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Question 1 [30 marks]
Let {fn} be a sequence that is bounded both in L2(Rd) and L∞(Rd).
Suppose that fn → f almost everywhere in Rd for some f ∈ L2(Rd).

a) Show that fn → f weakly in L2(Rd).

b) If we also assume ∥fn∥L2(Rd) → ∥f∥L2(Rd), show that fn → f in L2(Rd).

c) If we do not assume ∥fn∥L2(Rd) → ∥f∥L2(Rd), do we always have fn → f in L2(Rd)?
If yes, prove the statement. Otherwise, find a counterexample.

Question 2 [10 marks]
Suppose that f ∈ L1(X,µ), where (X,µ) is a measure space.
Given ε > 0, show that there is δ > 0 such that

|
∫
A

fdµ| < ε

for all measurable sets A with µ(A) < δ.

Question 3 [40 marks]
Let (X, d) be a metric space.
For E ⊂ X, we say that E has Property T if for any ε > 0, there is a finite collection

{x1, x2, . . . , xn} ⊂ E such that
E ⊂ ∪k=1,2,...,nBε(xk).

Here Br(x) denotes the open ball with radius r centered at x.

a) If f : X → R is uniformly continuous, and E ⊂ X has Property T, show that f(E) has
Property T in R.

b) If f : X → R is continuous, and E ⊂ X has Property T, does f(E) necessarily have
Property T? If yes, prove the statement. Otherwise, find a counterexample.

c) Suppose that K ⊂ X is compact, show that K has Property T.

d) Suppose that K ⊂ X has Property T and is complete, show that K is compact.

Question 4 [10 marks]
Suppose that f : C → C is a holomorphic function.
If the real part of f is non-negative on C, does f have to be constant?
If yes, prove the statement. Otherwise, find a counterexample.



PAGE 3 PhD QE

Question 5 [10 marks]
Let {fn} be a sequence of holomorphic functions on the open unit ball B1 ⊂ C.
Under the assumption

|fn(z)| ≤ 1 for all z ∈ B1,

show that there is a subsequence {fnk
} which is uniformly convergent on any compact subset of

B1.
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