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Question 1 [30 marks]

For a continuous function f : [0, 1] → R, we say that it is 1
2
-Hölder continuous if supx,y∈[0,1],x ̸=y

|f(x)−f(y)|
|x−y|

1
2

is finite. In this case, its 1
2
-Hölder norm is defined as

∥f∥ 1
2
:= sup

x∈[0,1]
|f(x)|+ sup

x,y∈[0,1],x ̸=y

|f(x)− f(y)|
|x− y| 12

. (1)

The space of 1
2
-Hölder continuous functions on [0, 1] is denoted by C1/2([0, 1]).

a) Show that C1/2([0, 1]) is a normed linear space with the norm in (1).

b) Let (fn) ⊂ C1/2([0, 1]) be a sequence satisfying

∥fn∥ 1
2
≤ M for all n,

where M is a positive constant.
Show that (fn) contains a subsequence (fnk

) that converges uniformly to some f ∈ C1/2([0, 1]).

c) Show that C1/2([0, 1]) is a Banach space.

Question 2 [30 marks]
We endow the Euclidean space Rd with the standard Lebesgue measure. For p ∈ [1,+∞) and

a measurable set E ⊂ Rd, the space Lp(E) is defined as

Lp(E) := {f : E → R |
∫
E

|f |p < +∞}

with the norm

∥f∥Lp(E) := (

∫
E

|f |p)
1
p .

For this question, you can use that Lp(E) is a Banach space with this norm.

a) For a compact K ⊂ Rd, show that

Lp(K) ⊂ Lq(K)

if 1 ≤ q ≤ p < +∞.

Does the conclusion hold if we remove the compactness assumption on K? If yes, prove the
conclusion. Otherwise, find a counterexample.

b) For a sequence (fn) ⊂ L2(Rd) and f ∈ L2(Rd), we say that fn converges to f weakly in
L2(Rd) if ∫

fnφ →
∫

fφ

for all φ ∈ L2(Rd).
If fn converges weakly to f in L2(Rd), show that (fn) is bounded in L2(Rd).



c) Suppose that fn converges weakly to f in L2(Rd).
If this sequence satisfies ∫

Rd

|fn|2 →
∫
Rd

|f |2,

show that fn → f in L2(Rd).

Question 3 [40 marks]
For this problem, let (X, d) be a non-empty metric space.

a) For a point p ∈ X and a non-empty subset E ⊂ X, define the distance from p to E as

D(p, E) := inf
e∈E

d(p, e).

Suppose that E is closed, show that p /∈ E if and only if D(p, E) > 0.

b) For two non-empty subsets A,B ⊂ X, define the distance between them as

L(A,B) := max{ sup
a∈A

D(a,B), sup
b∈B

D(b, A) }.

Show that
L(A,B) = 0

if and only if A and B have the same closure in X.

c) For A ⊂ X and r > 0, define

Nr(A) := {x ∈ X : D(x,A) < r}.

Show that, for non-empty A and B, we have

L(A,B) = inf{r > 0 : A ⊂ Nr(B), and B ⊂ Nr(A)}.

d) Let C(X) denote the space of non-empty compact subsets of X.
Show that C(X) is a metric space with metric L.
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