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Introduction



Consider

50 (6, x) £ 1(x, u(t, %), (Vu)(t, ), (Hessy u)(t,x)) =0 (PDE)
and u(T,x) = g(x)fort € [0, T),x € R?where T > 0,d € N,
f:RIx R xR x R - R,g: R = R, u € ¢([o, T] x RY, R) satisfies
uljo,ryxre € C"2([0, T) x R R). Goal: Solve (PDE) approximatively.

Applications: Pricing of financial derivatives,
portfolio optimization, operations research

Approximations methods such as finite element methods,
finite differences, sparse grids suffer under the curse of dimensionality.



Consider
9u(t, x) + £(x, u(t, x), (Vxu)(t, x), (Hess, u)(t, x)) =0 (PDE)

and



Consider
9u(t, x) + £(x, u(t, x), (Vxu)(t, x), (Hess, u)(t, x)) =0 (PDE)

and u(T,x) = g(x)



Consider
%(t, x) + f(x, u(t, x), (Vxu)(t, x), (Hess, u)(t, x)) =0 (PDE)

and u(T,x) = g(x)fort € [0,T), x € RY



Consider
9u(t, x) + £(x, u(t, x), (Vxu)(t, x), (Hess, u)(t, x)) =0 (PDE)

and u(T,x) = g(x)fort € [0, T), x € R? where T > 0,



Consider
9u(t, x) + £(x, u(t, x), (Vxu)(t, x), (Hess, u)(t, x)) =0 (PDE)

and u(T,x) = g(x) fort € [0, T), x € R where T > 0,d € N,



Consider
9u(t, x) + £(x, u(t, x), (Vxu)(t, x), (Hess, u)(t, x)) =0 (PDE)

and u(T,x) = g(x) fort € [0, T), x € R where T > 0,d € N,
f: RYx R x RY x RI*Y 5 R,



Consider
9u(t, x) + £(x, u(t, x), (Vxu)(t, x), (Hess, u)(t, x)) =0 (PDE)

and u(T,x) = g(x) fort € [0, T), x € R where T > 0,d € N,
frRIxR xR xR 5 R, g: R - R,



Consider
9u(t, x) + £(x, u(t, x), (Vxu)(t, x), (Hess, u)(t, x)) =0 (PDE)

and u(T,x) = g(x) fort € [0, T), x € R where T > 0,d € N,
fRIXR xR xR - R,g: R = R, u € ([0, T] x RY, R)



Consider

%(t, x) + f(x, u(t, x), (Vxu)(t, x), (Hess, u)(t, x)) =0 (PDE)
and u(T,x) = g(x) fort € [0, T), x € R where T > 0,d € N,

f:RIXR xR xR - R,g: RY = R, u € ([0, T] x RY, R) satisfies
U|[0,T)><]Rd e c"?([o, T) x Rd,R).



Consider
%(t, x) + f(x, u(t, x), (Vxu)(t, x), (Hess, u)(t, x)) =0 (PDE)
and u(T,x) = g(x) fort € [0, T), x € R where T > 0,d € N,

f:RIXR xR xR - R,g: RY = R, u € ([0, T] x RY, R) satisfies
uljo,ryxre € C"2([0, T) x R R). Goal: Solve (PDE) approximatively.



Consider

%(t, x) + f(x, u(t, x), (Vxu)(t, x), (Hess, u)(t, x)) =0 (PDE)
and u(T,x) = g(x) fort € [0, T), x € R where T > 0,d € N,
f:RIXR xR xR - R,g: RY = R, u € ([0, T] x RY, R) satisfies
uljo,ryxre € C"2([0, T) x R R). Goal: Solve (PDE) approximatively.

Applications:



Consider

%(t, x) + f(x, u(t, x), (Vxu)(t, x), (Hess, u)(t, x)) =0 (PDE)
and u(T,x) = g(x) fort € [0, T), x € R where T > 0,d € N,
f:RIXR xR xR - R,g: RY = R, u € ([0, T] x RY, R) satisfies
uljo,ryxre € C"2([0, T) x R R). Goal: Solve (PDE) approximatively.

Applications: Pricing of financial derivatives,



Consider

%(t, x) + f(x, u(t, x), (Vxu)(t, x), (Hess, u)(t, x)) =0 (PDE)
and u(T,x) = g(x) fort € [0, T), x € R where T > 0,d € N,
f:RIXR xR xR - R,g: RY = R, u € ([0, T] x RY, R) satisfies
uljo,ryxre € C"2([0, T) x R R). Goal: Solve (PDE) approximatively.

Applications: Pricing of financial derivatives,
portfolio optimization,



Consider

%(t, x) + f(x, u(t, x), (Vxu)(t, x), (Hess, u)(t, x)) =0 (PDE)
and u(T,x) = g(x) fort € [0, T), x € R where T > 0,d € N,
f:RIXR xR xR - R,g: RY = R, u € ([0, T] x RY, R) satisfies
uljo,ryxre € C"2([0, T) x R R). Goal: Solve (PDE) approximatively.

Applications: Pricing of financial derivatives,
portfolio optimization, operations research



Consider

%(t, x) + f(x, u(t, x), (Vxu)(t, x), (Hess, u)(t, x)) =0 (PDE)
and u(T,x) = g(x) fort € [0, T), x € R where T > 0,d € N,
f:RIXR xR xR - R,g: RY = R, u € ([0, T] x RY, R) satisfies
uljo,ryxre € C"2([0, T) x R R). Goal: Solve (PDE) approximatively.

Applications: Pricing of financial derivatives,
portfolio optimization, operations research

Approximations methods such as finite element methods,
finite differences, sparse grids



Consider

%(t, x) + f(x, u(t, x), (Vxu)(t, x), (Hess, u)(t, x)) =0 (PDE)
and u(T,x) = g(x) fort € [0, T), x € R where T > 0,d € N,
f:RIXR xR xR - R,g: RY = R, u € ([0, T] x RY, R) satisfies
uljo,ryxre € C"2([0, T) x R R). Goal: Solve (PDE) approximatively.

Applications: Pricing of financial derivatives,
portfolio optimization, operations research

Approximations methods such as finite element methods,
finite differences, sparse grids suffer under the curse of dimensionality.



Linear PDEs



Theorem (Hairer, Hutzenthaler, & J 2015 AOP)

LetT € (0,00), d € {4,5,...}, & € RY. Then there exist globally bounded
w, o € C(RY,RY) such that for every probability space (2, F,P), every Brownian
motion W: [0, T] x Q — R, every solution X: [0, T] x Q — R? of

Ix = pu(X)+o(x) 2w, telo,T], X =¢

every YN: {0,1,...,N} x Q = R* N € N, with
VNeN,ne{0,1,....,N—1}: Y} = Xy and

YrI;V+1 o leyv'i"ﬂ(yr,rv)ﬁ + U(Yr,:v)(W(n+1)T - WLT)

N N

(Euler-Maruyama approximations), and every o € [0, 00) we have

im (v [EDxr] ~ E[][) = {° o

N—ro0 © a>0
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LetT € (0,00),d € {2,3,4,...}, & € RY, (ay)nen C R satisfy
limy—oo av = 0. Then there exist globally bounded i, o € C*°(RY, R?) such that
for every probability space (2, F,P), every Brownian motion W: [0, T| x Q — R,
every solution X : [0, T] x Q — R of
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and every N € N we have

s1,...,i:f€[0,T] u: IRI’(’“—}R"E[HXT - U(WS1 o WSN) Hi| 2 .
measurable

@ Dimension d > 4: J, Miller-Gronbach & Yaroslavtseva 2016 CMS
@ Weak convergence and d > 4: Miller-Gronbach & Yaroslavtseva 2016 SAA

@ Adaptive approximations and d > 4: Yaroslavtseva 2016 JoC

At most polynomially growing derivatives and d > 7: Miller-Gronbach &
Yaroslavtseva 2017
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P 20
inf E“xr—u(wz,wg,...,wr)u > . N E)
u: RNSR N N
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Nonlinear PDEs: Deep (2)BSDE method



Consider probability space (2, F, ), Brownian motion W: [0, T] x Q — RY,
normal filtration IF generated by W, continuous and adapted Y: [0, T] X 2 — R and
Z:[0, 7] x Q - R%suchthatVt € [0, T] P-as.:

T T
Ye=9(&+ wr) + / f(Ys, Zs) ds — / (Zs, dWe) a- (BSDE)
t t

Under suitable assumptions (Pardoux & Peng 1990 ...) it holds V't € [0, T] P-a.s.:
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Numerical simulations

Implementations in PYTHON using TENSORFLOW
on a MACPOOK PRO 2.9 GHz (INTEL i5, 16 GB RAM)



100-dimensional Allen-Cahn equation
Consider
%(t, x) = (Au)(t, x) + u(t, x) — [u(t, x)]? (Allen-Cahn)

with u(0, x) = (
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(a) Relative L'-error for u(,0) ~ 0.0528  (b) Approximative plot of u(t,0),0 < t < 2

107

Deep BSDE method (N = 20, v = ﬁ): L'-error: 0.3%, Runtime: 647 seconds.



100-dimensional Hamiltonian-Jacobi-Bellman equation

Consider
Ou _ 2
(8, x) + (Au)(t, x) = M|(Veu)(t, x)|| (HJB)
with u(1,x) = =2, A > 0for t € [0, 1], x € R,
(1+11x1%)
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Deep BSDE method (N = 20, 7 = 155): L'-error: 0.17%, Runtime: 330 seconds.



100-dimensional pricing model incorporating default risk

Duffie, Schroder, & Skiadas 1996, Bender, Schweizer, & Zhuo 2015:
G (t,x) + 1 0, (V) (X)) pe + Z Z xi[25, e (t,x) = Q(u(t, x)) u(t, x) — Ru(t, x) =0

with u(1, x) = miny<j<100 Xi, & = R = 2%, 3 = 20% for t € [0, 1], x € R,
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Approximations for u(0, 100, . .. 100) ~ 57.3 (defaultrisk excluded: = 60.8)

Deep BSDE method (N = 40, v = %) L'-error: 0.46%, Runtime: 617 seconds.
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Thanks for your attention!



100-dimensional pricing model with different interest rates (Bergman 1995)

Consider 7 = 20%, R' = 4%, R = 6% and for t € [0, 1/2], x € R'%:

5t Z! 284 mm{Hb<u_,z1X'dx) Fi”(U—ZX,dX)}:O

with u(1/2, x) = max{[max, x;] —120,0} — 2max{[max; x;] — 150, 0}.

100 2

Relative approximation error

102+ . . ) ) \ ] -
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Relative L'-error for u(0, 100, . .. 100) ~ 21.299

Deep BSDE method (N = 20, v = 21%): L'-error: 0.39%, Runtime: 566 seconds.



Pricing with default risk (Duffie, Schroder, & Skiadas 1996 AAP, Bender, Schweizer,
& Zhuo 2015 MF)

Consider § = % yh = % v = %, v vl e (0, 00) satisfying v < v/ and

Qly) =

(1= 0) |17 U oo a7 Loy )+ T (v = V) + 4] ﬂ[vh,m(y)} '

@ Bender et al. consider v/ = 54, v/ = 90 in the case d = 5.

@ We consider v = 50, v/ = 70 in the case d = 100.



Plotof ||E[Xr] — E[YY]| for T =2and N € {2',22, ..., 2%}.

_10|| —©— Approximation error of the mean N
A function with order 0
----- Order line 1/2
= = =Order line 1

1

Approximation error of the mean
3

10° 10" 10° 10 10
Number N of time discretizations



