k_rl:+1)!(m—1)!

Summing the terms, we get

(Fo) = (2) = ﬂmng+(k+1>ﬂm¢n+“.+(k+1)ﬂn¢m+f¢mn
1 k

> (5)semegme). e,

m=0

Hence Py, is true.

Py is true = Py, is true.

P—=— P =P

Therefore using induction, we proved Lemma 3.

Theorem 14. 7 is transcendental (Lindemann).

Consider the following equation (Fuler’s Identity)

e +1=0. (2.10)
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Let us assume that 7 is an algebraic number. Then there must exist a f(x) € Q[z] such

that f(m) = 0. Since 7 is algebraic, therefore v = 7i is also algebraic.

Let v = deg~ and let v = 74, ...,7, be the conjugates of 7. Let us note that since

e’+1 = 0

= (I+e")(1+4e?)---(14+e™) = 0;

14

. H(l—i—e”i) = 0 i=1(0,1,...

i=1

We shall now prove by induction that

v
H ]_ + 6% § E El’Yl+ Fevvw
i=1

e1=0 €,=0

Let P, be the statement:

f[ 14+ e’yl Z Z €171+ +eu% Yy € Z+.
=1

€1=0 ey=0

Note that Py is obviously true. We shall prove Ps.

Consider Py where v = 71,7y, are conjugates of 7. Then,

(1—1—671)(1%-672) — 1+€71+672+671+72

1 1
— E E ef1nteyz

€1=0¢e2=0

Therefore Py is true.

Assume that Py is true for some k € Z™.

k
H 1_|_6% E E 661714- Rk
1=1

e1=0 €=0

where 71, ...,7 are conjugates of .

Let .41 be a conjugate of v such that .1 # v, i = 1,..., k. Hence,

k
(eM+1 4 1)1_[(1 + ")
i=1

€7k+1 E E e1v1+ “FerVE

e1=0 €=0

49

(2.11)



1 1 1 1
E E e TR T k1 E E et e — 0;

€1=0 =0 €1=0 =0
1 1 1 1
E E 651'71+"'+5k7k+1'7k+1 4 E E 661’71+"'+6k’7k+0"¥k+1 = 0
)
e1=0 €=0 e1=0 €,=0
1 1 1
. E E et teame etk — ().
e1=0 €,=0€x41=0
Thus,
k+1 1 1 1
H(l + e'Yi) = E - E E b1t R Vet Yht1
i=1 €1=0 €,=0€x41=0

Hence by induction, we get

14

1 1
H(l + 6%) _ Z . Z et tam (2.12)

i=1 e1=0 €,=0
Let m denote the number of non-zero exponents in (2.12) and a = 2¥ — m be the number
of exponents that are zero, a > 1. Let us define oy, ..., a,, as the non-zero exponents.

Hence from (2.12)

a-e®+e 4. e = 0,

Qe b etm — (2.13)

Consider the polynomial

w(x)zf[---ﬁ(az—(em+---+eyvy)>~

We observe that ¢(x) is a symmetrical polynomial in vq,...,, with coefficients in Z[z]
Hence by Lemma 2 of Chapter 1, ¢(x) € Q[z]. From (2.13) the roots of the degree 2”
polynomials ¢(x) are ay, ..., and 0 with multiplicity a. [This is because there are a

possible ways of getting 0 exponents in (2.13)]

Hence the degm polynomial 2= %p(z) € Q[z]| has precisely the numbers ay, ..., a,, as its
roots. Let r € N be the least common denominator of the coefficients of this polynomial.

We define

V() = plw) = bpa™ bz by, O(@) €2Zal,  be>0, by #0
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has precisely aq, ..., a,, as its roots.

Let us recall Hermite’s Identity:

/I f(t)e tdt = F(0) — F(x)e™™
0
whete F(x) = f(x) + fO(x) + -+ f©)(x), deg(f(x)) = v
Let x = ay,...,q,. Let us consider ay, 1 < k < m. Then by Hermite’s Identity we get,
| e = Fo) - Flage
0 /0 rWetdt = e F(0) — Flay).

Then summing up all the conjugates of a, we get

D e /0 b f@)etdt = F(0)Y e =" F(ay).

k=1 k=1 k=1

Recall from (2.13)

k=1
Therefore we get
m m Qg
—aP(0) = 3 Flog) = 3 e / F(t)etdt.
k=1 k=1 0
Let us define
fl@) = gl (2.14)
(n—1)1"m
1
= s 1>!b£,T“)”’1x"’1(x —ap)" (= ap)™ (2.15)

Let us note that

deg f(z) = n—1+nm

= (m+1)n—-1>n-1.
Hence from (2.14), we apply Leibniz Formula to get:

f(l)(0> :()7 <l20717...,n—2)7 f(nfl)(o) :bzflbg
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and from Hermite’s Identity and the definition of f(z), we get

(m+1)n—1
FO)= > fO0) =ty 'tp+nd, A€Z (.)€ Zlx). (2.16)

I=n—1

Since ay, is a root of f(z) of multiplicity n, therefore
fO)=0, (1=0,1,....n—1), (k=1,...,m).

From Lemma 2, the [th derivative of 2™ 14" (z) has integer coefficients which are divisible
by n!. Thus for [ > n, the coefficients of f)(z) are integers divisible by nb7"~!. Thus,
(m+1)n—1

Flax) = > D) (2.17)

= nb"m;’lé(ak), (k=1,...,m), ®(x)€ Z[z].

Let us consider (8, = b,,ax, k=1,...,m. From Lemma 1 of Chapter 1, we can construct
a polynomial of degree m in Z[z]| such that 5 form the roots of the polynomial. Hence

0 is an algebraic integer. We can write
b%"_lq)(ak) = H(ﬁk), H(ﬁ) S Z[.’L‘]

We note that ®(x) is a symmetrical polynomial. Hence by using Lemma 2 of Chapter 1,

we conclude
me" "O(ag) = Y H(B) = (2.18)
k=1

From (2.16), (2.17), (2.18) we get

aF(0)+ Y F(oy) = abpbp"™ + n(aA+ B) € Z. (2.19)
k=1

Let us choose n € N such that
ged(n, boby,) = 1, n > a. (2.20)

Since the right hand side of (2.19) is an integer and if it satisfies (2.20), then we arrive at
the conclusion

>1 (2.21)

bmn—l

since abyb]"" " is not a factor of n.
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Let us consider a circle |x| < R, R > 0, x € C. We choose the circle such such that all the

points aq, ..., a,, are contained within the circle. Let us denote

max |bp(z)| = C

lz|<R

in which C is independent of n.

From Hermite’s Identity, we obtain

m g m ag
Soen [T weranl < Y| [T i@l s
k=1 0 k=1 170
Rn—leR m /ak
< —C" dx
(n—1)! ; 0
< meR&. (2.22)
(n—1)!
Let us consider the following expression
(BC)"
2.2
(n— 1) (223)
From Lemma 1, we know that
lim (FC) = lim (RC) = 0.

This implies that there exist an ng such that for a sufficiently large n such that n > ng

and n satisfies (2.20), we get
(RC)" 1
(n—1)! ~ meft

(2.24)

Hence from (2.22) and (2.24)

< 1.

o o f( ) -4
;e /(; x)e X

However, this is a contradiction to (2.21). Therefore we are forced to conclude that = is

transcendental. O

2. Squaring the circle

In this section, we will consider the problem of squaring the circle or quadrature of the

circle as written in some journals. We approach the problem by asking ourselves whether
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it is possible, by using only compass and a straight edge, to obtain a square whose area
is equal to that of a circle. We will use the result from the previous section that 7 is

transcendental to show that it is impossible to square the circle.

Theorem 15. Let L O K D F be three fields such that both [L : K| and [K : F| are finite.
Then L is a finite extension of F and [L: F| = [L: K|[K : F|.

Proof. We shall prove that L is a finite extension of F' by exhibiting a finite basis of L
over F. In doing so, we shall obtain the stronger result that [L : F] = [L : K][K : F].

Suppose that [L : K| =m and [K : F] = n then L has a basis

V1,V2,...,Un
over K, and K has a basis
W1, W2, ..., Wy,
over I'. We shall prove that the mn elements v;w; wherei =1,2,... ,mand j =1,2,...,n
constitute a basis of L over F'. Let a € L. Since vy,vs,...,v,, form a basis of L over K,
we have
a =k + -+ knm, ki, koy. .. ky € K. (2.25)
Since wy, ws, . .., w, is a basis of K over F, we can express each k; as
ki = fawy + fiows + -+ + finwy, (2.26)
where

fijEF, (i:1,2,...,m), (j:1,2,,n)

Substituting (2.25) in (2.26), we get,

a = (fuw+ fiows + -+ fraw,)v;

4ot (frawr + frmawa + - A+ frnWy) V. (2.27)
Rearranging this equation, we obtain,

a = f11w1v1 + f12w2’01 + -+ fijwjvi + -+ fmnwnvm. (228)
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This tells us that L is a finite extension of F' and hence [L : F] is defined and finite and

that [L : F| < mn. Suppose a = 0. Then for some b;; € F', we have
briwivy + biawavy + -+ - + bijw;v; + -+ - + by WUy = 0.

Let us denote

C; :Zbi]’w]', (Z: 1,...,m). (229)
j=1
Then we get
c1v1 + Uy + - - + Uy = 0.
But since vy, ..., v, are basis of F' over K, therefore
cp=C ="+ =0¢Cp=0.
Hence
Zbijwj:(), (221,2,,771,)
j=1
But w;, ws, ..., w; are basis of K over L. Therefore

biy=0, (i=1....m), (j=1....n). (2.30)

Hence the set

S={vw; | (i=1,....,m),(j=1,...,n)}

is a linearly independent set and it forms a basis of F' over L. It is easy to see that there

are nm elements in S. Hence we conclude that,
[L:F]=nm=|[L:K|K:F|. (2.31)

This proves the theorem. O

Corollary. If L D K D F are three fields such that [L : F] is finite, then [K : F] is finite
and divides [L : F].

Proof. Since L D K, K cannot have more linearly independent elements over F' than
L. From Linear Algebra, we know that [L : F] is the size of the largest set of linearly

independent elements in L over F, therefore we have [K : F] € [L : F|. Since L is finite
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dimensional over F' and K D F, therefore L must be finite dimension over K. From
theorem 15 we have

[L:F]=|[L:K]|K:F|.
Hence [K : F| divides [L : F]. O

We shall state the following theorem without proof. The proof is beyond the scope of this

report.

Theorem 16. Let K D F' and suppose that a in K is algebraic over F' of degree n. Then
F(a), the field obtained by adjoining a to F, is a finite extension of F', and

[F(a): F] =n.

This theorem tells us that if p(z) is the minimal polynomial of a, then [F(a) : F] =

degp(z) = n.

We shall now consider the problem of constructibility. We define a straight-edge to be a
straight line with no quantitative or metric properties attributed to it. Suppose we are
given a line segment - to which we assign length 1 - then all other length that we get are
obtained from this straight edge by employing straight-edge and a compass techniques.

We shall now introduce the concept of a constructible length

Definition 8. A nonnegative real number, b, is said to be a constructible length if, by a

finite number of applications of the straight-edge and compass and the points of intersection
obtained between the lines and circles constructed, we can construct a line segment of length

b, starting from the line segment we assigned length 1.

We claim the following properties:
Property 1. If a and b are constructible lengths, then so is a + b.

Proof. This property can be easily seen from the application of the straight-edge and
compass. Without loss of generality, let us assume that a > b. We define the straight-edge
AB to be of length a and C'D to be of length b. We start up drawing a perpendicular
bisector to AB and label the corresponding straight edge as EF. From EF, we again
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construct a perpendicular bisector, hence extending the straight edge AB. From B, we
apply the compass to get the required length a + b. The case for a — b is similar. Again
assuming that a > b, we denote AB as the straight edge whose length is a. By applying

the compass at B, we can get the length a — b. O
Property 2. If a and b are constructible lengths, then so is a - b.

Proof. The case in which a = 0 or b = 0 is quite trivial. Hence we may assume that

a # 0 and b # 0. Consider the following diagram,
L
&

: : T
] B 2

Let L; and L, be two distinct lines intersecting at P, such that PA has length a and PB
has length b. We place J on Ly such that PJ has length 1. We define L3 to be the line

passing through A and J and L, to be the line parallel to L3 passing through B. Let C'

be the point of intersection between L; and L,. This will give us the following diagram,
Lz Ly

o b

AE B L
All these constructions can be done using the straight edge and compass. Using the

property of similar triangles, we deduce that the length of PC' is a - b. Hence a - b is

constructible if a and b is constructible. O
Property 3. If a and b are constructible and b # 0, then a/b is constructible.

Proof. Let us consider the following diagram,

L
it i 4

&

I BY g
We denote P, A, B, L, and Ls as in Property 2. Let L5 be the line passing through A

and B and let Lg be the line passing through J. Suppose D is the point of intersection
between Lg and Li, then by the property of similar triangles, we deduce that line of PD
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is a/b. O

This result tells us that all nonnegative rational numbers are constructible lengths, since
they are quotients of nonnegative integers, of which were deduced to be of constructible
length from Property 3. We would be tempted to say that the class of irrational numbers
are not constructible. This is definitely untrue as we can construct v/2 by constructing a

right-angle triangle using the compass and straight edge.
8

AN

B A

We define AB and BC to be of length 1 each and by Pythagorean Theorem, AC' is of

length v/2. We can, in fact, extend this result to construct the following construction.

Figure 2.1: Greek Geometrical Construction.

We will like to consider the case for negative constructible lengths. We define the following

to get around this problem

Definition 9. The real number a is said to be a constructible number if |a|, the absolute

value of a, is a constructible length.

Theorem 17. The constructible numbers form a subfield of the field of real numbers

Proof. Let us denote I' to be the set of constructible numbers. We define the length 1 to

be the unit element in I'. From Properties 1 to 3, we note that I' € R.

1) From Property 1, we know that if a, b are constructible, then a + b is constructible.

Therefore a, b € I' implies a + b € T.
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2) From Property 1, it is obvious that if a, b are constructible, then a + b = b+ a.

3) Let a, b and ¢ € I'. Then d = a + b is constructible from Property 1. Hence d + ¢

is constructible and using field properties defined on R, we get
d+c=(a+b)+c=a+b+c (2.32)

Similar, let us denote e = b+ c. From Property 1, we know that e is constructible. Hence

a + e is also constructible and using field properties defined on R, we get
a+e=a+((b+c)=a+b+c (2.33)
From (2.32) and (2.33), we can conclude that
(a+b)+c=a+ (b+c).

4) We take 0 to be the zero element. Hence 0 is in I'. Then from Property 1, we note
that
a+0=a=0+a

for all constructible numbers a.

5) We consider using vectorial methods. Let us fix one direction as positive and the
direction directly opposite as negative. From Property 1, we can find a b such that the

magnitude of b is that of a but running in an opposite direction as oppose to a. Hence,

a+b=a+(—a)=0.

6) Suppose a, b € I', then from Property 2, a-b €T

7) Let a, b € I'. Then by Property 2, a-b and b-a are in I'. Recall that since R is a field
therefore given any x, y € R, x -y = y - . Since I' C R, therefore we can conclude, using
the field properties of R, that a - b =b-a. Hence all elements in I" obey the commutative

law of multiplication.

8) Let a, b and ¢ € I'. Then from Property 2, we can deduce that a-(b-¢) and (a-b)-c
are in I". Recall that I' € R. From the field properties of R we know that if z, y and 2z € Z,
then - (y-2) and (z-y)-z€Rand z-(y-2) = (x-y) -2z Hence,a-(b-c)=(a-b)-c.
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9) From Property 1 and 2, we see that if a, b and ¢ are constructible numbers, then

a-b,a-cand a-(b+ c) must be constructible. Note given any z, y and z € R, we have
r-(y+z)=z-y+az-z.

Since I' € R, therefore given any a, b and ¢ € I', we have
a-(b+c)=a-b+a-c.

10) From Property 3, we can see that for all @ € T, there exist a a=' such that

a-al=1.
Hence I' is a subfield of R. O

Theorem 18. Suppose a > 0 is a constructible number, then \/a is constructible.

Proof. Let us consider the following diagram

A ¢ b B

It is a semicircle of radius (a + 1)/2. We define AD to be of length a and DB to be of
length 1. From Property 1 and Property 3, the semicircle AB is constructible. Using
geometry and Pythagorean Theorem, we deduce that DFE is of length y/a. Hence y/a is

constructible. O

We want to show that a constructible number must be an algebraic number. Let I' be
the field of constructible numbers, and let I'y be a subfield of I'. We define the plane of
[y as the set of points (a, b) in the real Euclidean plane whose coordinates a and b are in
[y. Let (a,b) and (¢, d) be in the plane of I'y. From coordinate geometry, the straight line
joining (a, b) and (¢, d) has the equation

y—b b—d

. 2.34
r—a a—c (2:34)
We can rearrange the equation to get the form

ur + vy +w =10 (2.35)

where u, v and w are in ['y. We consider the following lemma.
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Lemma 4. Given two lines |y : w1z + v1y +wy = 0 and ly : us + voy + wo = 0, where uy,
vy, wy and us, vy, we are in Iy, then either they are parallel or their point of intersection

15 a point in I'y.

Proof. We shall consider the case for which {; and [, intersect. The case in which [; and I
are parallel is quite obvious. Let l; and [y intersect at (a,b). Since l; and [y are contained
in the plane of I'y, therefore for all points contained in [; and [, they are contained in
[g. Hence (a,b) € T'y. and their point of intersection lie in the plane of extension of 'y of

degree 1. O

Let us consider a circle whose radius r is in I'y and whose (a, b) is in the plane of I'y. From

coordinate geometry, the equation of a circle is
(z—a)+(y—b)* =1 (2.36)
which when further expanded, gives rise to the form
P+ +drdcy+ f=0, (2.37)

where d, e, f are in I'g. We assume that the circle intersects a line [; in the plane of Ty,
Iy : uxr + vy +w = 0. To obtain the points of intersection, we solve the simultaneous

equation. Suppose v # 0, then

y— (2.38)
v

Substituting (2.37) in (2.38), we get a quadratic equation i.e. x? + sz + sq, involving the

x - coordinate c of the intersection point. Recall from the quadratic formula,

—s1 /87 — 4sy
5 .

(2.39)

If the line [; and the circle intersect on the real plane, then s = s2—4sy > 0. If Iy = Ty(v/s),
then we see that ¢ lies in I'y. If \/s € Ty, then I'} = I'y; otherwise [['y : I'g] = 2. Let d be
the y-coordinate of intersection. Since d = (—uc+w)/v, therefore d must be in I';. Hence
(¢,d) lies in I'y and [I'y : I'g] = 1 or 2. We can apply similar methods for the case of v =0
and u # 0.

Finally, let us consider the case of the intersection between two circles, 2?+1y%+dz+ey+f =

0 and 22 +y?> + gr + hy + f = 0. By doing a simultaneous equation, we will obtain the
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equation of line Iy, where [, is the line passing through the points of intersection. We
define Iy as Iy : (d — g)z + (e — h)y + (f — k) = 0. To find the points of intersection, we
just need to do a simultaneous equation between [y and one of the circles. This will give

us [Ly : Lo = 1 or 2 as before,

Let us now consider the construction of a. By properties of construction using the straight
edge and compass, we begin all construction in the plane of Q. From before, for any
application of the straight edge and the compass, their intersections will give an extension
of degree 1 or 2 in Q. To get a, we need to move from the plane of Q to L;. We get
(L1 : Q] = 1 or 2. If we get a from this construction we stop the process. If not we
carry on to the plane in Ly and [Ly : L] = 1 or 2. We stop if we get a and repeat the
process if we don’t. Suppose we obtain a at the L, plane, then we get a finite sequence

Q=LyCL, C-C Ly.

From Theorem 15, [L,, : Q] = [Ly, : Lp-1][Ln-1 : Ln—2]---[L1 : Q]. Since each of the
[L;: Li1] =1or2 i=1,...,n, therefore the value of [L, : Q] is that of power 2. Since
a € Ly, we want to show that Q(a) is a subfield of L,,. Let us recall the definition of Q(a).
We define
0w - {1 1.9 € Qld.ot0) 0}

Since f(a),g(a) € Ly, this implies that f(a)/g(a) € L,. We can easily show that Q(a) is
a field. Since f(a)/g(a) € L, for all f, g € Q[z], therefore Q(a) C L,,. From the Corollary
to Theorem 15, we have [Q(a) : Q] = 2™ for some nonnegative integer m. From Theorem

16, we conclude that the minimum polynomial for a over () must have degree a of power

2. This condition is necessary for constructibility. This leads us the following theorem:

Theorem 19. In order that the real number a be constructible, it is necessary that [Q(a) :

Q] be a power of 2. Equivalently, the minimal polynomial of a over Q have degree of power

2.

In other words, if a is constructible, it must be algebraic.

Theorem 20. [t is impossible to square the circle.

Let us construct a circle of radius 1. Suppose that it is possible to square the circle,

then we can construct a square of side /. This would imply that /7 is constructible.
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From Property 3, this gives us the notion that 7 is constructible. But from Theorem 14,
we know that 7 is transcendental. Hence from Theorem 19, it cannot be constructible.
This provides a contradiction to our argument. Hence, we are force to conclude that it is

impossible to square the circle. O
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